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Abstract

This document contains proofs and algorithms
to supplement the paper titled “The Kendall and
Mallows kernels for permutations” accepted to
ICML 2015.

1. Proof to Theorem 3

Proof. Let w be a solution to the original SVM optimiza-
tion problem, and wp a solution to the perturbed SVM,
i.e., a solution of

. A =
min Fip(w) = Z[[w|* + Rp(w), (1)

with Rp(w) = LS U(y;w "W p(x;)). Since the hinge
loss is 1-Lipschitz, i.e., [{(a) — £(b)| < |a — b| for any
a,b € R, we obtain that for any u € R():
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Now, since W p is a solution of (1), it satisfies

v | < 2E000) o\ 2100 f2

and similarly || W || < /2/) because W is a solution of the
original SVM optimization problem. Using (2) and these
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bounds on || Wp || and || W ||, we get

= F(WD) — FD(AD) + FD(V/R\/D) — F(V/‘\/)
< F(wp)— Fp(wp) + Fp(w) — F(w)
— R(Wp) — Rp(Wp) + Rp(W) — R(w)

[ Up(x:) — ¥(x;) ||

8
< \/: sup || Wp(xi) — ()]
i=1,....,m
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Theorem 3 then follows from the following lemma. O
Lemma 1. For any 0 < 6 < 1, the following holds with

probability greater than 1 — §:
1 m
2+,/8log— | .
NG ( Vs 6)

sup || Wp(xi) — ¥(x) || <

i=1,....m

Proof. For any i € [1,m], we can apply Boucheron et al.
(2013, Example 6.3) to the random vector X; = ®(x]) —
U(x;) that satisfies EX; = 0 and | X, || < 2 a.s. to get,

for any u > 2/\/5

)
P(IVp(xi) = ¥(xi) || > u) < exp <_8> :

Lemma 1 then follows by a simple union bound. O
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Algorithm 1 Kendall kernel for two interleaving partial
rankings.

Input: two partial rankings A;, . i, Aj, .. 4. C Sy, cor-
responding to subsets of item indices I := {41, ..., 4} and
J = {jh' N >]m}

1: Let 0 € Sy, be the total ranking corresponding to the
k observed items in A;, ;.. and o’ € S,, be the to-
tal ranking corresponding to the m observed items in
Ajl,--wjm'

2: Let 7 € §j7ny be the total ranking of the observed

,,,,, i and 7’ € S|IOJ| the
total ranking of the observed items indexed by I N J in
partial ranking A, ; .

3: Initialize s; = s9 = s3 = s4 = s5 = 0.

4: If [I N J| > 2, update

)
s1 = —=LK(r,7).
(5)
5:If|[INJ|>1and|I\ J| > 1, update
{l2o'®) = m—1]

1
== O,

lelnJ

x [2(a(l) = 7(1)) — k + |mJ|]}.
6: If [INJ|>1and|J\ I| > 1, update

[20(1) — k — 1]

1
= WETD {

lelnJd

x [2(0'(1) = 7'(1)) = m + |11 J]] } .

7: If|IN.J] > 1and |(IUJ)C| > 1, update
o (U
TR+ D(m+ 1)
x Y [20(l) = k= 1] [207(1) = m —1].

lelinJ

8: If [T\ J| > 1and|J\ I| > 1, update
-1
() (k+1)(m+1)

X Z [20(1) — k — 1] Z (20" (v) —m —1].

lel\J veJ\I

S5 =

Output: K (A;,,  iv, Ajy,jon) = S1+ S22+ S3+ 4+ 5.

Algorithm 2 Kendall kernel for a top-k partial ranking and
a top-m partial ranking.

Input: a top-k partial ranking and a top-m partial rank-
ing By, .., Bii,....jm C Sy, corresponding to subsets of
item indices I := {i1,...,ix} and J := {j1,...,Jm}-

1: Let 0 € Sy, be the total ranking corresponding to the
k observed items in B;, . ;.. and o’ € S,, be the to-
tal ranking corresponding to the m observed items in
le,---ajm'

2: Let 7 € Sjjny| be the total ranking of the observed
items indexed by IN.J in B;, . ;,,and 7’ € S| the
total ranking of the observed items indexed by I N J in
partial ranking B;, . ; .

3: Initialize s; = s9 = s3 = s4 = s5 = 0.

4: If [I N J| > 2, update

(5
o X

5: If|[INJ|>1and|I\ J| > 1, update

51 = T, 7).

Sy = (}l) > 20 —7(@) = k+|TnJ|].
2/ leinJg
6: If [INJ|>1and|J\ I| > 1, update
53—(7{) Z [2(0'(1)77’(1))—m+\IOJ|]
2/ leInd

7: If [IN.J| > 1and |(I U J)8 > 1, update

L 0o’
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8 If|I\ J| > 1and|J\ I| > 1, update

AR AY]
S5 — .

|
(3)

Olltpllt: K(Bil,“.,ik R le,_“’jm) = 81+ 82+ 83+ 84+ S5.




