Complexity of Finding Stationary Points of Nonsmooth Nonconvex Functions

A. Proof of Lemmas in Preliminaries
A.1. Proof of Lemma 3

Proof. Let g(t) = f(z + t(y — z)) for t € [0, 1], then g is L||y — z||-Lipschitz implying that g is absolutely continuous.
Thus from the fundamental theorem of calculus (Lebesgue), g has a derivative ¢’ almost everywhere, and the derivative is
Lebesgue integrable such that

Moreover, if g is differentiable at ¢, then

Since this equality holds almost everywhere, we have

) — F(z) = g(1) - g(0) = / J (1)dt = / f(+ty — )y — z)dt.

A.2. Proof of Lemma 4

Proof. For any (t) = x+td as given in Definition 3, let ¢, — 0. Denote xj, = ¢(t1), x = ||z — x| — 0. By Proposition
1.6, we know that there exists gx ; € Uyca+s, 80.f(y) such that

f(oy) = f(x) = (grj, T — ).
By the existence of directional derivative, we know that

. N _
Jm (gy, . d) = lim i [z, d)

gk,; 1s in a bounded set with norm less than L. The Lemma follows by the fact that any accumulation point of gy, ; is in

Of(z) due to upper-semicontinuity of 0 f(z). O

B. Proof of Lemmas in Algorithm Complexity
B.1. Proof of Theorem 5

Our proof strategy is similar to Theorem 1.1.2 in (Nesterov, 2018), where we use the resisting strategy to prove lower bound.
Given a one dimensional function f, let z, k € [1, K] be the sequence of points queried in ascending order instead of query
order. We assume without loss of generality that the initial point is queried and is an element of {xk}szo (otherwise, query
the initial point first before proceeding with the algorithm).

Then we define the resisting strategy: always return

f(x)=0,and Vf(z)=L.

If we can prove that for any set of points xy, k € [1, K|, there exists two functions such that they satisfy the resisting strategy
f(zr) =0,and Vf(xx) = L,k € [1, K], and that the two functions do not share any common stationary points, then
we know no randomized/deterministic can return an e—stationary points with probability more than 1/2 for both functions
simultaneously. In other word, no algorithm that query K points can distinguish these two functions. Hence we proved the
theorem following the definition of complexity in (5) with 6 = 0.

All we need to do is to show that such two functions exist in the Lemma below.

Lemma 12. Given a finite sequence of real numbers {xy }re(1,x) € R, there is a family of functions fo € F(A, L) such
that for any k € [1, K|,
folxg) =0 and Vifo(xx)=1L

and for e sufficiently small, the set of e-stationary points of f are all disjoint, i.e {e-stationary points of fy, } N {e-stationary
points of fo,} = 0 for any 61 # 0.
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Proof. Up to a permutation of the indices, we could reorder the sequence in the increasing order. WLOG, we assume xy, is
increasing. Let § = min{ming, ., {|z; — z;|}, £ }. Forany 0 < 6 < 1/2, we define fj by

fo(x) = —L(x —x1 +206) for z € (—o0,z1 — 6]

fo(z) = L(z — xy) for xe[xk—e&xk—i_;k“_g(g]
Tk + T+t

fo(z) = —L(x — k41 + 206) for z € { 5

— 00, Thpr — 95}

folx) = L(x —xg) x € [wx + 06, +00).

It is clear that fjy is directional differentiable at all point and V fg(x;) = L. Moreover, the minimum f; = —L86 > —A.
This implies that fp € F(A, L). Note that V fy = L or —L except at the local extremum. Therefore, for any € < L the set
of e-stationary points of fy are exactly

Tk + Tr41

{e-stationary points of fo} = {xx — 66 | k € [1, K]} U { 5

—66 | ke [1,K—1]},
which is clearly distinct for different choice of 6. O

B.2. Proof of Proposition 6

Proof. When x is (57, 5) stationary, we have d(0,0f(z + 57 B)) < 5. By definition, we could find g €
conv(Uyez+.= BV f(y)) such that [|g|| < 2¢/3. This means, there exists z1,- -, 3 € z + 57 B, and oy, - -+ , oy € [0, 1]

such that ay + --- + o = 1 and

k
g= Z a;V f(x;)
i=1

Therefore
V@) < llgll + IV f(z) — gl
2¢ k
<3+ L alViE - Vi
k
2
<5+ alle -
i=1
2¢ €
it JL— =
=3 + 2 e} 3L €
Therefore, x is an e-stationary point in the standard sense. O
B.3. Proof of Lemma 7

Proof. First, we show that the limit exists. By Lipschitzness and Jenson inequality, we know that 0 f(x + ;41 B) lies
in a bounded ball with radius L. For any sequence of {d; } with &5 | 0, we know that 0f(x + 011 B) C 9f(x + 0, B).
Therefore, the limit exists by the monotone convergence theorem.

Next, we show that lims o 0f(z + 6B) = 0f(z). For one direction, we show that 0f(x) C lims o 0f(x + ¢B). This
follows by proposition 1.5 and the fact that

UyeatsB9f(y) C conv(Uyerrs80f(y)) = 0f (x + 6 B).

Next, we show the other direction lims o 0f(x + 6 B) C 0f(x). By upper semicontinuity, we know that for any ¢ > 0,
there exists > 0 such that

Uyeats50f(y) C Of (x) + eB.
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Then by convexity of f(z) and e B, we know that their Minkowski sum 0 f (x) + €B is convex. Therefore, we conclude
that for any € > 0, there exists & > 0 such that

0f(z +0B) = conv(Uyes+550f (y)) C Of (x) + B,

C. Proof of Theorem 8
Before we prove the theorem, we first analyze how many times the algorithm iterates in the while loop.

Lemma 13. Let K = 82 Givent € [1,T),

Ellmec )] < 1o

where for convenience of analysis, we define my j, = 0 for all k > kg if the k-loop breaks at (t, ko). Consequently, for any
v < 1, with probability 1 — ~, there are at most log(1/7) restarts of the while loop at the t-th iteration.

Proof. Let i = oY1, -, Yt k+1), then zy g, my i € Fr . We denote D, i, as the event that k-loop does not break at
Ty g, 1€ || my k|l > eand f(zy k) — f(z) > —w. It is clear that Dy i, € &y k.

Let y(A) = (1 — M)zt + Awr g, A € [0,1]. Note that 7v/(\) = z¢ p — 2y = —0

m Since y: j+1 1s uniformly sampled

from line segment [z, z; x|, we know

1
E[gt,k+1, Ttk — Te)|Se.k] = /0 I (v(@), xe e — x)dt = fzer) — f(xe)

where the second equality comes from directional differentiability. Since z; 1 — zp = —6 ﬁ, we know that
me ke
El{g1icrrme ) o] = 2 (1)~ o)) )

By construction my 11 = Bmy i + (1 — B8)gt k41 under Dy, N -+ - N Dy 1, and my 41 = 0 otherwise. Therefore,

E[[|me s |?[.x]
:]E[Hﬂmt,k +(1— 5)9t,k+1||2]lDt,m~~th,1 \St,k]
< (BPlmesll® + (1 = B)*L* 4 2B8(1 = B)E[(gt kt1, Mt ) |Te.k]) L, prnDys

< meal? + (- B2 — 2801~ I (10 4) — f2)) 1,
2
< lmeel? + (1 - 2L + 2601 — gy el

where in the third line, we use the fact 8, D, N --- N Dy1 € §y ks in the fourth line we use the fact under Dy g,
flrer) — flze) > — M. The last equation is a quadratic function with respect to 3, which could be rewritten as

2
h(B) = Bz(Hmt kll? —|—L2) —25(L2 _ [l i | )+L2.
It achieves the minimum at 5 = %, which belongs to §; . Since ||my ;|| < L, we have

L? 9
W= ————— i < <1 ) e |
e k11 ’ 2
L2+ 2’“ 3L
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Therefore,

E[”mt,k+1”2]
=E[E[||me 51 ]*|e.x]]

G )
<E [(1 Y o

™y 2
< (1= 2t g2

where the last inequality follows from Jensen’s inequality under the fact that the function # — (1 — 2/3L?)x is concave.
Now consider the sequence v, = E[||m x[|?]/L? € [0, 1], we get

1 1 1 1
Z 2 sl P
Vg1 Uk —UR/3 T up 3

V41 gvk—v,%/?) —

Knowing that v; < 1, we therefore have
3

<2
Uk =

When K > 4§§2 , we have E[||my k[|?] < %. Therefore, by Markov inequality, P{||m, k|| > €} < 1/4. In other word, the
while-loop restart with probability at most 1/4. Therefore, with probability 1 — +, there are at most log(1/~) restarts. [

Now we are ready to prove the main theorem.

Proof of Theorem 8. We notice that m; j, is always a convex combinations of generalized gradients within the ¢ ball of x,
ie.
mex € 0f (v + 6B) = conv(Uyea, +559f(y))

Therefore, if at any ¢, k, ||m, k|| < ¢, then the corresponding x, is a (4, €) approximate stationary point. To show that our
algorithm always find a ||m, k|| < €, we need to control the number of times the descent condition is satisfied, which breaks
the while-loop without satisfying ||m, || < e. Indeed, when the descent condition holds, we have

S|l k|| de
flaer) = fla) < ———— <=7,
4 4
where we use the fact ||m, ;|| > €, otherwise, the algorithm already terminates. Consequently, there are at most ‘g—f —-1=
T — 1 iterations that the descent condition holds. As a result, for at least one ¢ , the while-loop ends providing a (4, €)

approximate stationary point.

By Lemma 13, we know that with probability 1 — Z—‘SAG, the ¢-th iteration terminates in 10g(3—§6) restarts. Consequently, with

probability 1 — +, the algorithm returns a (J, €) approximate stationary point using

wl % oracle calls
35 8 ~de ’

D. Proof of Theorem 10

Stochastic INGD has convergence guarantee as stated in the next theorem.

Theorem 14. Under the stochastic Assumption 1, the Stochastic INGD algorithm in Algorithm 2 with parameters 3 =

1— %, %, qg=4Gp, T = % max{1, %}, K = pd has algorithm complexity upper
bounded by

216G3A In(16G /) G§ - (G3A
s maux{l,g—A —O<646>.
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Proof. First, we are going to show that

T
Z [llmall] < e/4. ®)

’ﬂ \

From construction of the descent direction, we have

Imerill* = (1= B)2llg(yes1)II* + 281 = B)(g(ye41), me) + B[l ©)

Multiply both side by n; and sum over ¢, we get

T

0=(01- Zmllg (W) I +28(1 = B) D _(g(yesa), memy +Z77t (=lmeal? + B2{lme?) - (10)

t=1 t=1 t=1

We remark that at each iteration, we have two randomized/stochastic procedure: first we draw y;; randomly between
the segment [z, 2+41], second we draw a stochastic gradient at ;1. For convenience of analysis, we denote G; as the
sigma field generated by g(y;), and ); as the sigma field generated by y;. Clearly, G, C Vi1 C Gy11. By definition 7 is
determined by m;, which is further determined by g;. Hence, the vectors my, 7; and x;,, are G;-measurable.

Now we analyze each term one by one.
Term i: This term could be easily bound by
2 1 2 1 2 G*
Emellg(yes )] < 5]E[Hg(yt+1)|| I= gE[E[Ilg(ym)H |Visa]] < ” (11)

Term ii: Note that nym; = z; — x441, we have

E[(g(ye+1), neme) | gt] E[E[(g(yt+1), 2t — Te11) | Vig]| Gil
[ (yt+1,33t $t+1)| gt]

= /[ | (@1 + M@y — 2g1); 20 — Tep1)dA
0,1

= f(It) - f(xt+1)7

where the second line we use the property of the oracle given in Assumption 1(b). Thus by taking the expectation, we have

T

ZEKg(ytJrl)ﬂltmO] =E[f(z1) - f(zr11)] <A

t=1

Term iii: we would like to develop a telescopic sum for the third term, however this is non-trivial since the stepsize 7 is
adaptive. Extensive algebraic manipulation is involved.

T

D me(=lmest|® + B2l |?)

t+1 2 t
——E —+f E —_—
pllme|l +q

t=1 = plimell +q

T 2 2 T 2 2
:Z (‘mt+1| + [l > _ Z [meqa 522 ([l
—\pllmell +q  plmeall+a/) = Plmeetl +a < pllmell +q
T . 2 T+1 2
:ZpHmmH (mell = lmasall) | go Il F@E-nY [[72¢ ] (12)
= @lmell + Q) @llmel +4¢) — plimll+4q = pllmall +4¢
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2
The second equality subtract and add the same terms menll The Jast

The first equality follows by 7, = Plmes T

equality regroups the terms.

1
pllmel[+q°

‘We now prove the first term in (12) admits the following upper bound:

g1 ||? (1= B)plg(yer )l [lmell?
pllmesi| +q q pllm| +q

pllmea | (Il = llmega )
(pllmell + @) (llmesall + )

<(1- (13)

Note that if ||m41]| > ||m¢|| then the inequality trivially holds. Thus, we only need to consider the case when ||m;41]| <
||m:]]. By triangle inequality,

el = lImegall < llme —miga || = (1= B)llme — g(yer)|
< (1= B)lmell + Nlg(wer)1)-

Therefore, substitue the above inequality into lefthand side of (13) and regroup the fractions,

plimealPUmell = llmecal) _ o pllmeca( = B)Umell + llg(wrs)ll)
(pllmell + @) (pllmesall +q) — (pllmell + @) (pllmesall + @)
- a- [meal®  pllmell (1= B)plger )l lmagal?
pllmeta| + g pllmell + ¢ pllmell+q  plmesall +q
< [l [? (L =B)plglyer DIl el
- plimesil +q q pllmell + ¢’

where the last step we use the fact that ||[m;1]| < ||m|| and the function x — 2%/(px + q) is increasing on R. Now,
taking expectation on both sides of (13) yields

sl el = Jmeal)) g gy [_lmesal® ] E[” e )? }
(plmell + @) pllmes | + ) plmel +a) 9Dl o
[ g ? ([ |
= =P | et + 4] 2 [E lotuer 6] 2 +q]
g(l—ﬂ)E_ ||mt+1H2 _+ (1* GE{ |mt||2 ]
L pllmsa || + g pllmell +q
< (1 — g [meal® ] { |2 }
L pllmega ]l + ¢ pllme|l + ¢

where the third inequality follows by the fact that E[||g(yi+1/|G¢] < V'L? + o2 and the last inequality follows from our
choice of parameters ensuring pG/q < 3/2.

Now we are ready to proceed the telescopic summing. Summing up over ¢ and yields

T

STE [e(—lmesa || + 62[lmel®)]

= ﬁ)iE[ e |2 ]ﬂ—fi[g[W]MZE[W}WLD%E[W]

—  Lpllmisall + ¢ —  Lpllme +q pllmall +4q — Lol +q
T+1
:52+6E[ 1 } Bi { [ }
2 [pllmal +¢ " [ plme] + ¢
T+1
:521[-3[ [l || ] 52 [ ] ]
plmal +4q 2 [ pme] + ¢
52@2 BTZ“ { [EAR }
pllmell + ¢

t=1
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The first inequality uses (13). The third line and the foruth line regroup the terms. The last line follows by p||m1| + ¢ > ¢
and E[||m1]|?] < G2

Combine all term i, ii and iii in (10) yields

22 2
+T(1—5)2%.

_ g2 TH! 2
’ Qﬁ ZELMJ 25(1—5)]E[f($1)—f($T+1)]+5
t=1

Multiply both side by ﬁ we get

T 2 2 _ 2

+ -
25 il +a) = T T TA-8) 3

_ 64G%1In(16G/e€)

We may assume ¢ < G, otherwise any z; is a (4, €)-stationary point. Then by choosing =1 — &7z, p = 5oz ,
_ 256G° 1;;(166'/6) T — 216G3A€i%(16c:/e) max{1, SA} have
AG]m? } ¢
l < — 15)
Z [Hth +4G

Note that the function z — 22 /(z + 4G) is convex, thus by Jensen’s inequality, for any ¢, we have

2 2
AGE [[[m | <E[4G|mt } 16)

Elllmell) +4G = Llme]| + 4G

Let’s denote

1 T
Mavg = T ZE [”mt”] ’
t=1

then again by Jensen’s inequality,
4Gm2,y 1~ AGE([|Im)* _ ¢
__avg < = — <
Mavg +4G — T = E[[[mu[|] + 4G — 17

Solving the quadratic inequality with respect to m,4 and using e < G, we have

1 T
= S Bl <
t=1

N

In contrast to the smooth case, we cannot directly conclude from this inequality since m; is not the gradient at x;. Indeed, it
is the convex combination of all previous stochastic gradients. Therefore, we still need to find a reference point such that m;
is approximately in the d-subdifferential of the reference point. Note that

t

my = Z aig(yi) + B mu_ ke

i=t—K+1

Intuitively, when K is sufficiently large, the contribution of the last term in m, is negligible. In which case, we could deduce
my is approximately in 0 f (z;_ x + 6 B). More precisely, with 3 = 1 — %, as long as K > 61—%‘21 (189), we have
K €
< —.
prs 16G
This is a simple analysis result using the fact that In(1 — z) < —z. Then by Assumption on the oracle, we know that
Elg(y:)|Vi] € 0f(y;) and |ly; — zi— k|| < % <¢foranyi € [t — K + 1,¢|. Thus,

Elg(yi)|zi—k] € Of (z4—x + 6B).
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Xq X X3
Figure 2.

Consequently, the convex combination

t

s > olo(u)leir] €Of(@k +0B)
ti=t—K+1

Note that 3~ a; = 1 — 3%, the above inclusion could be rewritten as

ﬁ(E[mt‘xt—K] — BEmy_k) € 0f(xi_x + OB).

This implies that conditioned on x;_

00,071+ 5B) < T (1Bl [0 sll| + 5 me-k1) < 15z (Bllmallre-) + 5% el
Therefore, by taking the expectation,
E[d(0, 0f (re—xc +0B)] < = (Elllmil] + $5G) < —— (Ellmal] + =) = T Ellmel]] + <.
-5 1-1% 16 15 15
Finally, averaging over t = 1 to 7" yields,
16 — € €
TZE (0,0f(zt—K +0B))] 72_: [[[me]]] + *5§§

t=1

When t < K, 0f(xs—x + 6B) simply means 0f(x1 4+ 0B). As a result, if we randomly out put 2,1+~ k) among
t € [1,T], then with at least probability 2/3, the §-subdifferential set contains an element with norm smaller than e. To
achieve 1 —  probability result for arbitrary ~, it suffices to repeat the algorithm log(1/~) times.

O

E. Proof of Theorem 11

Proof. The proof idea is similar to Proof of Theorem 5. Since the algorithm does not have access to function value, our
resisting strategy now always returns

Vi(z)=1

If we can prove that for any set of points zy, k € [1, K], K < g 5, there exists two one dimensional functions such that they
satisfy the resisting strategy V f(zx) = 1,k € [1, K], and that the two functions do not have two stationary points that are
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d close to each other, then we know no randomized/deterministic can return an (4, €)—stationary points with probability
more than 1/2 for both functions simultaneously. In other word, no algorithm that query K points can distinguish these two
functions. Hence we proved the theorem following the definition of complexity in (5).

From now on, let z, k € [1, K] be the sequence of points queried after sorting in ascending order. Below, we construct two
functions such that V f(x) = 1,k € [1, K], and that the two functions do not have two stationary points that are ¢ close to
each other. Assume WLOG that x, are ascending. First, we define f : R — R as follows:

f(zo0) =0,

fl(x)=-1 if z<mz —20,
f'(z) =1 ifexistsi € [K]suchthat |z —z;| <26,

f/(r) =—1 ifexistsi € [K]suchthat z € [z; + 26, %]7
f'(x) =1 ifexistsi € [K]suchthat x € [%@H—l 2],

fllxy=1 if x>z +20

A schematic picture is shown in Figure 2. It is clear that this function satisfies the resisting strategy. It also has stationary
points that are at least 46 apart. Therefore, simply by shifting the function by 1.55, we get the second function.

The only thing left to check is that sup,, f(xx) — inf, f(z) < A. By construction, we note that the value from x; to x;41 is
non decreasing and increase by at most 46

sup f(xg) — f(xo) < 40K < A/2. (17
k

We further notice that the global minimum of the function is achieved at 2 — 29, and f(xg — 29) = —20 < 46K < A/2.
Combined with (17), we get,

Sup f(ay) —inf f(z) < A. (18)

O



