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A. Omitted Proofs

Proof of Lemma 1. Before the proof, we recall the follow-
ing two lemmas

Lemma 1 ((Srebro et al., 2010)). If a non-negative func-

tion f : W+ R is B-smooth, then ||V f(w)||3 < 48f(w)
for all w € W.

subscribe

Lemma 2 ((Juditsky and Nemirovski, 2008)). Let
X1, Xo, -+, X, beindependent copies of a zero-mean ran-
dom vector X, then E[|£ 3" | X;[|3 < LE| X|3.

Consider w = w*. Then by Assumption 1, we have
VL(w*) = E[V{(w*,z)] = 0. Thus, by Lemma 2 we
have

- * 1 *
E[VL(w, D)[5 < ~E[|[Ve(w”,)|3]
By Markov’s inequality, we get

7 * 10 *
Prl|VL(w", D)|l3 < —E[[[VE(w", 2)[3] >

Sl

Since n > nq, by the assumption we have with probability
at least 2 that L(w, D) is c strongly convex. Thus, we get

«
2 hwp — w3 <

— (VL(w*,D),wp — w*) + L(wp, D) — L(w*, D)
<||VL(w", D)l|z[lwp — w*|2.
In total, with probability at least %, we have
. 40E||V(w*, x)||3
o — s < \/ [V, 2)[3

na? '
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Proof of Theorem 2. For each subsample set Dg,, by the
assumption we have its size % > ng. Thus, Lemma

1 holds with n = 2. That is, (1) holds with r =

m’

40mE||Ve(w*,x)||3
\/ w Hence, by Theorem 1 we have

T m w*, x)||2
Vi )_0(\/d E[[Ve(w, )]

2
neza? ):

A(D) —w|l2 < O(T
Since Lp(w) is S-smooth and VLp(w*) = 0, we have
Lp(A(D)) — Lp(w*) < S||A(D) — w*|3. Also, by
Lemma 1 and the non-negative property we get

Lo(A(D)) ~ Ln(w) < O((27 5% 1p(ur)).
Taking m = C:)(‘Ei—j), we get the proof. O

Proof of Theorem 4. We first give the definition of zCDP
in (Bun and Steinke, 2016).

Definition 1. A randomized algorithm A4 : X™ — ) is
p-zero Concentrated Differentially Private (zCDP) if for all
neighboring datasets D ~ D’ and all « € (1, 00),

Da(A(D)|A(D")) < pa,

where D, (P|Q) = -5 logEXNp[(%)a’l] denotes
the Rényi divergence of order a.

We first convert (e, §)-DP to 1&2-zCDP by using the follow-
ing lemma

Lemma 3 ((Bun and Steinke, 2016)). Let M : X™ — Y
be a randomized algorithm. If M is £¢2-zCDP, itis (€2 +

€-4/2log §,6)-DP forall § > 0.

Thus, it suffices to show that Algorithm 3 is %€2 -zCDP. We
note that in each iteration and each coordinate, outputting

Vi—1,; will be %%-ZCDP by Theorem 3. Thus by the com-

position property of CDP, we know that it is %e~2-ZCDP. O

Proof of Lemma 2. By assumption, we know that W
is closed and bounded, and hence it is compact. By
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(Lorentz, 1966) we know that its covering number with ra-
dius § (will be specified later) is bounded from above as
Ns < (32)9. Denote the center of this -net as W =
{Wy,Wa, -+, Wn; }-

We first fix j € [d] and consider |V (w) —
omit the subscript ¢ — 1). Then, we have

V;Lp(w)| (we

Ez, (V;(w) = V;Lp(w ))2 =

E ([Trimy, (D; (w))]{a,5) + Strzm( )]ah](D (w)) - Z;

—V;Lp(w))?
< O(([Trimy, (D (W) — Vi Lo (w))?

B Shimop (D) Z))
< (Wi (03 (u)] = VL)’

( S[tmmm( Nia,b] (D(’LU)) ' Zj)2)a (1

where D;(w) = {V;¢l(w,z;)}}_; and the last inequality
is due to the property that the truncation operation reduces
error.

Lemma 4. Let a < o < b and X be a random variable.
Then

((X)jay — 1) < (z— p)*.

By the proof of Theorem 51 in (Bun and Steinke, 2019) and
the fact that € = ﬁ, we have (m, a,b = O(1))

! 72dT 10g n
]EZ(;S[ttmmm(.)][a,b] (Dj(w)) - Z)2 < O(T),
2)
where the O-notation omits the log o and log(b — a) fac-
tors.

Next, we bound the first term of (1). Before showing that,
we first give the following estimation error on the trimming
operation for sub-exponential random variables.

Lemma 5. Suppose that z; are i.i.d v-sub-exponential with
mean p. Then, the following holds for any ¢ > 0,

n

1

P{— ;mz w>t}h < 2exp(— nmln{Q 202 })
and for any s > 0,
2
Plmax{|x; — p|} > s] < 2nexp(— mm{ b,
i€[n] 7202

and for any m > 0, under the above two events,

nt +ms

Trim,, ({z;}7;) — u| < .
(Trimg ({Hy) — ] < 20

Proof of Lemma 5. Note that the first two inequalities are
just the Berstein’s Inequality. We only prove the last in-
equality.

Let 7 C [n] denote the set of all trimmed variables and
U = [n]\T. Then, we know that Trim,,({z;}}_,) =

%_6712475 Thus, we have
Dicu Ti
S ¥ mJZ )= 2 (=)
i€[n] €T
1
<———(1) (@il + 1> (xi — ). 3)
n 2m i€[n] €T

For the second term of (3), we have | ), (z; — p)| <
mmax{|z; — p|}. Plugging the inequalities into (3) we get
the proof. O

Now, fix any w € W, we know that there exists a w which
is in the J-net, i.e., < 4. Then by using the
Bernstein inequality and the sub-exponential assumption
and taking the union bound, we can see that with proba-
bility at least 1 — 2d N exp(—nmin{, %}), we have
the following for all j € [d] and @ € W

n ~
ij(w, ZZ?Z') ~
——= —-V,L <t 4
e Io@| <t @)
and with probability at least 1 -
2dnNj exp(— min{ 5, %}), we get the following

forall j € [d] and @ € W,

mz[m)](|v (W, x;) — ViLp(w)| < s. )
1€
By the 3;-smoothness of ¢; (-, z) we have

") V. ~
|; ’ n _; ’ " | < Bjllw—wl|2 < B;6,
(6)

|VJLD(7IJ) - Vij(w)| S BJ(S (7)

Thus, we get

"V il(w, x;
|Z J(n )_

maX|V l(w,x;) —
i€[n]

V;Lp(w)| < t+ 280 (8)

V,Lp(w)| < s+2B;6. (9

By Lemma 5 we have for all j € [d] and w € W

nt +ms m+n

[ Trim, (D (w)) =V Lp(w)] <

25]

n—2m
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Combining this with (2) we have the following with

probability at least 1 — 2an5 exp(—min{ 5>, %}) -

2dN; exp(—n min{ -, 272 ) forall j € [d] and W € WV,
E|VL(w, D) - VLp(w)|z <

SO(\/Ent+mS+B5m+n n
n—2m n—2m

7d+/T logn
V/né

VB -+ 2. Thus, let § = iﬁ =

), (10)

where B

0(1),

= O max{ T1og(nBa) \/ Dogmpn))),

= O(rdlog(BnA)).
Then, we get the proof. O
Proof of Theorem 5. In the ¢-th iteration, let
' = w'™t —pVL(w'™t, D).
Then, by the property of Euclidean project we have
lw' = w2 < 0" —w' s
Hence, we have

l6" —w*[l2 < [~ =9V L(w"!, D) —w*|
< '™t = 9VLp(w'™)
+0|VL(w' ™!, D) — Lp(w'™)||2.

— w2

For the first term, by the co-coercivity of strongly convex
functions (Bubeck and others, 2015), we have

ap
a-i—ﬁ
+7||VLD( I3

t—1

('™ —w", VLp(w' ™)) 2 — w3

[

Thus we obtain the following by taking 77 = 5

[w™ = 9VLp(w'™) — w3 <
2a 2
1— wtfl _ 'LU* 2

1 _
+ @IIVLD(wt DIz

2«
<(1-
=< a+p

IVLp (w3

Mw ™ — w3 (11)

Taking the expectation w.r.t Z;_; and using the inequality
of V1—2<1— % and Lemma 4, we have

B~ < (1) B~ 0T

(12)

7d+\/T logn

That is,

B 1d+/T logn
Byv/né

Thus, taking T = O(g logn), we have the following with

probability at least 1 — Q(%)

. " Ardlogn
Eflof - wl> < 0(y/ 2 278,
a  ay/né

Elli” — w*|l, < (1— ——)TA+0(=

B+ a o N

Since ¢ \/2 log + + 2¢ — \/2 log +, by using the

Taylor series of the function v/z +1 — /x, we have

€ = O(\/IZ?%). Since Lp(w) is S-smooth we have
ELp(w?) — Lp(w*) < gEHwT — w*||3. Thus we get
the proof. O

Proof of Theorem 7. The proof of (e, d)-DP is the same

as in the proof of Theorem 3. The ¢; sensitivity is = 4*[

Next, we show the upper bound. The key lemma on the
uniform converge rate is the following. For convenience,
we denote by

1 V?f(ug%)
5; V 5 w .131 - W)
V.é(w,xi) Vil(w, J:) |V il(w, z;)|
e Y ZC( VB )

i=1

and g;(w) = (§1(w), g2(w), -+, Ga(w)).

Lemma 6 (Lemma 8 in (Holland, 2019)). Under Assump-
tions 1 and 4, with probability at least 1 — §’, the following
holds for any w € W,

Bdy/vlo LAn
E[Ve(w, z)]||2 < O it )>. (13)

195 (w) — NG

Thus, we have the following lemma.

Lemma 7. Under the assumptions in the previous lemma,
the following holds with probability at least 1 — 26" for any

wew
Bd+/vT log(LAn
E[Ve(u, )l < 0LV T A

Vinve

llg;(w) —
(14)

The remaining proof is almost the same as the proof of

"Theorem 5 by using Lemma 7. We omit it here for con-

venience. O
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Proof of Theorem 8. Let ¢ denote the same notation as
in the proof of Theorem 5. Then, we have

0" — w2 < lw'™" = ng" (W' ) —w*|;
<lw'™t = pVLp(w'™ ) — w*[|
+nllg"™ (w1t = Lo(w'1)]l2,

and

[w™" = nVLp(w™") — w3 < [w™" —w*|3

= 29(VLp(w'™),w' ™" —w") + || VLp (w3

- . 1 - —1y®therwi
< '™t = w I} - 205 VLo (w3 + VLo (w! TS

B

< '™t = w3

Thus by Lemma 7 we have with probability at least 1 — 24

dy/vT log(%An)
ViVe

" — w2 < [lw™" = w2+ O(
(15)

vT log(%An) 5, We

Hence, when O NV ) < Jw® — w*

have @' € W for all ¢ = {1,---,T} with probability at
least 1 — 2§’T. This means that @' = w® for all ¢t € [T.
Hence, we proceed to study the algorithm without projec-

dt/vT log(L An)
(fn—\/éa) for
-, T}. By the smoothness of Lp(-) we have

(dT

tion. Let Dy = ||w® — w*|j2 + O
t = {0’ 17 ..

Lp(w') < Lp(w'™) + (VLp(w'™),w" —w'™t)
Dt — w3

= Lp(w'™) +n(VLp(w' ™),
~ VLp(w' )+ g @) — V(')
+ VLo

Since n = %, by simple calculation we have

1
Lp(w') < Lp(w'™") - @HVL(UJH)II2

N O(BdQUT log(%An)

). (16)

Next we show the following lemma

Lemma 8. Assume that events (14) hold for all ¢t =
{1,---,T}. Then there exists at least one t € {1,--- ,T'}
such that

Lp(wt) — Lp(w*) S 16D0X7

Bdy/vT log(%An) )

where y = O( NG

_gt—l(wt—l) 4 VLD(wt—l)

Proof. We note that D; < 2Dg forallt =0,--- ,7. Thus
we have

Lp(w) — Lp(w®) < [[VLp(w)ll2]lw — w2,

which implies that

Lp(w) — Lp(w*)
[w—w*2

IVLp(w)ll2 >

Suppose that there exists ¢ € {1,2,---,T} such that
IVLp(wt)|2 < +/2x. Then, we have Lp(w') —
Lo(w*) £ IVLp(w) 3w’ — w2 < 2v2Dox.

that for all {1,2,---,T},
Then, we have the following

suppose
IVLp(w') > V2x.
forallt <T,

Lp(w') = Lp(w*) < Lp(w'™!) = Lp(w")

1 _
- @HVLD(wt DIz

< Lp(w'™!) = Lp(w*) - 461913_1(%(10”) — Lp(w*)).
Multiplying ~ both side by [(Lp(w') —
Lp(w*))(Lp(w'™') — Lp(w*))]~* we get

1 1

To(w!) — Lo(®) = Lo(w' 1) — Lp(w")
1 Lp(w'™?t) — Lp(w*)
T IBDE, Lo(w) — Lo(w)
S 1 n 1
~ Lp(wt=1) — Lp(w*)  168D3’
where the last inequality is due to the facts that D; < 2D
and LD(’wtil) > LD(wt).

Hence, we have
1 T

> > 17
Lp(wT) — Lp(w*) = 168D2 ~ 16Dgx 17
using the fact that 7' = ﬂf", that is, T =
- . =\ 2 - 2
O(W)d. ThusX:O(A(dﬁ). O
ne)3
Next we show that
1
Lp(wT) — Lp(w*) < 16Dyx + %x? (18)

Let t = to be the first time that Lp(w?) — Lp(w*) <
16 Dox. We show that for any ¢ > to, Lp(w')— Lp(w*) <
16Dgy + %Xz' If not, let t; be the first time that
Lp(w') — Lp(w*) > 16Dgy + %XQ. Then, we must
have Lp(w') > Lp(w'*~1). By (16) we have

LD(’LUtl_l) — Lp(w*) 2
1
Lp(w') — Lp(w*) — %XQ > 16Dy.
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Thus, we have

Lp(w=1) — Lp(w®)
[on T =l

IVLp (w"* )|z >

> 8x.

By (16) we have Lp(w') < Lp(w!* 1) which is a contra-
diction. O
B. Explicit Form of C'(a, b) in (10)

We first define the following notations:

Vo \/§—a,v+: V2+a

(19)
F_i=®(-V.),F == d(-V,) (20)

| V2
5 ) Bri=exp(-75), @D

where ¢ denotes the CDF of the standard Gaussian distri-
bution. Then

Clab) =T) +Tp +--- + T, (22)
where
2v/2
T := \((F, - Fy) (23)
a3
Ty = —(a— £)(F- + F4) (24)
b a?
T3 = m( — 5)(E+—E,) (25)
7, = (F G F o4+ (VB 4V E )) (26)
4 -— 2 + - m +~+ — =
b3
Ty := 24+ VAHE_ —(24+VHE,). 2
5 6\/%(( +V7> ( +V+) +) 27

C. Full description of experiments

For the synthetic data generation, we select the parameters
(=10 =1)and (x = 0.2,0 = 0.2) for the Lognormal
and Loglogistic noises underlying, respectively. The step
size of Algorithm 3 is set to 0.01 where m = 0.05n. As for
algorithm 4, v = 5, failure probability ¢’ = 0.01 and the
step size is set to 0.1. For the stochastic Algorithm 4, the
step size is selected as %, where ¢ is the iteration number.
Accordingly, w” = M Corresponding to Fig. 1 and
2, we present the results which also mark the difference

between the best and the worst performances as follows.

To measure the impact from dimension on performances,
we fix n = 10° and test d varying from 10 to 50 through
stochastic Algorithm 4 and RGD under the same setup as
above. To test the impact from the size of the dataset, we
fix d = 20 and test n varying from 2 x 10% to 10°.
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Figure 1. Experiments on synthetic datasets. Figures (a) and (b) are for ridge regressions over synthetic data with Lognormal noises.
Figures (c) and (d) are for logistic regressions over synthetic data with Loglogistic noises.
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Figure 2. Experiments on UCI Adult dataset. Figures (a) and (b) are for ridge regressions. Figures (c) and (d) are for logistic regressions.



