Further Optimal Regret Bounds for Thompson Sampling

APPENDIX—SUPPLEMENTARY
MATERIAL

A Some results used in the proofs

Fact 1 (Chernoff-Hoeffding bound). Let Xi,...,X,
be independent 0 — 1 r.v.s with E[X;] = p; (not nec-
essarily equal).

Let X = L5 X;, p = E[X] =
LS pi- Then, for any 0 <X <1—p,

Pr(X > p+ ) < exp{—nd(u+ A\ p)},
and, for any 0 < \ < p,
Pr(X < p—A) <exp{—nd(u— A p)},

a)In (1=a)

where d(a,b) = aln ¢ + (1 — =R

Fact 2 (Chernoff-Hoeffding bound). Let X3, ..., X,, be
random variables with common range [0,1] and such
that E[ Xy | Xq,..., X4—1] = p. Let S, = X1 +.. .+ X,
Then for all a > 0,

Pr(S, > nu+a) < 672(12/",

Pr(S, <np—a) < e—2a°/n,

Fact 3.

Focb,eéa(y) =1- FB+5717y(Oz - 1)7

(o2
for all positive integers a, 3.

Formula 7.1.13 from Abramowitz and Stegun [1964]
can be used to derive the following concentration for
Gaussian distributed random variables.

Fact 4. Abramowitz and Stequn [1964] For a Gaus-
stan distributed random variable Z with mean m and
variance o2, for any z,

1
v

LT < Pr(|Z —m| > zo) < —2/2,

l\D|P—‘

B Thompson Sampling with Beta
Distribution

B.1 Proof of Lemma 3

Let 71 denote the time at which k' trial of arm 14
happens. Let 79 = 0. Note that 7, > T for k > k;(T).

Also, T' < 7. Then,

T
> Pr(i(t)
t=1
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The second last inequality follows from the observation
that the event E'(t) was defined as ji;(¢ ) > x;, At time
T+1for k > 1, i (mp+1) = Si (kTﬂrl) < (T’kﬁl), where
latter is snnply the average of the outcomes observed
from k i.i.d. plays of arm 4, each of which is a Bernoulli
trial with mean p;. Using Chernoff-Hoeffding bounds
(Fact 1), we obtain that Pr(i;(m + 1) > z;) <

Pr(Si(T]/;'i‘l) S xi) < e—kd(wi,pui) O

B.2 Proof of Lemma 4

Below, we slightly abuse the notation for readabil-
ity — the notation Pr(Beta(a, 8) > y;) will represent
the probability that a random variable distributed as
Beta(a, B) takes a value greater than y;.

B (), Fiov, ki(t) > Li(T))
i(t) <y, Fooa, ki(t) > Li(T))
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1), Fe1, ki(t) > Li(T))
Si(t) +1) >y

i(ki(t) +
= Pr(Beta(S()—l—l ki(t) —
i(t) + 1), Frr, ki(t) > Li(T))

| Si(t) <

Pr (Beta(z;
(1 - 1‘1)(]%
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where the last inequality used (Fact 3) along with

Chernoff-Hoeffding bounds (refer to Fact 1) to obtain
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that for any fixed k;(t) > L;(T),

Pr (Beta(z;(k;(t) + 1)+ 1, (1 —
> yi)
= Flf(t)Jrly (2i(ki(t) + 1))
e~ (ki) +D)d(wiy:)

e~ Li(T)d(z:,y:)

i) (ki(t) + 1))

IAINA

which is smaller than % because L;(T) = d(lznf;i).
Then,
T
3 P (i(t) =i, E0(t), E“(t))
t=1
T
= S Pr(ilt) =i kilt) < L(T), BY(0), BL(1))
t=1
T
+ Y Pr(i(t) = i ki(t) > L(T), BI(), BL(1))
t=1
T
< E ) I(it) =i ki(t) < Li(T))
t=1
T
+E|Y Pr (i(t) =i, E(t)
t=1
| B} (t), F—1, ki(t) > Li(T))]
1
S Lz T + p—
= L(T)+1
1
B.3 Proof of Lemma 2
Let ki(t) = 4,51(t) = s. Let y = y;. Then, p;; =
Pr(6,(t) > y) = Ff, ,(s) (using Fact 3). Let 7; +1

denote the time step after the (5)*
Then, ki1(7; +1) = j, and

play of arm 1.

E| 1 ! fwn(s)
Di — FE, ,(s)
i, 75 +1 j+1ly

Let A" =y — .

In the derivation below, we abbreviate Fﬁrl_’y(s) as
Fjy1y(s).

Forj<%' Let R = LU=y

wi-my D =y + (1 -

Y) >y,s0thatR>1
4 fijl (S)
= Fit1y(s)
< 1 . fjnul (S)
LyJJ J
1 f, 1
< Z JH1 Z 2fj;H1 (S)
s=[yjl
Lys]
1 1-—
= T Z RS( j Z fwn
1=y s=0 (1- s=[yjl
1 (RWIFT 1N (1)
1—y R-1 (1—y)
Z 25 (s
s=[yjl
1 R (=) 2
< RyJ _ I
= 1oy (R_1> Ay &
o lul 7Dj 2
VAR
3
< A (4)
For j > %: We will divide the sum Sum(0,j) =
J fjwln(s)

5=0 Ty (o) into four partial sums and prove that

Sum(0, [yj] — 1) < © (e’Dj (jil) ,2)
+O(e728"%),
Sum(|yj], lvi]) < 3e P,
Sum([yj], L = 53) < 673702,
Sum(lmj - 5i1.5) < 1+ zmag

Together, the above estimates will prove the required
bound.

We use the following bounds on the cdf of Binomial
distribution [Jefdbek, 2004, Prop. A.4].
For s <y(j+1)— (i + 1yl —y),

Fiy1,4(s) =0 (M (j N 1) v (1 — y)j“‘s) .

y(i+1) —s\ s
(5)
Fors>y(j+1)—+/(+ 1Dyl —y),
Fjy1.4(s) = O(1). (6)
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] =1).

Bounding Sum/(0, |y
given, for any s,

Using the bounds just

fj#l (S)
Fit1,y(s)
Jim (s)

< y(+1=s) (j+1
W( Jys(1

( )fj,m (S

)
O1) f5.ui (5)-

— g

This gives

Sum(0, [yj] = 1)

-y L s N
= Olu—ym Z:(: <1_y(j+1)) &

lyil—1

) Z fijl (S)

We now bound the first expression on the RHS.

(1—m) - . :
(1—y)itt 2 (1_y(j+1)> .

5=0
B (1— 1)’ (Rl —1
- a—wﬂ(fwl
1 (lyj] —1)RWIl  RWIJ R
Gl e )
_ (1 — puy)? ( 1 Rlvi]
T A=y g+ 1) (R-1)2
(y(G+1) = lyj] +1) R )
y(G+1) (R—1)
- (1 —pp)? 3 Rlyil+1
T =yPtyG+ 1) (R-1)?
< e DI 5 R

yA -y +1) (R-1)?

The last inequality uses

(=)’ prys) < A=)’ pys ;.
(1—y) (1- y)
(1-y) _ — _
Now, B 1= fll5h 1 = o And, oty =

pi(l—y)

. Therefore,
H1—Y

1 R
yA—y)(G+1) (R—1)?
_ 1L m-y) y-m)
y1-9)G+1) m-y -y
_ L (=)
G+1) (m—y)?
Substituting, we get
i Lyd]
J“ Z ( y(i+ 1)) o

< o Di 1 #1(1—H1)
- (G+1) (m—y)?*

Substituting in (7)

1 1 lyil—1
< Ofe? —
< 0(Pyas) oW 3 fiml
1 1 2
< Qe i O(e—2m—v)*5y.
< o(Pgman) o :
Bounding Sum(|yj], |yj]). We use % <
fiwq (8) s (1—p1)?
f]+11y(8) - ( ]+1) R (l y)i‘#l? to get
Sum(|yjl, lyi])
_ fJ;H1(|_ J)
Fit1y(lyi))
yj—1 (L= )
1-— RYI -
B ( j+1) (1—y)tt
- 1- (1 —y)
< 3e_Dj. (7)
The last inequality uses j > % > 1%‘7!
Bounding Sum([yj], [11j — %/jj). Now, if j >

A,,then G+Dy(l—y) > Jy >y, s0y(j+1)—

(j+Dy(l—y) < yj < [yj]. Therefore, (using the
bounds by Jefabek [2004] given in Equation (6)) for
s > [yjl, Fjt1,4(s) = O(1). Using this observation,
we derive the following.
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/

Sl s - =7

[m1j—

f%lh( )

s=[yj] FJ‘FLy( )

[p1i—405]

Z fj#l (S)

s=[yj]

= 0

@(e—z(m— g~ %/J‘J)Z/J’)
_ (e, (8)

where the inequality follows using Chernoff-Hoeffding
bounds (refer to Fact 2).
Bounding Sum([pj — 5j1,5). For s > [mj -
541 = [yj + 5], again using Chernoff-Hoeffding
bounds from Fact 2,

Fj+17y(5) > 1-— *2(y1+ 2y (j+1))%/(+1)
e
Z 1_€A,2j/4e*A,2j/2

1-— eiA,Qj/‘l.

The last inequality uses j > %.
’ J

Sum(fuj - 5710 = 3

fj-,#l (S)

F; s
s= le—%,ﬂ J+17y( )

1
1 — e—A”j/4

1

8
Combining, we get for j > &7,
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C Thompson Sampling with Gaussian
Distribution

C.1 Proof of Lemma 5

Proof. The proof of this lemma is similar to the proof
of Lemma 4 in Appendix B.2.

Below, we slightly abuse the notation for readabil-
ity — the notation Pr(N(m,o?) > y;) will represent

the probability that a random variable distributed as

N(m,0?) takes a value greater than y;.

Pr (z’(t) =i, E(t) | B (t), Foo1, ki(t) > Li(T))

< Pr(6;(t) >yz|uz()<xz,ft 1, ki(t) > Li(T))
= (/\/ +1)>yi

| fi <xl,ft 1, ki(t) > Li(T))
< (J\/ +1>>yz Fiorhult) > LT))
<
B 1
T TAY

where the last inequality used the concentration of
Gaussian distribution (refer to Fact 4) to obtain that
for any fixed k;(t) > L;(T),

1 1 ki) —=y)?
. ) < e T3
Pr (N ) >0 < :
1 _wi)wi—=?
S — 2
which is smaller than AQ because L;(T) = 2(;’(_7;?)22)
Now,
T
> P (i(t) = i, BY(1), BL(1))
t=1
T
= Yo Pr (i) = i, B(0), B0, ki(t) < Lu(T))
t=1
T
+ 3 Pr(i(t) = i, BY(0), Bl (0), ki(t) > Li(T))
t=1
T
< E|) I(t) =i, ki(t) < Li(T))
t=1
T
+YE [Pr( (t) =i, B9()
t=1
| Ef(t)ka(t) > Lz(T)a]:tfl)]
KA1
< LT -
1
< Li(T) + A?
O
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C.2 Proof of Lemma 6

Let ©; denote a N(f1(r; + 1), m) distributed
Gaussian random variable. Let G; be a geomertic ran-
dom variable denoting the number of consecutive in-
dependent trials until ©; > y;. Then, observe that

Pir+1 = Pr(0; > y;), and
1 oo
—1=E[G;] = Pr(G; >r
o 1= EG = Y PG, 2 )

We will bound the expected value of G; by a constant
for all j. Consider any integer r > 1. Let z = v/Inr,
let random variable M AX,. denote the maximum of r
independent samples of ©;. We abbreviate ji1(7; + 1)
as {11 and k1(7; + 1) as k1 in the following. Then

Pr(G; <r)
> Pr(MAX, > y)

V

(MAX > i+ —— \/—_ )

'PF<M1+\/]?ZZJ>

The following anti-concentration bound can be derived
for the Gaussian r.v. Z with mean p and std deviation
o, using Formula 7.1.13 from Abramowitz and Stegun
[1964]

Pr(Z > p+z0) > \/t - 6_22/2.
This gives
(MAX >u1+\? fi1 + )
s (i L )
\/2_(224-1
— 1_<1_1m1>r
Vor (Inr+1) /r
> 1 — e Vi,

Also, using Chernoff-Hoeffding bounds (refer to Fact

Therefore, substituting,

Pr(Gj<r) > (1—e Vamur).(1— riQ)

> 1—i—e Vo

r2

ElG;] =

IN

<

<

Z(l - Pr(G,; <))

r>1

The second last inequality in above uses the fact that

for r > et

1 e VvV PraTTe < LZ'
—_— T



