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Abstract

This paper studies the lower bound complexity for
minimax optimization problem whose objective
function is the average of n individual smooth
convex-concave functions. We consider the al-
gorithm which has access to gradient and prox-
imal oracle for each individual component. For
the strongly-convex-strongly-concave case, we
prove such an algorithm can not reach an e-saddle
point in fewer than Q ((n + x)log(1/¢)) itera-
tions, where x is the condition number of the
objective function. This lower bound matches the
upper bound of the existing proximal incremen-
tal first-order oracle algorithm in some specific
case. We develop a novel construction to show
the above result, which partitions the tridiagonal
matrix of classical examples into n groups. This
construction is friendly to the analysis of incre-
mental gradient and proximal oracle and we also
extend the analysis to general convex-concave
cases.

1. Introduction

We consider the following minimax optimization problem

n

min max f(x,y) = %Zfi(X,Y)y (D

XEX yeY 1
i=

where each individual component f;(x,y) is L-smooth,
convex in x and concave in y; the feasible sets X and )
are close and convex such that X C R and ) C R%.
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This formulation contains several popular machine learning
applications such as matrix games (Carmon et al., 2019;
Ibrahim et al., 2019), regularized empirical risk minimiza-
tion (Zhang & Xiao, 2017; Tan et al., 2018), AUC maxi-
mization (Joachims, 2005; Ying et al., 2016; Shen et al.,
2018), robust optimization (Ben-Tal et al., 2009; Yan et al.,
2019) and reinforcement learning (Du et al., 2017).

A popular approach for solving minimax problems is the
first order algorithm which iterates with gradient and proxi-
mal point operation (Korpelevich, 1977; Chen & Rockafel-
lar, 1997; Chambolle & Pock, 2011; 2016; Mokhtari et al.,
2019a;b; Thekumparampil et al., 2019). Zhang et al. (2019);
Ibrahim et al. (2019) presented tight lower bounds for solv-
ing strongly-convex-strongly-concave minimax problems
by first order algorithms. Ouyang & Xu (2018) studied a
more general case that the objective function is possibly
not strongly-convex or strongly-concave. However, these
analyses (Ouyang & Xu, 2018; Zhang et al., 2019; Ibrahim
et al., 2019) do not consider the specific finite-sum structure
as in Problem (1). They only consider the deterministic first
order algorithms which are based on the full gradient and
exact proximal point iteration.

In big data regime, the number of components n in Prob-
lem (1) could be very large and we would like to devise
stochastic optimization algorithms that avoid accessing the
full gradient frequently. For example, Palaniappan & Bach
(2016) used stochastic variance reduced gradient algorithms
to solve (1). Similar to convex optimization, one can accel-
erate it by catalyst (Lin et al., 2018; Palaniappan & Bach,
2016) and proximal point (Defazio, 2016; Luo et al., 2019)
techniques. Although stochastic optimization algorithms
are widely used for solving minimax problems, the study of
their lower bounds complexity is still open. All of existing
lower bound analysis for stochastic optimization are focused
on convex or nonconvex minimization problems (Agarwal
& Bottou, 2015; Woodworth & Srebro, 2016; Carmon et al.,
2017; Lan & Zhou, 2017; Fang et al., 2018; Arjevani et al.,
2019).

This paper focuses on stochastic first order methods for solv-
ing Problem (1), which access to the Proximal Incremental
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First-order Oracle (PIFO), that is,

hy (%,y,7)

2
é[fi(xv y)’ Vfi(X, }’)aPI"OX}i(X,Y)aPX(X)vpy(Y)}a ( )

where i € {1,...,n}, v > 0, the proximal operator is
defined as

A

prox; (x,y)

. 1 2 1 2
arg min max {ﬁ-(u, VL x— = Ly - v } ,
ucRdz veRd 2y 22y 2

and the projection operator is defined as

Px(x) = argmin |ju — x||, , Py(y) = argmin ||v — y||, .
uceXx vey
We also define the Incremental First-order Oracle (IFO)

g1 (Xayv’Y) = [fi(X7Y>7vfi(xay>7PX(X)7Py(Y)] :

PIFO provides more information than IFO and it would be
potentially more powerful than IFO in first order optimiza-
tion algorithms. Our goal is to find an e-saddle point whose
Euclidean squared distance to the exact solution of Problem
(1) is not larger than € or e-suboptimal solution such that
the primal dual gap is not larger than €.

In this paper we show that the PIFO algorithm requires at
least Q((n+ L/p)log(1/¢)) complexity to find an e-saddle
point of Problem (1) when each f; is L-smooth and convex-
concave; f is u-strongly-convex-pu-strongly-concave. This
result matches the upper bound of the existing PIFO al-
gorithm (Zhang & Xiao, 2017; Lan & Zhou, 2017) for
some specific bilinear problems. We also consider more
general cases. When f is u-strongly-concave but possibly
non-strongly-concave, we establish a PIFO lower bound
complexity Q(n + L//u€). If there is neither strongly-
convexity nor strongly-concavity assumption, we prove that
the PIFO lower bound will be Q(n + L/¢).

The above results are mainly due to a novel lower bound
analysis framework proposed in this paper, which is quite
different from previous work. Our construction decom-
poses Nesterov’s classical tridiagonal matrix into n groups
and it facilitates the analysis for both the IFO and PIFO
algorithms. In contrast, previous work is based on an ag-
gregation method (Lan & Zhou, 2017; Zhou & Gu, 2019)
or a very complicated adversarial construction (Woodworth
& Srebro, 2016). Their results do not cover the minimax
problems.

The remainder of the paper is organized as follows. In Sec-
tion 2, we present preliminaries. In Section 3, we introduce
the basic idea of our analysis framework. In Section 4, we
provide the specific construction for the lower bound anal-
ysis. We compare our method to related work in Section 5
and conclude this work in Section 6.

2. Preliminaries

We first introduce the preliminaries used in this paper.

Definition 1. For a differentiable function ¢(x,y) from
X xYtoRand L > 0, ¢ is said to be L-smooth if its
gradient is L-Lipschitz continuous; that is, for any x1,Xo €
X andyi,y2 € Y, we have

X1 — X2
Y1 —Y2

[Vo(x1,¥1) — Vo(x2,y2)[l2 < L ’ :

2
Definition 2. For a differentiable function o(x,y) from
X x Y toR, pis said to be convex-concave, if ¢ is convex in
x and concave in'y; that is, for any x1,x2 € X, y1,y2 € YV
we have

SO(XQaY) Z @(XlaY) + vx@(xlaY)T(XQ - Xl)a
o(x,y2) < 0(x,y1) + Vyo(x,y1) " (y2 — y1)-

Definition 3. For constants p, pt, > 0, @ is said to be
(g, 1y )-convex-concave, if the function

. Moz 2, M 2
%, y) = p(xy) = 5 Ixl3 + 2 iyl

is convex-concave.

Remark 1. In Definition 3, we allow both p, and ., could
be 0. In other words, we say that ¢(x,y) is (0,0)-convex-
concave means the function is general convex-concave and
(0, )-convex-concave means it is p-strongly-concave in'y
but possibly non-strongly-convex in x.

Definition 4. We call a minimax optimization problem
milkex Maxyey @(X,y) satisfying strong duality condi-
tion if

min ma; X = maxmin ¢(xX,y).
xexy@w( ,Y) yegxexso( ,Y)

The goal of a stochastic optimization algorithm for solving
the minimax problem is finding an e-suboptimal solution or
e-saddle point which are defined as follows.

Definition 5. Suppose the strong duality of Problem (1)
holds. We call (X,y) € X X Y an e-suboptimal solution to
Problem (1), if

a X,y) — mi ,y) <e.
r;lé;{f(x y) - min f(x,y) <

Definition 6. Suppose Problem (1) has an exact optimal
solution (x*,y*) € X x Y such that

fxLy) < f(xyY) < Flxy™)

forallx € X andy € Y. Wecall (X,y) € X x Y an e-
saddle point of Problem (1), if ||x — X*||§+ ly — y*Hg <e

We define PIFO algorithms as follows.
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Definition 7. Consider a stochastic optimization algorithm
A to solve Problem (1). Denote (x;,y:) to be the point
obtained by A at time-step t. The algorithm is said to be a
PIFO algorithm if for any t > 0, we have

X; € span {x0,~~~ y X1, Up, -, Uy,
vxfil(XOvyO)v"' vvxfit(xtflvytfl)};
S’t € SPaH{YO7"' yYt—1,V1, " 5 Vi,

Vyfil (X07y0)7 e avyfit (thhytfl)}a
xt = Px(Xt), and ys = Py(y1),

where (uy,vy) = prox'}; (X¢—1,¥t—1) and iy is a random
variable supported on [n] by taking P(i; = j) = p; for
eacht > 1and1 < j < n along with Z;-lzl p; =1

Without loss of generality, we assume that the PIFO algo-
rithm A starts from (xo,y0) = (04, ,0q,) and p1 < ps <
-+ - < py, to simplify our analysis. Otherwise, we can take
{fi(x,y) = fi(x+x%0,y +¥o0)}, into consideration. On
the other hand, suppose that p;, < ps, < -+ < ps. where
{s;}7_, is a permutation of [1]. We can define { f;}”_, such
that fg = f; and consider A to take the component fg1 by
probability ps,.

3. A General Analysis Framework

In this section we introduce our construction and show that
it enjoys some elegant properties when we use PIFO algo-
rithms to solve it.

3.1. Construction

We first introduce the following class of matrices:

-1 1
-1 1
B(m7w) £ . c R’mxnz.
-1 1
w
Denote the [-th row of the matrix B(m, w) by by(m,w) .
Then we define
w41l -1
-1 2 -1
A(m,w) 2
-1 2 -1
-1 1
It is easy to check the fact that
A(m,w) = B(m,w) B(m,w). 3)

The matrix A (m,w) is widely-used in the analysis of lower
bounds for first order optimization algorithms (Nesterov,

2013; Agarwal & Bottou, 2015; Lan & Zhou, 2017; Carmon
etal., 2017; Zhou & Gu, 2019; Ouyang & Xu, 2018; Zhang
et al., 2019).

We partition the rows of B(m, w) by index sets L1, ..., Ly,

where £; = {l: 1 <1< m,l=i—1(mod n)}. Then we
construct the following class of functions by this partition:

n

1
T(Xa Y; Aa m,w) £ E Z ’I"i(X, Yy A7 m, OJ), (4)

i=1
where A = (A1, A2, A3, A4) and
Ti(xa A E) )‘7 m, w)

At Zle[)l yTelbl(m,w)Tx — )\4(em7 x)
o x5 = As [lylls,  fori=1,

M Zleﬁi y ebi(m,w) Tx

+A2 ||X||§ — A3 ||y|\§7 fori =2,3,---,n.

The lower bound analysis of the PIFO algorithm for the
minimax problem in this paper is based on the function
r(x,y; A\, m,w) and its finite-sum formulation (4).

We show the smoothness, convexity, and concavity of the
component function r; in Lemma 1.

Lemma 1. Forany Ao > 0,3 > 0,w < V2, we have that
the ; is 2y/A3 + 2max{ g, A3 }2-smooth and (2)\s,2)3)
convex-concave.

Consider the following minimax optimization problem

min maxr(x,y; \, m,w 5
xeXyey ( 7y7 9 b )’ ( )

where r is defined as Eq. (4) and

Yo R™, if Ay >0,
C{xeR™: x|, < Ry}, if A2 =0,
v R™, if A3 > 0,
{y eR™:|yll, <Ry}, if A3 =0,

where R, > 0 and R, > 0.

Note that the strong duality of the problem (5) holds.
Lemma 2. Forany A\ > 0,A3 > 0,R; > 0,Ry > 0, we
always have

min max r(x,y; A, m,w) = max min r(x,y; A, m, w)
XEX y€e)Y yeY xeX

3.2. Properties of the PIFO Algorithm

Now consider using the PIFO algorithm to solve the problem

(5).
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We define subspaces F; = span{e,,, €m—1, " ,€m_t+1}
for convex variable x and G; = span{e;, ey, - ,e;} for
concave variable y, where ¢ € {1,2,...,m}. Additionally,
we let 7y = Gy = {0}. The following technical lemma
plays a crucial role in our proofs.

Lemma 3. Suppose that n > 2 and each function r; satis-
fies A1 # 0,2, A3 > 0. Denote prox) (x,y) by (u;, v;).
Then we have the following results (we omit the parameters
of r; to simplify the presentation):

1. Ifx € Fy, then we have Px(x) € Fi,; and if y € Gy,
then we have Py (y) € Gy.
2. Ifx € Fi,y € G and 0 < k < m, we have that

Frt1, fk=i—1(modn),

Vxri(X,y),u; €
(,¥) {fk, otherwise,
and Vyri(x,y), Vi € Gg.

3 Ifx € Fiy1,y € Gy and 0 < k < m, we have that
Vxri(x,y),u; € Fgi1 and

ifk =1 d
Vyri(X,y),v; € Gr+1, If @. (mod n),
Gk otherwise.

Proof. The results about projection operator are trivial.
Next, we can give the closed form expression of the gradient
and proximal operation of r; as follows

VX’I“Z'(X7 y) = 2XoX + N\ Z (elTy)bl + ci€m,

leLl;
vyri(xv y) = _2)\3}’ + )\1 Z (bl—rx)eh
leL;
u; = 1 X — YA Z(eTy)bl — yce
() 1 + 27)\2 l 1em )
leL;
vie —— [y + > (b x)e;
! 1+ 2’}/)\3 ! ’
leL;
where ¢c; = —land¢; =0fori=2,...,n.

If x = y = 0, then we have Vyr;(x,y) = v; = 0 and
V«ri(X,y) =u; = 0fori > 2. Only when i = 1, we have
Viri(x,y),u; € Fi.
Observe that b x = 0 for x € Fi,l > kand b; € Fi 44
for 1 <[ < m. Then, we have
o ify € Gy, k > 1, then yb; € Fj for [ # k and
Ykbr € Fri1s
o if x € Fi, k > 1, then (b/x)e; € Gi_1 and
(b;—x)ek S gk.
Consequently, we can derive the result of the lemma:
o Ifx € Fi,y € Gk, k > 1, then

- Vyri(XaY)7vi S gk'7
- eri(x, y),ui € Fy for k ¢ ﬁi;
- Vxri(X,¥),u; € Fry1 fork € L;.

o If x € Fii1,y € G, k> 1, then

- Vyri(x,y),0; € Fra1,
- Vyri(x,y),vi € Gy fork+1¢ L;,
- Vyri(x,y),vi S gk+1 fork+1¢ ﬁl
O

Suppose the time-step ty of a PIFO algorithm 4 satisfies
Xt, € Fr and y;, € Gi. Then Lemma 3 implies that x; €
Fr and y: € G (t > to) will hold until the algorithm A
draws the component f; such that k € £;. After that, x; €
Fry1 and y; € Gi will hold until A draws the component
fjsuchthatk +1 € L;.

We can describe the process of using PIFO algorithm A to
solve Problem (5) by the following lemma.

Lemmad. Let Ty = 0 and
Ty =min{t : ¢t > Ty_1,4; = |k/2] + 1(mod n)} (6)

for any k > 1. Then we have x; € Fj_1 fort < Toi_1
and yy € Gy fort < To,. Moreover, we can write T},
as the sum of k independent random variables {Yl}f:l, ie.,
Ty, = Ele Y, where Y] follows a geometric distribution
with success probability q; = py such that

I"=11/2] +1(modn) and 1 <1 <n.

The basic idea of the lower bound analysis is that we
guarantee the PIFO algorithm to extend the spaces of
span{x, ..., X} and span{yo, ..., y:} slowly as ¢ is in-
creasing. Lemma 4 shows span{xy,...,xr,, } C F and
span{yo, ..., X, } € Gr. Then we can regard quan-
tity T}, as the one that reflects how span{xg,...,x;} and
span{yo, ..., y:} vary. Because T} can be written as the
sum of geometrically distributed random variables, we in-
troduce the following lemma for further analysis.

Lemma 5. Let {Y;}1<,<n be independent random vari-
ables, and Y; follows a geometric distribution with success
probability p;. Then

N
N? 16
P V;i>—o | >1-— ——.
(E 4(211‘\[:1 pl)> IN

Based on Lemmas 4 and 5, we can estimate how many PIFO
calls that A needs to obtain an output which is close to the
solution of Problem (5) sufficiently.

Lemma 6. We consider the minimax Problem (5) and any
criterion H(x,y) of measuring how x,y close to solution
to the problem. Suppose that M > 1, N = nM /2 and M
satisfies Milxe xnr,, Milyeyng,, H(X,y) > 9, then we
have min,<n E (H(x¢,y;)) > €.
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Proof. Foranyt < N, we have
minE (H (x¢, y1))
> ggi]{llE(H(Xt,Yt) | N < Tonry1) P(N < Tong41)
>E < min min
XEXNFm YEYNG M
> 9eP (T2M+1 > N) s

H(X,y)) IP(N < T2M+1)

where T}, is defined in Eq. (6), and the second inequality
follows from x; € Far and y; € Gys fort < Thary1 by
Lemma 4.

Then, according to Lemma 4, we have Topyry1 =

2M+1 Y. Here {V;}72"! are independent random vari-
ables where Y, follows a geometric distribution with success
probability ¢; = py such that !’ = |1/2] + 1(mod n) and
1<l <n.

Suppose M = s1n + sg and 0 < sy < n. Recalling that

p1 < p2 < --- < py, we have
2M+1 s241 a1
S a=251+2> p-p1<25+2Y p
=1 =1 =1
1 2M + 2
<9s 4o 201 _2ME2
n

Hence, we can use Lemma 5 to obtain

<2MZ+1YI . > - <2MZ+1YI (2M +1)%n )

4(2M +2)
> 16 1
=AM +1) T Y

where the first inequality follows from (2M + 1)? >
4M (M + 1). Therefore, we achieve the desired result

minE (H (x¢,yt)) > 9P (Topr41 > N) > ¢

t<N

4. Main Results

In this section we show the specific construction for the
lower bound analysis of minimax problems in different
kinds of assumptions. We start with strongly-convex-
strongly-concave setting, then consider more general cases.

4.1. Strongly-Convex-Strongly-Concave Case

For the lower bound analysis of the strongly-convex-
strongly-concave minimax problem, we define the following
class of component functions.

Definition 8. For fixed L,u and n such that L/p >
V2,0 >0,n > 2, let

[L? —2p2 L2 —2p% pop
a = W+landASC—< #,57571 .

Define functions fsc; : R*™ =R fori=1,...,n

2
1\ &y =Ty ) 7A s 11ty 1 |>
fsci(x,y)=r (xy sc,m Va+1>

and the minimax problem

min max Fye(x,y)
xER™ ycR™

Zfsa x,y). (D

The following lemma shows that Fs¢ is (u, u)-convex-
concave and we can present the closed form of the optimal
solution for Problem (7).

Lemma 7. Consider minimax problem (7) in Definition 8.
Then we have following properties.

1. Each component function fsc ; is L-smooth and (p, 1)-
convex-concave.

2. The saddle point of Problem (7) is

« _ 2np(a+l _
X = %(qm’qm 13"' >Q)Ta
T
y* = 2 (q @2, gt a+1q )
\/m b b b bl b
where q = g;}

Proof. The first statement of this lemma can be directly
obtained by Lemma 1. The remainder of the proof is focus
on the solution of Problem (7).

‘We can rewrite the function Fs¢ as follows

n 1
Fee(x,y) =5 (x5 = Iy15) = —(em, %)

L2 —2u2
VT (B (m,w)x,y),

_ [ 2
where w = T

Letting the gradient of Fisc(x,y) be zero, we obtain

L? —2u2
—py + 1z Blm,w)x =0,
which implies
2 _ 2
y = [ L2 B (m,w)x, @®)
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The equation (9) is equivalent to

WVH+1+8 -1 0
-1 2+8 -1 0
: . x = , (10)
-1 248 -1 g
-1 1+8 e
2 2
Wher66 W
Letq = Wthh is a root of the equation

4n2u2

Then, we can check that the solution of (10) equation is

« 2nula+1), .
_%( ‘7q ) 17"'7q)T'
L? —2u
Substituting above result into (8), we have
* 2 2 m—1 o+ 1 m\ T
y' = L272M2(q7q, " ™)

O

We now can prove the lower bound complexity for finding
O(e)-saddle point of Problem (7) by PIFO algorithms.

Theorem 1. Consider minimax problem (7) and € > 0 such
that

=~

Y
S

[
]
N
)
IN

3
[

In order to find (X,y) such that

~ *112 ~ * 112 *112 * 12
E[llx —x"[lz + [y = ¥"1I5] < elllxo — x5 + llyo — ¥"II2],

the PIFO algorithm A needs at least

20 )5

PIFO queries.

Proof. We use the same definition of ¢ as Lemma 7. For

L/p > v/n? 4+ 2, we have a = \/Em> /2 and

— a—l1 Vv2-1
q—a+12f+1

The assumption on &€ means £ < 1¢%.

Note that the function h(3) = L +1) - g is increasing

hus there holds

I
om
—

when 8 > 1 and limg_, o h(0)

+h(V2) < -

|
IN
[ e)

_ | log(18¢) 2np(a+1) _ 2
Let M = { oz g J § = TFag,z andn = Toao

then we have M > 1 and

a 1 log(18¢)
=|=1 > | =2 >2M.
" {2 Og<18€)J - { logg | —

Consequently, we can achieve

X*Hg + minyeg,, lly — y*Hg

%0 — x*||2 + [lyo — y*II2

minger,, ||x —

2 _2(m+1)
(£2+n2)_q(M+i)qg +772‘a 1 _2m

q
2
— 2(m+1) N
(€2 + n2) - % +n2- quzm

oM 2m

q —q q
>4 9 S 4_ >g

I—gm = 2 =

where the first inequality is according to ‘gig > g forb>a

and ¢ > 0, and the second inequality is due to M < m/2.

Hence, following from Lemma 6 along with H(x,y) =

lIx—x*153+lly—y"113 M = [10g(18e)J and N — nM/2 we
lIxo—x*[I5+llyo—y*I5° 2logq ’
know that

e (ke x By -y I3 S
=2\ o =12+ o — v

Therefore, in order to find (X, y) such that

~ *112 ~ * 112 *112 *112
E[lI% —x"[lz + Iy —¥"1I5] <elllxo — x5 + llyo — ¥"II2],

the PIFO algorithm A needs at least N PIFO queries.

At last, we can estimate N by

1 1 «
= > = +h(V2)
I a 2
Og( ) log (ri)
1 [L2—2u2
=3 e T h(v2)
V2 L2 —2p?
2L2/u? —4
> + + h(V2),
and
_ _ n | log(18¢)
N—Mn/Z—2 { 3logq J
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s (i) (i)
> % <\/2L24/:724 + ? +h(\/§)> log (é)
= (e ) e (i)
where we use the fact 2 | 5| > § for 5 > 1. O

Zhang & Xiao (2017) considered a specific bilinear case of
Problem (1) with X = R?, Y = R” and each individual
component function has the form of

fi(x,y) = h(x) + yilai, x) — Ji(y:),

where h i8S ji,-strongly-convex and J; is j1,-strongly-convex.
They proposed stochastic primal-dual coordinate (SPDC)
method which can find O(g)-saddle point with at most

(@) ((n + \/;) log(l/s)) PIFO queries. Note that f is
(e, fy /m)-convex-concave and if we set p, = p,/n = p,
n+ 5) log(l/s)),
plies that our lower bound is tight for this problem.

the complexity will be O (( which im-

In general strongly-convex-strongly-concave case, the best
known upper bound complexity for IFO/PIFO algorithms
is O ((n + %) 10g(1/5)> (Palaniappan & Bach, 2016;
Luo et al., 2019), which still exist a v/n gap to our lower
bound.

4.2. Convex-Strongly-Concave Case

We now consider the finite-sum minimax problem whose
each individual component is strongly-concave but possibly
non-strongly-convex. Our analysis is based on the following
functions.

Definition 9. For fixed L, ji,n and R, such that L/ >
V2,0 >0,R, > 0,n> 2, let

Define functions fscc,; : R?>™ s Rfori=1,...,nas
fsce,i(x,y) = ri (%, ¥; Ascc,m, 1)

and the minimax problem

Zfscm x,y), (1)

min max Fyce(x
XEX' yER™ ¥)

where X' = {x : ||x]|2 < R, }.

It is easily checked each component function fscc ; is L-
smooth and (0, pt)-convex-concave by Lemma 1.

The following lemma helps us to establish the lower bound
with respect to the primal dual gap.

,y) and ¥(y) =

5 1J we have

Lemma 8. Let ¢(x) £ maxy Fsce(x
mingeys Fsce(x,y). Then, for k = {

(L* —2p°)R

max ¥(¥) 2 J6nzpte + 12

min_ ¢(x) — max

xeEX'NFy

Proof. We prove the result as follows

. 2uk~y? Ry
_ >
im0 eV Y) 2~ e Y E T
(L2 - 2u®)R2 2(m 4+ 1)%% — kvE 1
8n2p (m+1)3vVE+1

(L —2u>)R2 42 -1 _ (L* —2u*)R2
8n2u 8(k+1)2 7 16n2u(k+1)2’

Ry (L?—243)
Anp(m-+1)3/2> the first

inequality is based on Lemma 17 in Appendix D, and the
second inequality is according to m + 1 < 2 LmT'H + 1J =

where the equality is due to v =

253/2—53/2 X . .
2(k+1), h(B) = =—5z—— is adecreasing function when
B> fo- O

Finally, we obtain the PIFO lower bound complexity for
finite-sum (0, 41)-convex-concave minimax problem.

Theorem 2. Suppose that

2 _ 2
Cand m— {R /Lqu .
6n ne

In order toﬁnd (X,¥) such that E (¢p(x) — w(y)) < g, the

oo (2= 2R
—  576n?u

W queries.

Proof. Notethat M 2 | 71| — | fiz | [ | g > 1,

Following Lemma 8, we have

(L* = 2p°)R2

; _ > T T >0
el 000 e v ) 2 qe a1y 2 0
L2—-2p2
12n pe :
Hence, following from Lemma 6 with H(x, y) = o(x) —

P(y), for N = nM /2, we know that

min E (¢(x) - ¢(y)) = &

t<N

Therefore, in order to find suboptimal solution (X, y) such
that E (¢(X) — 9(¥)) < e, algorithm A needs at least N
PIFO queries, where

2 _ 9,2
N[ B [ =220 ) (g Bl
2 12n ne e
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We can also provide the lower bound Q(n) if ¢ < LR2 /4
(see Lemma 21 in Appendix F) and an improved result in
convex-strongly-concave case which is formally presented
in Corollary 1.

Corollary 1. For any PIFO algorithm A and any
Lu,RT,nasuch that L/ > V2,R, > 0,n > 2

LR? (L?*—2p*)R? . .
,%}, there exist a dimen-

sionm = O (1 + Lo ;fs) and n L-smooth and (0, p)-
convex-concave functlons {fi + Rm xR™ — R},
In order to find e-suboptimal solution to the problem
min|y |, <r, Maxy LS fi(x,y), algorithm A needs at

least ) (n—l—RzL/, /ue) queries to hy.

4.3. General Convex-Concave Case

The analysis for general convex-concave case is similar to
the one of Section 4.2. We consider the following functions.

Definition 10. For fixed L,R;, R, and n such that
L,R;, R, > 0,n > 2, let A\c = ( ’2\F) Define
functions fc; : R*™ — Rfori=1,...,nas

fC,i(X7 y) =T (xay; )‘Cvmu 1)

and the minimax problem

min max Fe(x,y)
XEX yeY’

quxy (12)

where X' = {x :
Ry}

[x[l2 < Ro} and Y' = {y : [lylla <

We can prove each component function fc ; is L-smooth
and convex-concave by Lemma 1.

The following lemma helps us to establish the lower bound
with respect to the primal dual gap.

Lemma 9. Let ¢c(x) £ maxycy Fe(x,y) and e =

mingexs Fe(x,y). Then for1 < k = |(m—1)/2], we
have
LR,R,
min_ ¢c(x) — max _—
x€X'NFy, yeY'NGy, 2fn(k+ 1)

Proof. By closed-form expression of minyex/nr, ¢c(x)
and maxyey ng, Yc(y) from Lemma 19 in Appendix D,
we know that

cBin, delx) - max, ve(y)
__ LR:Ry _  LR.R,
2ny/m(k+1) — 2v2n(k +1)

O

Then, we obatin a PIFO lower bound complexity for general
finite-sum convex-concave minimax problem.

Theorem 3. Suppose that
< LR.R, and m — {LRnyJ B
36v2n’ 9v/2ne
In order to find (X,y) such that E (¢c(X) — c(y)) <
the PIFO algorithm A needs at least ) (n + r) queries.

Proof. Let M 2 [(m —1)/2] = Hg’i;sJ ~1>1. Fol-

lowing Lemma 9, we have

i be(x) — [ x| Ype(y)
LR.R, LR.R,

22\/§n L(m+1)/2] = Van(m+1) ~

Hence, following from Lemma 6 with H (x,y) =
Ye(y), for N = nM /2, we know that

minE (éc(xe) —ve(ye)) 2

pc(x) —

Therefore, in order to find an approximate solution (X, ¥)
such that E (¢c(X) — ¥c(¥)) < e, the algorithm A needs
at least V PIFO queries, where

=5 ([ivae] 1) =0 (2%

Note that Theorem 3 requires the condition ¢ < O(L/n) to
obtain the desired lower bound. In fact, this assumption can
be relaxed into ¢ < O(L) and we show the more general
result formally in Corollary 2.

O

Corollary 2. For any PIFO algorithm A and any
L,R;,Ry,,n,¢c such that L, R,, R, > 0,e < LR;R,/4
LRT,Ry)

and n > 2, there exist a dimension m = O (1 + ==
and n L-smooth and convex-concave functions { f; : R™ x
R™ — R} .. In order to find e-suboptimal solution to
the problem minHXHZSRw max|y|,<R, % Z?:l fi(X, y), A
needs at least Qd (n+LR, R, /) queries to hy.

5. Comparison with Related Work

For deterministic convex optimization, Nesterov (2013) in-
troduced a type of quadratic functions based on matrix
A(m,w) to analyze the lower bound of gradient based
algorithms. Lan & Zhou (2017) considered the first or-
der stochastic algorithm for finite-sum convex optimization.
They constructed a block diagonal matrix by aggregating
several ones in the form of A (m,w) to obtain a tight lower
bound. Zhou & Gu (2019) extended the results to more
general cases, including sum-of-nonconvex problem and
nonconvex optimization. Woodworth & Srebro (2016) de-
signed a type of adversary constructions to analyze finite-
sum convex optimization which is also valid for stochastic
proximal point iteration.
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Ouyang & Xu (2018) first studied the lower bound com-
plexity of first order algorithms for the convex-concave
minimax problem. They constructed a class of bilinear
functions based on the formulation (3). Recently, Zhang
et al. (2019) established a lower bound for strongly-convex-
strongly-concave objective functions. However, both of
them (Ouyang & Xu, 2018; Zhang et al., 2019) do not cover
the stochastic optimization algorithms, which are very pop-
ular in machine learning applications.

Our proposed lower bounds analysis framework is the first
one which considers the finite-sum minimax problem for
PIFO algorithms. Our construction is based on the decom-
position of matrix B(m,w) as formulation (4) in Section
3.1. This strategy is quite different from previous art and it
provides a very concise analysis for the query of proximal
incremental first-order oracle.

6. Conclusion

In this paper, we have studied lower bounds of PIFO algo-
rithms for finite-sum convex-concave minimax optimiza-
tion problems. We have proposed a novel construction
framework, which is very useful to the analysis of stochas-
tic proximal point algorithms. With this framework, we
have demonstrated the lower bounds of PIFO algorithms
in strongly-convex-strongly-concave case, convex-strongly-
concave case and general convex-concave case.

There are still some open problems. Although SPDC
matches our lower bound in a specific minimax problem,
the upper bound in the general strongly-convex-strongly-
concave case remains a /n gap. Furthermore, to the best of
our knowledge, there is no stochastic optimization algorithm
that could match our lower bounds for convex-strongly-
concave and general convex-concave cases. It would be
interesting to devise more efficient algorithms for these set-
tings or improve our lower bounds further. It is also possible
to use our framework to address the lower bounds of mini-
max problems without the convex-concave assumption.
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Supplementary Materials

A. The Proof of Lemma 1
Proof. Firstly, it is clearly that r; is strongly (2A2, 2)3)-convex-concave.

Next, note that for l1,ly € L;, we have |l; — lo| > n > 2, thus bllel2 = 0. With recalling that blTbl < 2, we have

Y biefy

2
=Y y'eb/be/y<2) yleely <2|lyll;,
2

lel; lel; lel;
2
2
E elblTx = E belblTx <2|x|5.
lel; 2 leL;

Consequently, we have

IV7i(x1,¥2) — Vri(x2,y2)|l5

2 2
= Hvxri(xlayl) - eri(XQay2)||2 + ||Vyn-(x1,y1) - Vyri(xlayQ)”Q
2

= [2%(x1 = x2) + M1 Y bief (y1 —y2)|| +|[2As(y1 —y2) — M D eb] (x1 — x2)
leL; 2 leL; 2
2 2
<8N x1 = xall3 + A3 lly1 = y2l3) + 207 || D biel (vi—ya2)| +2X7 D eb/ (x1 —x2)
leL; 2 leL; 2
< (8max{As, As}® +4A7) (Ix1 — xall3 + Iy — y25),
where the first inequality follows from (a + b)? < 2(a? + b?). O

B. The proof of Lemma 2

Proof. At first, for Ay = 0 or A3 = 0, either X or ) is compact. Then the strong duality holds following from Sion’s
minimax theorem.

We only need to prove that if a differentiable function f(x,y) is strongly-convex-strongly-concave, then there holds

min max f(x = max min f(X,y).
iy max f(x,y) Jnax min f(x,y)

Now assume that f(z,y) is (i, pty)-convex-concave. Let ¢(x) = maxy f(x,y) and ¢(y) = miny, f(x,y).
Define y*(x) = arg max, f(x,y). Note that y*(x) is well-defined according to f is strongly convex-concave.

By Danskin’s theorem, we know that

Vx¢(x) = Vi f(x,¥"(x)).

Hence for any x;, X5, we have
Blx1) = 9(x2) = max f(x1,¥) = f(xa. " (x2)

> f(x1,y"(x2)) — f(x2,¥"(x2)) > (Vi f(x2,¥"(x2)), X1 — X2) + % 1 — 25
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= (Vxp(x2),x1 — X2) + % x1 — %23,

which implies ¢ is p.-strongly convex. Similarly, we also have 1) is i,,-strongly concave.
Consequently, by denoting x* = arg min, ¢(x) and y* = arg max,, f(x*,y), we have min, maxy f(x,y) = f(x*,y")
and

Vyf(x",y") =0, Vif(x",y") = Vxo(x*) = 0.

Moreover, by strongly concavity of f(x,-) and Vyf(x*,y*) = 0, we have x* = argmin, f(x,y*). Moreover, by
Danskin’s theorem, it holds

Vyih(y*) = Vy f(argmin f(x,y"),y") = Vy f(x*,y") = 0,

and y* = arg miny, ¢(y). That is maxy miny f(x,y) = f(x*,y™), which is our desired result.

C. The Proof of Lemma 5

The proof of Lemma 5 is based on several properties of geometric distribution, which is defined formally as follows.

Definition 11. We call a random variable X following a geometric distribution with success probability p > 0, namely
X ~ Geo(p), if X satisfies P (X = i) = (1 —p)i~tp, for i =1,2,3,---.

We can obtain the probability density function for the sum of two independent geometric random variables as the following
lemma is shown.
Lemma 10. Let X; ~ Geo(p1) and Xo ~ Geo(ps) be independent random variables. For any positive integer j, if
p1 # pa, then

pa(1—p1)? — pi(1 = pp)?

P(X1+ X2 >j) = PR , (13)

and if p1 = po, then
P(X1+ Xz >j) = jpi(1—p1)’ ™ + (1 —p1). (14)

Proof. We can compute the probability by its definition as follows:

N
I
—

(L=p) ' (1 —p2)? '+ (1 —p1)

[
M~

N
I
-

D2

J -1
i 1—p1 .
=p(1—-pa) ') (1_ ) + (1 —p1).
=1

Thus if p; = po, we have P (X1 + Xo > j) = jp1(1 — p1)7~1 + (1 — p1)?; and for p; # po, we have

(1—=p1)? = (1 —pa)

P(X1+ X2 >j)=p1 +(1=p)
P2 —Pp1
_ p2(1 = p1)? —p1(1 —p2)?
P2 —p1 '
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Let { X, }1<i<m be independent variables, and X; ~ Geo(p;) fori = 1,..., m. We define the following auxiliary function
for our analysis

m
fmJ(plva)"' apm) é P <ZX7, Z.]) .
i=1

To prove Lemma 5, we need to solve the following minimization problems

WILIliIl fm,j(p17p27"' 7pm)7

2Ly pi=c
where c is a given constant.

We first prove the following inequality for our further analysis.

Lemma 11. Forany x > 0 and j > 2, we have

R A (R T (15)
z+j/2 " \z+1 '

Proof. We just need to show that
(@ +1)7 N2 +5/2) = (G = D@+ 1) 7" <2/ 7Nz +5/2),
that is

(x+1)7 —jlz+1)771/2 297 (2 +5/2) <0,

AN I
<7 L<o.
e 3 |(0) 30 )] <0
1=0
Note that for all I < 57 — 2, we have
N\ Jfi-1 P IN (i
_ < = N <
()30 =0-)() =

thus inequality (15) hosts for any > 0 and 5 > 2. O

pP1t+p2 pi1tp2 )
2 ) 2

Now we can show that fs ;(p1,p2) > fo ; ( as follows.

Lemma 12. Let X; ~ Geo(p1), Xa ~ Geo(pz),Y1,Ys ~ Geo (%) be independent random variables with 0 <
p1,p2 < 1. Then for any positive integer j, we have

P(X;1+X2>35)>2P(Y1+Ye >).
Proof. We start the proof from the simplest case. It is obviously that for j = 1, we have P(X; + X5 > j) = 1 =
P(Y1+Y2>j);andforp; =py=1andj > 2, wehave P(X; + Xo > j) =0=P (Y7 + Y2 > j).
Without loss of generality, we can assume that p; < ps. Let j > 2, and ¢ £ p1 + p2 < 2 be a given constant.
Now we prove that h(p;) £ P (X; + X, > j) is a decreasing function with respect to 0 < p; < ¢/2.
Employing equation (13) in Lemma 10, for 0 < p; < ¢/2, we have

(c=p)L=p1)f —=p1(L+p1—c)f
c—2p

h(p1) =

9

and

—(1-=p) —jle=—p)A=—p1)’ ' = (A +pr—¢c)f —jpi(1+p1 —¢c) "

h' =
(p1) c—2p
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Jr2(0—271)(1 —p1) —pi(L+p1 —c)
(C—2p1)2
[e(t = p1) —jle=p)(e=2p)](L =p1)’ " = [e(1+p1 =) +jpi(c = 2p)](1L +pr — )1

(C — 2p1)2

Hence h/(p1) < 0 is equivalent to

c(l—p1) —jle—p)(c=2p1) _ <1 + —c>” (6)
c(l+p1—c)+jpi(c—2p1) 1—p
Note that
c(l—p)—jle=p)lce=2p) _, (J —Dele—2p1) g -1
c(1+p1—c)+jpi(c—2p1) c(1+p1—c) +jpi(c—2p1) e 4 i
Denoting = :22=¢ we can rewrite inequality (16) as

c—2p1

q j—1
1-—2—— (-2 .
x4+ jp1/c x+1

Observe that if ¢ < 1, we have x > 17?: >0;andifc > 1,thenp; >c—1landz > ”g%i’c = 0. Together with Lemma
11, we have

( T )7 ! ji—1 j—1

>1- —>1-
41 x4 j/2 T+ jpr/c
Consequently, i/ (p1) < 0 hosts for any p; < ¢/2 and j > 2.
Along with the fact that lim,, _, ./ h(p1) = h(c/2) according to equation (14), we have

PX1+Xo>j) 2P (Y1 +Y2 > ).

forany and 0 < p; < 1,0 < py < 1 and positive integer j. O
Lemma 12 implies that min,, 4p,,=c f2 ;(p1,p2) = f2,;(¢/2,¢/2). Moreover, we can establish a similar result for the

function f, ;(p1,p2,"+ ,Pm)-

Lemma 13. Foranyj > 1,m > 2and0 < p; < 1(1 < i < m), we have

"rLIlin fm’j(p17p27 e 7pm) = fm’j(c/m,c/m, T 7C/m)'
ZizlpiZC

Proof. Let X1, X5,Y1,Ys, Z be independent random variables where Y7, Y5 ~ Geo (%) and Z is a random variable
which takes nonnegative integer values.

Following from Lemma 12, we can obtain
j—1
P(Z+Xi+Xo>j)=> P(Z=DP(X1+Xa>j—-D)+P(Z>j—1)
1=0

Jj—1
> PZ=DPM+Ya>j-D+P(Z>j—1)
=0
=P(Z+Yi+Y2>j). 17)
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Next, we define a sequence {(ps,1,Pr,2, - -+ , Pr,m) }+>1 recursively. At first, let
p1;=p1, 1 < <m.

Now suppose (p¢,1,P¢,2, - »Dt,m) such that 3. p;; = c has been obtained. If p; 1 = pto = -+ = pr.m = ¢/m, then
we define p;11,; = ¢/m for 1 < i < m. Otherwise there exists k; and [, such that p; 5, < ¢/m < p,,, and we define

Ptk, T DPti,

5 s Ptyi = Peg1,s for i # ke, 1.

DPt41,ky = Pt+1,l; =

It is clearly that ZZZI Pi+1,; = ¢. And following from Equation 17, we have

Jm i Pe1sDe2s 3 Pem) 2= g (Peg1,1, Peg1,2 0+ > Petim)-

If there exists T" such that pp1 = pr2 = -+ = pr.,m = ¢/m, then our desired conclusion holds apparently. Otherwise, note
that

m m
D Iprvri—e/ml = Ipri = ¢/m| + 2pe, + pei, = 2¢/m| — [pes, —c/m| = |pea, —c/m]|
i=1 i=1

m
< Z Ipe,i —¢/ml.
i=1

Thus the sequence {>:" | [p+; — ¢/m|},, is convergent. Suppose that lim;_,o > ;" [ps,; — ¢/m| = 0. Itis clearly that
6 > 0. If > 0, then we can choose a subsequence {¢s} such that

lim p;, ; =p;, forl <i<m.
S—00

Apparently, we have Y™, |pj — ¢/m| = 6 > 0, and £9 £ min;.p 2c/m [P; — ¢/m| > 0. Fore < g9/ (m + 2), there exists
S such that |p;, ; — p;| < e for 1 < ¢ < m. Consequently, we have

m m
Z [prst1,5 —¢/m| = Z [prs,i = ¢/m| + 2[peg kg + Doty — 2¢/m| = [Pes kg — ¢/m| = |Prg,1,y —c/m|
i=1 =1

M-

|pts7i —c/m|+ 2|pt5‘7kts +pts,lts = 2¢/ml| +pt57kts T Pisilig
=1

<
I

m
|pts7i _pg| + Z |p; —¢/m| = 2min{c/m T Pts kg Ptslig — c/m}
1 i=1

<

I

K2

< me+ 0+ 2 — 2min{c/m —p%ts,p;ts —c/m}
<O+ (m+2)e—2¢ <0,

That is a contradiction. Therefore, we have § = 0 and lim;_, o p;; = ¢/m for 1 < i < m. Finally, according to the
continuity of fy, ;, we get

fm,,j(pl;an e 7pm) Z tlig)lc fm,j(pt,lapt,%’ o apt,m) = fm,j(c/mac/ma e 7C/m)'

To prove Lemma 5, we also need a concentration inequality of m i.i.d. geometric random variables.

Lemma 14. Let { X, }1<i<m be i.i.d. random variables with X1 ~ Geo(p). Then we have

m m 16
P(in>@)z1—9m. (18)
=1
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Proof. Denote 27;1 X; by 7. It is easily to check that

m(1 —p)
pr

1
P(T>4ET) :P(T—ET>—3ET) :1—P<T—ET§—?1]ET)

E[r] = ™, and Var(r) =
p

Hence, we have

3 16Var(7) 16m(1 — p) 16
>1-P —-Er|>-Er|>1l-—F—5=1—-—7—"7F2>1— —.
= (T 27 T) = 9(Er)2 om2  ~ Om
O
Combining Lemma 13 and Lemma 14, it is easily to deduce the result of Lemma 5.
D. Technical results for proving Lemma 8 and Lemma 9
In this section, we provide Lemma 17 and Lemma 19 which are used in proofs of Lemma 8 and Lemma 9 respectively.
We first give the following useful lemma.
Lemma 15. Define the function
k
Trsrye ) 2Up+ Y (Wi —vim1)? + (1 — B)*.
i=2
Then we have min Jy, g(y1,- - ,Yr) = kﬂ—;
Proof. Letting the gradient of Jj, g equal to zero, we get
2y —yk—1=0, 2y1 —y2 — B =0, and y;11 — 2y; + ;-1 =0, fori =2,3,--- |k — 1.
That is,
k—i+1
= ————pfori=1,2,--- k. 19
y pq P fori (19)
Thus By substituting Equation (19) into the expression of Jj g(y1,%2, - - , Y& ), we achieve the desired result. O

Next, we consider the function Fscc(x,y) in Problem (11). The following lemma provide the closed-form expressions of
maxy Fsce(+,y) and maxy Fsce(x, -).

Lemma 16. Consider the function Fscc defined in Definition 9, we denote
p(x) = m}?JXFSCC()QY) and P(y) = ){TGHXHI Fsce(x,y).

Then, functions ¢(x) and 1p(x) have the closed-form expression as follows:
52
2n2u

Nz

2

R,
6(x) = 37— [BOm, Dx[ = Liew.x) and 4(y) = === [[€B(m, 1)y = veml, — 5 Iyl3

where £ =

Proof. Recall the function Fgc ¢ in Definition 9 is

M g
FSCC(Xv Y) = 5 ||yH§ - E<emax> + 7<BX7 Y>a
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where B = B(m, 1). We can directly compute ¢(x) as follows:

1 €al’ . & el 7
P(x) :m;}XFSCC(XaY) =max | —3 Hy— nuBX 2—1— 2n7y BxH2 - E<em,x>
2 .2
= 62 BXH —1<em,x>.
2n?p 2
On the other hand, there holds
min (X, BTy— e,,) > min —||x H BTy— enll > —R;: BTy— emH (20)
HXHQSRI< 3 Yem) i %Il (|€ vem|, 3 vem||,

where the equality will hold when either x = — (& BTy —ven,) or & BTy — ey, = 0,,. Therefore we have

Ry
[E67y-enT,

&
n

= min F. - BTy — mH _BEonz 21
U(y) Tuin, sce(x,y) By —ne ) 2||Y||2 21
O

Based on Lemma 16, we can show the following Lemma that is related to the proof of Lemma 8.

Lemma 17. Let ¢(x) £ maxy Fsce(X,y) and ¢(y) £ mingexs Fsce(X,y). Then, for 1 < k < m, we have

. —2/}]@”}/2 Rw'y
= Y nd <=l
D 0X) = o ad maxy(y) < - e

Proof. The result of Lemma 16 means
52
2n2u

R,
(y) = == [[€B(m, 1)y = rewl|, - 5 Iyl3,

p(x) =

2 7
1B (m, D)x[l; — - {em, %),

2__ 2 O — .
where £ = 7VL22“ For x € X' N F}, we can suppose x = [ ";A( k] and rewrite ¢(x) as

52

6x) = 5o

o YA A ~
Bk 1513~ (60,50 £ x50,
where &,, € R”. Letting V¢, (X) = 0, we get

B(k,1) Bk, 1)x = Lle,,

52
that is % = “42(1,2,--- k)" = ;;717*;12(1,2,-.- ,k)T. Noting that x = L‘éiifgﬁ(o,-. ,0,1,--- k)T € X', we obtain
. B 72,uk72
B 00 = T

We can upper bound ¢ (y) as

Ry || .4 B2 Ry llaT. 7

L e R e
¥(y) S 1EB Y —vem|| — Syl < - y=gom|,
R R v Ry

RS -
=, \/Jk,'y/é(yhy%""yk)g_ n &Vk+1  avEk+l

where the last inequality follows from Lemma 15. O
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Then, we consider function Fc(x,y) in Problem (11). We can provide the closed-form expressions of max, Fc(-,y) and
maxy Fe(x, ).

Lemma 18. Consider the function F¢ defined in Definition 10, we denote

2 F d £ min F, .
pc(x) max c(x,y) and dc(y) = min Fe(x,y)

Then, functions ¢c(x) and ¢ (x) have the closed-form expression as follows:

LR LR, LR,

= W IB(m.1 — =Y (e,, d = B(m, 1)y — —Le,,l| .
be(9) = S IBm Dxlls = 5 telem x) and dely) = === [Bm, )Ty = “en||
Proof. Recall the function Fio in Definition 10 is
L LR
F =—(B 1 — Y (e, X).
C(Xv y) 27’l< (mv )X,y> 2n\/m<e 7X>
Then we can conclude this statement by similar analysis from Equation (20) to Equation (21) of Lemma 16. O

We present the following Lemma which is used in the proof of Lemma 9.

Lemma 19. Let ¢c(x) £ maxycy Fe(x,y) and ¢c(y) £ minge s Fo(x,y). Then for 1 < k < m, we have

min_ ¢c(x) =0, and max Pc(y) = LRy

xEXINF, yevrg T any/mik+ 1)

Proof. The result of Lemma 18 means

LR, LR,
delx) = 5 [Bm. 1)x], = 5 ).
LR, R,

=——2IB(m,1)Ty - =% :
?abC(Y) m (m7 ) y \/ﬁem )

Note that

x) = max Fe(x,y) > max min F¢(x,y) = max > ) =0,
¢c(x) = max Fe(x,y) > max min Fe(x,y) = maxy(y) = ¢(y”)

where y* = %lm € ), therefore

xegcl’irlwlfk pc(x) = ¢c(0) = 0.

At last, following from Lemma 15, we can obtain

R LR R
= ——ZIBm, 1)y - Le,| =t ——ritt—
yenﬁﬁ(gk ¢C(Y) yEH)%?JI}W(gk 277/ (mﬂ ) y \/me ) 2n /7m(k + 1) )

where the optimal point is y* = k,k—1,---,1,0,---,0)" which satisfies

Ry (
(k+1)v/m

.i R, k(k+1)(2k + 1)
1571, = (k+1)\/7n\/ 2 <R,
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E. The Proof of Corollary 2

The proof of this corollary is based on the observation that we can not reach an e-suboptimal solution of the specific
finite-sum convex-concave problem in fewer than €2(n) complexity for e < O(R,R,L).

We consider the following construction.

Definition 12. For fixed L, R,, R, and n such that L, R, R, > 0 and n > 2, we define functions §; : R — R for
i=1,...,n

R Lxy —nLR,y, fori=1,
Laxy, otherwise,

and the minimax problem

min max G (z, i(z,y) = Lxy — LR,y. 22)
Jun max G(z,y) Zg ,y) = Lay y (

It is easy to check that each component function g; is L-smooth and convex-concave. Moreover, we have

max G(z,y) = LRylx — R;|, and min G(x,y) = —LR.(ly| +y) <0,

ly|<Ry |z| <R,

and there holds:

min max G(z,y) = max min G(z,y)=0.
|e|<R. lyI<R, WI<R, [2|<R.

Now we can establish the lower bound complexity for finding e-suboptimal solution to Problem (22).

Lemma 20. Consider minimax problem (22) and € > 0 such that € < LRZ Y. Then in order to find (Z,y) such that

E( max G(& —mlnGx <eg,
(|y|<R,, (2,y) Jnin ( y))

the PIFO algorithm A needs at least )(n) PIFO queries.

Proof. Note that for ¢ > 2, there holds

L — L
Vo) = L. Vi) = Lo, and pro (o) = (o )

L2241 L2241
which implies z; = y; = x¢ = yo = 0 will holds till the PIFO algorithm A draws g .

Denote T' = min{t : 4z = 1}. Then, the random variable T" follows a geometric distribution with success probability p1,
and satisfies

P(T >n/2) = (1 —p)l" D2 > a1 —1/n)=D/2 >1/2, (23)
where the last inequality is according to h(3) = (%)6/ 2 is a decreasing function and limg_,o, h(8) = 1/y/e > 1/2.
For N = n/2and t < N, we know that

. B - . o
E <|;I?}§y G(zt,y) ‘xrlmn Gz, yt)) >E (;nga}}%(y G(z,y) ‘ r|n<1%m G(z,yt) ’ t< T) P(T >1t)

:E(max G(0,y) — min G(z,0) |t<T)IP’(T>t) —=2*P(T>N)>LR,R,/4>e.

LR,R
ly|<R, x| <R 2

Therefore, in order to find (X,¥) such that E (maxy G(&,y) — min, G(z, g))) < g, algorithm A needs at least N = Q(n)
PIFO queries. O

Then, we can directly obtain Corollary 2 by combing the results of Theorem 3 and Lemma 20.
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F. An Improved Result for Theorem 2

Recall that Theorem 2 shows that we can not reach an ¢- suboptimal solution of the specific finite-sum (0, 11)-convex-concave
) In the case of L/ < O(n?), we can relax the

problem in fewer than (2 (

%) complexity for e < (9(
assumption on ¢ into ¢ < O(LR2). The analysis is similar to Appendlx E. We first introduce the following construction.

Definition 13. For fixed L, u, R, and n such that L > > 0, R, > 0 and n > 2, we define functions g; : R — R for

1=1,...,n
(2.1) %(xz —y?) —nLR,x, fori=1,
i\ Ty = .
gty L2 —y?), otherwise,
and the minimax problem
min max G(z,y) Zgl (z,v) x -y ) LR, x. 24)

|lz|<R, yeER

It is easy to check that each component function g; is L-smooth and (0, x)-convex-concave. Moreover, we have

LR? L,

L
G = 2?2 - LR,z, and G ,
myax (z,9) 5% T, an |I/I‘n<111;1z (z,y) = 5 7Y

and there holds:

min max G(z, max min G(zx,
|z| <R, ZIX ( y) yX\1|<R ( y)

Then, we can establish the lower bound complexity for finding e-suboptimal solution to Problem (24) as follows.

(2,9) such that

Yy |z| <R,

E <max G(z,y) — min G(z, y)) <e,
the PIFO algorithm A needs at least )(n) PIFO queries.

Proof. Note that for ¢ > 2, there holds

z Y
Vagi(z,y) = Lz, proxg (z,y) = (LW 1 Ly + 1) '

That implies 2; = x¢ = 0 will holds till the PIFO algorithm A draws g;. Denote T' = min{¢ : i; = 1}. By Equation (23),
we have P (T > n/2) > 1/2. Consequently, for N = n/2 and t < N, we know that

t<T)IP’(T>t)

E (maXG(zt,y) — min G(x,yt)> >E <maXG(:ct,y) — min G(z,y)
Yy |z| <R, Y |lz| <R,

2
:E(maXG(O,y) —|r|n<i% G(z,y)|t < T) P(T >t) > %P(TEN) > LR%2/4 > ¢.
Yy TS vy

Therefore, in order to find (X, ¥) such that E (max, G(%,y) — min, G(z,9)) < ¢, algorithm A needs at least N = Q(n)
PIFO queries. O

Combing the result of Theorem 2 and Lemma 21, we can directly obtain Corollary 1.
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G. Lower Bound of c-suboptimal solution for strongly-convex-strongly-concave case

For strongly-convex-strongly-concave minimax problems, we have established lower bound of e-saddle point in Section 4.1.
Similarly, we can also provide the lower bound with respect to e-suboptimal solution.

We consider the function Fsc in Problem (7). We can provide the closed-form of functions minyer, Fsc(x, ) and
maXyEgk FSC('7y)'

Lemma 22. Consider the function Fsc defined in Definition 8, we denote ¢sc(x) £ maxycy Fsc(x,y) and ysc(y) =
Mingex Fsc(X,y). Then for 1 < k < m, we have

pla+1) ¢—g¢**! 1 1 4 g2h+1

1 = — d = — .
3?61%72: ¢SC(X) 2 _ 2/142 1+ q2k+17 an ;Iéag),f wSC(y) RQ[L(Oé ¥ 1) 1_ q2k+2

Proof. Recall the expression of Fg¢ is
© 2 2\ 1 €5
Fac(x,y) = 5 (I3 = I¥113) = = (e x) + 2 (Bx, y),

where £ = 7%72“2 and B = B (mn,w). Then we have

2 2
% § & § H H2 B2 1
F — T 5 *7B B . - —\%m, .
el y) == v = x|+ i B 5 el e
Thus we have
& adl? Bz 1
)= g5 B+ 4 1 e

0,,_ .
For x € F},, we can suppose X = [ "}i{ k } and rewrite ¢sc(x) as

52

psc(x) = i

. . L. . .
Bk, I3+ 5 1513 = —(61,5%) 2 61(%).

With letting the gradient of ¢ (%) equal to zero, we obtain

&2 T 5 N
mB(k, 1) Bk, D)x+ pux = €,
that is
248 -1 0
~1 248 -1 0
.. x=1:1, (25)
-1 2+8 -1 0
-1 148 Z
2 2 2 2
where 8 = "fé‘ = L42"_£‘H2.

Recall that o = 4/ Li;jé‘ > +1and q= 3—3 q and 1/q are two roots of the equation

an?
2 _
z —(2+L2_2M2>z+1—0.

Then, we can check that the solution to Equation (25) is

. 2np(a+1) k_ k2 k-1 _  k+3 bt T
X :(L2,2M2)(1+q2k+1)(q —q '7,q —¢"3 .. g—q )
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and the optimal value of minye 7, ¢sc(x) is

. _ pla+1) g—g*t!
feu}li Psc(x) = L2 — 242 1+ g2k+1°

On the other hand, observe that

Ysc(y) = m)in Fse(x,y)
1

2
5 BTy - —€n

X+ —
np N

1 - 2 opy2
— BTv — mH _=
g BTy —en, = S

1 5 2oy 2
gl
3z |EBY —en [, ~ 5 Iy
Fory € Gy, we can suppose y = Oy }and rewrite Ysc(y) as
m—k
2
Om—k—l L 5
T/Jsc(y)z—?nQ,u 3 —Yk R —©nm —§HY||2
B(kﬂl)y 2
§2 2 1 ~ ~ 12 B2 a N
SR S Bk, 1)y — &> - & A .
et = g B )5 = el = 5 15915 2 )

Letting the gradient of ¢ (y) equal to zero, we obtain

2
ey + B ) (EBO 1Y — 80) £ 4 = O, e

2
(i(éké;— +B(k1)*) + u1k> y= ng—ﬂél,

np
that is
2+8 -1 i
-1 245 -1 0
3 y=191, (26)
-1 248 -1 :
1 248 0
where 8 = "2’2‘2 = L‘;"_Zgj,z . Then, we can check that the solution to above equation is
§* = —— 2#22(1 o (q— g% — 2 .. b — )T,
and the optimal value of minycg, ¥sc(y) is
. 1 g — g2t 1 1 4 g2kt
yeG Vsely) = 22y (1 C1- q2k+2> T nZula 1) 1— g2k
O
A simple calculation will imply that ¢sc(0) =0 and sc(0) = —ﬁ, thus we have ¢sc(0) — ¢sc(0) = ﬁ

Furthermore, we can bound the prime dual gap with x, y restricting in subspace Fj, G respectively.
Lemma 23. Using the notations of Lemma 22, we have

2k

min ¢gc(x) — )r,%ag},f VYse(y) >

XEF), nu(a+1)
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Proof. We can show the lower bound based on the closed-form expression of ¢sc(x) and 1sc(y) in Lemma 22:

: ¢ ( ) w ( ) [1,(& + 1) q— q2k+1 1 1 + q2k+1
min X) — max = —
xeFy ¢ yeo, eV L2 =242 1+ g%+ n2p(a+1) 1 — g2k+2
pu(a? —1) 1— g%k 1 14 ¢2k+1

(L2 —2p2)(a+1) T+ ¢+ n2u(a+1) 1 —g2k+2
7 1 (1+q2k+1 1*(]2]6 >

- nQM(a + 1) 1— q2k+2 1+ q2k+1

- 1 2q2k+1 + q2k +q2k+2

" wula+ 1) (1- @+ )
2k

>

= e +1)’

where we have recalled that o = 4/ Lfl;iéﬂ +1land g = g—;} And the inequality in above equation is according to
14 ¢ <14 ¢* < (1+¢)%
O

Now we can establish the lower complexity bound of the number of queries that the PIFO algorithm .4 needed to find a
e-suboptimal solution to Problem (7).

Theorem 4. Consider minimax problem (7) and € > 0 such that

L 2 [a—1\? o 2
Z>/n2+2 e< d m=|=log | —" 1
LV e 2 () e m= [ (gt )] o

a+1\a+1

where o = 4/ ngjéﬂ + 1. In order to find (x,y) such that

E (¢sc(X) — ¥sc(y)) < € (dsc(x0) — ¥sc(yo)),

the PIFO algorithm A needs at least

PIFO queries.

Proof. The proof is similar to the one of Theorem 1. At first, recall that for L/p > +/n? + 2, we have o« = 4/ Li;jé‘ 211>
V2 and q= g—jr} satisfies

1
log q

%+h(\/§)§

<

| R

Let M = {MJ . The assumption on ¢ and m imply that M > 1 and

2Togq
o oo ) [0

Following from Corollary 23, we obtain

Minyxe 7, ¢sc(X) — maxyeg,, Psc(y) 2

2M > 95.
psc(xo0) — Ysc(yo) “a+1? =
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Hence, following by Lemma 6 with M and N = nM /2, we know that

( dsc(x¢) — Ysc(ye) )
#sc(x0) — Ysc(yo)

> e,

minE
t<N

Therefore, in order to find (X,y) such that

E (¢sc(x) — ¢sc(¥)) < e (¢sc(x0) — ¥sc(yo))
the PIFO algorithm A needs at least NV PIFO queries.

Similar to the way we estimator N in proof of Theorem 1, we can estimate N here by

B V22 [iZ =4 2 2
N=Mn/2>— ( t +h(\@)> log (9(04—1—1)5)

n
8 4n

-0 <<n+ D log (Z’;)) .



