Surrogate Functions for Maximizing Precision at the Top

A. Structural SVM Surrogate for prec@k

The structural SVM surrogate for prec@k for a set of n points {(x1,1), .-, (Xn,yn)} € (R? x {0,1})" and model
w € R can be written as (3t (w):

= 1 1 1
1 Vil -w'xi— —yi) — = WX
§er?£¥}"{ +;y <nw X ky) n;yw x}

151, =k

We shall now give a simple setting where this surrogate produces a suboptimal model.

Consider a set of 6 points in R x {0,1}: {(-1,1),(-1,1),(-=2,1),(-3,0),(—3,0), (—3,0)}, and suppose we are inter-
ested in Prec@1. Note that the optimum model that maximizes prec@1 on these points has a positive sign. We will now
show that the model w* € R that maximizes the above structural SVM surrogate on these points has a negative sign. On
the contrary, let us assume that w* has a positive sign, and arrive at a contradiction; we shall consider the following two
cases:

(i) w* > 3. It can be verified that

1 1
b 0) = 1+ (5-u) = 1) = Gou + —u” 4 —20)
1 *
= —w
2
On the other hand, for the model w’ = —w*, we have

1 1
precak (W) =1+ (6(—310/) - 0) - 8(—w’ + —w' + —2w")

1 1
=1+ (6(3w*) - 0) - g(w* + w* + 2w")
1 * struct *
=1- 611) < Zprec@k(w )7
where the last step follows from w* > %; clearly, w
contradiction.

*

is not optimal for the structural SVM surrogate, and hence a

() w* < % Here we have

. 1 1

precek (W) =1+ (6(—310*) - 0> - 6(—10* + —w* + —2w")
1
6

For w' = —w*,

precak (W') =1+

1
— 1 st < G ).
Here again, we have a contradiction. Notice that this surrogate can take negative values (when w < —6 for example)
whereas prec@k is a positive valued function. This clearly indicates that this surrogate cannot upper bound prec @k.
More specifically, notice that for w < 0, we have prec@k(w) = 1, however, the above analysis demonstrates cases when

E;trr:c“@k(w) < 1 which gives an explicit example that this surrogate is not even an upper bounding surrogate.
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B. Proofs of Claims from Section 3
B.1. Proof of Claim[1]

Claim 1. For any k < ny and scoring function s, we have

E;‘r’;”c’z@k(s) > prec@k(s).

ramp

Moreover, if for some scoring function s, we have Eprec@k

k such that for all ||y|| = k, we have

(8) < &, then there necessarily exists a set S C [n] of size at most
n

Dosiz ) FisitAY.Y) -&

i€S i=1

Proof. Lety = y(*'¥) 5o that we have A(y,y) = prec@k(s). Then we have

n n
L (5) = max {my,ywzyisi} max 35

I91,=F

=t K(y.y)=k ="
n n
> A(y7y) + Zyisz - H{Iﬁa Zyz 7
. Y=
=l K(y.5)=k ="
n n
=A(y,y) + max » ¥ max y
uyulzk; N Z o

> Aly,y),

where the third step follows from the definition of y. This proves the first claim. For the second claim, suppose for some
scoring function s, we have £ (s) < £. Then if we consider S* to be the set of k-highest ranked positive points, then

prec@k
we have
n n n
D si= max > §isi> max {A(y, B ys} €2 yisi+ Aly.¥y) - &,
€S K();,%/;:k i=1 Yih= i=1 i=1
which proves the claim. O
B.2. Proof of Claim[3]

Claim 3. For any scoring function s that realizes the weak k-margin over a dataset we have,

Cirecax(8) = prec@k(s) = 0.
Proof. Consider a scoring function s that satisfies the weak k-margin condition and any y such that ||y, = k. Based on
the prec @k accuracy of y, we have the following two cases

Case 1 (K (y,y) = k): In this case we have

n n n n
Ay, 3)+ > Fisi — max, D Visi=0+> gisi— max, > ¥isi <0,
i=1 L=l i=1 YILTh =1

5] — , —
K(y,9)=k "'~ = K(y.y)=k '~

where the first step follows since K (y,y) = k and the second step follows since ||y||, = k, as well as K (y,y) = k.

Case 2 (K(y,y) = k' < k): In this case let S* be the set of & top ranked positive points according to the scoring function
s. Also let ST be the set of k'(= K (y,y)) top ranked positives and let S5 = S*\S7. Then we have

1=

n n n n n
AWy, 9)+ Y Fisi— max > §isi=A(y,§)+ Y Jiyisi+ Y yi(l—yi)si — max Y ;s
- Iyl =k P P 9l =k 5=
K(y,y)=k —_— K(y,y)=k

(4)
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yy +ZS7+Z}’Z ” H_k ZY71
1

1€SY

K(yy)=k"
(B)
A(yvy)+25i+zsi_(k_ - \ﬁa}_{k Zyz 5
€Sy €S} Ky, ;) =1

=k—kK+ s; —(k—kK')— max ViSi
DI e Z
e K(y.9)=

:O7

where the second step follows since the term (A) consists of &’ true positives the third step follows since the term (B)
contains k — k' false positives i.e. negatives and the k-margin condition, the fourth step follows since A(y,y) = k —
K (y,¥y) and the fifth step follows since by the definition of the set S*, we have

Z S = ZYz Sj-
lly Hl_k

€ Kiyy)=k
In both cases, we have shown the surrogate to be non-positive. Since the performance measure prec @k cannot take negative
values, this, along with the upper bounding property implies that prec@k(s) = 0 as well. This finishes the proof. O
B.3. A Useful Supplementary Lemma
Lemma 16. Given a set of n real numbers x1 . . . x, and any two integers k < k' < n, we have

1 1
o1 < min — _
B2 B 2
€S jeSs’

Proof. The above is obviously true if k& = k' so we assume that &’ > k. Without loss of generality assume that the set is
ordered in ascending order i.e. z; < o < ... < x,. Thus, the above statement is equivalent to showing that

1 k 1 il 1 k
E;%SI{TZ ()Zl—k/zzj kle_kj/—kzx]7

Jj=k+1 j=k+1

where the last inequality is true since k — &’ > 0 and the left hand side is the average of numbers which are all smaller than
the numbers whose average forms the right hand side. This proves the lemma. O

gavg

prec@k( ) Surrogate

B.4. Proof of the Upper-bounding Property for the
Claim 17. For any k < ny and scoring function s, we have

@i (8) > prec@k(s).
Moreover, for linear scoring functions i.e. s(x;) = w'x; for w € W, the surrogate Eprec@k(w) is convex in w.

Proof. We use the fact observed before that for any scoring function, we have A(y,y(**)) = prec@k(s). We start off by
showing the second part of the claim. Recall the definition of the surrogate fprec@k(s)

E;‘rlegc@k( ) = \|§7r|l\a>—{k' {A(ya S’) + Z(yz - yz) w' X; + Yz Yi- WTXz}
i i=1 z:l
For sake of simplicity, for any y € {0, 1}", define

n n

Als,9) = Ay, 9) + > sili —

=1 =1

YZ Yisi-
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The convexity of Z;:fc@k(w) follows from the observation that the inner term in the maximization is linear (hence convex)

in w and the max function is convex and increasing. We now move on to prove the first part. For sake of convenience
¥ = y**). Note that |||, = k by definition. This gives us

breear(s) = max A(s,9) = Als,3)

= AWy, 9)+Y_si(Fi—yi)
i=1

- - - N ny —k 5
= A(y,y) + ;51'(}’1'(1 —vyi) = yi(l —=y:)) + m Z(l — ¥i)Yisi

3

yz YiSi

A+ Ly S (1= sy

(4) (B)

Now define m = ming,—1 s; and M = maxy,—o ;. This gives us
yi=0 yi=1

ZYZ I_Yz Sq ZmZYz 1_Yz —A(y7Y) m

(3)= 2B S 1 gyyis < EEDIL S 0 gy = (k- K(y.9) M = Ay3) M.

However, by definition of y = y(s*k), we have

Thus we have

lpear(s) 2 Ay, ¥) +(A) = (B) 2 Aly,y)(1 +m — M) > Ay, y) = prec@k(s) O

B.5. Proof of Claim|[6]

Claim 6. For any scoring function s that realizes the k-margin over a dataset we have,
g;:fc@k( s) = prec@k(s) = 0.

Proof. We shall prove that for any y such that |y||, = &, under the k-margin condition, we have A(s,y) = 0. This will
show us that Ep‘r’egc@k( s) = maxy|, = A(s,y) = 0. Using Clalmn and the fact that prec@k(s) > 0 will then prove the
claimed result. We will analyze two cases in order to do this

Case 1 (K (y,y) = k): In this case the labeling ¥ is able to identify k relevant points correctly and thus we have C(y) = 1

and we have
n n

A(s,9) = Ay, 9) + > _si¥i —yi) + Y (1= Fi)yisi

i=1 i=1

Now, since K(y,y) = k, we have A(y,y) = 0 which means for all ¢ such that y; = 1, we also have y; = 1. Thus, we
have y; = y,y;. Thus,

A(s,¥) =0+25i($’i—yz')+2( —Yiyi)si = Y _ si(§i )+ > (yi—3i)si =0
i=1 i=1 i=1 ;
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Case 2 (K(y,y) = k' < k): In this case, ¥ contains false positives. Thus we have

n

N R - . ny —k R
A(s,y) = A(y7y)+Zsi(yi—yi)+n:7k, > (1 =3i)yis:

i=1

E—k &
= A,9) +Zyz yi)si = Zyz Vi)

1
= (k—Fk) P (¥, o k,Zyz Yi)Si k,Zyz Vi)

—_————
(4)

(B) (@)

Now we have, by definition, (A) = 1. We also have

(B) = - k’ Zyl 1—yi)s: < max s,

=1 JYi=

as well as

(C) - ny — k/ ZYz 1

> min Z
- SsiCXy ng— k;’ yill=¥i)
IS4 |=n4—K €5+
> i 1 § Vi)
min _ ) S;
= S,CX, ny — k+1 yz —Yi)Si,
|54 |=ny —k+1 €Sy

where the last step follows from Lemma|[l6]and the fact that ¥’ < k — 1 in this case analysis. Then we have

1

As,y) = (k—K)((A B) — <(k-KH|1 P — i _ vi)s; | <

(5.9) = (k= F)(A) +(B) = (O) < (k—F) | 14 max s —  min s > yil=3i)si | <0
[Sy|=nq—k+1 €S+

where the last step follows because s realizes the k-margin. Having exhausted all cases, we establish the claim. O

C. Proofs from Section 4]
C.1. Proof of Theorem[7]

Theorem 7. Suppose HxiH < R forall t,i. Let A% = ZZ 1Ay be the cumulative observed mistake values when
Algorithmis run. Also, for any predictor w, let L1(w) = Z]‘T 1 Uorecar (W3 X, yi). Then we have

A7 < min (|w|| “R-Vak+ \/ﬁT(w))z.

Proof. We will prove the theorem using two lemmata that we state below.

Lemma 18. For any time step t, we have
lwill* < [[wea ||+ 4kR%A,
Lemma 19. For any fixed w € W, define P; := (wy, w). Then we have

Py > Py + Ap = 038 0 (Wi X, ye).
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Using Lemmata [T8] and [T9] we can establish the mistake bound as follows. A repeated application of Lemma [T9]tells us
that

T T
Pr= Z Ar — ZE?J:egc@k(w;XtaYt) =AY — Lr(w).
t=1 t=1

In case the right hand side is negative, we already have the result with us. In case it is positive, we can now analyze further
using the Cauchy-Schwartz inequality, and a repeated application of Lemma[I8] Starting from the above we have

(wr, w) + Lr(w)
[we |l [|w]l + L (w)

|w|| \/4kR? - A + Lo (w),

IA

IA

which gives us the desired result upon solving the quadratic inequalityﬂ We now prove the lemmata below. Note that in
the following discussion, we have, for sake of brevity, used the notation y = y, = y(We=1:%),

Proof of Lemmal[I8 For time steps where A; = 0, the result obviously holds since w; = w;_1. For analyzing other time
steps, let vy = Dy - Zie[b](l — ¥y X — Zie[b](l —yi)¥: - X; so that w; = wy_1 + v;. This gives us

[wel| = [weer || + 2 (wiot, ve) + [|vel®.

Let s; = w,_,x!. Then we have

(Wi, vi) = Di- Y (1=3)yisi— > (1= yi)¥isi

1€[b] 1€[b]

A . SO (1= Fyisi— — 3 (- yogis
= t = —Yi)YiSi — —Yi)Yisi
HYtHl — K(y:,yt) iepl Ay icp)

(4) (B)
< 0

where the last step follows since (A) is the average of scores given to the false negatives and (B) is the average of scores
given to the false positives and by the definition of y, since false negatives are assigned scores less than false positives,
we have (A) < (B). We also have

1 | ,
Ivel* = Af — > (=F)yi-x,— = > (1=y)¥: x|
lyelly = K(ye,3:) iepl Ay ‘el
< AAZR? < 4kRPA,
since A; < k. Combining the two gives us the desired result. O

Proof of Lemma[I9] We prove the result using two cases. For sake of convenience, we will refer to y; and y; as y and y
respectively.

Case 1 (A; = 0): In this case P, = P;_; since the model is not updated. However, since Ef)‘rlfc@k(w) > prec@k(w) > 0
for all w € W (by Claim[I7), we still get

P.>P_ - f:zegc@k(W;XtJt),

as required.

"More specifically, we use the fact that the inequality (z — [)? < cz has a solution < (v/I+ +/c)? whenever z,l,¢ > Oand z > I.
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Case 2 (A; > 0): In this case we use the update to w,_; to evaluate the update to P;_;. For sake of convenience, let us
use the notation s; = Wijg. Also note that in Algorithm D;=1-— ﬁ

P, = Pa— )Y (L—y)¥isi+Di- Y (1—9:)yisi
i€[b] i€[b]
. 1 .
= B - Z(l —yi)yisi + <1 - == > Z(l — ¥Vi)yisi
i€[b] C(y) 1€[b]

Py — | D (i —vi)si+ % Y (1 =3)yisi

ie[b] i€[b]

(%)

Z Pt_l + At - g;‘r/egc@k<w; Xta yt)7

where the last step follows from the definition of /% 5, (-) which gives us

A+ (Q) = Ay 9) + S (i~ yi)si + ﬁ ST (- $)yis:

i€[b] i€[b]

Iyl =k

. . 1 .
< max ¢ A(y,y)+ E 5i(yi —yi) + @) E (1—-yi)yisi
i€[b]

i€ [b]
= % o (5) = (0% g1 (W3 X, y2) -
This concludes the proof of the mistake bound. 0

C.2. Proof of Theorem

Theorem 9. Suppose Hx;” < R for all t,i. Let A% = Zthl Ay be the cumulative observed mistake values when
Algorithmis run. Also, for any predictor w, let ﬁ%‘”‘(w) = Ethl K;”r‘e"é@k(w; X4, y¢). Then we have

2

A$ < min <||W|| -R-V4k + \/ﬁ%”(W)) .
Proof. As before, we will prove this theorem in two parts. Lemma [I8] will continue to hold in this case as well. However,
we will need a modified form of Lemmathat we prove below. As before, we will use the notation y = y, = y(We-1.5),

Lemma 20. For any fixed w € W, define P, := (w, w). Then we have

Py > P+ Ay — Lo (W5 X, ye).
Using Lemmata[I8]and [20] the theorem follows as before. All that remains now is to prove Lemma[20]

Proof of Lemma 20, We prove the result using two cases as before. For sake of convenience, we will refer to y; and y as
y and y respectively.

Case 1 (A; = 0): In this case P, = P,_; since the model is not updated. However, since Eg}‘é’c‘@k(w) > prec@k(w) > 0
for all w € W (by Claim[I)), we still get

Pt Z Ptfl - [g}i)é@k(W;Xtyyt)7

as required.
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Case 2 (A; > 0): In this case we use the update to w;_; to evaluate the update to P,_;. For sake of convenience, let us use
the notation s; = wai. Also note that the set Sy := FN(WIﬁ*l7 A;) contains the false negatives in the top A, positions as
ranked by w1,

P, = Pa—) (L—y)¥isi+ »_(1L—9i)yisi

1€[b] i€St

= P_- Z(l - Yz stl - Z yzyzsz + Z YZYZSz + Z Yz YiSi
i€([b] i€(b] 1ESy

= Pt 1— Z Yisi + Z ylyzsz + Z Yz Yisi
i€[b] 1€S}

= Poa— | D @i—vi)si+ Y (1=a)yisi — (1= 9a)yis:

1€[b] 1€[b] i€St
> P - Z(S’z*}’z)& <n11ax ZYZSZ
i€lb] y=(1-9).

1
191, =n+— =

(Q)
> P+ A — Lreer (Wi Xe, yie),

avg

where the last step follows from the definition of £,y

() which gives us

Av+(Q) =Ar+ > (Fi—yi)si + max Zyzsl
i€[b] y2(1-y)y =
Iyl =n4— k

max $ A+ Y (§i—yi)si+ gLmax > Visi

T3l =k ;
=1
i€b] 71, =ns—k "

= g;ae)é@k( ) gprec@k(w Xtht) O]

This concludes the proof of the theorem. [

D. Proof of Theorem

Our proof of Theorem [I2]crucially utilizes the following two lemmas that helps in exploiting the structure in our surrogate
functions. The first basic lemma states that the pointwise supremum of a set of Lipschitz functions is also Lipschitz.

Lemma 21. Let f1,..., fy, be m real valued functions f; : R™ — R such that every f; is 1-Lipschitz with respect to the
|||l norm. Then the function

g(v) = max fi(v)
i€[m]

is 1-Lipschitz with respect to the ||-|| ., norm too.

The second lemma establishes the convergence of additive estimates over the top of ranked lists. The abstract nature of the
result would allow us to apply it to a wide variety of situations and would be crucial to our analyses.

Lemma 22. Let V be a universe with a total order > established on it and let v1,...,v, be a population of n items
arranged in decreasing order. Let V1, ...,Vy, be a sample chosen i.i.d. (or without replacement) from the population and
arranged in decreasing order as well. Then for any fixed h : V — [—1,1] and k € (0, 1], we have, with probability at least
1 — & over the choice of the samples,

[1b]

1 [kn] 1 A lOg 2
2 M) g 2R S

=1
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Theorem 12. The performance measure prec@r(-), as well as the surrogates €%, (), Lyda (") and €ne, (¢), all
exhibit uniform convergence at the rate o(b, ) = O (, / % log %)

We will prove the four parts of the theorem in three separate subsections below. We shall consider a population z1, ..., z,
and a sample of size b z1, ..., Z, chosen uniformly at random with (i.e. i.i.d.) or without replacement. We shall let p
and p denote the fraction of positives in the population and the sample respectively. In the following, we shall reserve the
notation y for the label vector in the sample and shall use the notation y to denote candidate labellings in the definition of
the surrogate.

D.1. A Uniform Convergence Bound for the prec@x(-) Performance Measure

We note that a point-wise convergence result for prec @k (-) follows simply from Lemma To see this, given a population
z1,...,2z)n and a fixed model w € W, construct a parallel population using the transformation v; <+ (w ' x;,y;) € R%.
We order these tuples according to their first component, i.e. along the scores and use h(v;) = 1 — y;. Let the population
be arranged such that v; >~ vy > . ... Then this gives us

k k
> h(vi) =) (1 —yi) = prec@k(y,y™") = prec@k(w).

i=1 i=1
Thus, the application of Lemma[22] gives us the following result
Lemma 23. For any fixed model w € VW, with probability at least 1 — 6 over the choice of b samples, we have

1 1
lprec@k(w; 21, ...,2,) — prec@k(w; 21,...,2) <O (1/ 7 log 5) .

To prove the uniform convergence result, we will, in some sense, require a uniform version of Lemma[22] To do so we fix
some notation. For any fixed « > 0, and for any w € W, we will define vy, as the largest real number v such that

n

ZH [wai > v} = Kpn

i=1
Similarly, we will define 0y, as the largest real number v such that

b
Z]I [WT)Ei > v] = Kkpb

i=1

Using this notation we can redefine prec@«(+) on the population, as well as the sample, as

1 « T
prec@k(w;zy,...,%,) = P ;H [W X > Uw] Iy; = 0]
&
prec@k(w; 2y, ..., 2p) = - ZH [WTX > bw| - I[y; = 0]
kPO
We can now write
sup |prec@k(w;z1,...,2,) — prec@kr(w; 2, ...,2%)|
wew
1 & 1 <
j— 3 —_ T . R J— T 3 . A, —
_;16111/)\} ﬁpn;]l[w szw] I[y; =0] ﬁﬁb;H[w vaw] Iy; =0]
1 < 1 <
. T — 0l T .
Svtlelll/)v npnz_;]l[w X > vw| - Ly; = 0] ﬁﬁb;H[w X > vy | - 1[y; = 0]
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Tt ffﬁbz_b:”WTXMW] 'Myi:o]_npbiﬂ[wawa Iy = 0]
= wwher fﬁmz:]1 Txz ] Ty =0 Kprﬂ Tx>t] Iy = 0]
(A)

1 b
Tt "‘ﬁb;MWszvw] I =00 - Kpb;H[WTXZﬁw} I[y: = 0]
(B)

Now, using a standard VC-dimension based uniform convergence argument over the class of thresholded classifiers, we
get the following result: with probability at least 1 — ¢

(A) <0 <\/2 <1og(15 + dyc(W) 'logb>> =0 < 210g(15> ,

where dyc (W) is the VC-dimension of the set of classifiers /. Moving on to bound the second term, we can use an
argument similar to the one used to prove Lemma[22]to show that

b b
1 . 1 .
(B)SSIGJ)[/)V mﬁb;}l[w XZUW] mﬁb;]l[w xsz]
&
T _
= oth feﬁb;”w X2 o] —n
1 & 1 &
T L T
< o e ] L B

where the last step follows from a standard VC-dimension based uniform convergence argument as before. This establishes
the following uniform convergence result for the prec @k(-) performance measure

Theorem 24. We have, with probability at least 1 — § over the choice of b samples,

~ 1 1
sup |prec@k(w;z1,...,2,) — prec@k(w;2zy,...,2)| < O < —log > .
wew b )

ramp

D.2. A Uniform Convergence Bound for the (..o,

() Surrogate

We first recall the form of the (normalized) surrogate below - note that this is a non-convex surrogate. Also recall that
k=rony(y).

: Aly,y) 1 — _ T
o (W Zq,...,%,) = max { —2 2 4 WX wx;
prec@n( 1 ) 1=k { 2 A ;y H(YH ;kk k Zy
vy

1 (W5 21,00.12n) Uo (W5 Z1,...,2n)
We will now show that both the functions ¥ (-), as well as ¥4 (), exhibit uniform convergence. This shall suffice to prove
that ﬂgﬁp@n( ) exhibits uniform convergence. To do so we shall show that the two functions exhibit pointwise convergence
and that they are Lipschitz. This will allow a standard L., covering number argument (Zhang|, 2002)) to give us the required

uniform convergence results.
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D.2.1. A UNIFORM CONVERGENCE RESULT FOR U (+)

We have

51, =rpn

Uy (W; 21,...,2,) = max { d(wix; — Yi)}+1

b
Wi (W; Z1,...,2p) = le vi) p + 1
1 B ) = { Z:: Y )}

An application of Corollaryindicates that W, (-) is Lipschitz i.e.
Uy (W; 21,y ,20) — U (W5 21,...,2,)| SO ([Jw—w'[,).

Thus, all that remains is to prove pointwise convergence. We decompose the error as follows

1 b
Uy (W; 21,y 2Zn) — U1 (W5 21,00, 2p)] < | U1 (W5 21,0 ,20) — “yrlrllgi);pb{m;yi(wTii —yl)} +1
(4)
1 . . .
+ ”yllrllégipb{mgw(w Xi—Yi)}+1—‘I’1(W; Z1,...,%p)
(B)

An application of Lemmanusmg v; = W' %X; — y; and h(-) as the identity function shows us that

1 1 1
<O =4/Zlog=|.
(A)_O(Hp blOch)

To bound the residual term (B), notice that an application of the Hoeffding’s inequality tells us that with probability at

leaSt ]_ - 5

which lets us bound the residual as follows. Assume, for sake of simplicity, that the sample data points have been ordered
in decreasing order of the quantity w ' %X; — y; as well as that ’wa| < 1 for all x.

b b
1 1
B) =| max — ) Fiw 'k —yi) p— max {— ) yi(w % -y
) |y1—npb{f<pb ; ( ) 191 =rpb | KPb ; ( )
Kkpb Kpb

1 1
:Kpbzw X — ¥i) Hpbzw X — ¥i)

nml%},p}b 1 1 1 nmai{in p}b
< ( - A> W% = 9i)|+ | ——— (W% — i)
P kpb  Kpb rmax {p,p}b i B1b4 1

21p—>p . . R
<z : bt ——= . kip—p|b
) 5| rmin{p,prb+ kmax {p,p} b wlp =l

. min {p, p 1
=2[p—pl- ( .}, >
pp max {p,p}

=V g §  max {p,p} V log §
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This establishes that for any fixed w € W, with probability at least 1 — J, we have

1 1
U1 (W3 Z1,...,2,) — Wi(W; 21,...,2)| < O( Elog 6)

which concludes the uniform convergence proof.

D.2.2. A UNIFORM CONVERGENCE RESULT FOR Uy (+)

The proof follows similarly here with a direct application of Corollary [29| showing us that Wo(-) is Lipschitz and an appli-

cation of Lemma [22|along with the observation that [p — p| < 4/ % log % similar to the discussion used above concluding
the point-wise convergence proof.

ramp

The above two part argument establishes the following uniform convergence result for the £ o,

(+) performance measure

Theorem 25. We have, with probability at least 1 — § over the choice of b samples,

. . 1 1
sup |0, (Wiz1, .o 2) — G, (Wi, . 7zb)‘ <0 ( 3 log 5) )
wew

avg

D.3. A Uniform Convergence Bound for the £,/ o,

() Surrogate

This will be the most involved of the four bounds, given the intricate nature of the surrogate. We will prove this result
using a series of partial results which we state below. As before, for any w € VV and any y, we define

A(w,§) = % <A<y7 ) + ;(yi —y)wTx + @ ;u - myinx,»)

Recall that we are using y to denote the true labels of the sample points and y to denote the candidate labellings while
defining the surrogates. We also define, for any S € [0, 1], the following quantities

Aw, )= max {AW,¥)}
K(y.5)=Bpn

A(w,ﬁ : max {A(w,y)}
71, =rpb
K(y,y)=8pb

S~—
I

Note that 3 denotes a target true positive rate and consequently, can only take values between 0 and x. Given the above,
we claim the following lemmata

Lemma 26. For every w and any 3, ' € [0, ], we have
|A(w, ) — A(w,B)[ < O(|B=B]).
Lemma 27. For any fixed 3, we have, with probability at least 1 — & over the choice of the sample

sup |A(w, ) — Aw, >|so< llog1>.
wew b (5

avg

Using the above two lemmata as given, we can now prove the desired uniform convergence result for the £, o,

gate:

(+) surro-

Theorem 28. With probability at least 1 — § over the choice of the samples, we have

N . ~ 1 1
sup Egrfc@ﬁ(w; Z1y.e .oy Zp) — Eg:fc@ﬁ(w; Z1y. - 7zb)‘ <O ( 3 log 5) .
wew
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Proof. We note that given the definitions of A(w, 3) and A(W7 B), we can redefine the performance measure as follows

fav g

e (WiZ1, ., 2,) = max A(w, )

Bel0,x]

We now note that for the population, the set of achievable values of true positive rates i.e. 3 is

1 2 -1
Kpn. Kpn Kpn

which correspond, respectively, to classifiers for which the number of true positives equals {0,1,2...xkpn — 1, kpn}.
Similarly, the set of achievable values of true positive rates i.e. 8 for the sample is

B={o, -~ 2 oLyl
Kkpb’ Kkpb Kkpb

Clearly, for any 3 € B, there exists a m5(3) € B such that

Im5(8) — B| <

Kpb
Given this, let us define

* — A ,
B*(w) = arg Jnax (w, 3)

B*(w) = arg max A(w, )
BE€[0,k]

We shall assume, for the sake of simplicity, that s|n so that B C B. This gives us the following set of inequalities for any
weW:

Aw, 5(w)) < Alw,mp (8 (w))) + |8 (w) - m5(8" (w))
< Alw,mp(8" (w))) + sup | A(w, w5 (w)) — Aw, s (3 (w)| +
wew Rp
< A(wmp(F W)+ swp [Atw,B) - Aw B+
wew,BeB Kp

IN

Alw, 7m5(8*(w))) + O ( %log f;) + ﬁ;b

IN

« . 1 b 1

Aw, B ofy/log= |+ —
(w, B7(w)) + ( b Og(s) b

where the first step follows from Lemma the third step follows since 7 5(3*(w)) € B, the fourth step follows from

an application of the union bound with Lemma over the set of elements in B and noting B ‘ < O (b), and the last step

follows from the optimality of 3*(w). Similarly we can write, for any w € W,

Ao, ) < o, 0 oo

< A(w, B*(w)) + O ( 2log§> ,

where the first step uses Lemma with a union bound over elements in B and the fact that 3* (w) € B C B (note that

this assumption is not crucial to the argument — indeed, even if B (w) ¢ B, we would only incur an extra O (%) error by
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an application of Lemma@ since given the granularity of B, we would always be able to find a value in B that is no more
than O (1) far from 3*(w)), and the last step uses the optimality of 3*(w). Thus, we can write

— A o (Wi, .. 2)| = sup |A(w, 5 (w)) — A(w, *(w))

prec@k
WGW

1 b 1
< — - _
(’)< b10g5>+nﬁb

~ 1 1
< — —
O( b10g5>,

since p > ) (1) with probability at least 1 — §. Thus, all we are left is to prove Lemmata and 27| which we do below.
To proceed with the proofs, we first write the form of A(w, /3) for a fixed w and 5 and simplify the expression for ease of
further analysis. We shall assume, for sake of simplicity, that Spn, kpn, 5pb, and kpb are all integers.

A(“’:B) = ~mgx { ! < + Z Yz W X; + % Z(l - yi)yinxi> }

sup ‘é (W;21,...,2Zn)

prec@k

I7lly=rpn | KPN P
K(y,y)=8pn -
B 1 ¢ 11—k T
K(y, y) Bpn
A(w,B) B(w.p)

We can similarly define A(w, 8) and B(w, j3) for the samples.

Proof of Lemma @ We have, by the above simplification,
1
|A(w, B) — A(w, 5')| = p 8= B'| +|A(w, B) — A(w, 8')| + |B(w, B) — B(w, 3')],

as well as, assuming without loss of generality, that |w x| < 1 for all w and x,

p k=0 k=0 1< -
|A(w, 8) — A(w, 8')] < 1-3 - 1— 3 : %EY¢W X;

R B)1—F) = r(l—n)

where the last step follows since 3, 8’ < k. To analyze the third term i.e. |B(w, 8) — B(w, 8')|,
the assignment § which defines B(w, 8). Clearly y must assign Spn positives and (x — 3)pn negatives a label of 1 and
the rest, a label of 0. Since it is supposed to maximize the scores thus obtained, it clearly assigns the top ranked (x — 3)pn

11—k

negatives a label of 1. As far as positives are concerned, 5 < K, we have ( — m) > 0 which means that the Spn top
ranked positives will get assigned a label of 1.

To formalize this, let us set some notation. Let 51 > s+ > 2> s;;, denote the scores of the positive points arranged in

descending order. Similarly, let s;” > s, > ... > 8(1—p)n denote the scores of the negative points arranged in descending
order. Given this notation, we can rewrite B(w, 5) as follows:

1 Bpn k—pB)pn
+
s = L ((525) S Y s
Thus, assuming without loss of generality that |s | |3¢_ | < 1, we have,

Bpn (k—B)pn /1_5/ B pn (k—B")pn
DSCESDMECE D SLED o
=1

i=1

5w, 5) = Blw 8] = | (4
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1| e gy S g T G o AL
< +_ o - =
< ()5 (E5) Bt | 2 - X
min{,(i‘,ﬂ’}pn
k=B k-3 1 k—max{s,5 8 — 5| pn
<|rm8 nos S s LammadB Yy g, B Plen
1-8 1-3 Kpn — kpn 1 —max {g, 8’} Kpn
1 min{3,8}ypn 1k —max{s,s B-p3
k(1 — k) Kpn k1 —max{p,0'} K
2
< _ 2 _g_g
<187,
where the last step uses the fact that 0 < 3, 8’ < k. This tells us that
AW, B)~ Aw. B < |57
’ ’ ~ k(l—k) ’
which finishes the proof. O

Proof of Lemma[27] We will prove the theorem by showing that the terms A(w, 5) and B(w, () exhibit uniform conver-
gence.

It is easy to see that A(w, 3) exhibits uniform convergence since it is a simple average of population scores. The only
thing to be taken care of is that A(w, 3) contains p in the normalization whereas A(W, B) contains p. However, since p
and p are very close with high probability, an argument similar to the one used in the proof of Theorem 25| can be used to
conclude that with probability at least 1 — d, we have

. 1 1
sup |A(w, 8) — A(w,8)| <O (/3105 |
wew b 4
To prove uniform convergence for B(w, ) we will use our earlier method of showing that this function exhibits pointwise
convergence and that this function is Lipschitz with respect to w. The Lipschitz property of B(w, () is evident from an
application of Corollary [29] To analyze its pointwise convergence property

Thus the function B(w, 3), as analyzed in the proof of Lemma is composed by sorting the positives and negatives
separately and taking the top few positions in each list and adding the scores present therein. This allows an application
of Lemma[22] as used in the proof of Theorem [25] separately to the positive and negative lists, to conclude the pointwise

convergence bound for B(w, 3). O
This concludes the proof of the uniform convergence bound for £ 1% 5. (*). O
D.4. Proof of Lemma

Lemma 21. Let f1,..., i be m real valued functions f; : R™ — R such that every f; is 1-Lipschitz with respect to the

|||l norm. Then the function

g9(v) = max fi(v)
1€[m]

is 1-Lipschitz with respect to the ||-|| . norm too.

Proof. Fix v,v’' € R". The premise guarantees us that for any ¢ € [m], we have
[fi(v) = iV < v =Vl -
Now let g(v) = fi(v) and g(v') = f;(v’). Then we have
9(v) —g(v') = fi(v) = f;(v') < fi(v) = fi(v)) < v = V']l

since f;(v') > f;(v’). Similarly we have g(v') — g(v) < ||v — v'|| . This completes the proof. O



Surrogate Functions for Maximizing Precision at the Top

The following corollary would be most useful in our subsequent analyses.
Corollary 29. Let U : W — R be a function defined as follows

1

¥(w) = max - yi(w'x; —c;),

= s L S
5l =k

where ¢; are constants independent of w and we assume without loss of generality that ||x;||, < 1 for all i. Then U(-) is

1- Lipschitz with respect to the Ls norm i.e. for all w,w’ € W

[W(w) = B(wW)] < [lw —w'[|,.

Proof. Note that for any y such that ||y||; = k, the function fy(v) = ¢ > ¥i(vi — ¢;) is 1-Lipschitz with respect to the
[|-|| . norm. Thus if we define
D(v) = max fo(v),
I91,=F
then an application of Lemma [21] tells us that ®(-) is 1-Lipschitz with respect to the |-|| ., norm as well. Also note that if
we define
v(w) = (wal —C1,.. W X, — cn) ,

then we have
U(w) = &(v(w))

We now note that by an application of Cauchy-Schwartz inequality, and the fact that ||x;||, < 1 for all 7, we have
[v(w) = v(W)]l < llw —w'[|,

Thus we have
[ (w) — U(w')] = [2(v(W)) — 2(v(W))] < [[v(w) = v(W)[|, < [[w—w],

which gives us the desired result. O
D.5. Proof of Lemma

Lemma 22. Let V be a universe with a total order > established on it and let v1,...,v, be a population of n items
arranged in decreasing order. Let V1, . ..,Vy, be a sample chosen i.i.d. (or without replacement) from the population and

arranged in decreasing order as well. Then for any fixed h : V — [—1,1] and k € (0, 1], we have, with probability at least
1 — & over the choice of the samples,

[kn] [kb]
1 R log

§ - - § N <
[mﬂ (vi) kb| h(v:)| <4 Kb

i=1

Proof. We will assume, for sake of simplicity, that kn and b are both integers so that there are no rounding off issues. Let

*

V) = Vi, and vj := ¥, denote the elements at the bottom of the s-th fraction of the top in the sorted population and
sample lists (recall that the population and the sample lists are sorted in descending order). Also let T(v) := I[v > v}]

and T(v) := I [v = v}] (note that I [E] is the indicator variable for the event E) so that we have

21 = 5 D)

n b b
< [ ST - hv) — - ST b + ibz( ~T()) - h(3)
<o\ [2E b4 | TS (1) - B bl
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where the third step follows from Bernstein’s inequality (which holds in situations with sampling without replacement as
well (Boucheron et al.l 2004)) since |T(v) - h(v)| < 1 for all v and we have assumed b > 1 log 2. Now if v}, > v;, then

we have T(v) > T(v) for all v. On the other hand if vi > v}, then we have T(v) < T(v) for all v. This means that since
|h(v)| < 1 for all v, we have

(4) <

i~ A
P ; (T(‘A’z‘) - T(‘A’i))| =

where the second step follows since % Zi’:l T(Vl) = 1 by definition and the last step follows from another application of
Bernstein’s inequality. This completes the proof. O

D.6. A Uniform Convergence Bound for the (%%, (-) Surrogate

Having proved a generalization bound for the E;Zegc@n(-) surrogate, we note that similar techniques, that involve partitioning

the candidate label space into labels that have a fixed true positive rate 3, and arguing uniform convergence for each
partition, can be used to prove a generalization bound for the gﬁiﬁ@ﬁ(') surrogate as well. We postpone the details of the
argument to a later version of the paper.

E. Proof of Theorem 13

Theorem 15. Let W be the model returned by Algorithm [3| when executed on a stream with T batches of length b. Then
with probability at least 1 — 0, for any w* € W, we have

av, _ av « 1 T 1
Eprgc@ﬁ(w;Z) < Eprfc@K(W i Z)+ 0 ( 3 log 5) +0 < T)

Proof. The proof of this theorem closely follows that of Theorems 7 and 8 in (Kar et al.,2014)). More specifically, Theorem
6 from (Kar et al., 2014)) ensures that any convex loss function demonstrating uniform convergence would ensure a result
of the kind we are trying to prove. Since Theorem [12| confirms that /25 . () exhibits uniform convergence, the proof

prec@k

follows. O

F. Additional Empirical Results
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Figure 4. A comparison of the proposed perceptron and SGD based methods with baseline methods (SVMPerf and 1PMB) on prec @0.25
maximization tasks.



