Variance Reduction in Stochastic Particle-Optimization Sampling

A. More Details about the Notation

e One may notice the different use of 8 and 6. € is mostly used for the interpretation of the theory; and 6 is only used for
the interpretation of algorithms, which means 6 often appears with k& (which stands for the kth interation ) like 6. The
rules also apply for the results in Appendix.

e The symbol 1(H; < Hs) in Theorem 3 means
1(H, < H) = { - (13)

and the symbol H3 A H, means min{Hs, Hy}

e The relationship between RBF kernel x(0,60") = exp(—%) and the function K () = exp(—.
interpreted as k(0,0’) = K (6 — 0’) in detail.

B. The Positive Constants in Theorem 1, Theorem 2 and Theorem 3

For the sake of clarity, we present the following constants which are used in our theorems.
2(Hyk + Hp)
VM(B~' = 2HygLx — Ly — 2Lyk)
=V2(B'Lp +2LxH, + HxLr + Lyg)? + 2
=p" mp —2Lp —3H, Lk
Cs=pB"'Dp +4Dg>k +4HyLyk + 2LpHyk +2H, L + LpHg
Cs =287 10% + 2H%0?

Ch =

C. Convergence Guarantees for SAGA-LD, SVRG-LD and SVRG-LD"

In this section, we present the convergence guarantees for SAGA-LD, SVRG-LD and SVRG-LD+ from (Chatterji et al.,
2018; Zou et al., 2018).

Assumption 5 e (Sum-decomposable) The F(0) is decomposable, i.e., F(6) = Zjvzl F;(0).

o (Smoothness) F(0) is Lipschitz continuous with some positive constant, i.e., for all 01, F(61) — F(03)] <

Lp|6; — 62
o (Strong convexity) F(0) is a mp-strongly convex function, i.e., (F(01) — F(02)) (01 — 03) > mp |01 — 62]|.

o (Hessian Lischitz) There exits such a positive constant such that |VF(0,1) — VF(02)|| < Dp |61 — 02|

Assumption 6 (Bound Variance)* There exits a constant o > 0, such that for all j
E[||F;(6) — - Z | < do?/N?
N j=1

Theorem 4 Under Assumption 5, let the step size h < g L and the batch size B > 9, then we can have the following
bound for Wy (ur, pu*) for the SAGA-LD algorithm:

mrh
Wa(pr, 1) <5 exp(—TFT)Wz(uoyu*)Jr

OhDpd  2hLp3vd  24hLpVdN
+ +
mpg mpg A /mFB

This assumption is a little different from that in (Zou et al., 2018) since we adopt different definition of Fj
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Theorem 5 Under Assumption 5, if we choose Option I and set the step size h < g L , the batch size B > 2 and the epoch
length T > m—ph, then we can have the following bound for all (T mod T =0) for the SVRG-LD algorithm:

mph \/LF
W (pr, 1) <exp( 56 )\/rrTF (o, ™)+
9hDpd 2hLpivd  64L:\hd
+ +
mg mpg mpV B

If we choose Option 11 and set the step size h < 4‘/; , then we can have the following bound for all T for the SVRG-LD
algorithm:

mprh
Wa(pr, 1) < exp(——=T)Wa(po, 1i") +
V2hDpd N ShLp2+/d . OhLprVd

mrpgp mpgp BmF

1
3

Theorem 6 Under Assumption 5 and Assumption 6, if we set the step size h < min{(
have the following bound for all T for the SVRG-LD™ algorithm:

BC3 1
24C5472 ) ) 6T(C52/b+C2) }, we can

Wa(pr, 1*) < (1 — hmp/4) " Wa (uo, 1*)+

dl/? 2hDyd  2hLp3/2d1/?
3007 1 < Ny 4 20Pad | 2hlr
mFb1/2 mpg mpg
N 4hLp(Td)Y? A 3RY2d 20

BmF

D. Proof of the theorems in Section 4

In this section, we prove the theorems in Section 4. We have simplified our proofs because we want to make it easier to
understand. Our proof is based on the idea of (Zhang et al., 2020) and borrow some results from (Chatterji et al., 2018; Zou
et al., 2018). We first have the following update equation for SPOS:

do}fl) =—8" 1F 0( ) ZK 0( i) 0(‘1)) (et(Q))dt
1 i i .
+ 57 Z VKO —0)dt + /28 1aw? i (14)
q=1

As mention in Section 2.3, we denote the distribution of 0,5” in Eq.(14) as v;. From the proof of Theorem 5 in (Zhang et al.,
2020), we can derive that

2(Hvk + Hy)

W, Voca,uf* <
2( ) VM(B~' = 3HyLy — Ly — 2Lyk)

5)

In order to bound W (pr, 11*), we need to bound Wh (i1, Voo ). We borrow the idea in (Zhang et al., 2020), by concatenating

the particles at each time into a single vector representation, We define a new parameter at time ¢ as ©; = [Bt(l), , GZEM)] €
RMd_ Consequently, ®; is driven by the following linear SDE:
46, = —F®(©,)dt + /28~ 1aWw™M? (16)

where F©(®,) £ (571 F(0}") — 47 S23L, VE(6;" — 6i) + 3,0, K(6, — ;") F(0,").-- .5~ F(6,"")) -
5 2211 VEOM — 97y 4+ &= Zq:l K(OM — 0/)F(6{)] is a vector function RM4 — RMd and WM? s
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Brownian motion of dimension M d.

Define the FO(©) 2 ['F06") - XM vi@" - 67 + LM K@Y -
_ M M M M M

0/")E;(07), 57 (07) — 57 L VRO = 017) + 57 SuL K6 — 617)F(67)). - We can

find the F®(©,) and F° (©,) defined above satisfy the following theorem.

Theorem 7 e (Sum-decomposable) The F® (®) is decomposable, i.e., F®(©) = Z;\le FJQ(G)).

e (Strong convexity) F® is a (3~ mp——2Lp—3H; Lk )-strongly convex function, iti.e., (F®(©;) — F®(©,)) (01—
@2) < (6_1mp —2Lp — 3H1LK) H@l — @2H

e (Hessian Lischitz) The function F® is Hessian Lipschitz, i.e.,
4Hy Ly +2LpHykx +2H1 L + LFHK) H@l — (")2|

VF®(®1) — VF®(®2)H < (ﬂilDF +4Dg2 i +

e (Smoothness) F® is Lipschitz continuous with some positive constant, i.e., for all ©1,0, € RM4||F®(©;) —
F®(©,)|| < /2(B1Lr +2LkHy + HxLr + Lyg)? + 2|01 — O]

e (Bound Variance) There exits a constant, o > 0, such that for all j,

N
E[IFP(®) — > FO(@)|] < Md(25~" +2H})0*/N?
j=1

Proof

e The sum-decomposable property of F'©(®) is easy to verify.

e (Strong convexity)

M
(FO(©1) ~ FO(0:))() — @) = 1S (el, +&, + &, + €8 (7)

1,9
where

&y =57 (PO - F(6)))- (0 —ef)
&, =~ (VKO -6 - VK @©) —65")) - (61" — 6}")

5= (FOI)E @O - 6(7) — FOi) K (0" — 07)) - (60" — 65")

iq
4= (PO K6 - 01) - FOs™) K (65 — 6§™)) - (61 65"
For the leq terms, applying the convex condition for F', we have
Soe, =57 (P - F6e) - (6" - 6f)
iq iq

2
(18)

> 5_1mFMZ HOY) _ egi)
i
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For the gfq term, applying the concave condition for K and VK is odd, we have

M

36 =3 (VA o) - w6~ o) (o) ot

iq

M M
=y (VK (00 — 07) — V(8 — o)) - (0 — 0” — (65 — o))
iq 1q
2 I
,LVKZHQ() 9(])_9(]))“ > _QLVKMEZHQ‘(;)_ i (19)
For the ff’q terms, after applying the L g-Lipschitz property of F', we have
Zg = Y (RO KO - 61") — F(6i")K (8] — 01")) - (61" — 65")
iq
T e e
iq
> —2LpM Y He&"’ e (20)
For the £}, terms, we have
Zs =Y (RO K (6 - 61) - F(6i) K (85 — 65)) - (61" — 65")
iq
S ) [ O LRI [ PO
iq
, 2
> 3\ LgM Y. He@ —g{y 1)
Combining these bounds, we arrive at:
(F®(©1) — F®(©,)) (1 — ©,)
> (B~ mp — 2Ly — 2Lp — 3H1Li) Y || ~
> (B 'mp —2Lyx —2Lp — 3HpLE) |©; — O (22)

e Next, we will prove the third result:

|[VF®(©,) — VF®(O,)]

M M M
_ i i 2 i i
<Y |VEED) - vEOD)| + 30 3 [RK el - 6?) - V2K (6 - 65 +
i=1 i=1 q=1

M M

fZZIIVK (6 — 6\ F(6\7) — VK (8 — 057 F(657)]
1=1¢g=1
M M .

£ IR — o) VRO - K (65 - 65 V(6L
i=1 g=1

M M
<> 87 Dp||6f) - 69| + 4Dg2ic Y (1657 — 657]|+

i=1 i=1
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M M
S ST IVE®Y - 67 F(OL) - VK6 — 65 F(O1)]1+
i=1 ¢g=1

M M )
S S IVK(6S) — 0 (6 - VK (6 — 6 (o))
i=1 g=1

M M ]
EJWvW 61" )F(6;") — K (65" — 05”)F(61")]|+

qg=1

i
—

1K (65 — 0" F(87) — K (65 — 657 )F(6\”)|

< -
'M: i"‘
Mz

s
Il

-
=)
Il

_

M
<> 5 Dpljel” - @ _ g 4
=1
M
EIAWKW
” o o
23" Hi L Hef) 0| + Z LrHy Ha§” gy
=1 =1
< (B7'Dp +4Dy2 +4Hy Ly + 2LpHyk + 2H Lg + LpHg) |©1 — O,|| (23)

Similarly, we can easily verify that

|F®(©1) — F®(@,)|| < /2(B~'Lr + 2Lk Hy + HxLr + Lyk)? +2(/©1 — O]

o Finally, we prove the last result.

(] 1 - [C]
E[|FP(©) - 5 Y. FP(©

M 1 1 M @ 1 N M @
1 %) 1 (i (2) ) ay __ - (i) q
Z (1187 F5( B ZF 0 MZK(H 6')F;(0,™) MNZ K(6" —0')F;(6,")|"]
=1 q=1 Jj=1lg=1
N H2 1 N
< ZQEHB R8¢ Z N*+2 KEIIZ NZFJ'(G(“)) I1%]
i=1 j=1 j=1
M
< (2do” + 2H}cdo®) /N*
=1
< Md(20* + 2H},0%)/N? (24)

We apply Euler-Maruyama discretization to Eq.(16) and substitute G? for F©(0y,) to derive the following equation:
Ors1 = Ok — GPh+ /287 hEy, Ex ~ N(0,n1dxna)

Hence, different GS correspond to different algorithms for O, e.g., the SAGA-LD, SVRG-LD and SVRG-LD™ algorithms.
It is worth noting that the SAGA-LD, SVRG-LD and SVRG-LD™ algorithms of Oy, is actually the corresponding SAGA-
POS, SVRG-POS and SVRG-POS™ algorithm of {6\"}.

This result is very important for our proof, which bridges the gap between the variance reduction in stochastic gradient
Langevin dynamics (SGLD) and variance reduction in stochastic particle-optimization sampling (SPOS). Thanks to the
Theorem 7, we can can verify F'© (@) satisfies the Assumption 5 and Assumption 6 (please notice the F'© (@) corresponds
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to the V F' in (Chatterji et al., 2018)). Hence, we can borrow the results in (Chatterji et al., 2018; Zou et al., 2018) and derive
some new results for the variance reduction techniques in stochastic particle-optimization sampling (SPOS).

We denotes the distribution of ® in Eq.(16) and the distribution of Oy in Eq.(25) as I'; and and Aj. Now we can derive the
following theorems, with C7,C5,C'3,Cy and C'5 defined in Section 4.

Theorem 8 Let the step size h <
algorithm of ©y, as:

5 NC and the batch size B > 9. We have the bound for Wa(Ar,T' ) in the SAGA-LD

Csh
Wa(Ar,Too) §5exp(f%T)W2(Ao,Foo)+

2hC,Md N 2hCy2+/Md N 24hCy/MdN
Cs Cs Vs B

Theorem 9 If we choose Option I and set the step size h < SC , the batch size B > 2 and the epoch length T >
can have the bound for all (T mod T =0) in the SVRG-LD algOrtthm of O as:

Ch’We

Csh__ +/C
Wa(Ar,Tc) S exp(——T) w;wQ(Ao, so)+
2hC Md " Qth\/Md n 64022 vhMd
Cs Cs VBCs

If we choose Option 11 and set the step size h < 4‘/; , we can have the bound for all T in the SVRG-LD algorithm of O as:

Csh
Wa(Ar,Tw) < exp(—%T)V\b(Ao, Too)+

ﬁhchd 5hCy2 /M d+9hC’2ﬂ/Md
03 Cg BCg

Theorem 10 If we set the step size h < min{ (52
SVRG-LD™ of ©}, as:

53C, 472 )%7 67(0521/b+02) }, we can have the bound for all T in the algorithm

Wa(Ar,Too) < (1 — hCy/4)TWa (o, 1*)+

_ 1/2 3/2 1/2
3Cs(Md)'/? | (b< N+ 2h(Cy M d) N 2hCo3/2 (Md)
C3b1/? Cs Cs
N 4hCyo(TMd)Y? A\ 3RM2(Md)/2Cs

BCs

Next, we derive a proposition, which will be useful to connecting the Wy (A7, T'w,) and Wh(pir, Voo ) mentioned above. For
simplicity of notations, we directly use # and © themselves to denote their own distributions.

Proposition 11 Define ®, and ©®, as ®, £ [951), e ,OgM)] € RM? gnd 9, & [051), e O(M)] € RM4. We have

M
S n36,65) < W3(©4,0,) (25)

i=1

Proof According to the Eq.(4.2) in (Soheil Feizi & Tse), we can write the Wg(@%i), 95”) in the following optimizaition:

w2(e,6(") =E|6\" | + Ell6S” ||
+2 sup {~E[¢(6")] - E[¢*(65")]} (26)

¢:convex
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where ¢* () £ sup,, (v70 — ¢(6)) is the convex-conjugate of the function ¢. Assume ¢; is the optimal function of Eq.26. It
is trivial to verify that ¥(®) £ Zﬁl $;(0@) is a convex function. Due to the property of conjugate functions, we have

(@) = Zﬁl #1(8%). Now we can derive the following result:

M M
S nze1,65) =S (El6 | + E69 |2 + 2(~E[¢:(61")] — El;(85)])}
=1 i=1

= E|©:]? + E| s> + 2(~E[¥(©,)] — E[¥*(©5)])

S W22(®17 92) )

which finishes our proof.

We should notice that due to the exchangeability of the M -particles system {9,8')} in our SPOS-type sampling, the distribution

of each particle 0¥) at the same time is identical. Hence, using Proposition 11, we can derive

1
Wa(pr, ve) < ﬁWZ(ATaFoo) 27)

To further proceed, we need to make a mild assumption that Wa (7, veo) < mWQ (A7, T ). We wish to make some
comments on the additional assumption. This assumption is reasonable. With this assumption, we can make the claim that the
improvement of SVRG-POS over SVRG-LD is more significant than that of SAGA-POS over SAGA-LD, which is actually
verified by our experiments, implying the reasonability of our assumption. Moreover, this assumption does not conflict
with our result, because Wa (i1, Voo ) < WWQ(AT, I'y) < ﬁm (A7, T« ). Furthermore, this assumption can be

supported from a theoretical perspective. Consider the continuous function log (Wg (©1,02)M/ Z?; Wa (Oii) , 05“)) —

1/2. In a bounded space considered in practice, the above function is bounded from below. Since in practice we cannot use
infinite particles, the required o does exist within the positive minima for every M mentioned above. Although we do not
aim at giving an explicit expression for it, the existence is enough to explain the experiment results in our paper. Last, this
assumption is supported in the algorithm itself. Please notice the fact that SPOS can be viewed as the combination of SVGD
and SGLD. The SVGD part can constrain our algorithm to maintain some good properties that SGLD does not endow.

Proof of Theorem 1, Theorem 2 and Theorem 3 Applying the results for W5 (A7, ') in Theorem 8, Theorem 9 and
Theorem 10, we can get the corresponding results for Wa (jir, Voo ) in the SAGA-POS, SVRG-POS and SVRG-POS™. Then
we can bound Wh (pur, p*),which is what we desire, with the following fact

Wa(pr, 1*) < Wapr, Voo) + Wa(Voo, 17) (28)
Note that from the proof of Theorem 3 and Remark 1 in (Zhang et al., 2020), we can get that
Gy
Wa (Voo, 1) < 29

Apply the results in Theorem 8, Theorem 9 and Theorem 10 above, we can prove Theorem 1, Theorem 2 and Theorem 3.

E. Comparison between SPOS and its Variance-Reduction Counterpart

In (Zhang et al., 2020), the authors use the distance By defined as By £ sup [E,,,.[f(0)] — E,~[f(0)]|- When || f|l1ip < 1,
Br is equivalent to Wi (ur, 1*). According the proof in (Zhang et al., 2020), the authors did give a bound in terms of
Wi (pr, ). With the results in (Zhang et al., 2020), we can get the following theorem:

Theorem 12 (Fixed Stepsize) Under Assumption 1, there exit some positive constants (c1, c2, C3, C4, Cs, Cg ) such that the
bound for Wy (ur, u*) in the SPOS algorithm satisfies:

a +egexp{—2 (8 'mp — 2Lk — Lp) Th} + c¢Md? 3(csB2B~1 + ¢5h) 2 T2h? .
2

Wi (pr, 1) < W
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Firstly, we should notice that the third term c3Md2 873(c432B ™1 + ¢sh)2 T2 h on the right side increases with T’ and
M. However, the bound for SAGA-POS, SVRG-POS and SVRG-POS™ in our paper decrease with both 7" and M, which
means that the bound for SAGA-POS, SVRG-POS and SVRG-POS™ are tighter than the bound of SPOS. Furthermore, the
convergence of SPOS is characterized in Wy (ur, u*). But the convergence of SAGA-POS, SVRG-POS and SVRG-POS™
are characterized by Wy (ur, p*). Due to the well-known fact that Wy (ur, 1*) < Wh (ur, u*), we can verify that SAGA-
POS, SVRG-POS and SVRG-POS™ can outperform SPOS in theory. Although the result for SPOS in (Zhang et al., 2020)
may be improved in the future, we believe that SAGA-POS, SVRG-POS and SVRG-POS™ still can perform better, which
has been verified in experiments in our paper.

F. More Experiments Results

We further examine the impact of the number of particles to the convergence rates of variance-reduced SGLD and SPOS. As
indicated by Theorems 1-3 (discussed in Remark 1 and 2), when the number of particles are large enough, the convergence
rates of SAGA-POS and SVRG-POS would both outperform their SGLD counterparts. In addition, the performance gap
would increase with increasing M, as indicated in Remark 4. We conduct experiments on the Australian dataset by varying
the particle numbers among {1, 8,16, 32}. The results are plotted in Figure 5, which are roughly aligned with our theory.
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Figure 5. Testing accuracy and log-likelihood vs the number of data pass for SPOS with varying number of particles.



