
Further Optimal Regret Bounds for Thompson Sampling

APPENDIX—SUPPLEMENTARY
MATERIAL

A Some results used in the proofs

Fact 1 (Chernoff-Hoeffding bound). Let X1, . . . , Xn

be independent 0 − 1 r.v.s with E[Xi] = pi (not nec-
essarily equal). Let X = 1

n

∑

i Xi, µ = E[X ] =
1
n

∑n
i=1 pi. Then, for any 0 < λ < 1− µ,

Pr(X ≥ µ+ λ) ≤ exp{−nd(µ+ λ, µ)},

and, for any 0 < λ < µ,

Pr(X ≤ µ− λ) ≤ exp{−nd(µ− λ, µ)},

where d(a, b) = a ln a
b + (1 − a) ln (1−a)

(1−b) .

Fact 2 (Chernoff–Hoeffding bound). Let X1, ..., Xn be
random variables with common range [0, 1] and such
that E [Xt X1, ..., Xt−1] = µ. Let Sn = X1+ . . .+Xn.
Then for all a ≥ 0,

Pr(Sn ≥ nµ+ a) ≤ e−2a2/n,

Pr(Sn ≤ nµ− a) ≤ e−2a2/n.

Fact 3.

F beta
α,β (y) = 1− FB

α+β−1,y(α− 1),

for all positive integers α, β.

Formula 7.1.13 from Abramowitz and Stegun [1964]
can be used to derive the following concentration for
Gaussian distributed random variables.

Fact 4. Abramowitz and Stegun [1964] For a Gaus-
sian distributed random variable Z with mean m and
variance σ2, for any z,

1

4
√
π
· e−7z2/2 < Pr(|Z −m| > zσ) ≤ 1

2
e−z2/2.

B Thompson Sampling with Beta

Distribution

B.1 Proof of Lemma 3

Let τk denote the time at which kth trial of arm i

happens. Let τ0 = 0. Note that τk > T for k > ki(T ).

Also, T ≤ τT . Then,

T
∑

t=1

Pr(i(t) = i, E
µ
i (t))

≤ E

[

T−1
∑

k=0

τk+1
∑

t=τk+1

I(i(t) = i)I(Eµ
i (t))

]

= E

[

T−1
∑

k=0

I(Eµ
i (τk + 1))

τk+1
∑

t=τk+1

I(i(t) = i)

]

= E

[

T−1
∑

k=0

I(Eµ
i (τk + 1))

]

≤ 1 + E

[

T−1
∑

k=1

I(Eµ
i (τk + 1))

]

≤ 1 +

T−1
∑

k=1

exp(−kd(xi, µi))

≤ 1 +
1

d(xi, µi)

The second last inequality follows from the observation
that the event Eµ

i (t) was defined as µ̂i(t) > xi, At time

τk+1 for k ≥ 1, µ̂i(τk+1) = Si(τk+1)
k+1 ≤ Si(τk+1)

k , where
latter is simply the average of the outcomes observed
from k i.i.d. plays of arm i, each of which is a Bernoulli
trial with mean µi. Using Chernoff-Hoeffding bounds
(Fact 1), we obtain that Pr(µ̂i(τk + 1) > xi) ≤
Pr(Si(τk+1)

k > xi) ≤ e−kd(xi,µi).

B.2 Proof of Lemma 4

Below, we slightly abuse the notation for readabil-
ity – the notation Pr(Beta(α, β) > yi) will represent
the probability that a random variable distributed as
Beta(α, β) takes a value greater than yi.

Pr
(

i(t) = i, Eθ
i (t) E

µ
i (t),Ft−1, ki(t) > Li(T )

)

≤ Pr (θi(t) > yi µ̂i(t) ≤ xi,Ft−1, ki(t) > Li(T ))

= Pr (θi(t) > yi

Si(t) ≤ xi(ki(t) + 1),Ft−1, ki(t) > Li(T ))

= Pr (Beta(Si(t) + 1, ki(t)− Si(t) + 1) > yi

Si(t) ≤ xi(ki(t) + 1),Ft−1, ki(t) > Li(T ))

≤ Pr (Beta(xi(ki(t) + 1) + 1,

(1− xi)(ki(t) + 1)) > yi Ft−1, ki(t) > Li(T ))

≤ e−Li(T )d(xi,yi)

=
1

T
.

where the last inequality used (Fact 3) along with
Chernoff-Hoeffding bounds (refer to Fact 1) to obtain
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that for any fixed ki(t) > Li(T ),

Pr (Beta(xi(ki(t) + 1) + 1, (1− xi)(ki(t) + 1))

> yi)

= FB
ki(t)+1,yi

(xi(ki(t) + 1))

≤ e−(ki(t)+1)d(xi,yi)

≤ e−Li(T )d(xi,yi)

which is smaller than 1
T because Li(T ) =

lnT
d(xi,yi)

.

Then,

T
∑

t=1

Pr
(

i(t) = i, Eθ
i (t), E

µ
i (t)

)

=
T
∑

t=1

Pr
(

i(t) = i, ki(t) ≤ Li(T ), Eθ
i (t), E

µ
i (t)

)

+

T
∑

t=1

Pr
(

i(t) = i, ki(t) > Li(T ), Eθ
i (t), E

µ
i (t)

)

≤ E

[

T
∑

t=1

I(i(t) = i, ki(t) ≤ Li(T ))

]

+E

[

T
∑

t=1

Pr
(

i(t) = i, Eθ
i (t)

E
µ
i (t),Ft−1, ki(t) > Li(T ))]

≤ Li(T ) +

T
∑

t=1

1

T

= Li(T ) + 1.

B.3 Proof of Lemma 2

Let k1(t) = j, S1(t) = s. Let y = yi. Then, pi,t =
Pr(θ1(t) > y) = FB

j+1,y(s) (using Fact 3). Let τj + 1

denote the time step after the (j)th play of arm 1.
Then, k1(τj + 1) = j, and

E[
1

pi,τj+1
] =

j
∑

s=0

fj,µ1(s)

FB
j+1,y(s)

.

Let ∆′ = µ1 − y.

In the derivation below, we abbreviate FB
j+1,y(s) as

Fj+1,y(s).

For j < 8
∆′ : Let R = µ1(1−y)

y(1−µ1)
, D = y ln y

µ1
+ (1 −

y) ln 1−y
1−µ1

. Note that µ1 ≥ y, so that R ≥ 1.

j
∑

s=0

fj,µ1(s)

Fj+1,y(s)

≤ 1

1− y

j
∑

s=0

fj,µ1(s)

Fj,y(s)

≤ 1

1− y

⌊yj⌋
∑

s=0

fj,µ1(s)

fj,y(s)
+

1

1− y

j
∑

s=⌈yj⌉

2fj,µ1(s)

=
1

1− y

⌊yj⌋
∑

s=0

Rs (1 − µ1)
j

(1− y)j
+

1

1− y

j
∑

s=⌈yj⌉

2fj,µ1(s)

=
1

1− y

(

R⌊yj⌋+1 − 1

R− 1

)

(1− µ1)
j

(1− y)j

+
1

1− y

j
∑

s=⌈yj⌉

2fj,µ1(s)

≤ 1

1− y

(

R

R− 1

)

Ryj (1− µ1)
j

(1− y)j
+

2

∆′

=
µ1

∆′
e−Dj +

2

∆′

≤ 3

∆′
. (4)

For j ≥ 8
∆′ : We will divide the sum Sum(0, j) =

∑j
s=0

fj,µ1 (s)

Fj+1,y(s)
into four partial sums and prove that

Sum(0, ⌊yj⌋ − 1) ≤ Θ
(

e−Dj 1
(j+1)

1
∆′2

)

+Θ(e−2∆′2j),
Sum(⌊yj⌋, ⌊yj⌋) ≤ 3e−Dj ,

Sum(⌈yj⌉, ⌊µ1j − ∆′

2 j⌋) ≤ Θ(e−∆′2j/2),

Sum(⌈µ1j − ∆′

2 j⌉, j) ≤ 1 + 1

e∆′2j/4−1
.

Together, the above estimates will prove the required
bound.

We use the following bounds on the cdf of Binomial
distribution [Jeřábek, 2004, Prop. A.4].
For s ≤ y(j + 1)−

√

(j + 1)y(1− y),

Fj+1,y(s) = Θ

(

y(j + 1− s)

y(j + 1)− s

(

j + 1

s

)

ys(1 − y)j+1−s

)

.

(5)
For s ≥ y(j + 1)−

√

(j + 1)y(1− y),

Fj+1,y(s) = Θ(1). (6)
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Bounding Sum(0, ⌊yj⌋− 1). Using the bounds just
given, for any s,

fj,µ1(s)

Fj+1,y(s)

≤ Θ





fj,µ1(s)
y(j+1−s)
y(j+1)−s

(

j+1
s

)

ys(1− y)j+1−s





+Θ(1)fj,µ1(s)

= Θ

((

1− s

y(j + 1)

)

· Rs · (1− µ1)
j

(1− y)j+1

)

+Θ(1)fj,µ1(s).

This gives

Sum(0, ⌊yj⌋ − 1)

≤ Θ





(1 − µ1)
j

(1− y)j+1

⌊yj⌋−1
∑

s=0

(

1− s

y(j + 1)

)

· Rs





+Θ(1)

⌊yj⌋−1
∑

s=0

fj,µ1(s).

We now bound the first expression on the RHS.

(1− µ1)
j

(1− y)j+1

⌊yj⌋−1
∑

s=0

(

1− s

y(j + 1)

)

· Rs

=
(1− µ1)

j

(1− y)j+1

(

R⌊yj⌋ − 1

R− 1

− 1

y(j + 1)

(

(⌊yj⌋ − 1)R⌊yj⌋

R− 1
− R⌊yj⌋ −R

(R − 1)2

))

≤ (1− µ1)
j

(1− y)j+1

(

1

y(j + 1)

R⌊yj⌋

(R − 1)2

+
(y(j + 1)− ⌊yj⌋+ 1)

y(j + 1)

R⌊yj⌋

(R− 1)

)

≤ (1− µ1)
j

(1− y)j+1

3

y(j + 1)

R⌊yj⌋+1

(R − 1)2

≤ e−Dj 3

y(1− y)(j + 1)

R

(R− 1)2

The last inequality uses

(1 − µ1)
j

(1− y)j
R⌊yj⌋ ≤ (1− µ1)

j

(1− y)j
Ryj = e−Dj .

Now, R − 1 = µ1(1−y)
y(1−µ1)

− 1 = µ1−y
y(1−µ1)

. And, R
R−1 =

µ1(1−y)
µ1−y . Therefore,

1

y(1− y)(j + 1)

R

(R− 1)2

=
1

y(1− y)(j + 1)
· µ1(1− y)

µ1 − y
· y(1− µ1)

µ1 − y

=
1

(j + 1)

µ1(1− µ1)

(µ1 − y)2
.

Substituting, we get

(1− µ1)
j

(1 − y)j+1

⌊yj⌋
∑

s=0

(

1− s

y(j + 1)

)

·Rs

≤ e−Dj 1

(j + 1)

µ1(1− µ1)

(µ1 − y)2
.

Substituting in (7)

Sum(0, ⌊yj⌋ − 1)

≤ Θ

(

e−Dj 1

(j + 1)

1

∆′2

)

+Θ(1)

⌊yj⌋−1
∑

s=0

fj,µ1(s)

≤ Θ

(

e−Dj 1

(j + 1)

1

∆′2

)

+Θ(e−2(µ1−y)2j).

Bounding Sum(⌊yj⌋, ⌊yj⌋). We use
fj,µ1 (s)

Fj+1,y(s)
≤

fj,µ1 (s)

fj+1,y(s)
=

(

1− s
j+1

)

Rs (1−µ1)
j

(1−y)j+1 , to get

Sum(⌊yj⌋, ⌊yj⌋)

=
fj,µ1(⌊yj⌋)
Fj+1,y(⌊yj⌋)

≤
(

1− yj − 1

j + 1

)

Ryj (1− µ1)
j

(1− y)j+1

≤
(1− y + 2

j+1 )

1− y
Ryj (1− µ1)

j

(1 − y)j

≤ 3e−Dj. (7)

The last inequality uses j ≥ 1
∆′ ≥ 1

1−y .

Bounding Sum(⌈yj⌉, ⌊µ1j − ∆′

2 j⌋). Now, if j >
1
∆′ ,then

√

(j + 1)y(1− y) >
√
y > y, so y(j + 1) −

√

(j + 1)y(1− y) < yj ≤ ⌈yj⌉. Therefore, (using the
bounds by Jeřábek [2004] given in Equation (6)) for
s ≥ ⌈yj⌉, Fj+1,y(s) = Θ(1). Using this observation,
we derive the following.
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Sum(⌈yj⌉, ⌊µ1j −
∆′

2
j⌋)

=

⌊µ1j−
∆′

2 j⌋
∑

s=⌈yj⌉

fj,µ1(s)

Fj+1,y(s)

= Θ







⌊µ1j−
∆′

2 j⌋
∑

s=⌈yj⌉

fj,µ1(s)







≤ Θ(e
−2

(

µ1j−⌊µ1j−
∆′

2 j⌋
)2

/j
)

= Θ(e−∆′2j/2), (8)

where the inequality follows using Chernoff-Hoeffding
bounds (refer to Fact 2).

Bounding Sum(⌈µ1j − ∆′

2 j⌉, j). For s ≥ ⌈µ1j −
∆′

2 j⌉ = ⌈yj + ∆′

2 j⌉, again using Chernoff-Hoeffding
bounds from Fact 2,

Fj+1,y(s) ≥ 1− e−2(yj+∆′

2 j−y(j+1))2/(j+1)

≥ 1− e2∆
′

e−∆′2j/2

≥ 1− e∆
′2j/4e−∆′2j/2

= 1− e−∆′2j/4.

The last inequality uses j ≥ 8
∆′ .

Sum(⌈µ1j −
∆′

2
j⌉, j) =

j
∑

s=⌈µ1j−
∆′
2 j⌉

fj,µ1(s)

Fj+1,y(s)

≤ 1

1− e−∆′2j/4

= 1 +
1

e∆
′2j/4 − 1

. (9)

Combining, we get for j ≥ 8
∆′ ,

E[
1

pi,τj+1

]

≤ 1 + Θ(e−∆′2j/2 +
1

(j + 1)∆′2
e−Dj +

1

e∆
′2j/4 − 1

)

C Thompson Sampling with Gaussian

Distribution

C.1 Proof of Lemma 5

Proof. The proof of this lemma is similar to the proof
of Lemma 4 in Appendix B.2.

Below, we slightly abuse the notation for readabil-
ity – the notation Pr(N (m,σ2) > yi) will represent

the probability that a random variable distributed as
N (m,σ2) takes a value greater than yi.

Pr
(

i(t) = i, Eθ
i (t) E

µ
i (t),Ft−1, ki(t) > Li(T )

)

≤ Pr (θi(t) > yi µ̂i(t) ≤ xi,Ft−1, ki(t) > Li(T ))

= Pr

(

N (µ̂i(t),
1

ki(t) + 1
) > yi

µ̂i(t) ≤ xi,Ft−1, ki(t) > Li(T ))

≤ Pr

(

N (xi,
1

ki(t) + 1
) > yi Ft−1, ki(t) > Li(T )

)

≤ 1

2
e−

(Li(T ))(yi−xi)
2

2

=
1

T∆2
i

,

where the last inequality used the concentration of
Gaussian distribution (refer to Fact 4) to obtain that
for any fixed ki(t) > Li(T ),

Pr

(

N (xi,
1

ki(t) + 1
) > yi

)

≤ 1

2
e−

(ki(t)+1)(yi−xi)
2

2

≤ 1

2
e−

(Li(t))(yi−xi)
2

2

which is smaller than 1
T∆2

i
because Li(T ) =

2 ln(T∆2
i )

(yi−xi)2
.

Now,

T
∑

t=1

Pr
(

i(t) = i, Eθ
i (t), E

µ
i (t)

)

=

T
∑

t=1

Pr
(

i(t) = i, Eθ
i (t), E

µ
i (t), ki(t) ≤ Li(T )

)

+
T
∑

t=1

Pr
(

i(t) = i, Eθ
i (t), E

µ
i (t), ki(t) > Li(T )

)

≤ E

[

T
∑

t=1

I(i(t) = i, ki(t) ≤ Li(T ))

]

+

T
∑

t=1

E

[

Pr
(

i(t) = i, Eθ
i (t)

E
µ
i (t), ki(t) > Li(T ),Ft−1)]

≤ Li(T ) +
T
∑

t=1

1

T∆2
i

≤ Li(T ) +
1

∆2
i

.
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C.2 Proof of Lemma 6

Let Θj denote a N (µ̂1(τj + 1), 1
k1(τj+1) ) distributed

Gaussian random variable. Let Gj be a geomertic ran-
dom variable denoting the number of consecutive in-
dependent trials until Θj > yi. Then, observe that
pi,τj+1 = Pr(Θj > yi), and

1

pi,τj+1
− 1 = E[Gj ] =

∞
∑

r=1

Pr(Gj ≥ r)

We will bound the expected value of Gj by a constant

for all j. Consider any integer r ≥ 1. Let z =
√
ln r,

let random variable MAXr denote the maximum of r
independent samples of Θj . We abbreviate µ̂1(τj + 1)
as µ̂1 and k1(τj + 1) as k1 in the following. Then

Pr(Gj < r)

≥ Pr(MAXr > yi)

≥ Pr

(

MAXr > µ̂1 +
z√
k1

µ̂1 +
z√
k1
≥ yi

)

·Pr
(

µ̂1 +
z√
k1
≥ yi

)

The following anti-concentration bound can be derived
for the Gaussian r.v. Z with mean µ and std deviation
σ, using Formula 7.1.13 from Abramowitz and Stegun
[1964]

Pr(Z > µ+ zσ) ≥ 1√
2π

z

z2 + 1
e−z2/2.

This gives

Pr

(

MAXr > µ̂1 +
z√
k1

µ̂1 +
z√
k1
≥ yi

)

≥ 1−
(

1− 1√
2π

z

(z2 + 1)
e−z2/2

)r

= 1−
(

1− 1√
2π

√
ln r

(ln r + 1)

1√
r

)r

≥ 1− e
− r√

4πr ln r .

Also, using Chernoff-Hoeffding bounds (refer to Fact
2),

Pr(µ̂1 +
z√
k1
≥ µ1) ≥ 1− e−2z2

= 1− 1

r2
.

Therefore, substituting,

Pr(Gj < r) ≥ (1− e−
√

r
4π ln r ) · (1− 1

r2
)

≥ 1− 1

r2
− e−

√
r

4π ln r .

E[Gj ] =
∑

r≥1

(1− Pr(Gj < r))

≤
∑

r≥1

1

r2
+ e−

√
r

2π ln r

≤ e11 +
∑

r

2
1

r2

≤ e11 + 4,

The second last inequality in above uses the fact that

for r ≥ e11, e−
√

r
2π ln r ≤ 1

r2 .


