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Abstract

This paper studies the exponential stability of random matrix products driven by a general (possibly
unbounded) state space Markov chain. It is a cornerstone in the analysis of stochastic algorithms in
machine learning (e.g. for parameter tracking in online-learning or reinforcement learning). The ex-
isting results impose strong conditions such as uniform boundedness of the matrix-valued functions
and uniform ergodicity of the Markov chains. Our main contribution is an exponential stability re-
sult for the p-th moment of random matrix product, provided that (i) the underlying Markov chain
satisfies a super-Lyapunov drift condition, (ii) the growth of the matrix-valued functions is con-
trolled by an appropriately defined function (related to the drift condition). Using this result, we
give finite-time p-th moment bounds for constant and decreasing stepsize linear stochastic approxi-
mation schemes with Markovian noise on general state space. We illustrate these findings for linear
value-function estimation in reinforcement learning. We provide finite-time p-th moment bound
for various members of temporal difference (TD) family of algorithms.

Keywords: stability of random matrix product, linear stochastic approximation, Markov chains,
TD-learning

1. Introduction

Consider the following linear stochastic approximation (LSA) recursion: forn € N,

9n+1 - en + Oén—i-l{_A(Zn—O—l)gn + B(Zn+1)} ) (1)

where (c;);en+ is a sequence of positive step sizes, A : Z — R4, b : Z — R? are measurable
functions on the state space Z, and (Z;);cn+ is a sequence of random variables on Z. The LSA re-
cursion (1) encompasses a wide range of algorithms. LSA is central to the analysis of identification
algorithms and control of linear systems. Early results have focused on these two applications and
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studied both the asymptotic behaviour of the sequence (6,,),cn and the tracking error; see Eweda
and Macchi (1983); Guo (1994); Guo and Ljung (1995b); Ljung (2002) and the references therein.

LSA is also a cornerstone in the analysis of linear value-function estimation (LVE) that are pop-
ular in reinforcement learning (Sutton, 1988; Bertsekas and Tsitsiklis, 1996). Seminal works on
this topic (Bertsekas and Tsitsiklis, 1996; Tsitsiklis and Van Roy, 1997; Benveniste et al., 1990)
established conditions for asymptotic convergence. Finite-time bound for LVE (and more generally
LSA) has attracted a renewed interest. In the case when (Z;);en+ is an i.i.d. sequence, (Lakshmi-
narayanan and Szepesvari, 2018; Dalal et al., 2018) have investigated mean-squared error bounds
for LSA. Recent developments (Bhandari et al., 2018; Srikant and Ying, 2019; Chen et al., 2020)
have considered the setting that (Z;);en+ is @ Markov chain, and provided finite-time analysis. On
a related subject, (Gupta et al., 2019; Xu et al., 2019; Doan, 2019; Kaledin et al., 2020) considered
linear two-timescale stochastic approximation that involves coupled LSA recursions.

Most of the existing results on LSA are limited by strong conditions such as (i) uniform geomet-
ric ergodicity (UGE) on the Markov chain and/or (ii) uniformly bounded A, b, i.e. sup,cz{||A(2)|| +
|b(2)||} < +oo. These conditions are restrictive since the UGE condition typically requires the
state space to be finite or compact and do not extend to general (unbounded) state space. This is
of course a limitation because many applications involve general unbounded state space; see e.g.
Ljung (2002) and (Bertsekas and Tsitsiklis, 1996, p. 305).

In this paper, we aim to provide high-order moment bounds on the LSA with Markovian noise.
Our results are applicable under the relaxed conditions: (i) (Z;);en+ is @ Markov chain on a gen-
eral (possibly unbounded) state-space satisfying a super-Lyapunov drift condition, and (ii) for some
constant C > 0, for any z € Z, [|A(2)|] < CW1(2), |[b(2)| < CWa(z), with Wi, Wy : R, —
[1,+00) deduced from the drift condition in (i). They are strictly weaker than the conditions re-
quired in previously reported works. In particular, A, b can be potentially unbounded.

Form,n € Nym <nand zyt1.0 = (Zmt1,---,2n) € Z" ™, we define

it (zmt1n) = [l {la — @i A(z0)}

A key property used for deriving our bounds is an exponential stability result on the matrix prod-
uct above, T'yyi1:0(Zimsi1m), for myn € N, m < n. To motivate why this is relevant to LSA,
suppose that the Markov chain (Z),),cn+ is ergodic so that, for all z € Z, the following limits
A = limy, 00 E.[A(Zy)], b = lim,, o0 E,[b(Z,,)] exist. Assume in addition that the limiting ma-
trix —A is Hurwitz, i.e. the real parts of its eigenvalues are strictly negative, and denote by 6* the
unique solution of the linear system A0* = b. The n-th error vector 9~n = 0, — 0" may be expressed,
foralln € N, by ) .

On =3 51 L1 (Zj41n)E(Z5) + Tiin(Z1n)bo @)
where £(Z;) = b(Z;) — b — {A(Z;) — A}0*. Obtaining a bound on p-th moments for {||0,, ]| }ex
naturally requires that the sequence of random matrices {A(Z;)}ien+ to be (V, q)-exponentially
stable. Recall that for ¢ > 1 and a function V : Z — [1,00), {A(Z;) }ien~ is said to be (V, q)-
exponentially stable if there exists ag, Cqy > 0 and o ¢ < 00 such that, for any sequence of positive
step sizes (a;)ien+ satisfying sup;en« 0 < Qoo g, 2 € Z,myn € Nym < n,

E.[|[Tm s 1:n (Zm+1:0) 7] < Cgexp (—ag 3oy @) V(2) - 3)

Intuitively, (V, ¢)-exponential stability means that the ¢g-th moment of the product of random matri-
ces I'ynt1:n(Zmt1:) behaves similarly to that of the product of deterministic matrices Gy41.n, =
[T, 1(Is — @A), under the assumption that — A is Hurwitz.
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Fix p,q,7 € N* such that p~! = ¢~! + r~1. Assume that the sequence {A(Z;) }ien+ is (V, q)-
exponentially stable for some ¢ > 1, the r-th moments of the noise term ||(Z,,)|| and initialization
error 0 are bounded. Using (2), we can readily derive bounds for the p-th moment, EL?P [1|6,.]%] by
applying the Holder’s inequality. Note that the r-th moment bound for the “noise” terms may follow
from classical Lyapunov drift conditions, which is implied by super-Lyapunov drift conditions.

Contributions and Organization The contributions of this paper are three-fold:

 We establish (V, ¢)-exponential stability of the sequence of matrices { A(Z}.)}ren-, and provide
explicit expression for constants appearing in (3); see Theorem 1. Compared to the prior works,
our result can be applied to the settings where the function A(-) is unbounded, not symmetric
and (Zy)ken+ is a Markov chain on a general (unbounded) state-space not constrained to be
uniformly geometrically ergodic. A discussion of how our results relax the restrictive conditions
in previously reported works is given after the statement of Theorem 1.

* We provide finite-time bound and first-order expansion for the p-th moment of the error (én)neN*

for LSA recursion (2). More precisely, we show that EL/ [16.1P] = O(a}/ 2) V,(2) both for
constant a,,, = a (where « is sufficiently small) or nonincreasing stepsizes under weak additional
conditions including o, = C/(n + ng)*, for any t € (0, 1]; see Theorem 3. From our analysis

(0)

on the LSA error én, we identify a leading term, denoted Jno , which is a weighted additive

linear functional of the error process ((Z,,))nen+. Furthermore, the leading term I and its

remainder H,SO) =0,— Jflo) admit a separation of scales. For example, when o, = C'/(n+nyg),
the leading term has a p-th moment bound of O(n~'/2)V,(z), and the remainder has a p-th
moment bound of O(n~!log(n)) V,(z); see Theorem 4.

* Finally, we apply our results to TD-learning for LVE. We give sufficient conditions for a Markov
Reward Process on general unbounded state space with unbounded reward and feature functions
to satisfy the assumptions of Theorem 3 and Theorem 4. Therefore, the convergence bounds we
derive hold for these algorithms.

The rest of this paper is organized as follows. Section 2 introduces the formal conditions required for
(V, q)-exponential stability on {A(Z)}ren+ and states our main theorem. Section 2.1 outlines the
major steps in the proof. We use this result in Section 3 to obtain upper bound on the p-th moments
for the error vector (2); finally, we illustrate our results for LVE in TD learning framework.

Notations Denote N* = N\ {0}. Let d € N* and () be a symmetric positive definite d X d matrix.
Denote by I, the d-dimensional identity matrix. For 2 € R%, we denote ||z| g = {zTQx}". For
brevity, we set |[z|| = ||z[1,. We denote [|A ¢ = max;,=1 [[Az| ¢, and the subscriptless norm
| A|| = || Al|1 is the standard spectral norm. Let Ay, ..., Ay be d-dimensional matrices. We denote
[[)_; Ae = Aj... A;if i < jand with the convention [[}_, Ay = Igif i > j.

Throughout this paper, we let Z be a Polish space equipped with sigma-algebra Z and fix a
measurable function V' : Z — [1,00). For a measurable function g : Z — R, we define its V-
norm as ||g|l,, = sup.¢z |g(2)|/V (2). Furthermore, LY, denotes the set of all measurable functions
g : Z — Rsatisfying ||g||,, < co. LetP : Z x Z — R, be a Markov kernel and V' : Z — R be
a measurable function, the function PV : Z — R is defined as PV (z) = [, V(2')P(2,dz’). For
ameasure p on (Z, Z) and a function V' : Z — R we define [|uly, = sup ), <1 J7 f(z)u(dz).
Let m € N*, v a probability on Z and €. A set C € Z is said to be (m, ev)-small for P if for all
ze€ Cand A € Z,P™(2,A) > ev(A). Aset A € Z is said to be accessible if for all z € Z, there
exists m € N* such that P(z, A) > 0.
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2. Main Results

Consider a Markov chain (Zy,)xen with Markov kernel P. We assume without loss of generality that
(Z)ren is the canonical process corresponding to P on (ZV, Z®N). We denote by P,, and E,, the
corresponding probability distribution and expectation with initial distribution p. By construction,
forany A€ Z,P,(Z; € Al Zy—1) = P(Z-1,A), Py-as. Inthe case p = 5., 2 € Z,P, and E,
are denoted by P, and E.. In addition, throughout this paper, we assume

UE1 The Markov kernel P : Z x Z — R, is irreducible and aperiodic. There exist ¢ > 0,b >
0,0 € %1/2, 1], Rop > 0,andV : Z — [e,00) such that by setting W = logV, Co = {z: W(z) <
Ry}, Cg ={z: W(z) > Ry}, we have

PV(z) < exp[—cW‘s(z)]V(z)]ng (2) +blc,(2) . 4

In addition, for any R > 1, the level sets {z : W(z) < R} are (mp,crv)-small for P, with
mp € N¥, ep € (0, 1] and v being a probability measure on (Z, Z).

Since (Z, Z) is a general state-space, irreducibility here means that the Markov kernel P admits
an accessible small set; see (Douc et al., 2018, Chapter 9). The drift condition (4) in UE 1 is
referred to as a multiplicative or super-Lyapunov drift condition and plays a key role in studying the
large deviations of additive functionals of Markov chains; see Varadhan (1984). Eq. (4) implies the
classical Foster-Lyapunov drift condition, PV (z) < AV(z) 4+ b 1¢,(z) with

A = exp(—cinfeg W) <exp(—c) < 1. 6))

It follows from (Douc et al., 2018, Theorem 15.2.4) that under UE 1 the Markov kernel P is V-
uniformly geometrically ergodic and admits a unique stationary distribution 7, i.e. there exists
p € (0,1) and By < oo such that foreach z € Zand n € N,

[P™(2,-) = 7|lv < Byp"V(z2) . (6)

UE 1 is a special case of condition (DV3) in Kontoyiannis and Meyn (2003, 2005) which plays a
key role in multiplicative regularity of Markov chains. A key consequence of UE 1 is a bound for
products (see Lemma 10 and (Kontoyiannis and Meyn, 2005, Theorem 1.2)): forany z € Z,n € N,
and non-increasing sequence («;);en+ C [0, 1], we get

E:fexp{e 32320 W (Z1)}] < exp {b 355 e} exp {ouW(2)}

where b = log b+sup,s.{cr’ —r} and ¢ is defined in (4). UE 1 is satisfied with § = 1 for Gaussian
linear vector auto—regres_sive process and also non-linear auto-regressive process under exponential
moment condition for innovation process, see e.g. Priouret and Veretenikov (1998).

We also impose some constraints on A. For ¢ € (0, 1) consider the following assumptions

Al () There exists C4 > 0 such that for any 1 < i,j < d, the (i,j)-th element of A satisfies
H[A]i,jHWﬂ < Cg, where f < min(26 — 1,0/(1 + €)) and § is given in UE 1.

To simplify notations the dependence of constants C 4 and [ in ¢ is implicit. Whenever there is no
ambiguity, we drop the dependence on ¢ in A 1.

A2 The square matrix —A = —E,[A(Zy)] is Hurwitz.
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A1, A2 are standard conditions on the parameter matrices in LSA. Under A2, there exists a positive
definite matrix () satisfying the Lyapunov equation [cf. Lemma 17]

ATQ+QA=1;, andwedefine rq =1 (Q)\max(Q), a= Q] /2. (7)
Consequently, we have ||[I — aA||g <1 — aa/2 for a € [0, ||QH_1HA||Z?2/2] [cf. Lemma 18].

Our aim is to establish (V, g)-exponential stability of the sequence {A(Z})}ren+; see Equa-
tion (3). The following example illustrates that, even if the function A(-) is bounded, for the matrix
product to be exponentially stable, it is necessary for the Markov chain (Zj)xen to be geometrically
ergodic.

Example 1 Ser Z = N* and consider the forward recurrence time chain on Z starting from Zy = 1
and defined based on an i.i.d. sequence (Y;)ien, Yi € Zby Zyi1 = Zx — 1, if Zx, > 1 and
Zi+1 = Y41, if Zr, = 1. Douc et al. (2018, Proposition 8.1.5) shows that if P(Y1 = z) > 0 for
z€Zandm =Yy ,2P(Y1 = z) < +o0, then (Zy)ren admits a unique stationary distribution
. Forany e > 0, set A.(1) = 1, and A.(z2) = —e for z € Z\ {1}. Ife € (0,7(1)) then
Y ez T(2)Ac(2) = (1) — {1 — (1)} > 0, so that both conditions A1, A2 are satisfied.

Consider the sequence defined recursively as 05, | = {1 —aA(Z,11)}0;, with 65 > 0. Assume
that the distribution of Y1 does not have exponential moments (i.e. , for all 1 > 0, E[(1 + n)¥1] =
00). We show in Appendix A that (i) (Zy) ken is not geometrically ergodic for any € € (0,7(1)) and
a € (0,1) and (ii) the sequence u,, = E[|05|] = OoE[[[}=5{1 — aA(Zks1)}] is not bounded.

The following theorem establishes the (V, p)-exponential stability of the sequence { A(Z) }ren--
For ease of notation, we simply denote ', 11.n = Uit 1:0(Zmt1:n)-

Theorem 1 Fore € (0,1) assume UE 1, Al(c) and A2. Then for any p > 1, there exists cs p > 0,
given in (90), such that for any non-increasing sequence (o) ken- satisfying aq € (0, aoo p), 20 € Z
and m,n € N, m < n, it holds

Eiép[||pm+1:n||p] < Catp e (@/4) >0 an1/2p(ZO) ’ (8)
where a, Cg p, and h are defined in (7), (92), and (89), respectively.

The theorem shows that provided (o, )ren+ satisfies ), . ax = 400, Ei/p[HFmH;an] — 0 as
(n —m) — oo for any p > 1. Specifically, it has a similar convergence rate as the deterministic
matrix product [[Gos1nl| = [Ty (T — i A)]| < e @ homen e,

Theorem 1 generalizes previously reported works. Guo (1994); Guo and Ljung (1995a) used a
slightly different definitions allowing to consider non-Markovian processes satisfying more general
mixing conditions (like ¢- or S-mixing). As we will see later, when specialized to Markov chains,
the results we obtain significantly improve those reported in these works. Priouret and Veretenikov
(1998) established (V, g)-exponential stability for general state-space Markov chain under a super-
Lyapunov drift condition (similar to UE 1). However, the results in Priouret and Veretenikov (1998)
assume constant stepsize and A(z) being symmetric and non-negative definite for any z € Z. Non-
negative definiteness plays a key role in the arguments: in such case, for any z € Z, the spectral
norm ||I; — aA(z)|| < 1 provided that || A(2)|| < a~! for a > 0 which is no longer true for general
matrix-valued function A(z). Similar results, also under the condition that A(z) is symmetric
for any z € Z, were obtained by Delyon and Juditsky (1999) based on perturbation theory for
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linear operators in Banach space and spectral theory. However, the bounds provided in Delyon and
Juditsky (1999) are only qualitative and it is difficult to make these results quantitative because they
are based on perturbation arguments of linear operators in Banach spaces. The restrictions imposed
on these prior works have limited their applications to more general algorithms, in particular to most
RL algorithms. As we will see below, the application to linear value-function estimation in temporal
difference learning involve non-symmetric matrix function A. In contrast, our result (cf. Theorem 1)
can be applied to the setting where for some z € Z, A(z) is not necessary non-negative symmetric
but only Hurwitz.

Notice that the case of uniformly geometric ergodic Markov chain is covered by UE 1. In this
case the whole state-space Z is small and the drift function V' can be chosen to be constant (Douc
et al., 2018, Theorem 15.3.1). Together with the assumption of bounded A(-), the exponential
stability of product of random matrices has been implicitly established in (Srikant and Ying, 2019;
Doan, 2019; Kaledin et al., 2020; Chen et al., 2020). In particular, their results on LSA can be
applied on the recursion yo = ¥, Yn+1 = {lg — ¥n11A(Zp11)}yn, n € N. Through studying the
decomposition:

Ynt+1 = {1g — ant14Yyn — ani1(A(Zns1) — A)yn, VR €N, 9

they derived bounds on E. [||yn+1]|P] = Ez [|IT1:n+1Y|/?]. However, generalizing this approach for
other classes of Markov chains (e.g., UE 1) or unbounded function appears to be impossible.

2.1. Proof of Theorem 1

First note that for any 2y € Z, by the Markov property,
EZO[HFnH-l:an] = EZO[HFm—i-l:n(Zm—i-lzn)Hp] = EZO [EZm[||Fm+1:n(Zl:n—m)Hp] : (10)

The first step is to fix some value Z,,, = z,,, € Zand toderiveaboundonE. [||Tr+1:n(Z1:0—m)|P]-

We denote by x = mgz where kq is defined in (7).

Step 1: Extracting the deterministic matrix product and a block decomposition Consider a
block length / € N [to be defined in (90)] and define the sequence jo = m, jy+1 = min(jy + h,n)
such that jy 1 — jy < h. Let N = [(n — m)/h], where [-] is the ceiling function so that j, = jy =
n for any £ > N. Then, we introduce the decomposition
N Je
Titn(Zim-m) = [[Be where Be:= [[ (Ia— aiA(Zim)), £€40,...,N}. (11)
=1 i=je—1+1

Using that (Zy)ren satisfies UE 1, it can be shown that if m is sufficiently large, then By is close in

L? to the deterministic matrix B, = [[;Z;, . ,(Is — a;A). However, it is not sufficient to conclude

because we need to deal with the product of these terms in (11). Therefore, we consider

It 10 (Zin—m) | < 8Tt 1n(Zin-m) @ < £ TIL {IIBellg + 1B = Bello}, (12)

where the last inequality follows from B, = B, + (Eg — By). Using A2, we have

(a) , —
ITmt1:m (Z1n—m)|| < HHéV:ﬁHfije,lH(l —a;a/2) + ||Be — Billg}

(0) — _ —
< #{l+w|By = BN} IS (1 — aj,a/2)" + 6| B = Bill}
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where (a) is due to Lemma 18 and we assumed that sup;cy« @ < Qoo p < (1/2)HA||E)2HQH*1,
and (b) is due to the assumption ;11 < ;. Assuming asp < 1 and hao, <1, we get
(1 —aa;,/2)~" < e®since forany t € [0,1/2], (1 — )~ < 1+ 2t < e*, therefore, we obtain

N-—1 N
Hrm—f—lzn(zlzn—m)u <K H (1 - aaje/Q)h H{l + "ieaHPZ’ - BK’H} .
/=1 =1

Taking expectation leads to

N—
EP[IC st Z1mm) 7] < 5 II (1 - aaj,/2) ]EUP[II{14—n€Huﬁ,—-B@H}ﬂ

=1
n
so.ph a 1
< Ker™ exp <—2 g ai> ]Ezfnp

1=m+1

N

[T{1+ se®Be — Bol}
=1

(13)

since Hévz_ll(l —aaj,/2)h < Ce (92 Ximmi1 % with C' = e%@r" using SUPjen+ 0% < Qoo p
and (o;);en+ is non-increasing. In order to complete the proof, our next step is to show that the last
term in (13) grows in the order O (e(®/4) Zizm+1 i),

Step 2: Bounding the product of differences We now tackle the last term in (13). Note that for

any sequence of square matrices {C;}N,, [\ {T+ C;} = SN > (inrinyedr k=1 Ciy» Where
Jr = {1, i) € {1,...,N}" ¢ 4y < -+ < i}, with the convention [[; = 1. Using this
expansion, we may therefore decompose the difference B, — By as:

B, —By=8S+R/— Ry, (14)

where Sy = ?f: o1l ak{f_l(Zk_m) — A} is linear (r = 1) and the remainders collect the higher-
order terms (r > 2) in the products
h h r
Re=) (-1 > Hazu ), Re=Y (=" > a4, a3
=2 (1yeenyir) €l u=1 r=2 (i1,.0eyip ) EIL =1
where we have set 1 = {(i1,...,4,) € {jo_1+1,...,5¢}" : i1 < --- < i, }. Since for {a;} ¥, C
Ry, (14 ZZ]\L L ai) < HfV: 1 (1 + a;), the Holder’s inequality implies

EL/? [H{l + ke |[By — Bell ] (16)
N N 1/(2p) N 1/(2p)

gnymﬂwu{ HymwMWﬁ ﬁmH@MMMW@ :
/=1 /=1 /=1

Consider first the two terms involving {Ry, Ry : ¢ € {1,...,N}}. From (15), we observe that
the order of terms in Ry, R, is at least quadratic in the step size. As such, a crude estimate suffices
to establish that the relevant terms in (16) grow slowly with N as shown in Lemmas 21 and 22
(postponed to the appendix):

N N
[T+ me | Rel)P < exp {pC(O)hQ > oz?e_ﬁl} , a7

/=1 /=1
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N Je
E.,, [T+ sellRel)*| <E.,, [exp{2pC 1>2hZa}ji+l > Wz} . as)
=1 k=jo_1+1

where C' (0), CM are defined in (81), (82), respectively. The exponents in (17), (18) are of the order
oy, af, ) oy, oajlzri +1)» respectively, which are desirable for us.
However, similar crude estimates are not sufficient for controlling the last term of (16) which

involves the linear term .Sy;. We first apply the following useful bound (of independent interest):

Lemma 2 (Lemma 20) Let (¢)e>0 be some filtration and a sequence of non-negative random
variables (&) >0 which is (§¢)r>o-adapted. For any P € N, it holds

[Hz 1 & < {E[Hz Bl ISe- 1]]} : (19)

By the Markov property, the previous Lemma allow us to write:

B T (1 + met1Sel) ™| < BYM | T Bz, [+ retSel) )] . (20)

Each of the conditional expectation on the r.h.s. can be controlled through studying the p-th moment
of the linear statistics Ez;, || Se||*P]. A tight bound can be obtained through applying the Rosen-
thal’s inequalities derived in Appendix C. Formally, this is done by Corollary 24 in the appendix.
Namely, for any £ = 1, ..., N, it holds

Ez.

Je—1

[(1+ re®[|Sel)™] < exp {4pCSI 0P ey, 1 W (25, )} @1

where 01(72) is defined in (88). Note that the exponent on the r.h.s. has a sublinear growth rate with
respect to the block size h. Combining (17)-(18)-(20)-(21) lead to the upper bound:

N
EYCP | T Bz,  [(1+ e By — Be])) ]

N
<ep{cORy ol L }men, @)
(=1

where T7, T5 are defined as

) )
T, = Ezw/n( [exp{QpC Joh ZZ 1 ajl;—el+1 ?f=jeq+1 Wa(Zk—m)}] ’

Ty = Y exp{4pCn 2 SNy 1 WO(Zj,—m)}] -

Constructing an appropriately defined supermartingale (that we deduce from the super-Lyapunov
drift condition) and assuming that 2h+1pC (l)a;f ; <eg, 4pCIg2)hl/ *0ioop < ¢, in Lemmas 10 and 11
we show that 77, T can be bounded by

T < exp{C(l)Qh(aéiZW(zm) +bh Ze 1 a]lji+1)}

(23)
Ty < exp{CS?hY2 (oo W (2m) + (b —log(1 = X)) SN, o, 141)}

where b = log b+ sup,.~o{cr® — r}.

Step 3: Collecting Terms The proof is concluded by adjusting the block size and combining
upper bounds on o ;. The technical details are given in Appendix D.3.
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3. Application to Linear Stochastic Approximation

This section illustrates how to apply Theorem 1 to analyze LSA schemes with Markovian noise.
First, we state the assumptions on b(-) and step sizes which can be either constant or diminishing.
For K € N*, consider the following assumption:

A3 (K) There exists Cpk > 0 such that maxi<y<q HBZHVI/K < Cyk, where by is the (-th compo-
nent of b.

A4 There exists a constant 0 < ¢, < a/16 such that for k € N, ag/ag11 < 1+ agiq Ca-

It is easy to check that A4 is satisfied by diminishing step sizes a;, = Cq(n +mno)~ ¢, t € (0,1] and
constant step sizes.

Theorem 3 Let K > 8ande € (0,1). Assume UE 1, Al(c), A2 and A3(K). For any 2 < p < K/4,

there exists aé?,p defined in (25) such that for any non-increasing sequence (au)gen+ satisfying

ap € (0, aé%),p) and A4, z € Z, and n € N, it holds
1 n —(a T« 0 0
EX/P[[18]17) < My Cag e~ (@/0 Xis o1/ 60) () 4 (CF) 4 O ) @ VK60 (2), - (24)

where My = E2/%P) [160]1%"] and CS [)), C(H({)IJ are defined in (33), (36), respectively.
Most often, the distribution of the initial value 6 does not depend on the initial value of the Markov
chain 2. In this case E2/ ) [160]|?"] is a constant. With a sufficiently small step size, Theorem 3
shows that the L, norm of error vector converges under UE 1 for the Markov chain. Compared
to (Srikant and Ying, 2019), we consider relaxed conditions on the Markov chain and allow for
diminishing step sizes in the LSA.

Finite-time L, error bound of LSA [Proof of Theorem 3] Define the following constraint on
the step size
a0 = =a2p NpAe ", 25)

oo,p

where a2, and p are defined in (90) and (6) respectively. Below, we show that the finite-time L,
error bound can be derived through applying the stability of random matrix product (see Theorem 1).
We recall that the error vector 6,11 = 0,41 — 6* may be expressed as

én+1 111 n+190 + Z] 1 ajF]+1 n+15( ) = e(tr)l + 97(121 (26)

r)

Using the Holder’s inequality and Theorem 1, the transient term gl .1 can be bounded as follows
ELP[10, 0[] < BY COIT e [P7IEY @7 [[60]]*7] < Mo Carzp 0™ (/93050 ey V0 (). 27)

As for the fluctuation term égzl it can be verified that 55:21 = Jfl(_)gl +H T(L le, where the latter terms

are defined by the following pair of recursions:

J?ngl = (Id — OénJrlA) Jr(LO) + an+1€_(Zn+1), Jéo) = 0,

z ~ (28)
HO | = (g — an1 A(Zni1)) HY) = a1 A(Zo) 1Y, HY =0,

9
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and A(z) = A(z) — A. Furthermore, we observe that

IO = 0 Giinne(Zy), HO = = Y0 ol A(Z) 1Y . (29)

From (29), we observe that J, ( le is an additive functional of {£(Z;)} "+ whose L, norm can be

bounded using a Rosenthal-type inequality for Markov chains (see Pr0p0s1t10n 12). We obtain the
following estimate for the function £(-) and the coefficients oy G+ 1.n+1. By A1, A3(K), we have

maxee(1, . ay [Eellyix < Ce:= VdCyx +2d(BK/e)? Ca [|6%]. (30)

From A2, we recall that ||Gii1.n41]| < K Hgiklﬂ V1 —aqy [cf. Lemma 18]. Together with A4,
this implies that

lakGrsrint1 — k1Gryami || < Klca +21 AN, [T VI — aar @31)

By A4, we also have a1||G2.n11]| < kapt1 H”H(l + ca ) (1 — aj/2) < Kayy1. We can now

apply the Rosenthal inequality (see Proposmon 12) to obtain the following estimate:

B[S 7] < dCe G2, VG { [+ Yo
n+1 n+1 1/ n+1 n+1
+ (KZZai H (l—ozga)) K(ca +2||A]]) Zo‘kﬂ H V1—aay }
k=1 f=k+1 k=1 (=k+1
Using the inequality 377 a? 41 H?Jrkl 11 V1 —aay < (4/a)an 11 [cf. Lemma 26] yields that
EVPL 1) < CF) vana V() (32)
where
0 1
C) = dk C=(2 + 4(ca +2]|A[)) /a +2/Va))CRL (33)

Finally, to analyze Hé _31,

EXPIED P < S0 o BY PP (T4 v 122 BY P A(Z) 142 BY P10 4. (34)

from (29) we apply the Holder’s inequality twice to get

Notice that E/“P)[| A(Z Z;)||*P] < CAV/K(2) where C 4 is defined in (78) [cf. Lemma 16]. Using
Theorem 1 and (32), we obtain

2 —(a nt+l
El/p[llﬂfﬂl\lp] < Cet,2p Cﬁp Ca Y1 o /a1e (@/4) X421 20y 2/K+1/(4p) ()
(a)
m Carzp O Ca S0 @ TI0E L (1 — aga/8)VH/KHV G () (35)
© C|(_|) \/7‘/2/K+1/(4p)( )

Cl¥) = 16y/1 + al) cq Cazy €, Cafa 6

In the above, (a) is due to A4 and the inequality e i/t <1 — aja/8 since aja/4 < 1, (b) is due
to the inequality Z;”rll o2 H;”rjl“ (1 — ava/8) < (16/a),/ani1 [cf. Lemma 26]. By observing
that

where

Ont1 = 97(11)1 + ‘97(1421 = 91(11)1 + J(le + H, 7(1421 ; (37)
applying Minkowski’s inequality yields the bound in (24).

10
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Refining the error bound EX/7[[|0")(|] 1t is possible to obtain a bound on EX/7[|| H"||7] tighter
than O(,/a;,) obtained in (35). This establishes in particular that J,(LO) is the leading term in the
decomposition of the fluctuation term 55:21 = J (0)1 + H! le To this end, we rely on an extra

decomposition step similar to (28). We may further decompose the error term HT(L ) as Hﬁb ) =
J7(11) + HT(Ll) such that

J7(L1421 =(Ig an—HA) - Oén+1g(Zn+1) £O)> J(gl) =0, (38)
Hr(zlle = (Ig — an1A(Z, n+1))H7(11) — 1 A(Z1) I, H(()l) =0,

(0)

where Jy, "’ is defined in (28). For diminishing step sizes, here we should strengthen the previous
assumption A4 as:

A5 We have Ay < oo, where A,, = Z?in a?. There exists a constant 0 < ¢, < a/32 such that
Jork eN, ap/ars1 <1+ agyqcq and o/ Aks1 < (2/3) cq-

It is easy to check that A5 is satisfied by diminishing step sizes a,, = Cq(n + 1)~ ", t € (3, 1].
Using the decomposition in (38), we obtain the the following result:

Theorem 4 (Theorem 31) Let K > 32, € € (0,1) and assume UE 1, Al(c), A2, and A3(K). For
any 2 < p < K/16 and any non-increasing sequence (o, )ren satisfying ag € (0, ozc()?,p) such that

ar = aorAS holds. Forany z € Z, n € N, it holds

ELP (7] < v/ 100 2) {C’Lfy i o
OpAp 108 an ), If under R

where aé?,p, Cg), Cz(,d) are given in (95), (97), respectively.

The theorem shows that the previous bound of EL/? [ Hnr (0)||p] = O(y/ay) can be improved to

O(y/anAylog(1/ay)). Take for example a diminishing step size as o, = Cq(n + ng) ™1, our

result shows that the fluctuation term admits a clear separation of scales as

0 = 70 + HY with EVP[|JO7] = O(n~72), EVP|HP|P] = O(n~"V/logn).

Proof Sketch  We study J'Y), first. By (38) and the definition of J%" in (28), we obtain

n+1
Jﬁzl =3 i1 Sj+1:n118(Z;), with Sjirmyr = ZZ:}H aka+1:ng(Zk)Gj+1:kfl . (40)

For illustrative purpose, in this proof sketch we will only consider the case when {Z; };>; are i.i.d..
Here, we have E[S 1 1.:n+18(Z;)|Zj+1, - . . Zn4+1] = 0 and therefore J(le is a Martingale. It follows:

n+1 n+1
El/pH|J(1+ 7] J ZGQ]EQ/I’ 1Sj+1:m+1]1P] \l Z ajA; H (I —ao) S VanyiAngr, (4D

j=1 L=j+1

where (a) applied the Burkholder inequality (Hall and Heyde, 1980, Theorem 2.10) for Martingales,
and (b) can be obtained by applying the Rosenthal inequality for i.i.d. random variables to the
expectation E'/P[||S; 1.+ 1[[P] (Hall and Heyde, 1980, Theorem 2.12).

11
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Furthermore, we observe that Hélll = Z?ill ajI‘meHZ(Zj)J ﬁ)l. Similar to (34), we can
apply (41) and the Holder inequality to obtain E'/? [HHSJZal | = O(Vant1An+1). Combining
both bounds yields the conclusion of the theorem.

Unfortunately, in the Markovian case we cannot apply the same arguments directly since Jﬁgl
is no longer a martingale. Instead, we first decouple the dependent random variables £(Z;) and
Sj+1:n+1. This is done in Lemma 32 in the appendix by using the Berbee’s coupling construction
exploiting the fact that V -uniformly ergodic Markov chains are special cases of -mixing processes
(Rio, 2017). We leave the detailed derivations in the appendix for interested readers.

3.1. Temporal Difference Learning Algorithms

Following the notation from (Sutton and Barto, 2018, Chapter 12), we consider a discounted Markov
Reward Process (MRP) denoted by the tuple (X, Q,R,~), where Q is the state transition kernel
defined on a general state space (X, X). We do not assume that X is finite and countable, the
only requirement being that X is countably generated: we may assume for example that X =
RY. For any state 2,2’ € X2, the scalar R(xz,z’) represents the instantaneous reward for go-
ing from state = to 2. The reward function is possibly unbounded. Finally, v € (0,1) is the
discount factor. The value function V* : X — R is defined as the expected discounted reward
V*(z) = Eo[> 520 Y*R(Xk, Xgt1)]- The function V* satisfies the Bellman equation V*(z) =
J Qla, da")R(z, ') + 7QV*(a).

We approximate V*(x) using the linear value function estimation (LVE). Let d € N*, we as-
sociate with every state z € X a feature vector 1)(x) € R% and approximate V*(z) by a linear
combination Vj(z) = ()"0 (see Tsitsiklis and Van Roy (1997); Sutton and Barto (2018)). Tem-
poral difference learning algorithms may be expressed as

Ori1 = Ok + 106 {R(Xn, Xip1) + 70 (Xi1) 0k — (Xg) "0k}, (42)

where {¢k }ren is a sequence of eligibility vectors. For the TD(0) algorithm, ¢ = 1(X}). For
the TD(\) algorithm, ¢ = (Ay)pr—1 + ¥ (X ). Note that for TD()), (42) corresponds to (1) with
the extended Markov chain Z, = (X, Xy 1,01) and A(Z;) = —or(W(Xe) T — 70 (Xet1) 1),
b(Zk) = prR(Xk, Xg11). Srikant and Ying (2019) were able to study TD(\) while that (Zy)pen+
is not necessary uniformly ergodic. Indeed, a core argument in their application is the use of (Bert-
sekas and Tsitsiklis, 1996, Lemma 6.7) which implies that if Z is a finite state space and (Xj)xen
is uniformly ergodic, then ||E.[A(Z;)] — A|| < Cp* and |E.[b(Z})] — b|| < Cp*, for any z € Z,
k € N* and for some C > 0, p € (0,1). This is precisely the condition considered by Srikant and
Ying (2019) to derive their bounds. (Bertsekas and Tsitsiklis, 1996, Lemma 6.7) does not extend to
general (unbounded) state space.

As a replacement, to verify our assumption UE 1, we consider here a 7-truncated version of the
eligibility trace

Ok = br (Xp—ry1k) Where  dr(20r—1) = Soi g (M) W (Tr—1—s) - (43)

TD(0) algorithm is a special case of (43) with 7 = 1 and we recover the TD()\) algorithm by letting
7 — oo. The recursion (42) with eligibility vector defined in (43) is a special case of (1). To see
this, we define Z, = [Xj_,,..., X k]T and observe that (42) can be obtained by using in (1) the
following matrix/vector, for z = [zg, ..., z,]" = 2o, € X711,

A(Z) = ¢T(x0:7'—1){1/}<x7'—1) - 71/](377')}T7 B(Z) = ¢T(x0:T—1)R($T—17$T) . (44)

12
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Note that compared to (Srikant and Ying, 2019), we do not consider TD(\) but (43). Consider the
following assumptions.

M1 The Markov kernel Q : X x X — Ry is irreducible and strongly aperiodic. There exist
cq > 0,bqg > 0,0q € (1/2,1], Rqg > 0, and V : X — [e, 00) such that by setting W = logV,
Cq={z:W(z) < Rq}, C% ={z: W(x) > Rq}, we have

QV (2) < exp[—cqW*(2)]V (2)1¢g (2) + bq Leg (w) (45)

In addition, for any R > 1, the level sets {x : W(x) < R} are (1,eq rv)-small for Q, with
eq.r € (0,1] and v being a probability measure on (X, X).

It follows from (Douc et al., 2018, Theorem 15.2.4) that the Markov kernel () admits a unique
stationary distribution 7. Set the state-space as Z = X" 1! and the Markov kernel P is given by

P(z0:r; dzg,) = [T2y 0, (d2p_y)Q(2r, da]) (46)
for any z = x(., € X" 1, where §, denotes the Dirac measure at z € X. Define
V(o) = exp (10 750 (i + D) + W) ), @7)
where 5 5
o= CQQ/(l + TCQQ) ) (48)

Lemma 5 Assume M 1. Then the Markov kernel P has a unique invariant distribution given by
m(dzo.r) = mo(dwo) [[)—y Q(ze—1,dxe). In addition, UE 1 is satisfied with V' given by (47), where
the constants c, b, and R are defined in (126).

Proof Follows from Lemma 36 and Lemma 37. |
Consider the following assumptions on ¢ and R. Fix ¢ € (0, 1).
M2 7o(¢ep ") is positive definite.
M3 (¢,K) There exist Cy, Crk > 0 such that |1 (z)| < Cyp W/2(z) and
IR(z,2")| < Crk o (W' Q@)+ (") /(2K)
where f < min(26q — 1,0q/(1 +¢€)) and dq is given in M 1.

In the following, we show that under M 1-M 3, the TD(\) algorithm with truncated eligibility trace
(42) satisfies the assumptions in Section 3. In this case,

Theorem 6 (Finite-time bound for TD()\) (42)—(43)) Let K > 8 and e € (0,1). Assume M 1- M
3(e,K). Forany 2 < p < K/4, there exists aé%),p defined in (25) such that for any non-increasing
sequence (o) e+ satisfying o € (0, a(()g%p) and A4, z = xo., € XL and n € N, it holds

EY7 [0, — 0%][7] < Mo Catzp 0”@/ D T e/ (0) () 4+ (CF) + O ) (e VKA 9 (),

where My = E+/ V) (|60 — 6*]|%), CSO;, CI(_?L are defined in (33), (36), respectively, with

_ _ 1 BE"
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Additionally, we remark that the bound can be tightened through applying Theorem 4 if we
strengthen the stepsize condition A4 to AS.

Proof We apply Theorem 3. Lemma 5 shows that UE 1 is satisfied. Using definition (44) it is
straightforward to check that A 1(¢) and A 3(K) hold with C4 and Cj k given in (49). Detailed
calculations may be found in Lemma 38 and Lemma 39, respectively. Finally, A2 follows from

Lemma 35 in the appendix.
|

Conclusions We have established the (V, g)-exponential stability of the sequence of random ma-
trices { A(Z},)}ken+ under relaxed conditions on the Markov chain and the matrix functions. The
results are applied to obtain finite-time p-th moment bounds of LSA error, and a family of TD
learning algorithms.

14
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Appendix A. Formal statement and Proof for Example 1

The proof is by contradiction. Assume that (Zj)ren is not geometrically ergodic and let o > 0.

First for any e > 0, [, Az(x)dnr(z) = —e[l — n({1})] + 7({1}). Then for any ¢ € (0, &), setting

& =m({1}), we get that [, A-(z)dm(z) > 0. In addition, we have by definition of (65,),cn,
E[65]] > 6o(1 4 ag)"P(Y1 >n+1). (50)

By (Douc et al., 2018, Theorem 15.1.5), (Zx ) ken is not geometrically ergodic and for any 1 > 0,
E[(1+m)Y!] = +oc. Therefore, limsup,_,,[(1 + a&)"P(Y: > n)] = +oo, otherwise we
would obtain that for any & € (0,a8), E [(1 +¢)Y1] < sup,en[(1 + a2)"P(Y1 > n)] S5 9[(1 +
€)/(1 + a&)]* < +oo, which is absurd. Applying this result to (50) completes the proof.

Appendix B. Super-Lyapunov drift conditions UE 1

We gather the technical results needed for the proof of our main theorems. Define

Cr={z€Z,: W(2) >R}, forany R >0, (51)
@5 1 2= W (2) . (52)

Note that UE 1 implies that forany z € C£, 1 < PV (2) < V(z)efcws(z) and therefore, cTVo~1(2) <
1 for z € CB. In case § = 1 itimplies ¢ < 1.

Lemma 7 Assume UE 1. Then for any n € N, we have
P'V(2) <AV (2) +b/(1=2), P"W(z) <e®EV(2)+[b/(1—Nlcy (2), (53)
where X is defined in (5), Cg in (51) and
Ry =inf{R > Ry : exp(R—cR%) > [b/(1—-))?}. (54)

Proof We first show the left-hand side inequality in (53). First, UE 1 and (5) shows that PV <
AV + b which implies by a straightforward induction that for any n € N,

n—1
PV (z) A"V (2) +b > AF. (55)
k=0

Using Zz;é A < (1 — A)~! completes the proof.
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We now show the right-hand side inequality of (53). (55) applied for n — 1 € N and (4) implies
that

n—2
PV (2) SATTIPV(2) +b Y AF
k=0

n—1
<e PPNV (Z) £ A
k=0

<e PPV (2) —e P E (1 — NV (2) + b1 — AL

Then, using by definition of R; that for any z € CC iy e #(2)V(2) > b[1 — \]~2 completes the
proof. |

Lemma 8 Assume UE I. Then, for anyy > 0,
PWYH0(2) < WYH0(2) — oy WY(2) + by ey, (2) (56)
where the constants ¢y, R, and by are given by: if y <9,
Ry =Ry, oy =1A[(y +1—-0), by = log"*1 b, (57)

and if y > 6,
R, - RoV (2(y +1=168)/c)/0 v /O-D ifs < 1,
| RoV2y/c, ifd =1,

by = log"*~? [(b +e"0) V (exp(Ry + ')
ey = LA[(y +1—=38)(1 — cR1 /2% (¢/2)] .

Proof We consider separately the cases y < ¢ andy > 4.
If y < 6, the function z — logY "' =% 2 is concave. Using Jensen’s inequality and UE 1, we get
that

(58)

PWYH=0(2) < (PW (2)) 70 < (W(z) — cW‘S(z))YH*‘SIlcg(Z) +1log" ™7 (b)1¢, (2)
= WY (2)(1 - cW‘;_l(z))VH_‘;]lcg(Z) +1og" ' (b) 1, (2) -

Note that UE I implies that for any z € Cg, 1<PV(z) < V(z)e_cwé(z) and therefore, cTVo~1(2) <
1. Then, Using that (1 — 2)Y*17% < 1 — (y + 1 —d)x forall z € [0,1] sincey + 1 — 6 < 1 and
WO 1(z) <1on CB, we get that

WYHS () (1 — CW6—1(2))Y+1—511C8(z) SWYH0(2) — (Y + 1= 8)cW(2)

which completes the proof for y < 4.

Consider now the case vy > J and note that the function z +— log z is concave on
[exp (Y — ), +00) and therefore 1y : 2 — logY 172 (2 + ¥~9) is concave on R, . Using Jensen’s
inequality, we obtain

Y+1-9

PWYH0(2) = Plog" ™% (V(2)) < Pip, o V(2) < ¢, [PV (2)] . (39)
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NowbyUElanda+b < a(b+1)fora,b>1,e¢+ 1 < et we get
PV(z2) 4+ ¢ % < (exp(W(z) — ¢W(2)) + eH)chg (2) + (b+e" )¢, (2)

exp(W(z) —cW(2) +y + 1 - 0)Leg(2) + (b +e' )1, (2)

< exp(W(2) = (¢/2W°(2))1cs (2) + (b+e?™°) V (exp(Ry + "))y, (2)

Y
where we used for the last inequality that for any z ¢ C R, and the definitions (51), (58), W5(z) >
2eY7% /c and R, > Ry. Using the previous result in (59), we get that
1-6 5o Y0
PWYHG) < (W) = (e/2W() 4Dy 1y, (2). (60)

where b, is given in (58). Note that (1 — z)Y*170 <1 — (y + 1 —4)(1 — ch,_l/Q)y_‘s:r for all
z € |0, ch,_l/ 2] since ch,_l/ 2 < 1/2 by definition of R, (58). Therefore, using that on Cg,,
we have 0 < cWV91(2)/2 < cR371/2, we get (W(2) — (¢/2)W3(2))" 7" = wrH1-9(z){1 —
(c/2)WO=11Y+H1=0 < WYH+1=9(2) — ¢, WY (2). Plugging this result in (60) concludes the proof of
(56) fory > 0. |

Corollary 9 Assume UE 1. Then, for any y > 0, it holds that 1 (WY) < by /¢y and n(V') <

b/(1 — X). where by, ¢, are given in Theorem 8.

Proof As mentioned previously (see (6)), P has a unique stationary distribution satisfying 7 (V') <

+o00. Therefore, since ||W{|,, < 400, we can take the integral in (56) and (53) with respect to 7.

Rearranging terms completes the proof. |
Note that UE 1 implies for any z € Z,

PV (z) <exp (W(z) —cW°(2) + Bﬂco(z)) , (61)

where b = logb + sup,,ZQ{cr‘s — r}. Similarly, (53) implies for any h € Nand z € Z,

P"V(z) < exp (W(z) —WO(z) + 1 Iy, (z)) : (62)
where
b =log{b/(1—\)} +sup{er® — 7} . (63)
r>0

Lemma 10 Assume UE 1. Let (&;);cn+ be a non-increasing sequence, such that 0 < o; < 1 for
any i > 1. Then, forany z € Zandn € N,

E-fexp{e 020 a2 (Z1)}] < exp (b X078 oy exp {ou W (2)}

where b = logb + sup,>e{cr’ —r} and cin UE 1.
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Proof Define, for n > 0,
My, = exp{onW (Zn) + 3320 o (eWO(Zx) — ble,(Z)} (64)

with the convention Z,;:lo = 0. Consider (Fy,)nen, the canonical filtration: F,, = 0(Zy, ..., Zy).
Then, we have for n > 1,

E[Mp|Fn1] = My—1 exp{—0tn—1W(Zn_1) + 0tp_1(cW*(Zy—1) — blcy(Zn1))}E[e*V )| F, 4] .
Using the Markov property, o, < a1 < 1,V > 1, (61) and Jensen’s inequality, for n > 1,
E[e®"W 7| F, 1] = PV (Z,1) < PV (Z, 1) < (PV(Zy1))™ !
< exp{ay 1 (W(Zn_1) — W*(Zy_1) +blcy(Zn_1))} .

Therefore, (My,)n>0 18 (Fn)n>0-supermartingale, and E,[M,,] < E, [My] < eX1W(2) We conclude
the proof upon noting that E_ [exp{c 37" o, W0(Zy)}] < exp {b Y2775 o YE. [M,,). [ |

Lemma 11 Assume UE 1. Let (&;)icn+ be a non-increasing sequence, such that 0 < o; < 1 for
any i1 > 1. Then, forany z € Zandn € N, h € N,

E.[exp{c Yo ax WO (Zni)}] < exp{b’ Y p—g o} exp{oa W (2)} ,
where b’ is given in (63) and c in UE 1.

Proof The proof follows the same lines as Lemma 10, using (62) in place of (61). |

Appendix C. Rosenthal inequality for Markov chains

In this section, we state a general weighted Rosenthal inequality for f-ergodic Markov chain. This
result is a simple adaptation of (Fort and Moulines, 2003, Proposition 12). In addition, we apply
this result to obtain bounds which will be useful in the proof of our main results.

In all this section, (Zy)ken is the canonical Markov chain corresponding to the Markov kernel
P on the filtered canonical space (ZV, Z®N (F,)nen), where F,, = o(Zo, ..., Zy,) forn € N.
We still denote by P, and £, the corresponding probability distribution and expectation with initial
distribution y. In the case p = b, z € Z, P, and E,, are denoted by PP, and ..

Proposition 12 (Rosenthal’s inequality) Let p > 2 and f, W,V : Z — [1,400| such that
| fllgy < 1 and || WP|,, < 1. Let (Bk)ren be a real sequence. Assume that P has a unique
stationary distribution w and satisfies for any z € Z,

M NEP =7l <Crw(z), D I8P = 7|y < Co¥(2) (65)
neN neN

for some constants Cy, Cyy < +00. Then, for any g € LY., it holds that for any = € Z,

p

E. [ ]
n 9 p/2 n—1 p

< ol Croms [{ S0 82} + {0 18— el + 0+ 32

20
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where
CRosp = 67CH{Cop + T(WP)}(PF +2) . (67)

Proof Let g € L and z € Z. Without loss of generality, we assume that |g|| s < 1. Denote

by Sp = > i Be{9(Zk) — m(g)}. By (65), the function §(z) = Y nentP"g(x) — m(g)} is well
defined, g € LY,

19115y < C (68)
and is a solution of the Poisson equation § — P§g = g — m(g). Then, we have
Sn — Mn + Rl,n + R2,n ;

n—1

Mo =3 Beri{(Zior) — Pa(Z1))
k=0
n—1

Rin =Y (Brn1 — Bu)Pa(Zk) .  Ron = B1P§(Z0) — BuP§(Zn) -
k=1

Therefore, by Young inequality, we get that
E: [|Snl?] < 377 HE: [|Mal”] + E: [|Rynl”] + E: [|Ry,,[7]} - (69)

We now bound each term on the right-hand side.

First, since § € L? and (65), note that (Mj)ren is a (Fp)nen-martingale with martingale
increment (AMy, = Br+1{9(Zk+1) — P§G(Zk)})ken. Therefore, using (Osekowski, 2012, Theorem
8.6) and Jensen inequality, we have

E.[|Mal?) < pPE:[| 22025 AMEI?
< P300S0 AR P kS0 AR =19 (Zik) — Pa(Z0)IP] -
Using (65) and Jensen inequality, we get
E.[|Mul") < 207 9P {32050 87 1P/ 30050 B B9 (Zes) P + [PG(Z1) 7]
< 2P {3000 B P Ny SokZ0 B2 [IBL[W(Zrs)P] — m(wP)| + m(wP)]
< 27 |95, {32820 B PPH{CwV(2) + m(wP)} (70)
Using (65) and Jensen inequality, we get that
E-[|Rynl) < {32521 18k = Brea 1771 2521 18k — Brs [ [IPG(Z0)1P]
< {01 1Bk = B [} 1415, {CwV(2) + m(wP)} . (7D
Finally, by (65) and Young inequality, we get
E.[|Ronl?] < 2°7'B7[Pg(2)[P + 2P  BRE. [|P(Zn) 7]
< 22748 + BRY 19115, {Cw v (2) + m(WP)} .
Combining (68), (70), (71) and (72) in (69) completes the proof.

(72)

21



DURMUS MOULINES NAUMOV SAMSONOV WAI

Proposition 13 (Proposition 13, Fort and Moulines (2003)) Assume that P is irreducible and
aperiodic and satisfies for W, f : Z — [1,+00), ||f|l\w < L b€ Ry and C € Z,

PW <W —f +blc.

Assume in addition that C U {f < 2b} C D, where D is a (m, €)-small set and supp W < +o0.
Then, for any distribution \, pn on Z, \(f), u(f) < +o00, we have

> onen [IAP™ = puP"[[¢ < 8¢~ H{bm + supp W} + 2{\(W) + (W)},
Proposition 14 Assume UE |.

a) For any v > 0, the inequality (65) holds with f +— WY, W <+ I/VY“*‘;/Gy and V <+
Wp(y+1_6)+1_6/[d\jfcp(vﬂ—&)] and

Ce(y) =0(y),  Cu@y) =9 +1-9)) (73)

where for any y > 0, ¥(y) = Ssév{by /cg,mR? + R%Hf‘;} + 2[by41-5 /cy+1-6 + 1], Ry =
{2by /c5}/Y V Ry, and Ry, by, ¢y are given in Theorem 8.
b) Foranyy > 0and p > 1, (66) holds with f < WY, ¥ « WPYFT1=0)+1=8 4,
Crosp = 6" CL(YH{Cw(Y) + bpiy1-5) /[ cpiyr1-0) 3 (0P + 2)/[eyepyra—g)l - (74
where C¢ (), Cop(y) are defined in (73).

Proof First note that b) is an easy consequence of a), Proposition 12 and Theorem 9.
We now show a). Let ¥ > 0. Theorem 8 shows that

ey TPWYTI0 < TtV — WY by Jey

Then, using that for any R > 0, {IWW < R} is an (g, mp)-small set for P under UE, Cg, N{WY <
2by /cy} C Cg,, Proposition 13 and Theorem 9, we get that for any 2 € Z,

D I8P = wllyys S WWTH(2) /ey

neN

where 1 is defined by (73). Applying this result for y <— vy and y < p(y + 1 — ) completes the
proof. |

Proposition 15 Assume UE 1.

a) For any T > 1, the inequality (65) holds with f < VYV, w «— VV/7/(1 — XV") and v «
V/I(1 =) (1 = AYY)] and

Ci()=d(1),  Cul(t)=o(1) (75)

with forany T > 0, $(T) = 8€Rf{b1/f/(l—Al/%)mR%—|—2b1/f/(1—)\1/%)}+2[b/(1—)\)+1],
R: = log(Ro) V 10g[2%b /(1 — \/¥)T] and X is defined by (5).
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b) For any p > 1, (66) holds with f <+ VP @« V and

Dros,p = 6°CF(p){Co(p) +b/(1 = N}pP +2)/[(1 = A)(1 = AVP)] (76)
where C¢(p), Coy(p) are defined in (75).

Proof First note that b) is an easy consequence of a), Proposition 12 and Theorem 9.

Let T > 1. First, Jensen inequality, the fact that ¢ — ¢!/ is sub-additive on R and UE 1 and the
definition of X in (5) imply that PV1/T < A\V/TV /T4 bV ¥ 1, = VI (1 - AV VYT 4b 1,
Therefore, since A € [0,1), Co U {V/T < 2bYT /(1 — A/T)} < Cg., using Proposition 13
and by Theorem 9, m(V'/%) < 7(V) < b/(1 — A) we obtain that >, ¢ [|8.P" — 7|1z <
&(T)VY(2)/(1 — A7) for any z € Z. Applying this result twice for T < Tand T < 1 completes
the proof. |

Lemma 16 Under assumptions of Theorem 3 forany 1 < q <K, z € Zand j € N

EY9(IA(Z)]7) < CaVE(2),

_ _ o))
EVIb(Z;) = b]17] < CoV R (2)
where
Ca = (Al +dCa(BK/e) {1 +b/(1 = \)}/¥) (78)
and
Cp = ([|b]l +dCo{1+b/(1 = N}, (79
Proof We first note that using
Yap 4 q Yar 4 q log” i1 a/K (1 1/a
EAZ)N < 1A+ EIIAZ5)]17] < (1Al +dCasup —TR {PVIR(2)}
< (JA] +dCa(BK) e {1+ b/(1 = NPO)VE(z).
Similarly, one may prove the second statement of the lemma. |

Appendix D. Proofs for Theorem 1

In this section, we provide the core lemmas that are employed for the proof of Theorem 1 in Sec-
tion 2.1.

D.1. Technical and preliminary results

Lemma 17 (Lyapunov Lemma) A matrix A is Hurwitz if and only if for any positive symmetric
matrix P = PT = 0 there is Q = Q" > 0 that satisfies the Lyapunov equation

ATQ+QA=—P.

In addition, () is unique.
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Proof See (Poznyak, 2008, Lemma 9.1, p. 140). |

Lemma 18 Assume that — A is a Hurwitz matrix. Let Q) be the unique solution of the Lyapunov
equation AT Q+QA = 1. Then, forany o € [0, (1/2)||A||é2||QH_1], we get ||[I — ozAHZ2 < (1—aa)
with a = (1/2)||Q||~ . In particular, for any o € [0, (1/2)HAHZQQHQH*1], I—adl < /rq(l -
ac/2), where kq = At (Q)Amax(Q). If in addition o < ||Q||? then 1 — acc > 1/2.

min

Proof Forany x € R?\ {0}, we get

2T (1-aA)'QI—ad)z 1 l|z||? T ATQAx
z T Qux N axTQx x ' Qx

Hence, we get that for all « € [0, (1/2)HAHC_22||Q||*1],

el T ATQA

1
T Qx z T Qx

<1-alQ™ + a4l <1~ (1/2)|Q e

The proof is completed using that for any ¢ € [0,1], (1 — ¢)/2 < 1 — ¢/2 and that for any matrix
AeR™ || Alg < xg |IAll. =

Lemma 19 Let x > 0 and (u;);>1 be a sequence of non-negative numbers. Then, for any n € N,
n > 2, and any € € (0, 1),

L o [Ty i < exp {od (14 )7L o0 uf ™

7

Proof First note that forany 8 > landt > 0,1 < tl/ﬁ(t_l + 1) which implies that 1 4+ ¢ <
exp (Bt'/#). Using this inequality for 3 = n/(1+ €) and the inequality of arithmetic and geometric
means, we get

14 o Ty wi < exp (g o T ([T7n wa) TF9/m}) < exp(f o Fe(E 300 ug) )
1+e 1
< exp (oi-l—e D)

where the last inequality follows from Jensen’s inequality. |

Lemma 20 Let (§¢)¢>0 be some filtration and a sequence of non-negative random variables
(&0)e=0 s adopted to this filtration. Then, for any N € N, p € N, it holds

ﬁfé’] < {E[ﬁE[fgpy&l]] }1/2 . (80)

Proof Denote forany £ € N, p € N,

E

k

Bip = ([[EEI8e-1) " Bop =1, yp = Eyi—1, vop = 1.
=1
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It is straightforward to check that for any p € N,

E[Bk-s-l,pykﬂ,p] = E[BkJrl,pE[fZHmk}yk,p] = E[Bk,p?/k,p] == E[BO,pQO,p] =1.

This fact implies that

[n @] _ Efyn] = Elysy B2 B

< {Elynap Bapl) VH{EB L} = {[ﬂE[sﬁ”ml@}m.

Hence, (80) is proved. |

D.2. Core Lemmas

Lemma 21 Assume that the conditions of Theorem 1 holds. Then, for any ¢ € {1,... N}, and
p=>1

(1+“Q aHRE”) <exp{pC J/z 1+1}

where Ry is given in (15) and
OO = (1/2)s’| AlI* exp(||Al| +a) . 81)

Proof Let /¢ € {1,...,N}, and p > 1. Using the definition of R, and since («;);cn is non-
increasing, we get
h—2

h
h T T h T T
LR DY () EARSETLETS M) DY (R EAeIE
r=2

ol AR+ gl A €22 | AP exp{a b Al

Je—1+ ]2 1+

where we have used for the last two 1nequahtles the upper bounds ( +2) < (h;2) (h?/2) for any

r € {0,...,h— 2} and (1 +¢t) < e forany ¢t > 0. It yields using that aoo ph < 1 that || Ry|| <
2_1a?eil+1h2\|A||Qe”A”. The proof is then completed using the bound (1 + ¢) < e’ forany t > 0
again. |

Lemma 22 Assume that the conditions of Theorem 1 holds. Then, for any ¢ € {1,..., N}, and
p > 1, almost surely it holds

(1 + "5 aHR ||) p < exp {2h+1 ct )04]1;_814-1 ;f:jz_l—i-l Wé(Zkfm)} )

where Ry is defined by (15) and

CW = (ke Ca) /(1 + ) . (82)

25



DURMUS MOULINES NAUMOV SAMSONOV WAI

Proof Let / € {1,...,N}, and p > 1. Using the definition of R;, we consider the following
decomposition

W= _
=S B R = (20" S e (o 00) A7
Then, using that (1 4+ a +b) < (1 +a)(1+b) for a,b > 0 and (a;);en is non-increasing yields
(1 mg e[ Rel)) < Tz (1+ g eI R, 1)>

h
<TI0 I, imer (L g e, Tl 1A (Zi-m) )
Using Theorem 19, r > 2and e € (0,1) in A1,

QP(HQ ea)1+sa1+f 4
(1+ R Rl < T T p( =S N A(Ziy )|

2p( Q/2 )1+5a1+5 +1 ) h
Jo— A 1
< exp Tte = gf:jl,1+1 1A Ze—m) 1'% 220 Z(il,...,ir)elﬁ

2h+1p(ﬁl/2ea)1+sa1+s je

Q Je—1+1 n 1+

<e A(Z_

< exp - PIRE
=J¢—1

The proof follows from A 1 which implies that || A(z)||'*¢ < || A(2) HHS < dtFeCltEWO(2), for
any z € Z. |

Under A1, define for n € N, n > 1, («;);en a non-increasing positive sequence,

ra=min{s >0: <25—1—(1-46)/s}, Z (A(Z))—A) .  (83)

Lemma 23 Assume that the conditions of Theorem 1 holds. For anyn € N*, p > 1V (ra/4),
EY[(14 5" 50 *) < exp{CPon!/ AW (2))
where T 4, Sn are defined in (83), and
O = ke d Ca(4CRos 1)/ . (84)
with CRes,4p given in (74).
Proof First by Minkowski’s inequality, we get
E/7[(1+ g | Sal)?] < 1+ w e B [|1S,] (85)

In addition, note that denoting by [S,,];, j» the (4, j)-th component of S.,,, using the Jensen inequality,
we get

E.[||Sn]*] < Bz[(F iy [Snl? 1) */%) < d*P 2B [30F 5,11 [Snliv o 1*P)
< d4p max;, ise{1,-,d} Ez[|[5n]il,iz| p] . (86)
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Using UE 1 and applying Proposition 14-b) withy < /3 and using that (o;);c is non-increasing,
we obtain that for any 71,49 € {1,..., N},

EZ[Hgn]il,iz 4p] < CRos,4pC'j]p(ailpn4p/2+3a4p)W4p(ﬁ+1 0)+1-0 < 4CRos 4pCA oc4pn2pW4p5( ) ,

(87)
using for the last inequality that W (z) > 1 and 4p(8 + 1 —9) +1 — 3 > 4pd since 4p > 714,
B <20—1—(1—20)/raby(83). Combining (85)-(86)-(87), we get

EY[(1+ k47e|Snl) ] < 1+ K e [ACRos 4p)/ PdCaoan W (2) .
Using that 1 + ¢ < &' completes the proof. |

Corollary 24 Assume that the conditions of Theorem 1 holds. For any n € N*, p > 1,

EY[(1+ k76| Snl) ] < exp{C oan'*W(2)} |
where 1 4, S'n are defined in (83), and

C? = 5k’ e"d Ca(4CRos45) "7, § = max(p,r4/4) , (88)
with CRros a5 given in (74).

Proof The proof is a simple consequence of Lemma 23 and Jensen’s inequality. |

D.3. Proof of Theorem 1

Details on the Step 3. We have all the elements to conclude the proof of the theorem. It is
essentially a question of adjusting the constants and combining the different bounds obtained above.
To simplify notations, we first introduce the auxiliary quantities:

ngl) = C(l)Zhaéjf, + C;Q)hl/ano »
Dz(f) = COhay, + C(l)Qha;pB + C’Ig2)h_1/2(l~) —log(1 —A)).
Substituting (22), (23) into (13) and using that sup;cn« o < Qo p, WE get
2P (T 10 Z1inm) |17

< kexp(aasoph) exp { — (a/2) Y1, 11 ai + D 2)h S, \+1} exp| D( )W(zm)] .

We set the block size and the upper bound to the step sizes as

h=[(1202) (b — log(1 — N))/a)’] , (89)
11 1 a a : c A1z EE cN1
(oo = 1IN\ 0 3, 2[[ AN Q] " 12hC (ucmzh) ’<2pc<1>2h> ’4pcl<,2>hl/z] - 00

This yields DI(7 < 1/(2p), Dz(a < a/4. Together with b 30 v, 41 < Qoo + > i1 Qi
we get

B2 (Dm0 (Z1inm) 7] < e300/ exp{—(a/4) YiL g iV (z) . OD)

Combining (91), (10), and Jensen’s inequality yields the statement of the theorem with the constant

Corp = g exp (5acceph/4) (™) 1 [b /(1 — A)] /@) | (92)
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Appendix E. Proofs of Section 3

This section provides the missing lemmas and proofs that were required in Section 3.

E.1. Technical lemmas

Lemma 25 Let a > 0 and (ay;)k>0 be a non-increasing sequence such that oy < 1/a. Then

n+1 n+1 1 n+1
Zaj H (1 —oa) = " {1 - H(l ala)}

j=0  I=j+1 =1

Proof Let us denote ., 1 = ]_[l iy (1 —oqa). Then, for j € {1,...,n+1}, Ujt1:nt1 — Ujint1 =
ac;juj41:0+1. Hence,

n+1 n+1 n+1

1 _
> a; [ - aa) = o D (Wjrmer = int1) = (1 = uringa)

=0  I=j+1 J=1

Lemma 26 Let b > 0 and (oy;)k>0 be a non-increasing sequence such that og < 1/(2b).

o Assume ap — py1 < Cq O‘iﬂ with cq, < b/2. Then forp € (1,2],

n+1 n+1
Zak [I @ -tay) < @/b)ar;
= j=k+1

o Assume oy — i1 < Cq ozk_H, /A1 <

(2/3) co with cq < b/4. We additionally assume
that ag < (2¢o) L. Then foranyp € (1,2],q €

[0,1]

n+1 n+1

ZazAZ H (1 - b)aj (2/b) n+1"4n+1
k=

j=k+1

Proof For the first part

St 11 -0y =t Yoo 1T

k=1 j=k+1 k=1 j=k+1
n+1 n+1

<V Yy ar | (14 caa))(1 —bay)

k=1  j=k+1

n+1 n+1 n+1 n+1 <

. p—1
ajl) (1 —bay)

@j

n+1 n+1
<an+1zak [T = ®/2)a)) < (2/b)al71,
k=1 j=k+1
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where on the last step we used Lemma 25. For the second part, we first note that

Aj-1 aj_1 2 2
1 < 1+T <1+(2/3)caaj1 <1+ (2/3)caq;+(2/3)c; o <1+cqay.
J J

Similarly to the first part,

n+1 n+1 n+1 n+1 O['il p—l A‘il q
Za Al H —baj) = an+1An+1ZOék H ( J ' ) ( .le > (1 —bajy)
k=1

j=k+1 1 okt N Y

n+1 n+1

<ah ALY [T (T4 caa))*(1 —bay)
k=1 j=k+1
n+1 n+1

L 4
< afH»l n+1 Zak H 1 - (b/z)aj) (2/b) n+1"4n+1a
k=1 Jj=k+1
where we also used Lemma 25. [ |

To estimate moments of ||.S;1.,41|” that was defined in (40), we first derive an alternative
expression for the term. For this aim we prove the following lemma. Define

k
Dy = ZCQA(Z@).
(=j

Here we also assume that Dj.,, = 0if j > k. Recall that Sj.;, = 0if j > k and G, = 0 if
i>k+1.

Lemma 27 Forany0 <k <n

n+1 n+1
Skttnt1 == Y Gri1m1ADin 1G22+ Y, @ 1Gei1m41Don1AGk 1202,
g1 (=k+1

Proof By definition of Dy, 41

n+1

Skitmtr == ¥ Gertmi1(Deni1 — Dipaini1)Grarie-1.
=k+1

Simple algebraic manipulations lead to

n—+1 n+1
Sk+1:n+1 = - Z GZ+1:n+1D€:n+1Gk+1:€—l + Z szn—l—lDﬁ:n—&—le—i-l:E—Q
n+1
= - Z (G€+1:n+1 - Gﬁ:n—}—l)Dﬁzn—i-le—i—l:Z—Q
(=k+1
n+1
— Y Gent1Dent1(Griror — Grpra).
t=k-+1
Calculating the difference in the brackets we obtain the statement of this lemma. |

29



DURMUS MOULINES NAUMOV SAMSONOV WAI

Lemma 28 Under assumptions of Theorem 3 for any 2 < p < Kand z € Z,
1/2
EL7[Denia[] < 44CRL(Ca+I ANV (2) ALY,

Proof Proof follows from Proposition 12 with f = w = V¥/K ¢ = yr/K, |

Lemma 29 Under assumptions of Theorem 3 for any 2 < p < Kand z € Z,

nt1 ntl
VP Skarmir”) < Csp D avApy [T (1= aag) 275 (2),
t=k+1 j=kt1
where
Os p := 24rQdCyly ,(Ca +] Al Al 93)
Proof Recall that
ntl nt1
Sk+1m41 = — Z G111 ADen1Gryr0-2 + Z - 1Ger1n 11 Deny1 AGr .02
(=k+1 (=k+1

Applying Minkowski’s inequality and Lemma 28 we get

n+1 n+1
E/pH’Sk—O—ln—i-IH <CSp Z Qy H m H \/T%Aé/nz-i-lvl/K )
=k+1  j=l+1 j=k+1

Lemma 30 Denote §y := 0{Zs,s > k},k > 0. Let Ay, be a sequence of d x d random matrices
such that Ay, is §-measurable. Assume that Z;, is independent of §y. Then

B2 (S A7) < Coyp (3 ES[14I7) V2V (2),

k=1 k=1
where 2By C.
. 73/2 v
Cgp:=d {\/ﬁ +2C: (18\fp)} (94)

Proof We first reduce the problem to univariate one. Applying Minkowski’s inequality we get

n d d n
EVP[IS. A2 =BV S0 0 YA nelE(Z0))e V[

=1 l1=1 lr=1k=1
d d n 1/2
< { STEZPIS S [Ae, [5(21?)]62\1)]}
{1=1 lo=1 k=1
24 1/2
{Z { ZEU” |ZA]€€1£2 &(Z)e|” ]} } :
f1=1 > fo=1
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Consider

I =EV?[| Y (Ao, [E(Z0)e "]
k=1

We decompose it into two parts, [ < I; + Io,

1= B2 | Al (20N, — ELEZ016D ),
k=1
1= B2 ) S (e B [E (2] )
k=1
The term I may be estimated as follows

1 n
| < 2By C:EZ[| ) [Adlewr®[TVY/4(2)
k=1

B ] o PV

3

2By C:
vi—p

52\}3&{2“35 Akélezlp]} VIK(z)

Applying Burkholder’s inequality, see (Hall and Heyde, 1980, Theorem 2.10), Minkowski’s
inequality and lemma 16 we obtain

<

M

n p/2
£ | S Udanlédol’] < (8VEDE [{ZMWQ (20~ BRG]
k=1

n

, 2 e
cisvan{ S e adunll} VNG

k=1
Finally,

n

E2 S Ake(ZD)I2] < Cop (S EE[1 AP 2V Y(2).

k=1 k=1
|
E.2. Proof of Theorem 4
Define the following constraint on the step size
aglo)p = Qo 2p/\,0/\e (QCa)_l, (95)

where a2, and p are defined in (90) and (6) respectively, and c, is from AS. Let us re-state
Theorem 4 as follows.
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Theorem 31 Ler K > 32 and assume UE 1, A1, A2, and A3. For any 2 < p < K/16, any non-

increasing sequence (o, )ken satisfying ag € (0, aé?,p) and such that o, = o or A5 holds, z € Z,
n € N, it holds

(f) _
B O) < v/ (z) ¢ O VB en =0 g
N C;(o ) VanAylog(1/ay,)  under AS,
where the constants Cg), Cl(od) are defined as
f (f) (1,6) d) ._ ~(d) (1 d)
¢ =cy, +Ci, ) =cy) +C 97)
Lemma 32 Under conditions of Theorem 31:
1. Ifthe step sizes are constant oy, = Q, then
1
E2[lJV]17) < Of” a/log(1/a)V €73 (2), ©98)
where C( is defined in (111).
2. Ifthe step sizes ay, k € N, satisfy A5, then
1
EZ [T < €550 Voandny/log(1/an)VE 5 (2), (99)
(1d) . .
where C} , s defined in (113).
Lemma 33 Under conditions of Theorem 31:
1. Ifthe step sizes are constant oy, = «, then
(f) %16
E? (IHP(P) < C), a/log(1/a)V i 16 (2), (100)
where C( Hp is defined in (115).
2. Ifthe step sizes oy, k € N, satisfy A5, then
B2 (| H 7] < O /oAy og(La)V * 15 (2), (101)

where C( lS defined in (117).

Proof [Proof of Lemma 32] For the second term J,(LI), solving the recursion in (38) yields the double
summation:

n+1 n+1 k—1
g0, Zaka+1n+1A(Zk)J ==Y Y 0Grirni1A(Zr)Gip1:r-18(Z;).
k=1 k=1 =1

Changing the order of summation gives

n n+1 n
TN, = - Zaj{ 3 akaﬂmﬂA(Zk)GjH;k_l}e(zj> =" jSi1ms18(Z;), (102)
j=1 k=j+1 =1
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where for 7 < n we have defined

Sj:n = Z Oéka-i-l:nAv(Zk)Gj:k—l'
P

Fix a constant m > 1 (to be determined later), we can further rewrite S 1.,41 as

j+m n+1
Sjtime1 = — Z . Gry1n1A(Zy)Gjp1—1 — Z arGrt1m+1A(ZE) G101
k=g 11 k=jtm+1

= Gjrmt1n+194154m + Sjemt1m41Gj41:54m-

(1)

Let N := |n/m]. In these notations, we can express .J,, /; as the sum of three terms:

(m—1)N (m—1)N
1 _ _
Jéﬁlz Z @G irmi1mt1Sj1+1:54me(Zf) + Z @i Sjymi1n1Git1:+mé(Z;)
j=1 j=1
=T =T5
n
+ Z aij-i-l:n—&-lg(Zj) .
j=(m—1)N+1
—T

Denote C; := C4[|0*|| + Cp. By Lemma 16 forany 1 < g < K,

E?[I2(2,)]1] < C-VYK(2). (103)

Let us consider the first term 7. By the Minkowski inequality, Lemma 16 and Lemma 29 (see the
definition for Cs , in (93))

(m—1)N k+m n+1
EVPITIP) < VRqCeCsy Y. an D vy, [ vI—aav* ()
k=1 {=k+1 j=k+1
(m—-1)N k+m n+1
< /rqmCsCsy, Z oy Z ol H V1 —aq; V2K(2
k=1 l=k+1  j=k+1 (104)
n+1 n+1 l
< /rqmCs CspZag H \/1—aa]Zak H w/l—aajV2/K(z)
/=1 j=0+1 k=1 j=k+1

< Cp vVman VYK (2),

where we have defined B
Cl = 8(17205 CS,p VEQ-
Similar bound holds for 75,

1
EZ[||75]P] < C1 vVmans1VY¥(2). (105)
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The second term 75 may be rewritten as 75 + 152, where

N—-1 m
._ (1) =( 7%
151 := Z akm+iS(k+1)m+i+1:n+1ka+i+1:(k+1)m+i€(zkm+i)7
k=0 i=1
N—-1 m
- (1) = =( 7%
Ty = Z e+ (4 1ymtit 101 Chmetit Lk + Dme+i(E(Zrmeri) — E(Zgmpa))-
k=0 i=1

In the above, the set of r.v. Z;; . is constructed for each i € [1,m], with {Z] +i}f€\7:_01 and the
following properties

1. Zj,,; is independent of S?,:rll v U{Z(k+1)m+i, o D1 b

2. Po(Zfnsi # Zimsi) < 2Byp™V (2); (106)
3. Zjnti and Zy,y, 4 have the same distribution,

where By, p are defined in (6). The existence of the r.v.s 2}/ 4 is guaranteed by Berbee’s lemma,
see e.g (Rio, 2017, Lemma 5.1). We also exploit the fact the V-uniformly ergodic Markov chains
are a special instance of S-mixing processes. We control S-mixing coefficient via total variation
distance; see (Douc et al., 2018, Theorem F.3.3).

To analyze 7151 we use Lemma 30

m 1 N— p
El/p ||T21Hp Z E? |: Z akm+zS(k+1 m—+i+1: n+1ka+z+1 (k+1)m+i€ (Z/{;m+7,) :|
i=1 k=
m (k+1)m+i 1/2
< CBp AL Z < Z akm+z ||S(k+1)m+z+1 n+1|| ] H (1- ao@) VI/K(Z)
i=1 k=0 t=km-+i+1
n+1 ) k+m 1/2
< Copyiam( S ot Seimprna ] I (41—} VI¥Ga),
k=1 {=k+1
where Cg is defined in (94). Applying Lemma 29 we may estimate the term in the brackets by
=Syl Y avdin [ VI agg H ~ aa))VYK(2)
k=1 f=k+1 j=t+1 j=k+1
CS 2 n+1 n+1 n+1
L ZaernH H V1 —aq; Zak H (1 — aa;)V¥K(2)
j=b+1 k=1  j=t+1
CS 2 n+1 n+1
S ’p Z%Aﬁnﬂ H V1 —a« VQ/K( ).
j=t+1
Finally
n+1
B2 T 7] < Gz v/im { > e 1 vi—en aae} VARG o)

{=k+1
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where
Cy:=4a~! CgpCsp/EQ-
For the term 752 we use Minkowski’s inequality

N—1 m

L 1
EVP(| T llP) < Vg 3 3 0kt B 1S 1o rms 1)
k=0 =1
(k+1)m+i

« I VT= B2 (1 Zmss) — )17,

l=km—+i+1

Using definition of Z} and and the Cauchy-Schwartz inequality

km-i
EY P& Zkms) — E(Zignra))|I7)
= BY (|8 Zkmii) = E(Zfms) VU Zis # Zhomei Y]

- . (108)
< 2B || Zim4i) | PPY (2 i # Do)
< 4C€B%//(4p)pm/(4p)Vl/(4p)+1/K(Z)’
where we used (106). The last two inequalities, Lemma 29 and Lemma 25 imply
~ i n+1 n+1 s n+1
EVP[|Toe|?] < 4C:BY 5™ S o S apd)? VI = aa VY UR+2/K )
k=1 l=k+1 l=k+1
n+1 n+1 (109)
<Czp™ ZO‘EAe ] H V1 = aa; VY URHLK oy
j={+1
where B
Cs:= 8a71mg2 Cs,p CgB‘l,/(Llp), pi=pt/ )
Bounds (104), (105), (107), (109) together imply
n+1 n+1
El/p[H + UIP] < 3C1 vVman 1 VK (2) + Cy {ZakAan H V1-— aozg} V2K (2)
l=k+1
n+1 n+1
+Cy " Z apdilry T VI=aav /2K,
l=k+1
We distinguish two cases:
1. ap = aforany k € N. Then
n+1 1/2
EZ[170) 7] < 2Cy VimaV¥X(z) + C, mﬁ{ S n—k+2)(1 - aa><““>/2} V2K (z)
k=0

n+1

+ Cga?p™ Z Vi =k + 2(1 — aq) D2y 1/ @p)+2/K )
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where

Cy:=2C1 +2v/eCs Ja + V2re Cs /a2

"< Va, ie.m= Plog(l/cf)]

and we took m such that

2 log(1/p)
‘We obtain )
E2 (|73, 17) < €150 alog!/2(1/a) v /P +2/K ), (110)
where
C0 = 2/p Cylog2(1/p). (111)

2. Assume that AS is satisfied. Then we apply Lemma 26 and obtain

EP[H +1Hp ] < Cs vVmn/ a1 An VY EPFT2/K (),

where
Cs:=(3C1+2Cs /va+4Cs /a)(y/ca + 1)
and
_ Pbgﬂ/ww
2 log(1/p)
In both cases, we have
1
E2[[7017) < €S8O Vanp1Anr1vIog(Lfan) VY @P+2/K (), (112)
where .
C0 = 2./p Cslog ™ (1/p)- (113)

Proof [Proof of Lemma 33] To estimate H,(Ll) we rewrite it as follows

n+1

Y = = @l A(Z) I,
/=1

Using Minkowski’s and Cauchy-Schwarz inequality,

n+1
BV HUP) < S aBY COIT i |PIEY OO A(Z) | #)EY 4[| 72, 471,
/=1

We apply Theorem 1 to estimate E-/?")[|T1 1.1 ||%"] and Lemma 16 to estimate E+/ **)[[| A(Z,)||*].
These bounds lead

n+1
EYPIIH 7] < Ca Cozp Y age™ @/ hkn awg L )70 o)y 1/ /00 5),
/=1

We again consider two cases:
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1. aj = «a for any k£ € N. Then applying (110) we get

n+1
Ep [HHn{lep] C_(J ) CA Cst,2p a2 logl/Z(l/Oz) Z e—aa(n—k-l—l)/4V3/K+9/(16p)(Z).
k=1

This expression may be simplified. We come to the inequality

E2[IHD, 7] < €O a/loa(T]a)V3/H9/e) ), (114)
where
Cip) =801 Gy Carp fa. (115)

2. Assume A5, then we use (112) and inequality e™* < 1 — x/2 valid for 0 < z < 1,

EZ[1HY, 7] < < O Ca Caeap(1 + ca a))VIog(1/ans)
n+1

X Z akef(a/‘l) Z?ilirl ay \/MV?)/K—H)/(I@;) (Z)
k=1
< C( 9y Ot 2p(1+coa go)p) log(1/ani1)
n+1
X Zakm H (1 — (a/8)ag)V3/K+9/(16p) ().
l=k+1
Applying Lemma 26 we get
EP[H +1Hp ] < C( \/an+1-/4n+1\/10g (1/cn+ )V3/K+9/(16p)(2)’ (116)
where ; L
W = 16 CY Ca Corpl(1 + ca 0, fa. (117)

Appendix F. Temporal-Difference Learning

We preface the proof by a a well-known elementary sufficient condition for a matrix —A to be
Hurwitz. We give the proof for completeness.

Lemma 34 Let A be a d x d matrix. Assume that for all x € R% " Az > 0, then for any
te{l,...,d}, ReAp(A) >0, where \((A), L € {1,...,d} are the eigenvalues of A.

Proof Fix / = 1,...,dand let A\ = \y(A) = p + iv and z = z + iy be the eigenvector of A
corresponding to A. Then

(A= AN)(z +iy) = (A —pl)z + vy +i(—ve + (A — pl)y) = 0.

This implies that

T (A -z =—va'ly
y (A—puly =vy .
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Taking the sum of these equations we get ' (A — ul)z +y' (A — pl)y = 0, or

B z Az +y' Ay -

zTa+yly 0
[ |
Recall that, )
A= g [0(Xr 1) (X 1) =0 (X)} ], (118)
=0
for 7 € N¥,
Lemma 35 Assume M 2. Then forany { =1,...,d
Re A¢(A4) > 0. (119)

Proof We show that 2" Az > 0 for any = € R? and then apply Lemma 34. Fix = € R? and denote
p(0) = Ery [z (X0}t " (Xe)a] {Emy [ 90 (X0) 3 (Xo) "]} .
Then

T—1
T A = By fa 006 (X0) al{ 00 (o0 (e + 1)}

=0

The sum in the brackets could be rewritten as

T—1 7—1
> O () = rp(t+ 1)) = 1= {(1=2) Y _ONp(0) + M) p(7)}-
£=0 =1

Since by the Cauchy-Schwartz inequality |p(¢)| < 1, we obtain

7—1 T—1
S N p) —vpl+1) = 1={(1 =1 M)+ ()
=0 =1

=17 {(1 =21~ () HA = A"+ (M)

1—x -
= 1= ()

Finally,

T Az > 11_‘;7{1 — () M [T (X0)$(Xo) Ta] > 0,

where we applied M 2. |

Lemma 36 Assume M 1. Then the Markov kernel P defined in (46), is irreducible and aperiodic.
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Proof Recall that the Markov kernel P is irreducible if it admits an accessible small set. We are
going to construct such set.

Since the Markov kernel Q is strongly aperiodic, it admits an accessible (1,ev)-small set C
with v(C') > 0 (see (Douc et al., 2018, Definition 9.3.5)). Let us take C=Xx--xXxC and
check that it is accessible and small for P. Note that, for & > 7,

IP’(L”__,IO)(Z;C S é) = PIQ(kaT S C) = Qk_T(iL'o,C) .

Since C'is accessible for Q, for any zy € X we can choose k, such that Q*~"(z9,C) > 0, showing
that C is accessib}e for P. To check that C' is small, note that for any D;,...,D,41 € X, and
(x_r,...,20) € C,

T+1

PTH((m—Ta ce320), D1 X -+ X Dryq) /H Q(zk, drgy1) H 1p,, (zk)

’T+1 CL) 7'+1

/H Q(wg, dwg+1) H Ip,ne(ze) > e [ w(DRnC) > (ev(C)) ™ ua(Dix- - Drya)

k=1
where (a) follows from (7‘ + 1) applications of the fact that C'is (1, ev) small for QQ and

T+1
vo(Dy X -+ X Dyy1) H v(Dp N C)/v(C) . (120)

Hence, C'is (7 + 1, (ev(C))"*'vc)-small and accessible. This implies that the Markov kernel P is
irreducible. To check that P is aperiodic, we first note that, due to (Douc et al., 2018, Lemma 9.3.3)),
there exists such ng € N, that for any k& > nyg, set C' is (k, exv)-small for Q with ¢ > 0. Hence,
for any k > ng + 7,

inf P*(z_,0,C) = inf Py (Xp_r € C)>eprv(C) >0,
z_r.0€C zoeC

yielding that the Markov kernel P is aperiodic. |

Lemma 37 Assume M 1. Then the Markov kernel P (see (46)) satisfies UE 1 with function V (xo..)
defined in (47) and the constants c, b, and R given in (126). Moreover, for any R > 1 the sublevel
sets {zo.r : W(zo:r) < R} are (1 + 1, (egr(Cr))™ vey, ) -small with respect to measure ve,
defined in (127).

Proof Let us introduce the function V,(xg,...,z,) = e'@ S0 (FOW R @)+ W (er) where cq is
definedin M 1 and ¢« € (0,1/7) is a parameter to be chosen later. Then

T—1
Vi(zo:r) = /---/erZz—(}(”l)wéQ(x;)eW(x;){H 5x¢+1(dx§)}Q(xT,dx/T)
i=0

(a) T—1/, 1 /
S / .. /eLCQ Zi:()l(7‘+1)W6Q (IZ) < 7CQW Q("ET) 5177' + bQ) {H 5mz+l dx }

= eteQ T W' (@0 g=(1=m)eqW (@) {7 (5, ) 4 b et Tia W ()

— ot Tz Wei)~(1=m)cqW Q)

L CUO:T) + bQ e'Q Xia iw’a (20) y
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where (a) follows from UE 1. Now we select ¢ in order to ensure that

. - 5
e~lQ STy wea (Ii)—(l—LT)CQW(SQ (zr) < e~ WL QU(zo.r)

for some constant ¢ > 0 and W, (x¢.,) = log V,(x¢.;). For this purpose, we first notice that

7—1

W (wor) < 3 (0 + D)icq)’ W02 () + W(x,)
i=0
B 2;01(1 —17)eq((i + l)LcQ)‘SQW‘SQ (x;) + (1 — LT)CQW‘SQ(.@T)
N (1 —7)cq ’
Now we select ¢ satisfying
(1 —ur)(recq)’@ < ¢ (121)

. . . . 5 .
Since 71 < 1, it is enough to choose ¢ = 1o, where ¢ satisfies equation (1 — L()T)CQQ = 19, that is,
c
= —2% (122)

Then, setting ¢ = (1 — Tg)cq = cq/(1+ Tch), we get

T—1
EWL(ZQ (xo:r) < tocq Z woa (z;) + o (z) .
=0

From now on we fix ¢ = ¢ defined in (122) and for ease of notations we write V(z¢.;) =
‘/LO (xOST)v W(xO:‘r) = WLO (550;7-)- Then it holds

PV (10.7) < e~ @0V (2,,) + by el0@ Dim W @) (123)

Moreover,

> i (a;) < W (o) — EWO2(20.r) — W(ar) + cqW%(21)
=1
which implies
bq 0@ 2i=1 W) < {bqsup ecar’ A= }e’EWtSQ @)V (0.,
r>0
< C(JeiEWJQ (mOZT)V(xO:T) )

where we have defined

B {bQ exp{cQ(cQéQ)5Q/(1—5Q) — (cQéQ)l/(l_‘sQ)} ,ifdg <1,

= . (124)
bq, if dg =1 .
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The supremum above is well-defined since in case 6 = 1 we have cq < 1 due to Appendix B.
Equation (123) now implies

PV (20.) < (co + 1)eW @)y (g0 (125)
We fix R such that for (zo.) € {W (xo.-) > R}, it holds
e(é/?)WéQ(Z’o;-,—) Z o + 1 )

Now (125) implies UE 1 with constants

1 1 1/6q
=@ p_ <Og<+00>> b= (o +D)(1VeR TR (126
Q
2(1+7cg’) ¢

V\NIhere co 18 deﬁ~ned in (124). Now let us define, for R > 1, the sublevgl sets Cp = {x € X :
W(z) < R}, Cg = {z0., € X7 : W(20.r) < R}. To check that C'g is small, we proceed
similarly to Lemma 36. For any D1,..., D, € X, and zg.r € Cg,

T T+1
P wr, D1 o x D) = [ T] Qarssedorscrn) [[ 1o (ors)
k=0 k=1

T7+1 (Cl) T+1

.
z / [T Q@rir, daryiin) [ [ Loencn(@rin) > e5 [ v(Dk 0 Cr)
k=0 k=1 k=1

> (ERV(CR))T+1VCR(D1 X oo X DT+1) s

where (a) follows from (7 + 1) applications of the fact that Cg is (1, e gv)-small for Q and

T+1
Yor(D1 X -+ x Dry1) = [[ v(Dx N Cr)/v(Cr) - (127)
k=1
Hence, Cp, is (7 + 1, (erv(Cr))™ vy, ) -small for the Markov kernel P. [ |

Lemma 38 Under the assumptions of Theorem 6, Assumption A l(e) holds with
Ca=(1+7)C3(p7 V1)1 - )7t

Proof Using (43), (44), and ab < a?/2 + b%/2, we get

|
—

T

1A (o)l < (1/2) ) (A9 (A + Dle(zr1-o) I + (-0 I1* + Ao (@n)]?) -

w
Il
o

Using (47) and M 3(¢, K), for any s € {0,...,7 — 1},
o(ar1-s)|* < CZ WPz, 1) < C2 P Wh(20.r) (128)
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and, similarly,
(7)1 < CF WP (z0:7) -
Combining the above inequalities, we get

1A(zo) | < (14+7)C3 (107 v 1) (1 = Xy) ' WP (a0.r) .

|
Lemma 39 Under the assumptions of Theorem 6, Assumption A3(K) holds with
1 BK "
Coxk = —— | C23 = C? .
M (1) ( w{ etg } " R“)
Proof Using (43), (44), and ab < a?/2 + b%/2, we get
T7—1
ool < (1/2) Y (M <||w 219 |? + Ry, x7>|2) (129)
s=0
Using (128) and M 3(e, K),
G Pl < Cigsup{ 21— 2 {5K
roime L IvE = R y>g v/ K Y\ eto
Moreover, using (g7 < 1, for any values xg, ..., x,_2 it holds
Lo /o3 ~
’R(x’r—la xT)’2 < C2R,K eXp{? (W(SQ (:CT—I) + W(x'r)) }
L ~ -
< CQRK exp{ KLO . (LOTW5Q(xT_1) + W(mT))}
< CR VY (z0:r) -
Combining the previous bounds with (129) yields the statement. |
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