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Abstract

We study a novel spline-like basis, which we
name the falling factorial basis, bearing many
similarities to the classic truncated power basis.
The advantage of the falling factorial basis is that
it enables rapid, linear-time computations in ba-
sis matrix multiplication and basis matrix inver-
sion. The falling factorial functions are not actu-
ally splines, but are close enough to splines that
they provably retain some of the favorable prop-
erties of the latter functions. We examine their
application in two problems: trend filtering over
arbitrary input points, and a higher-order variant
of the two-sample Kolmogorov-Smirnov test.

1. Introduction

Splines are an old concept, and they play important roles
in various subfields of mathematics and statistics; see e.g.,
de Boor (1978)), Wahbal (1990) for two classic references.
In words, a spline of order k is a piecewise polynomial of
degree k that is continuous and has continuous derivatives
of orders 1,2,...k — 1 at its knot points. In this paper,
we look at a new twist on an old problem: we examine a
novel set of spline-like basis functions with sound compu-
tational and statistical properties. This basis, which we call
the falling factorial basis, is particularly attractive when
assessing higher order of smoothness via the total variation
operator, due to the capability for sparse decompositions.
A summary of our main findings is as follows.

e The falling factorial basis and its inverse both admit a
linear-time transformation, i.e., much faster decompo-
sitions than the spline basis, and even faster than, e.g.,
the fast Fourier transform.

e For all practical purposes, the falling factorial basis
shares the statistical properties of the spline basis. We
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derive a sharp characterization of the discrepancy be-
tween the two bases in terms of the polynomial degree
and the distance between sampling points.

e We simplify and extend known convergence results on
trend filtering, a nonparametric regression technique
that implicitly employs the falling factorial basis.

e We also extend the Kolmogorov-Smirnov two-sample
test to account for higher order differences, and utilize
the falling factorial basis for rapid computations. We
provide no theory but demonstrate excellent empirical
results, improving on, e.g., the maximum mean dis-
crepancy (Gretton et al., 2012)) and Anderson-Darling
(Anderson & Darling}, [1954) tests.

In short, the falling factorial function class offers an excit-
ing prospect for univariate function regularization.

Now let us review some basics. Recall that the set of kth
order splines with knots over a fixed set of n points forms
an (n + k + 1)-dimensional subspace of functions. Here
and throughout, we assume that we are given ordered in-
put points 1 < 2 < ... < x, and a polynomial order
k > 0, and we define a set of knots T = {t1,...tn—k_1}
by excluding some of the input points at the left and right
boundaries, in particular,

T— {Zrj242, -+ Tnps2} %fk:%s even, 0
{I(k+1)/2+17 e z7z—(k+1)/2} if k is odd.

The set of kth order splines with knots in 7" hence forms

an n-dimensional subspace of functions. The canonical

parametrization for this subspace is given by the truncated
power basis, g1, . . . g, defined as

gl(x) =1, 92(-13) =T, ... gk+1('r) = xk7
g1+ (x) = (x = )" - Lz > 15}, )
j=1,..n—k—1.

These functions can also be used to define the truncated
power basis matrix, G € R"*™, by
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i.e., the columns of G give the evaluations of the basis func-
tions ¢y, . . . g, over the inputs x1,...x,. As g1,...g, are
linearly independent functions, G has linearly independent
columns, and hence G is invertible.

As noted, our focus is a related but different set of basis
functions, named the falling factorial basis functions. We
define these functions, for a given order k£ > 0, as

N ERY

k “4)
(@) = [[ (2 = 2j00) - o > 2540},
(=1
j=1,..n—k—1.

(Our convention is to take the empty product to be 1, so
that hy(z) = 1.) The falling factorial basis functions are
piecewise polynomial, and have an analogous form to the
truncated power basis functions in (2). Loosely speaking,
they are given by replacing an rth order power function in
the truncated power basis with an appropriate r-term prod-
uct, e.g., replacing 22 with (z — x2)(x — 21), and (z — t;)*
with (z — zj44)(® — Tjqk—1) - ... (x — z;41). Similar to
the above, we can define the falling factorial basis matrix,
H e R"*"™, by

Hij = hj(z;), t,j=1,...n, (5)
and the linear independence of hq, ..
too is invertible.

. h,, implies that H

Note that the first k¥ + 1 functions of either basis, the trun-
cated power or falling factorial basis, span the same space
(the space of kth order polynomials). But this is not true
of the last n — k — 1 functions. Direct calculation shows
that, while continuous, the function h; ;4 has discontin-
uous derivatives of all orders 1, ... k at the point x4, for
7 =1,...n —k — 1. This means that the falling factorial
functions hyyo,...h, are not actually kth order splines,
but are instead continuous kth order piecewise polynomi-
als that are “close to” splines. Why would we ever use such
a seemingly strange basis as that defined in (@)? To repeat
what was summarized above, the falling factorial functions
allow for linear-time (and closed-form) computations with
the basis matrix H and its inverse. Meanwhile, the falling
factorial functions are close enough to the truncated power
functions that using them in several spline-based problems
(i.e., using H in place of G) can be statistically legitimized.
We make this statement precise in the sections that follow.

As we see it, there is really nothing about their form in
(@) that suggests a particularly special computational struc-
ture of the falling factorial basis functions. Our interest
in these functions arose from a study of trend filtering, a
nonparametric regression estimator, where the inverse of

H plays a natural role. The inverse of H is a kind of dis-
crete derivative operator of order k£ + 1, properly adjusted
for the spacings between the input points x1,...xz,. Itis
really the special, banded structure of this derivative opera-
tor that underlies the computational efficiency surrounding
the falling factorial basis; all of the computational routines
proposed in this paper leverage this structure.

Here is an outline for rest of this article. In Section 2} we
describe a number of basic properties of the falling factorial
basis functions, culminating in fast linear-time algorithms
for multiplication H and H~!, and tight error bounds be-
tween H and the truncated power basis matrix G. Section[3]
discusses B-splines, which provide another highly efficient
basis for spline manipulations; we explain why the falling
factorial basis offers a preferred parametrization in some
specific statistical applications, e.g., the ones we present in
Sections 4] and [5] Section [ covers trend filtering, and ex-
tends a known convergence result for trend filtering over
evenly spaced input points (Tibshirani, 2014 to the case of
arbitrary input points. The conclusion is that trend filtering
estimates converge at the minimax rate (over a large class
of true functions) assuming only mild conditions on the in-
puts. In Section [5] we consider a higher order extension
of the classic two-sample Kolmogorov-Smirnov test. We
find this test to have better power in detecting higher order
(tail) differences between distributions when compared to
the usual Kolmogorov-Smirnov test; furthermore, by em-
ploying the falling factorial functions, it can computed in
linear time. In Section[6] we end with some discussion.

2. Basic properties

Consider the falling factorial basis matrix H € R"™*", as
defined in (3), over input points z; < ... < x,. The fol-
lowing subsections describe a recursive decomposition for
H and its inverse, which lead to fast computational meth-
ods for multiplication by H and H~! (as well as H” and
(HT)~1). The last subsection bounds the maximum ab-
solute difference bewteen the elements of H and G, the
truncated power basis matrix (also defined over z1, . .. z,).
Lemmas [T} [2] @] below were derived in [Tibshirani| (2014)
for the special case of evenly spaced inputs, z; = i/n for
i = 1,...n. We reiterate that here we consider generic in-
put points z1, ... x,. In the interest of space, we defer all
proofs to a supplementary document.

2.1. Recursive decomposition

Our first result shows that H decomposes into a product of

simpler matrices. It helpful to define, for k > 1,
AR = diag(zk+1 — X1, Thao — T,y «.. Ty — xn_k),

the (n — k) x (n — k) diagonal matrix whose diagonal el-
ements contain the k-hop gaps between input points.
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Lemma 1. Let I,,, denote the m x m identity matrix, and
L., the m x m lower triangular matrix of 1s. If we write
H"®) for the falling factorial basis matrix of order k, then
in this notation, we have H(®©) = L, and for k > 1,

Iy, 0

k) _ pr(k—1
H® — k=1, 0 AWL_, |- (6)

Lemma |1|is really a key workhorse behind many proper-
ties of the falling factorial basis functions. E.g., it acts as
a building block for results to come: immediately, the rep-
resentation (6] suggests both an analogous inverse repre-
sentation for H*), and a computational strategy for matrix
multiplication by H(¥). These are discussed in the next two
subsections. We remark that the result in the lemma may
seem surprising, as there is not an apparent connection be-
tween the falling factorial functions in (@) and the recursion
in (), which is based on taking cumulative sums at vary-
ing offsets (the rightmost matrix in (6)). We were led to
this result by studying the evenly spaced case; its proof for
the present case is considerably longer and more technical,
but the statement of the lemma is still quite simple.

2.2. The inverse basis

The result in Lemma [1| clearly also implies a result on the
inverse operators, namely, that (H(?))~! = -1, and

[T 0 1)y —
ok L1, (At ] S(HED)TE ()

for all £ > 1. We note that

(1)~ =

-1

1.0 ... 0
. 11 0 el
Lm = = |: D(l) :|7 (8)
11
with e; = (1,0,...0) € R™ being the first standard basis

vector, and D) e RmM=1Xm the first discrete difference
operator

-1 1 0 0 0
0 -1 1 0 0

DM = NG
0o 00 ... -1 1

With this in mind, the recursion in (7) now looks like the
construction of the higher order discrete difference opera-
tors, over the input x1,...x,. To define these operators,
we start with the first order discrete difference operator
DM ¢ R=1D*" a5 in (@), and define the higher order
difference discrete operators according to

D(k+1) _ D(l) k- (A(k))—l . D(k)’ (10)

for k > 1. As D+ ¢ R(*=F=1)xn leading matrix D(!)
above denotes the (n — k — 1) X (n — k) version of the first
order difference operator in (9).

To gather intuition, we can think of D®*) as a type of
discrete kth order derivative operator across the under-
lying points z1,...z,; i.e., given an arbitrary sequence
u = (ug,...u,) € R™ over the positions z1,...x,, re-
spectively, we can think of (D*)u); as the discrete kth
derivative of the sequence u evaluated at the point x;. It
is not difficult to see, from its definition, that D®) is a
banded matrix with bandwidth k£ 4+ 1. The middle (diag-
onal) term in (T0) accounts for the fact that the underly-
ing positions z1, . .. x, are not necessarily evenly spaced.
When the input points are evenly spaced, this term con-
tributes only a constant factor, and the difference operators
D¥) k=1,2,3,... take a very simple form, where each
row is a shifted version of the previous, and the nonzero
elements are given by the kth order binomial coefficients
(with alternating signs); see [Tibshirani| (2014).

By staring at (7) and (10), one can see that the falling fac-
torial basis matrices and discrete difference operators are
essentially inverses of each other. The story is only slightly
more complicated because the difference matrices are not
square.

Lemma 2. If H®) is the kth order falling factorial basis
matrix defined over the inputs x1, . . . Z,,, and DtV is the
(k+1)st order discrete difference operator defined over the
same inputs xi . .. T, then

c
(H®)-1 [ e ] (11)

1
E!
for an explicit matrix C € RE+HDX" Ifwe let A; denote
the ith row of a matrix A, then C has first row Cy = elT,
and subsequent rows

1 i)\ — % -

1

Lemma shows that the last n — k — 1 rows of (H*))~1
are given exactly by D1 /k!. This serves as the crucial
link between the falling factorial basis functions and trend
filtering, discussed in Section 4] The route to proving this
result revealed the recursive expressions (6) and (7), and in
fact these are of great computational interest in their own
right, as we discuss next.

2.3. Fast matrix multiplication

The recursions in (8) and (7) allow us to apply H*) and
(H"))~1 with specialized linear-time algorithms. Further,
these algorithms are completely in-place: we do not need
to form the matrices H*) or (F(*))~1, and the algorithms
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Algorithm 1 Multiplication by H ()
Input: Vector to be multiplied y € R"”, order k£ > 0,
sorted inputs vector x € R™.
Output: y is overwritten by H %)y,
fori =ktoOdo
Y(i+1)m = Cumsum(y(i+1):n)’
where y,., denotes the subvector (Ya,Yat1,--->Yp)
and cumsum is the cumulative sum operator.
if ¢ # 0 then
Yia+1)ym = (x(i+1):n - xl:(nfi)) X Y(i+1)ns
where .x denotes entrywise multiplication.
end if
end for
Return y.

Algorithm 2 Multiplication by (H(*))~!
Input: Vector to be multiplied y € R", order £k > 0,
sorted inputs vector x € R".
Output: y is overwritten by (H(¥))~1y.
fori =0to k do
if i # 0 then
Yi+1)ym = Yitlin / (m(i+1):n - xl:(nfi])7
where ./ is entrywise division.
end if
Y(ir2)m = diff (Y(ir1)m)
where diff is the pairwise difference operator.
end for
Return y.

operate entirely by manipulating the input vector (the vec-
tor to be multiplied).

Lemma 3. For the kth order falling factorial basis matrix
HW®) € R"™™ over arbitrary sorted inputs x, . . . T, mul-
tiplication by H*) and (H™)~" can each be computed in
O((k+1)n) in-place operations with zero memory require-
ments (aside from storing the inputs and the vector to be
multiplied), i.e., we do not need to form H*) or (H*))~1,
Algorithms [I| and 2] give the details. The same is true for
matrix multiplication by (H*)™ and [(H*)T|~1; Algo-
rithms 3| and [} found in the supplement, give the details.

Note that the lemma assumes presorted inputs x1,...x,
(sorting requires an extra O(n logn) operations). The rou-
tines for multiplication by H*) and (H*))~!, in Algo-
rithms [I|and 2] are really just given by inverting each term
one at a time in the product representations (6) and (7).
They are composed of elementary in-place operations, like
cumulative sums and pairwise differences. This brings to
mind a comparison to wavelets, as both the wavelet and
inverse wavelets operators can be viewed as highly special-
ized linear-time matrix multplications.

Borrowing from the wavelet perspective, given a sampled

signal y; = f(x;),7 = 1,...n, the action (H®*))~1y can
be thought of as the forward transform under the piecewise
polynomial falling factorial basis, and H*)y as the back-
ward or inverse transform under this basis. It might be in-
teresting to consider the applicability of such transforms to
signal processing tasks, but this is beyond the scope of the
current paper, and we leave it to potential future work.

We do however include a computational comparison be-
tween the forward and backward falling factorial trans-
forms, in Algorithms[2]and[I} and the well-studied Fourier
and wavelet transforms. Figure shows the runtimes
of one complete cycle of falling factorial transforms (i.e.,
one forward and one backward transform), with &k = 3,
versus one cycle of fast Fourier transforms and one cy-
cle of wavelet transforms (using symmlets). The compar-
ison was run in Matlab, and we used Matlab’s “fft” and
“ifft” functions for the fast Fourier transforms, and the
Stanford WaveLab’s “FWT_PO” and “IWT_PO” functions
(with symmlet filters) for the wavelet transforms (Buckheit
& Donoho), |1995)). These functions all call on C imple-
mentations that have been ported to Matlab using MEX-
functions, and so we did the same with our falling fac-
torial transforms to even the comparison. For each prob-
lem size n, we chose evenly spaced inputs (this is required
for the Fourier and wavelet transforms, but recall, not for
the falling factorial transform), and averaged the results
over 10 repetitions. The figure clearly demonstrates a lin-
ear scaling for the runtimes of the falling factorial trans-
form, which matches their theoretical O(n) complexity;
the wavelet and fast fourier transforms also behave as ex-
pected, with the former having O(n) complexity, and the
latter O(n logn). In fact, a raw comparison of times shows
that our implementation of the falling factorial transforms
runs slightly faster than the highly-optimized wavelet trans-
forms from the Stanford WaveLab.

For completeness, Figure displays a comparison be-
tween the falling factorial transforms and the correspond-
ing transforms using the truncated power basis (also with
k = 3). We see that the latter scale quadratically with n,
which is again to be expected, as the truncated power basis
matrix is essentially lower triangular.

2.4. Proximity to truncated power basis

With computational efficiency having been assured by the
last lemma, our next lemma lays the footing for the statis-
tical credibility of the falling factorial basis.

Lemma 4. Let G*) and H™*) be the kth order truncated
power and falling factorial matrices, defined over inputs
0<z1<...<zp <L Let§ =max;—1, n(x; — Ti—1),
where we write xy = 0. Then

max |GE;-€) — Hi(]l-c)| < Kk%.

i,7=1,...
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Figure 1. Comparison of runtimes for different transforms. The
experiments were performed on a laptop computer.

This tight elementwise bound between the two basis ma-
trices will be used in Section [ to prove a result on the
convergence of trend filtering estimates. We will also dis-
cuss its importance in the context of a fast nonparametric
two-sample test in Section[5} To give a preview: in many
problem instances, the maximum gap § between adjacent
sorted inputs x1, . .. z,, is of the order logn/n (for a more
precise statement see Lemma E]), and this means that the
maximum absolute discrepancy between the elements of
G®) and H®) decays very quickly.

3. Why not just use B-splines?

B-splines already provide a computationally efficient
parametrization for the set of kth order splines; i.e., since
they produce banded basis matrices, we can already per-
form linear-time basis matrix multiplication and inversion
with B-splines. To confirm this point empirically, we in-
cluded B-splines in the timing comparison of Section [2.3]
refer to Figure [I(a)] for the results. So, why not always use
B-splines in place of the falling factorial basis, which only
approximately spans the space of splines?

A major reason is that the falling factorial functions (like

the truncated power functions) admit a sparse represen-

tation under the total variation operator, whereas the B-

spline functions do not. To be more specific, suppose that

fi,... fm are kth order piecewise polynomial functions

with knots at the points 0 < z; < ... < z. < 1, where
m =1+ k + 1. Then, for f = Z _, o f;, we have

T m

£y Z Z(f(k) ) f](m(zifl)) Cay

i=1 |j=1

denoting zy = 0 for ease of notation. If fy,... f,, are the
falling factorlal functlons defined over the points 21, ... 2,
then the term f ( i) — f;k) (z;—1) is equal to O for all 4, j,
except wheni = j — k — 1 and j > k + 2, in which case

it equals 1. Therefore, TV (f(¥)) = Z;n:k+2 |a;|, a simple
sum of absolute coefficients in the falling factorial expan-
sion. The same result holds for the truncated power basis
functions. But if fi,... f,, are B-splines, then this is not
true; one can show that in this case TV(f*)) = ||Ca/1,
where C' is a (generically) dense matrix. The fact that
C' is dense makes it cumbersome, both mathematically
and computationally, to use the B-spline parametrization
in spline problems involving total variation, such as those
discussed in Sections M and

4. Trend filtering for arbitrary inputs

Trend filtering is a relatively new method for nonparametric
regression. Suppose that we observe

yi = fo(xi) +e, i=1

for a true (unknown) regression function fy, inputs z; <

. < x, € R, and errors €1, ...€,. The trend filtering
estimator was first proposed by Kim et al.| (2009), and fur-
ther studied by [Tibshirani| (2014). In fact, the latter work
motivated the current paper, as it derived properties of the
falling factorial basis over evenly spaced inputs x; = i/n,
1 = 1,...n, and use these to prove convergence rates for
trend filtering estimators. In the present section, we al-
low 1, ...x, to be arbitrary, and extend the convergence
guarantees for trend filtering, utilizing the properties of the
falling factorial basis derived in Section 2]

n

) 12)

PR

The trend filtering estimate B of order k& > 0 is defined by

B = argmin 2y = B3+ X+ ID* I8, (13)
BER™ !

where y = (y1,...yn) € R?, DD ¢ Rr—k-1)xn jq
the (k + 1)st order discrete difference operator defined in
(10) over the input points x1,...x,, and A > 0 is a tun-
ing parameter. We can think of the components of 3 as
defining an estimated function f over the input points. To
give an example, in Figure 2] we drew noisy observations
from a smooth underlying function, where the input points
Z1,...x, were sampled uniformly at random over [0, 1],
and we computed the trend filtering estimate B with k = 3
and a particular choice of A\. From the plot (where we in-
terpolated between (z1, Bl), oo (@, Bn) for visualization
purposes), we can see that the implicitly defined trend fil-
tering function f displays a piecewise cubic structure, with
adaptively chosen knot points. Lemma [2| makes this con-
nection precise by showing that such a function f is indeed
a linear combination of falling factorial functions. Letting
8 = H®q, where H*) € R"%" is the kth order falling
factorial basis matrix defined over the inputs x1, . . . x,, the
trend filtering problem in becomes

. rgmln*Hy H® a2+ X- Z lajl,  (14)
j=k+2
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Figure 2. Example trend filtering and smoothing spline estimates.

equivalent to the functional minimization problem

n

f = argmin %Z (yi — f(xz))2 + A TV(f(k)), (15)

fery 2

where Hj, = span{hq,...h,} is the span of the kth order
falling factorial functions in (@), TV(-) denotes the total
variation operator, and f(*) denotes the kth weak derivative
of f. In other words, the solutions of problems and
(13) are related by B; = f(:vz) i = 1,...n. The trend
filtering estimate hence verifiably exhibits the structure of
a kth order piecewise polynomial function, with knots at a
subset of x1,...x,, and this function is not necessarily a
spline, but is close to one (since it lies in the span of the

falling factorial functions hq, ... hy).

In Figure 2] we also fit a smoothing spline estimate to the
same example data. A striking difference: the trend filter-
ing estimate is far more locally adaptive towards the mid-
dle of plot, where the underlying function is less smooth
(the two estimates were tuned to have the same degrees of
freedom, to even the comparison). This phenomenon is in-
vestigated in Tibshirani|(2014)), where it is shown that trend
filtering estimates attain the minimax convergence rate over
a large class of underlying functions, a class for which it is
known that smoothing splines (along with any other esti-
mator linear in y) are suboptimal. This latter work focused
on evenly spaced inputs, z; = i/n, ¢ = 1,...n, and the
next two subsections extend the trend filtering convergence
theory to cover arbitrary inputs z1, ...z, € [0, 1]. We first
consider the input points as fixed, and then random. All
proofs are deferred until the supplement.

4.1. Fixed input points

The following is our main result on trend filtering.

Theorem 1. Ler y € R™ be drawn from (12), with fixed
inputs 0 < 1 < ... < xp <1, having a maximum gap

max (z; —x;—1) = O(logn/n), (16)

i=1,...n

and i.i.d., mean zero sub-Gaussian errors. Assume that, for
an integer k > 0 and constant C > 0, the true function f
is k times weakly differentiable, with TV ( fék)) < C. Then
the kth order trend filtering estimate B in (13), with tuning
parameter value \ = ©(n'/ ?*+3)) satisfies

%Z (Bi = folw:)” = Op(n=(F+2/CR3) (17
=1

Remark 1. The rate n~(25+2)/(2k+3) i5 the minimax rate of
convergence with respect to the class of k times weakly dif-
ferentiable functions f such that TV (f (k)) < C (see, e.g.,
Nussbaum| (1985)), [Tibshirani| (2014)). Hence Theorem [I]
shows that trend filtering estimates converge at the mini-
max rate over a broad class of true functions fj, assuming
that the fixed input points are not too irregular, in that the
maximum adjacent gap between points must satisfy (L6).
This condition is not stringent and is naturally satisfied by
continuously distributed random inputs, as we show in the
next subsection. We note that [Tibshirani| (2014) proved the
same conclusion (as in Theorem [I)) for unevenly spaced in-
puts x1, ... xy,, but placed very complicated and basically
uninterpretable conditions on the inputs. Our tighter anal-
ysis of the falling factorial functions yields the simple suf-
ficient condition (T6).

Remark 2. The conclusion in the theorem can be strength-
ened, beyond the the convergence of B to fo in ; un-
der the same assumptions, the trend filtering estimate B
also converges to fPln¢ at the same rate = (2k+2)/(2k+3)
where we write f5°'"¢ to denote the solution in with
Hj. replaced by Gy = span{gi,...gn}, the span of the
truncated power basis functions in (2. This asserts that the
trend filtering estimate is indeed “close to” a spline, and
here the bound in Lemma [] between the truncated power
and falling factorial basis matrices, is key. Moreover, we
actually rely on the convergence of B to fSp“ne to estab-
lish (T7)), as the total variation regularized spline estimator
f spline jq already known to converge to f at the minimax
rate (Mammen & van de Geer,|1997)).

4.2. Random input points

To analyze trend filtering for random inputs, x1, . .. x,, we
need to bound the maximum gap between adjacent points
with high probability. Fortunately, this is possible for a
large class of distributions, as shown in the next lemma.

Lemmas. If0 < z; < ... < x, < 1 are sorted i.i.d.
draws from an arbitrary continuous distribution supported
on [0, 1], whose density is bounded below by py > 0, then

with probability at least 1 — 2pon 19,

cologn
nax (r; —x;—1) < ———,
1=1,...n pon

for a universal constant cg.
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The proof of this result is readily assembled from classical
results on order statistics; we give a simple alternate proof
in the supplement. Lemma [5|implies the next corollary.

Corollary 1. Let y € R" be distributed according to the
model @I), where the inputs 0 < 1 < ... < xp, < 1
are sorted i.i.d. draws from an arbitrary continuous distri-
bution on [0, 1], whose density is bounded below. Assume
again that the errors are i.i.d., mean zero sub-Gaussian
variates, independent of the inputs, and that the true func-
tion fo has k weak derivatives and satisfies TV ( fék)) <C.
Then, for \ = ©(n'/ (2 +3) the kth order trend filtering
estimate 3 converges at the same rate as in Theorem|]]

5. A higher order Kolmogorov-Smirnov test

The two-sample Kolmogorov-Smirnov (KS) test is a stan-
dard nonparametric hypothesis test of equality between
two distributions, say Px and Py, from independent sam-
ples z1,...2y ~ Px and yi,...y, ~ Py. Writing
X(m) = (31‘1, cen l‘m), }/(n) = <y17 cen yn), and Z(m+n) =
(215 -+ Zman) = X(m) U Y{y,) for the joined samples, the
KS statistic can be expressed as

KS(X(my, Yin)) =

1m 17L

=3 1w <z - =) Hw < 5}

m = {xl—ZJ} n = {yl—ZJ}
(18)

max
2 €2 (m+n)

This examines the maximum absolute difference between
the empirical cumulative distribution functions from X ;)
and Y/, across all points in the joint set Z(,, ), and so
the test rejects for large values of (I8). A well-known al-
ternative (variational) form for the KS statistic is

KS(X(m), Yin)) =

Ex,,., [f(X)] = Ey,, [f]|, (19

max
frTV()<1

where Eyx .., denotes the empirical expectation under
X(my. so that Ex . [f(X)] =1/m >, f(x;), and sim-
ilarly for Ey,, . The equivalence between (I9) and (T8)
comes from the fact that maximum in (T9) is achieved by
taking f to be a step function, with its knot (breakpoint) at
one of the joined samples 21, ... Zm4n.

The KS test is perhaps one of the most widely used non-
parametric tests of distributions, but it does have its short-
comings. Loosely speaking, it is known to be sensitive in
detecting differences between the centers of distributions
Px and Py, but much less sensitive in detecting differ-
ences in the tails. In this section, we generalize the KS
test to “higher order” variants that are more powerful than
the original KS test in detecting tail differences (when, of
course, such differences are present). We first define the

higher order KS test, and describe how it can be computed
in linear time with the falling factorial basis. We then em-
pirically compare these higher order versions to the original
KS test, and several other commonly used nonparametric
two-sample tests of distributions.

5.1. Definition of the higher order KS tests

For a given order k£ > 0, we define the kth order KS test
statistic between X,y and Y{,,) as

1x 1y
k k)\T m n
KS(G)(‘((m%}(n)) = H(Gg )) (Tr(L) - 77(,)) H .

(20)
Here G(®) ¢ R(m+7)x(m+n) jg the kth order truncated
power basis matrix over the joined samples z; < ... <

Zm+n, assumed sorted without a loss of generality, and
G2k) is the submatrix formed by excluding its first k£ + 1
columns. Also, ]lX(m) € R(m+n) is a vector whose com-
ponents indicate the locations of ;1 < ... < z,, among
z1 < ... < Zm+n, and similarly for 1y, . Finally, I lloo
denotes the £, norm, ||u||co = max;—;, . ., |u;| foru € R".

As per the spirit of our paper, an alternate definition for the
kth order KS statistic uses the falling factorial basis,

1x 1y
HENT m Y
(H5™) m n -~

where now H*) ¢ R(m+7)x(m+n) ig the kth order falling
factorial basis matrix over the joined samples z; < ... <
Zm+n. Not surprisingly, the two definitions are very close,
and Holder’s inequality shows that

k
KS§ (X(my, Yiny) =

k k
IKSY (X (m) Yiny) — KSH (X(mys Y )|
2|GY — H| < 2k%,

< max

1,7=1,..m+n

the last inequality due to Lemma [4] with ¢ the maximum
gap between 21, . . . Zm 4y Recall that Lemmal5|shows § to
be of the order log(m+n)/(m+n) for continuous distribu-
tions Py, Py- supported nontrivially on [0, 1], which means
that with high probability, the two definitions differ by at
most 2k2 log(m + n)/(m + n), in such a setup.

The advantage to using the falling factorial definition is that
the test statistic in (2I)) can be computed in O((k+1)(m +
n)) time, without even having to form the matrix H. ék) (this
is assuming sorted points 21, . . . Zpy4p). S€€ Lemma and
Algorithm [3]in the supplement. By comparison, the statis-
tic in (20) requires O((m + n)?) operations. In addition
to the theoretical bound described above, we also find em-
pirically that the two definitions perform quite similarly, as
shown in the next subsection, and hence we advocate the
use of KSg) for computational reasons.

A motivation for our proposed tests is as follows: it can be
shown that (20), and therefore (2I)), approximately take a
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Figure 3. ROC curves for experiment 1, normal vs. t.

variational form similar to (T9), but where the constraint is
over functions whose kth (weak) derivative has total varia-
tion at most 1. See the supplement.

5.2. Numerical experiments

We examine the higher order KS tests by simulation. The
setup: we fix two distributions P, ). We draw n i.i.d. sam-
ples X(pn), Y(n) ~ P, calculate a test statistic, and repeat
this 12/2 times; we also draw 7 i.i.d. samples X,y ~ P,
Y(n) ~ @, calculate a test statistic, and repeat 12/2 times.
We then construct an ROC curve, i.e., the true positive rate
versus the false positive rate of the test, as we vary its rejec-
tion threshold. For the test itself, we consider our kth order
KS test, in both its G and H forms, as well as the usual KS
test, and a number of other popular two-sample tests: the
Anderson-Darling test (Anderson & Darling 1954} |Scholz
& Stephens, [1987)), the Wilcoxon rank-sum test (Wilcoxon),
1945)), and the maximum mean discrepancy (MMD) test,
with RBF kernel (Gretton et al., [2012).

Figures [3] and [4] show the results of two experiments in
which n = 100 and R = 1000. (See the supplement for
more experiments.) In the first we used P = N(0,1) and
@ = ts (t-distribution with 3 degrees of freedom), and
in the second P = Laplace(0) and Q = Laplace(0.3)
(Laplace distributions of different means). We see that our
proposed kth order KS test performs favorably in the first
experiment, with its power increasing with k. When k = 3,
it handily beats all competitors in detecting the difference
between the standard normal distribution and the heavier-

1F

True postive rate
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. . . . . . . . . e
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Figure 4. ROC curves for experiment 2, Laplace vs. Laplace.

tailed ¢-distribution. But there is no free lunch: in the sec-
ond experiment, where the differences between P, () are
mostly near the centers of the distributions and not in the
tails, we can see that increasing k only decreases the power
of the kth order KS test. In short, one can view our pro-
posal as introducing a family of tests parametrized by k,
which offer a tradeoff in center versus tail sensitivity. A
more thorough study will be left to future work.

6. Discussion

We formally proposed and analyzed the spline-like falling
factorial basis functions. These basis functions admit at-
tractive computational and statistical properties, and we
demonstrated their applicability in two problems: trend
filtering, and a novel higher order variant of the KS test.
These examples, we feel, are just the beginning. As typ-
ical operations associated with the falling factorial basis
scale merely linearly with the input size (after sorting), we
feel that this basis may be particularly well-suited to a rich
number of large-scale applications in the modern data era,
a direction that we are excited to pursue in the future.
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Supplement This paper and its accompanying supplement
(with proofs and extra experiments) can be found on arXiv.
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