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Large-scale Distributed Dependent Nonparametric
Trees: Supplementary Material

1 Variational inference for Dependent Nonparametric Trees

Since the parameters are estimated in an online fashion, we focus on a specific time t and infer the
parameters for Π(t). And we omit the label t in the following when there is no confusion.

The DNTs assumes the following generative model:

νε ∼ Beta(1, α)

ψε ∼ Beta(1, γ)

φε·i = ψε·i

i−1∏
j=1

(1− ψε·j), φ∅ = 1

πε = νεφε
∏
ε′≺ε

(1− νε′)φε′ , π∅ = ν∅

θε·i ∼ p(θε·i|θε)
zn ∼ Multi(π)

xn ∼ p(xn|θzn),

where ∅ represents the root node; ε′ ≺ ε indicates that ε′ is an ancestor of ε. Assume a family of
factorized variational distributions:

q(ν,ψ,θ, z) =
∏
ε∈T

q(νε|δε)q(ψε|σε)q(θε|µε, ηε)
N∏
n=1

q(zn|λn),

where T is a truncated tree (note that we propose a birth-merge strategy in the paper to dynamically
vary the truncation level). Further assume the factors have the parametric forms:

q(νε|δε) = Beta(νε|δε), q(ψε|σε) = Beta(ψε|σε),
q(θε|µε, ηε) = vMF(θε|µε, ηε), q(zn|λn) = Multi(zn|λn).

The variational lower bound is:
log p(x) ≥ Eq[log p(ν,ψ,θ, z,x)]− Eq[log q(ν,ψ,θ, z)]

=
∑
ε∈T

E
[

log
p(νε)p(ψε)p(θε)

q(νε)q(ψε)q(θε)

]
+

N∑
n=1

E
[

log
p(xn|θzn)p(zn|ν,ψ)

q(zn)

]
, L(q).

We optimize L(q) using coordinate ascent.

1.1 Optimize the data assignment parameters q(zn)

First isolate the terms that only contains q(zn):

L(q(zn)) = E[log p(zn|ν,ψ)p(xn|θzn)]− E[log q(zn)].
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The optimal solution for q(zn) is then:

q(zn = z) ∝ exp{E[log p(zn = z|ν,ψ)] + E[log p(xn|θz)]}.
Here

E[log p(zn = z|ν,ψ)] = E[log νzφz
∏
z′≺z

(1− νz′)φz′ ]

= E[log νz] +
∑
z′≺z

E[log (1− νz′)] +
∑
z′�z

E[log φz′ ],

where
E[log νε] = Ψ(δε,1)−Ψ(δε,1 + δε,2)

E[log (1− νε)] = Ψ(δε,2)−Ψ(δε,1 + δε,2)

E[log φε·i] = E[log ψε·i] +

i−1∑
j=1

E[log (1− ψε·j)]

= Ψ(σε·i,1)−Ψ(σε·i,1 + σε·i,2) +

i−1∑
j=1

Ψ(σε·j,2)−Ψ(σε·j,1 + σε·j,2);

and

E[log p(xn|θz)] = βE[θz]
>xn = βµ>z xn.

Here Ψ(·) is the digamma function.

1.2 Optimize the stick breaking parameters q(νε|δε) and q(ψε|σε)

L(q(νε)) = E[log p(νε)− log q(νε)] +

N∑
n=1

E[log p(zn|ν,ψ)].

We rewrite the second term with indicator random variables:
E[log p(zn|ν,ψ)]

= E
[

log(
∏
ε∈T

ν1[zn=ε]
ε (1− νε)1[ε≺zn]φ1[ε�zn]

ε )
]

=
∑
ε∈T

{
q(zn = ε)E[log νε] + q(ε ≺ zn)E[log (1− νε)] + q(ε � zn)E[log φε]

}
,

where

E[log φε·i] = E[log ψε·i] +
i−1∑
j=1

E[log (1− ψε·j)].

The updates for δε are:

δε,1 = 1 +

N∑
n=1

q(zn = ε)

δε,2 = α+

N∑
n=1

q(ε ≺ zn).

Similarly, the updates for σε are:

σε·i,1 = 1 +

N∑
n=1

q(ε · i � zn)

σε·i,2 = γ +

N∑
n=1

∑
j=i+1

q(ε · j � zn).
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Incorporating the time dependency and using similar derivations, we have:

δ
(t)
ε,1 = 1 +

t∑
t′=t−h

Nt′∑
n=1

q(t′)(zn = ε)

δ
(t)
ε,2 = α+

t∑
t′=t−h

Nt′∑
n=1

q(t′)(ε ≺ zn)

σ
(t)
ε·i,1 = 1 +

t∑
t′=t−h

Nt′∑
n=1

q(t′)(ε · i � zn)

σ
(t)
ε·i,2 = γ +

t∑
t′=t−h

Nt′∑
n=1

∑
j=i+1

q(t′)(ε · j � zn).

1.3 Optimize the data emission parameters q(θ(t)
ε |µ(t)

ε , η
(t)
ε )

L(q(θ(t)
ε )) = E[log p(θ(t)

ε |θ
(t)
ε′ )− log q(θ(t)

ε )] +
∑
ε≺ε·i

E[log p(θ
(t)
ε·i |θ

(t)
ε )] +

N∑
n=1

E[log p(xn|θ, zn)].

Optimizing w.r.t q(θ(t)
ε ), we obtain:

log q∗(θ(t)
ε ) = E[log p(θ(t)

ε |θ
(t)
ε′ )] +

∑
ε≺ε·i

E[log p(θ
(t)
ε·i |θ

(t)
ε )] +

N∑
n=1

E[log p(xn|θ(t), zn)] + const

= E[ρ(t)
ε τ (t)>

ε θ(t)
ε ]

+
∑
ε≺ε·i

E[log CV (ρ
(t)
ε·i ) + ρ

(t)
ε·iτ

(t)>
ε·i θ

(t)
ε·i ]

+
∑
n

q(zn = ε)E[βθ(t)>
ε xn] + const.

Note the time- and hierarchical-dependency:

ρ
(t)
ε·i = κ0‖κ1θ

(t)
ε + κ2θ

(t−1)
ε·i ‖

τ
(t)
ε·i =

κ0κ1θ
(t)
ε + κ0κ2θ

(t−1)
ε·i

ρ
(t)
ε·i

.

Hence we have:

E[log CV (ρ
(t)
ε·i )] = E[(

V

2
− 1) log ρ

(t)
ε·i ]− E[log IV

2 −1(ρ
(t)
ε·i )]−

V

2
log (2π),

where the term involving the modified Bessel function of the first kind Iv(·) is intractable. We
approximate it by Taylor approximation. According to [4] we have:

log IV
2 −1(ρ

(t)
ε·i ) ≤ log IV

2 −1(ρ̄
(t)
ε·i ) +

(
∂

∂θε
log IV

2 −1(ρ̄
(t)
ε·i )

)
(θ(t)
ε − θ̄(t)

ε ),

where we denote ρ̄(t)
ε·i = κ0‖κ1θ̄

(t)
ε +κ2θ

(t−1)
ε·i ‖; and θ̄(t)

ε is some θ value. Since I ′v(x) = Iv+1(x) +
v
xIv(x), we have:

∂

∂θ
(t)
ε

log IV
2 −1(ρ̄

(t)
ε·i ) =

1

IV
2 −1(ρ̄

(t)
ε·i )
· ∂

∂ρ
(t)
ε·i

IV
2 −1(ρ̄

(t)
ε·i ) ·

∂

∂θ
(t)
ε

ρ̄
(t)
ε·i

=
1

IV
2 −1(ρ̄

(t)
ε·i )
·

(
IV

2
(ρ̄

(t)
ε·i ) +

V
2 − 1

ρ̄
(t)
ε·i

IV
2 −1(ρ̄

(t)
ε·i )

)
· κ

2
0κ1κ2θ

(t−1)
ε·i

ρ̄
(t)
ε·i

=

 IV
2

(ρ̄
(t)
ε·i )

IV
2 −1(ρ̄

(t)
ε·i )

+
V
2 − 1

ρ̄
(t)
ε·i

 · κ2
0κ1κ2θ

(t−1)
ε·i

ρ̄
(t)
ε·i

.
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Following [1], we set θ̄(t)
ε as the mean of the variational distribution over θ(t)

ε from the previous
iteration. To further simplify the expression, we note that (assume v ∈ N):

Iv(z) = (
1

2
z)v

∞∑
k=0

( 1
4z

2)k

k!Γ(v + k + 1)

0 <
Iv(z)

Iv−1(z)
< (

1

2
z)

1

v − 1
.

Hence when v � z (e.g. v is the vocabulary size as in our case), we can safely approximate
Iv(z)
Iv−1(z) ≈ 0.

Next, we further approximate E[(V2 − 1) log ρ
(t)
ε·i ] using Taylor expansion:

log ρ
(t)
ε·i = log κ0

√
κ2

1 + κ2
2 + 2κ1κ2(θ

(t)>
ε θ

(t−1)
ε·i )

=
1

2
log (κ2

1 + κ2
2 + 2κ1κ2(θ(t)>

ε θ
(t−1)
ε·i )) + const

≈ 1

2
log (κ2

1 + κ2
2 + 2κ1κ2(θ̄(t)>

ε θ
(t−1)
ε·i ))

+ θ(t)>
ε

2κ1κ2θ
(t−1)
ε·i

κ2
1 + κ2

2 + 2κ1κ2(θ̄
(t)>
ε θ

(t−1)
ε·i )

+ const

= θ(t)>
ε

2κ2
0κ1κ2θ

(t−1)
ε·i

ρ̄
(t)
ε·i

+ const.

In summary we have:

log q∗(θ(t)
ε ) ≈ θ(t)>

ε

{
κ0κ1E[θ

(t)
ε′ ] + κ0κ2E[θ(t−1)

ε ]

+
∑
ε≺ε·i

{
κ0κ1E[θ

(t)
ε·i ] + (

V

2
− 1) · 2κ2

0κ1κ2E[θ
(t−1)
ε·i ]

ρ̄
(t)
ε·i

+
V
2 − 1

ρ̄
(t)
ε·i

· κ
2
0κ1κ2E[θ

(t−1)
ε·i ]

ρ̄
(t)
ε·i

}

+ β
∑
n

q(zn = ε)xn

}
.

So the updates for µ(t)
ε and η(t)

ε are:

µ(t)∗
ε ≈

κ0

(
κ1µ

(t)

ε′ + κ2µ
(t−1)
ε +

∑
i κ1µ

(t)
εi + aµ

(t−1)
εi

)
+ βsε

η
(t)∗
ε

η(t)∗ε ≈ ‖κ0

(
κ1µ

(t)

ε′ + κ2µ
(t−1)
ε +

∑
i
κ1µ

(t)
εi + aµ

(t−1)
εi

)
+ βsε‖,

where a = 3(.5V−1)κ0κ1κ2

ρ̄
(t)
εi

.
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2 Merge move acceptance assessment

The variational lower bound of DNTs at time t is:

L(q) =

N∑
n=1

E
[
log

p(xn|θzn)p(zn|ν,ψ)

q(zn)

]
+
∑
ε∈T

E
[
log

p(νε)p(ψε)p(θε)

q(νε)q(ψε)q(θε)

]
= β

∑
n

∑
ε

q(zn = ε)µ>ε xn +N logCV (β)

+
∑
n

∑
ε

q(zn = ε)E[log p(ε|ν, ψ)]

−
∑
n

∑
ε

q(zn = ε) log q(zn = ε)

+ E
[
log

p(νε)p(ψε)

q(νε)q(ψε)

]
+
∑
ε·i

E[logCV (ρ
(t)
ε·i )] + E[(ρ

(t)
ε·iτ

(t)
ε·i − ηε·iµε·i)

>θ
(t)
ε·i ]− log CV (η

(t)
ε·i )

(1)

Assume the candidate merge pair is (a, b). Denote the resulting node as m, the model state before
merge as q, and the model state after merge as qmerge. Then the variational lower bound after
merge is L(qmerge). It is straightforward to see from Eq.1 that, all the terms of the difference
L(qmerge) − L(q) except the entropy term

∑
n

∑
ε q(zn = m) log q(zn = m) can be directly

computed given the summary statistics of a and b. We denote L′(q) as L(q) excluding the entropy
term:

L′(q) = L(q) +
∑
n

∑
ε

q(zn = ε) log q(zn = ε).

Next we show that L′(qmerge) − L′(q) ≥ 0 implies L(qmerge) − L(q) ≥ 0, so we just need to
evaluate L′(qmerge)− L′(q) and accept the merge move if it is positive. Note that this is a slightly
more strict condition for merge, compared to directly evaluating on exact ELBO, but it is more
efficient that can be computed in constant time. And in practice we found it works well.

Denote λnε = q(zn = ε). We only need to show∑
n

λnm log λnm

≤
∑
n

λna log λna +
∑
n

λnb log λnb,

where λnm = λna + λnb. By noting that the function f(x) = x log x is convex, we have:∑
n

λna log λna +
∑
n

λnb log λnb

≥ 2
∑
n

λna + λnb
2

log

(
λna + λnb

2

)
=
∑
n

λnm(log λnm − log 2)

=
∑
n

λnm log λnm −Nm log 2

>
∑
n

λnm log λnm. �

3 Additional experimental results

We compare the training time of different algorithms on the NIPS dataset. As shown in Table 1, our
method is much more efficient than previous work.
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Method HDP-MCMC [2] DNTs-MCMC [3] DNTs-Ours
Time (s) 512 724 145

Table 1: Training time on the NIPS dataset using 8 threads. The two baselines only support paral-
lelism over cores within a single machine.
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