On Learning Language-Invariant Representations for Universal Machine Translation

A. Missing Proofs in Section 3

In this section we provide all the missing proofs in Section 3. In what follows we will first restate the corresponding
theorems for the ease of reading and then provide the detailed proofs.

Lemma 3.1. Let ¥ := (J; .. ¥ and Dx, be a language model over ¥*. For any two string-to-string maps f, f’ : ¥* — X%,
let fDs and f;Ds; be the corresponding pushforward distributions. Then drv (f;Ds, f{Ds) < Prp, (f(X) # f/(X))
where X ~ Ds.

Proof. Note that the sample space X* is countable. For any two distributions P and Q over X*, it is a well-known fact that
drv(P,Q) = %Zyez* P(y) — Q(y)|. Using this fact, we have:

drv(fD, /{D) = 3 3 |FiD() - D)

yex*
_ ;y; ‘%r(f(X) =y) - Pr(f'(X)=y)
_ % GZE: En[I(f(X) = y)] — Ep[I(f(X) = v)]]
<3 > EoIKJ(X) =5) = 100 = )]
- Z Ep[1(£(X) =y, f'(X) # ) + WF(X) # y. f(X) = y)]
— % ; Ep [I(f(X) =y, f(X) # f(X)] +Ep [I(f(X) =y, f(X) # f(X))]
- g:: Ep [I(f(X) =y, f(X) # f(X))]
- yz* Pr(f(X) =y, F'(X) # £(X))
- i’;fim # 1'(X)).

The second equality holds by the definition of the pushforward distribution. The inequality on the fourth line holds due
to the triangule inequality and the equality on the seventh line is due to the symmetry between f(X) and f/(X). The last
equality holds by the total law of probability. ]

Theorem 3.1. (Lower bound, Two-to-One) Consider a setting of universal machine translation task with two source
languages where X* = X7 U Y7, and the target language is L. Let g : X* — Z be an e-universal language mapping, then
for any decoder h : Z — X7, we have

ErrYL)([’]HL (hog)+ ErréllﬁL(h 0g)
> drv(Dry,(L), Dr,,L(L)) — €. 2)

Proof of Theorem 3.1. First, realize that drv (-, ) is a distance metric, the following chain of triangle inequalities hold:

drv(Dro,(L), Dry,.(L)) < d1v(DrL,, (L), (h o 9)¢Do)
+drv((hog)yD1,Dr, (L))
+ dov((h o g)sDo, (ho g)sDy).

Now by the assumption that g is an e-universal language mapping and Corollary 3.1, the third term on the RHS of the above
inequality, drv ((h o g)¢Do, (h o g)4D1), is upper bounded by e. Furthermore, note that since the following equality holds:

DL117L(L) = fziﬁLuDiv Vi € {07 1}7
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we can further simplify the above inequality as
dvv(Dry,(L), DL, (L)) < dvv(fL,—14Pos (ko 9)sDo) +drv((hog)sDi, f1,1,P1) +€
Now invoke Lemma 3.1 for ¢ € {0, 1} to upper bound the first two terms on the RHS, yielding:
drv(fz, 4D (hog)yDi) < gf ((hog)(X) # fi,,0(X)) = Eng " (hog).

A simple rearranging then completes the proof. ]

We now provide the proof of Theorem 3.2.

Theorem 3.2. (Lower bound, Many-to-Many) Consider a universal machine translation task where ¥* = | J, c[K] Y7, Let
Dy, L., 1,k € [K] be the joint distribution of sentences (parallel corpus) in translating from L; to Ly. If g : 3¥* — Z be an
e-universal language mapping, then for any decoder h : Z — ¥*, we have

max Erré;’fk (hog) >

i,k€[K]
! €
5 d Dy, L.).D L €
zé&%%ﬁx v (D1 (Lt) Do, 1 (L)) = 5
Z ErrL _>L’€ hog)
zkE[K]
! €
K2(K —1) > Y dev(Dr,y(Lk), Dy 1 (Li)) — 5
ke[K] i<j

Proof of Theorem 3.2. First let us fix a target language Ly,. For each pair of source languages L;, L;, i # j translating to
Ly, applying Theorem 3.1 gives us:

Effé;fk (hog)+ Eer (h 0g) > drv(Dr,L,(Lk), DL, 1, (Lk)) — €. (10)
Now consider the pair of source languages (L;-, L;-) with the maximum drv(Dr, r, (Lv), Dr;, 1, (L)):

. Lj«—Ly
23161[2}?(] Errk jL’“ (hog) > Eer‘ HL’“ (h og)+ Eer”LJ:L: (hog)

> DZEIQJX dTv(DLi,Lk(Lk%DLj,Lk (L)) —e. (11)

Since the above lower bound (11) holds for any target language L, taking a maximum over the target languages yields:

2 Errki 7% (ho g) > drv(D L), Dr. 1, (L)) —
Jna Brep, (hog) mnax max v (DrL;,1,(Lk), Dr;. 1, (L))
which completes the first part of the proof. For the second part, again, for a fixed target language Ly, to lower bound the
average error, we apply the triangle inequality in (10) iteratively for all pairs 7 < j, yielding:

K(K -1
- 1 Z ETI'L HLk hog) > ZdTV(DLi,Lk(Lk)aDL]',Lk (Lk)) - ¥6.

— 2
i€[K] 1<J

Dividing both sides by K (K — 1) gives the average translation error to L. Now summing over all the possible target
language Ly, yields:

1
Z ErréL_)f" hog) W Z ZdTV ,Z)L“L]c (Lk?) DLJ,Lk(Lk))
1,k€[K] ke[K] i<j

I\D\m
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B. Missing Proofs in Section 4

In this section we provide all the missing proofs in Section 4. Again, in what follows we will first restate the corresponding
theorems for the ease of reading and then provide the detailed proofs.

Lemma 4.1. If S = {(z;,2})}"_, is sampled i.i.d. according to the encoder-decoder generative process, the following
bound holds:

S~D" \ feF
€ —n€2
<2 —) - — .
= 2N 1637 eXp(16M4>

Proof. For f € F, define {s(f) := e(f) — €s(f) to be the generalization error of f on sample S. The first step is to prove
the following inequality holds for V f1, fo € F and any sample S

Pr <SUP e(f) —&s(f)l = 6)

[ls(f1) = Ls(f2)] < 8M -[|f1 = falloo-

In other words, ¢s(+) is a Lipschitz function in F w.r.t. the £, norm. To see, by definition of the generalization error, we
have

[ls(f1) — £s5(f2)]
= le(f1) —€s(f1) —e(f2) +Es(f2)]
<le(f1) —e(fo)l + [Es(f1) — Es(f2)l-

To get the desired upper bound, it suffices for us to bound |e(f1) — £(f2)| by ||f1 — f2||cc and the same technique could be
used to upper bound |€s(f1) — Es(f2)]| since the only difference lies in the measure where the expectation is taken over. We
now proceed to upper bound |e(f1) — £(f2)]:

le(f1) = e(f2)l = [Eann[ll f1(x) = X'|3] = Egun[ll fo(x) — x'|3]]
= [Egun[l /1303 = [ f2(x)[5 — 2" (f1(x) — fa(x))]|
< B (f1(x) = f2(x))T (f1(x) + fa(x)) = 2xT (f1(x) = f2(%))]
< Epon [|(f1(%) = f2(x)" (f1(x) + f2(3))|] + 2Bz [|XT (f1(x) = f2(x))]]
< Ezop [l f1(x ) L@ 1f1x) + fa )] + 2Eaup [[x] - [ f1(x) = fo(x)]]
< 2ME, p [[|f1(x) = fo(x)[|] + 2ME,wp [[| f1(x) — f2(x)]]
<AM| f1 = folloo-

In the proof above, the first inequality holds due to the monotonicity property of integral. The second inequality holds by
triangle inequality. The third one is due to Cauchy-Schwarz inequality. The fourth inequality holds by the assumption that
Vf € F, max;ex || f(x)|| < M and the identity mapping is in F so that ||x'|| = [Jid(x")]| < ||id(*)|lcc < M. The last one
holds due to the monotonicity property of integral.

It is easy to see that the same argument could also be used to show that |€5(f1) — €s(f2)] < 4M || f1 — f2|lcc- Combine
these two inequalities, we have

1s(f1) = Ls(f2)] < [e(f1) —e(fo)l + [Es(f1) — Es(f2)]
< 8M| f1 = f2lloo-

In the next step, we show that suppose F could be covered by k subsets C1, . .., Cy, i.e., F = U;c[y)C;. Then for any € > 0,
the following upper bound holds:

SE%" (;lelgws(f” >€) < Z Pr ( bUP [ls(f) > ).
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This follows from the union bound:

Pr (sup|ts(f)] = e¢)= Pr (| suplls(f)l =¢)

SVPT e S~pr ielk T€C

Next, within each L ball C; centered at f; with radius 15577 such that ' C U;c(xCi, we bound each term in the above
union bound as:

Pr (;25 [ts(f)l =€) < Pr ([€s(fi)l = /2).
To see this, realize that Vf € C;, we have || f — fi]loo < €/16M, which implies

€

Us(f) —Ls(fi)] <8M||f — fillo < =

[\

Hence we must have [(s(fi)| > €/2, otherwise sup s, |¢s(f)| < €. This argument means that

JPr (;gg ls(Nl 2 ) < Pr (Its(fi)l = ¢/2).

n

To finish the proof, we use the standard Hoeffding inequality to upper bound Prspn (|¢s(fi)| > €/2) as follows:
Pr (16s(7)| > /2) = Pr (I=(f) ~Es(f)] > e/2)

S~Dn
2n2(e/2)>
<200 (o7

e [
AN TIVZY A

Now combine everything together, we obtain the desired upper bound as stated in the lemma.

—~ € —n€2
sZ5e (?‘éﬁ’f(f =&z ) <N i) o (i) .

We next prove the generalization bound for a single pair of translation task:

Theorem 4.2. (Generalization, single task) Let .S be a sample of size n according to our generative process. Then for any
0 <0 < 1,forany f € F, w.p. atleast 1 — ¢, the following bound holds:

N log N (F, ) + log(1/6
s(f)355<f)+o<\/ ST i) + 0B/ )>. ™
Proof. This is a direct corollary of Lemma 4.1 by setting the upper bound in Lemma 4.1 to be § and solve for e. ]

We now provide the proof sketch of Theorem 4.3. The main proof idea is exactly the same as the one we have in the
deterministic setting, except that we replace the original definitions of errors and Lipschitzness with the generalized
definitions under the randomized setting.

Theorem 4.3. (Sample complexity under generative model, randomized setting) Suppose H is connected and the trained

{EL} e satisfy
VL,L, c H: gs(EL,DL/) <err,

for €7, 1 > 0. Furthermore, for 0 < § < 1 suppose the number of sentences for each aligned corpora for each training

pair (L,L') is Q (

< L » 16M

- (log N (F LLly 4 10g(K/6))>. Then, with probability 1 — §, for any pair of languages
(L,L'Ye LxLand L = Ly, Ls,...,L,, = L' apathbetween L and L in H, we have e(Er,, D/) < 2p? Z?:_ll €Ly,

Liyq-
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Proof Sketch. The first step is prove the corresponding error concentration lemma using covering numbers as the one
in Lemma 4.1. Again, due to the assumption that F is closed under composition, we have Dy, o E;, € F, hence it
suffices if we could prove a uniform convergence bound for an arbitrary function f € F. To this end, for f € F, define
ls(f) :=e(f) — €s(f) to be the generalization error of f on sample S. The first step is to prove the following inequality
holds for Vfi, fo € F and any sample S:

s (f1) —Ls(f2)] < 8M - || f1 — falloo-

In other words, £s(+) is a Lipschitz function in F w.r.t. the /., norm. To see this, by definition of the generalization error,
we have

[ls(f1) — Ls(f2)l = le(f1) —Es(f1) — e(f2) +Es(f2)l < |e(f1) — e(fe)| + [Es(f1) — Es(f2)l-

To get the desired upper bound, it suffices for us to bound |e(f1) — £(f2)| by ||f1 — f2||cc and the same technique could be
used to upper bound |€5(f1) — £s(f2)]| since the only difference lies in the measure where the expectation is taken over.

Before we proceed, in order to make the notation uncluttered, we first simplify e(f):

e(f) =Erpe [If = Drr 0 Bel o, i, ) -

Define z ~ D to mean the sampling process of (z,7,7") ~ Dpy(D x D,) x Dy x Dy, x := (x,7,7') and X' :=
DL/(EL(.’IZ‘,T/),’I">. Then

£(f) =B [If = Prr 0 Br 3, (x|
= Byl £x) — 3]

With the simplified notation, it is now clear that we essentially reduce the problem in the randomized setting to the original
one in the deterministic setting. Hence by using exactly the same proof as the one of Lemma 4.1, we can obtain the following
high probability bound:

—~ € —’I'L62
Pr (;gg ()~ Es(P] = ) <IN i) o (1o )
As a direct corollary, a similar generalization bound for a single pair of translation task like the one in Theorem 4.2 also
holds. To finish the proof, by the linearity of the expectation E,.,, it is clear that exactly the same chaining argument in the
proof of Theorem 4.1 could be used as well as the only thing we need to do is to take an additional expectation [E,. ,» at the
most outside level. |



