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1 The Dual of EDC-MRF

We recall the DC-MRF primal energy with pairwise potentials.

EDC-MRF(x, y) =
∑

(s,t)∈E

∑
i,j

(f ijst )�

(
xijst, y

ij
st→s, y

ij
st→t

)
(1)

s.t. xis =
∑
j

xijst, xjt =
∑
i

xijst, xs ∈ ∆L, xst ∈ ∆L2

,

yis =
∑
j

yijst→s, yjt =
∑
i

yijst→t

We absorbed any bounds on the arguments of f ijst into those functions. In order to derive (a particular) dual
we need the following fact:

Fact 1. The conjugate of φ(x, y)
def
=
∑

i(fi)�(xi, yi) + ı∆(x) is given by

φ∗(z, w) = max
i

{
zi + (fi)

∗(wi)
}
. (2)

Proof. We need to calculate

φ∗(z, w) = max
x∈∆,y

xT z + yTw −
∑
i

xifi(yi/xi) [ti = yi/xi]

= max
x∈∆,t

∑
i

xi (zi + tiwi − fi(ti))

= max
x∈∆

∑
i

xi

(
zi + max

ti
{tiwi − fi(ti)}

)
= max

x∈∆

∑
i

xi
(
zi + f∗i (wi)

)
= max

i

{
zi + (fi)

∗(wi)
}
.

This concludes the proof.
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By introducing respective Lagrange multipliers pist→s, p
i
st→t, q

i
st→s, q

i
st→t, we obtained the following dual

−E∗DC-MRF(p, q) =
∑

(s,t)∈E

max
i,j

{
−pist→s − p

j
st→t + (f ijst )

∗(−qist→s,−q
j
st→t)

}
(3)

+
∑
s

max
i

 ∑
t∈out(s)

pist→s +
∑

t∈in(s)

pits→s

+
∑
s,i

ı

 ∑
t∈out(s)

qist→s +
∑

t∈in(s)

qits→s = 0

 .

The last two terms come from
∑

s ı∆(xs) +
∑

s 0T ys in the primal.

2 The Convex Relaxation Derived from LDD-I

After introducing Lagrange multipliers λist→s and λist→t for the consistency constraints between xs and xst,
we have the following Lagrangian:

LDD-I(x, z;λ, µ) =
∑
s∼t

∑
i,j

xijst

(
f ijst (zst→s, zst→t)− λist→s − λ

j
st→t

)
+
∑
s,i

xis

 ∑
t∈out(s)

λist→s +
∑

t∈in(s)

λits→s


+
∑
s∼t

(
µst→s

(
zs − zst→s

)
+ µst→t

(
zt − zst→t

))
=
∑
s∼t

∑
i,j

xijst

(
f ijst (zst→s, zst→t)− λist→s − λ

j
st→t

)
− µT

stzst


+
∑
s,i

xis

 ∑
t∈out(s)

λist→s +
∑

t∈in(s)

λits→s

+
∑
s

zs

 ∑
t∈out(s)

µst→s +
∑

t∈in(s)

µts→s

 .

Since we minimize over xs ∈ ∆L and xst ∈ ∆L2

, we eliminate x and obtain

LDD-I(z;λ, µ) =
∑
s∼t

(
min
i,j

{
f ijst (zst→s, zst→t)− λist→s − λ

j
st→t

}
− µT

stzst

)
+
∑
s

min
i

 ∑
t∈out(s)

λist→s +
∑

t∈in(s)

λits→s


+
∑
s

zs

 ∑
t∈out(s)

µst→s +
∑

t∈in(s)

µts→s

 .

Elimination of z by minimizing over zs, zst ∈ R yields the dual

E∗DD-I(λ, µ) = min
zs,zst

∑
s∼t

(
min
i,j

{
f ijst (zst)− λist→s − λ

j
st→t

}
− µT

stzst

)

+
∑
s

min
i

 ∑
t∈out(s)

λist→s +
∑

t∈in(s)

λits→s

+
∑
s

zs

 ∑
t∈out(s)

µst→s +
∑

t∈in(s)

µts→s


=
∑
s∼t

min
zst

{
min
i,j

{
f ijst (zst)− λist→s − λ

j
st→t

}
− µT

stzst

}

+
∑
s

min
i

 ∑
t∈out(s)

λist→s +
∑

t∈in(s)

λits→s

+
∑
s

min
zs

zs
 ∑

t∈out(s)

µst→s +
∑

t∈in(s)

µts→s


=
∑
s∼t
−max

zst

{
µT
stzst −min

i,j

{
f ijst (zst)− λist→s − λ

j
st→t

}}
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+
∑
s

min
i

 ∑
t∈out(s)

λist→s +
∑

t∈in(s)

λits→s

−∑
s

ı

 ∑
t∈out(s)

µst→s +
∑

t∈in(s)

µts→s = 0


=
∑
s∼t
−max

ij

{
(f ijst )

∗(µst) + λist→s + λjst→t

}

+
∑
s

min
i

 ∑
t∈out(s)

λist→s +
∑

t∈in(s)

λits→s

−∑
s

ı

 ∑
t∈out(s)

µst→s +
∑

t∈in(s)

µts→s = 0

 ,

where we used tha fact that (infi fi)
∗

= supi f
∗
i (see [Hiriart-Urruty & Lemarechal, Thm 2.4.1]). In order to

compute the primal we rewrite L(λ, µ) as

E∗DD-I(λ, µ) =
∑

(s,t)∈E

−max
ij

{
(f ijst )

∗(µij
st) + λijst

}
−
∑
s

max
i
λis −

∑
s

ı {µs = 0}+
∑

(s,t),i

0 · λist→s +
∑
(s,t)

0Tµst

subject to (we state the corresponding multipliers in the right column)

λijst = λist→s + λjst→t [xijst]

λis = −
∑

t∈out(s)

λist→s −
∑

t∈in(s)

λits→s [xis]

µij
st = µst [zijst]

µs = −
∑

t∈out(s)

µst→s −
∑

t∈in(s)

µts→s. [zs]

We explicitly added the zero terms on the additional unknowns to highlight that they correspond to con-
straints in the primal. 0 ·λist→s translates to the usual marginalization constraints, xis =

∑
j x

ij
st etc. 0 ·µst→s

e.g. translates to zs =
∑

ij z
ij
st→s, since µst→s appears with +1 in constraints zs and with −1 in constraints

zijst for all i, j. Hence, the corresponding primal reads as

EDC-DD-I(x, z) =
∑
s,t

∑
i,j

(f ijst )�(xijst, z
ij
st) (4)

s.t. xis =
∑
j

xijst, xjt =
∑
i

xijst, xs ∈ ∆L, xst ∈ ∆L2

zs =
∑
i,j

zijst→s, zt =
∑
i,j

zijst→t.

3 The Convex Relaxation Derived from LDD

Again, after introducing Lagrange multipliers λist→s and λist→t for the consistency constraints between xs
and xst, we have the following Lagrangian:

LDD(x, z;λ, µ) =
∑
s∼t

∑
i,j

xijst

(
f ijst (z

i
st→s, z

j
st→t)− λist→s − λ

j
st→t

)
+
∑
s,i

xis

 ∑
t∈out(s)

λist→s +
∑

t∈in(s)

λits→s


+
∑
s∼t

∑
i

xis
(
µi
st→s

(
zs − zist→s

)
+ µi

st→t

(
zt − zist→t

))
=
∑
s∼t

∑
i,j

xijst

(
f ijst (z

i
st→s, z

j
st→t)− λist→s − λ

j
st→t − µi

st→sz
i
st→s − µ

j
st→tz

j
st→t

)
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+
∑
s,i

xis

 ∑
t∈out(s)

λist→s +
∑

t∈in(s)

λits→s

+
∑
s

zs
∑
i

xis

 ∑
t∈out(s)

µi
st→s +

∑
t∈in(s)

µi
ts→s


=
∑
s∼t

∑
i,j

xijst

(
f ijst (z

i
st→s, z

j
st→t)− λist→s − λ

j
st→t − µi

st→sz
i
st→s − µ

j
st→tz

j
st→t

)

+
∑
s,i

xis

 ∑
t∈out(s)

λist→s +
∑

t∈in(s)

λits→s + zs
∑

t∈out(s)

µi
st→s + zs

∑
t∈in(s)

µi
ts→s

 .

In the second line we expanded the marginalization constraints, e.g. xis =
∑

j x
ij
st, to move the terms into

the first sum. In order to obtain the dual we minimize over xs and xst subject to the simplex constraints,
and the dual energy is computed by minimizing over z,

E∗DD(λ, µ) =
∑
s∼t

min
{zi

st→s,z
j
st→s}

min
i,j

{
f ijst (z

i
st→s, z

j
st→t)− λist→s − λ

j
st→t − µi

st→sz
i
st→s − µ

j
st→tz

j
st→t

}

+
∑
s

min
zs

min
i

 ∑
t∈out(s)

λist→s +
∑

t∈in(s)

λits→s + zs
∑

t∈out(s)

µi
st→s + zs

∑
t∈in(s)

µi
ts→s


=
∑
s∼t

min
i,j

min
zi
st→s,z

j
st→s

{
f ijst (z

i
st→s, z

j
st→t)− λist→s − λ

j
st→t − µi

st→sz
i
st→s − µ

j
st→tz

j
st→t

}

+
∑
s

min
i

min
zs

 ∑
t∈out(s)

λist→s +
∑

t∈in(s)

λits→s + zs
∑

t∈out(s)

µi
st→s + zs

∑
t∈in(s)

µi
ts→s


=
∑
s∼t

min
i,j
− max

zi
st→s,z

j
st→s

{
µi
st→sz

i
st→s + µj

st→tz
j
st→t − f

ij
st (z

i
st→s, z

j
st→t) + λist→s + λjst→t

}

+
∑
s

min
i

 ∑
t∈out(s)

λist→s +
∑

t∈in(s)

λits→s − ı

 ∑
t∈out(s)

µi
st→s +

∑
t∈in(s)

µi
ts→s = 0




=
∑
s∼t

min
i,j
−
{

(f ijst )
∗(µi

st→s, µ
j
st→t) + λist→s + λjst→t

}

+
∑
s

min
i

 ∑
t∈out(s)

λist→s +
∑

t∈in(s)

λits→s

−∑
s,i

ı

 ∑
t∈out(s)

µi
st→s +

∑
t∈in(s)

µi
ts→s = 0


= −

∑
s∼t

max
i,j

{
(f ijst )

∗(µi
st→s, µ

j
st→t) + λist→s + λjst→t

}

−
∑
s

max
i

− ∑
t∈out(s)

λist→s −
∑

t∈in(s)

λits→s

−∑
s,i

ı

 ∑
t∈out(s)

µi
st→s +

∑
t∈in(s)

µi
ts→s = 0


= E∗DC-MRF(−λ,−µ).
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