
Supplementary material for

Logistic Regression for Massive Data with Rare Events

In this section, we prove all theoretical results in the paper. To facilitate the presentation
of the proofs, denote

an =
√
neαnt .

The condition that E(et‖x‖) <∞ for any t > 0 implies that

E(et1‖x‖‖z‖t2) <∞, (S.1)

for any t1 > 0 and t2 > 0, and we will use this result multiple times in the proof. The
inequality in (S.1) is true because for any t1 > 0 and t2 > 0, we can choose t > t1 and k > t2
so that

et‖x‖ ≥ e−tet‖z‖ = e−tet1‖z‖e(t−t1)‖z‖ ≥ (t− t1)ke−t

k!
et1‖x‖‖z‖k ≥ (t− t1)ke−t

k!
et1‖x‖‖z‖t2 ,

with probability one.

S.1 Proof of Theorem 1

Proof of Theorem 1. The estimator θ̂ is the maximizer of

`(θ) =
n∑
i=1

[
(α + xT

i β)yi − log{1 + exp(α + xT
i β)}

]
, (S.2)

so un = an(θ̂ − θnt) is the maximizer of

γ(u) = `(θnt + a−1
n u)− `(θnt). (S.3)

By Taylor’s expansion,

γ(u) = a−1
n uT ˙̀(θnt) + 0.5a−2

n

n∑
i=1

φi(θnt + a−1
n ú)(zT

i u)2, (S.4)

where φi(θ) = pi(α,β){1− pi(α,β)},

˙̀(θ) =
∂`(θ)

∂θ
=

n∑
i=1

{yi − pi(θ)}zi =
n∑
i=1

{yi − pi(α,β)}zi
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is the gradient of `(θ), and ú lies between 0 and u. If we can show that

a−1
n

˙̀(θnt) −→ N
(
0, Mf

)
, (S.5)

in distribution, and for any u,

a−2
n

n∑
i=1

φi(θnt + a−1
n ú)ziz

T
i −→Mf , (S.6)

in probability, then from the Basic Corollary in page 2 of Hjort & Pollard (2011), we know
that an(θ̂ − θnt), the maximizer of γ(u), satisfies that

an(θ̂ − θnt) = M−1
f × a

−1
n

˙̀(θnt) + oP (1). (S.7)

Slutsky’s theorem together with (S.5) and (S.7) implies the result in Theorem 1. We prove
(S.5) and (S.6) in the following.

Note that

˙̀(θnt) =
n∑
i=1

{
yi − pi(αnt,βt)

}
zi, (S.8)

is a summation of i.i.d. quantities. Since αnt → −∞ as n → ∞, the distribution of
{y− p(αnt,βt)}z depends on n, we need to use a central limit theorem for triangular arrays.
The Lindeberg-Feller central limit theorem (see, Section ∗2.8 of van der Vaart, 1998) is
appropriate.

We exam the mean and variance of a−1
n

˙̀(θnt). For the mean, from the fact that

E[{yi − pi(αnt,βt)}zi] = E[E{yi − pi(αnt,βt)|zi}zi] = 0,

we know that E{a−1
n

˙̀(θnt)} = 0.
For the variance,

V{a−1
n

˙̀(θnt)} = a−2
n

n∑
i=1

V[{yi − pi(αnt,βt)}zi] = a−2
n nE{φ(θnt)zz

T}

= a−2
n nE

{
eαnt+βT

t xzzT

(1 + eαnt+βT
t x)2

}
= E

{
eβ

T
t xzzT

(1 + eαnt+βT
t x)2

}
.

Note that

eβ
T
t xzzT

(1 + eαnt+βT
t x)2

−→ eβ
T
t xzzT,

almost surely, and

eβ
T
t x‖z‖2

(1 + eαnt+βT
t x)2

≤ eβ
T
t x‖z‖2 with E(eβ

T
t x‖z‖2) ≤ ∞.
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Thus, from the dominated convergence theorem,

V{a−1
n

˙̀(θnt)} = E
{

eβ
T
t xzzT

(1 + eαnt+βT
t x)2

}
−→ E

(
eθ

T
ntxzzT

)
.

Now we check the Lindeberg-Feller condition. For any ε > 0,

n∑
i=1

E
[
‖{yi − pi(αnt,βt)}zi‖2I(‖{yi − pi(αnt,βt)}zi‖ > anε)

]
= nE

[
‖{y − p(θnt)}z‖2I(‖{y − p(θnt)}z‖ > anε)

]
= nE

[
p(θnt){1− p(θnt)}2‖z‖2I(‖{1− p(θnt)}z‖ > anε)

]
+ nE

[
{1− p(θnt)}{p(θnt)}2‖z‖2I(‖p(θnt)z‖ > anε)

]
≤ nE

[
p(θnt)‖z‖2I(‖z‖ > anε)

]
+ nE

[
{p(θnt)}2‖z‖2I(‖p(θnt)z‖ > anε)

]
≤ a2

nE{e‖βt‖‖x‖‖z‖2I(‖z‖ > anε)}+ a2
nE{e‖βt‖‖x‖‖z‖2I(‖z‖ > anε)}

= o(a2
n),

where the last step is from the dominated convergence theorem. Thus, applying the Lindeberg-
Feller central limit theorem (Section ∗2.8 of van der Vaart, 1998), we finish the proof of (S.5).

The last step is to prove (S.6). We first show that∣∣∣∣a−2
n

n∑
i=1

φi(θnt + a−1
n ú)‖zi‖2 − a−2

n

n∑
i=1

φi(θnt)‖zi‖2

∣∣∣∣
≤ a−2

n

n∑
i=1

∣∣φi(θnt + a−1
n ú)− φi(θnt)

∣∣‖zi‖2

≤ ‖a−1
n ú‖a−2

n

n∑
i=1

pi(θnt + a−1
n ŭ)‖zi‖3

=
‖a−1

n ú‖
n

n∑
i=1

ex
T
i βt+a

−1
n ŭTzi

{1 + eθ
T
ntzi+a

−1
n ŭTzi}2

‖zi‖3

≤ ‖a
−1
n ú‖
n

n∑
i=1

e(‖βt‖+‖u‖)(1+‖xi‖)‖zi‖3 = oP (1). (S.9)

Here, the last inequality in (S.9) is because ŭ lies between 0 and ú, and thus ‖a−1
n ŭ‖ ≤ ‖u‖

for an ≥ 1.
To finish the proof, we only need to prove that

a−2
n

n∑
i=1

φi(θnt)ziz
T
i −→ E(eβ

T
t xzzT), (S.10)

in probability. This is done by noting that

a−2
n

n∑
i=1

φi(θnt)ziz
T
i =

1

neαnt

n∑
i=1

eθ
T
ntzi

(1 + eθ
T
ntzi)2

ziz
T
i (S.11)
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=
1

n

n∑
i=1

ex
T
i βt

(1 + eθ
T
ntzi)2

ziz
T
i = E(eβ

T
t xzzT) + oP (1), (S.12)

by Proposition 1 of Wang (2019).

S.2 Proof of Theorem 2

Proof of Theorem 2. The estimator θ̂w
under is the maximizer of `w

under(θ) defined in (10), so√
an(θ̂w

under− θt) is the maximizer of γw
under(u) = `w

under(θnt + a−1
n u)− `w

under(θnt). By Taylor’s
expansion,

γw
under(u) =

1

an
uT ˙̀w

under(θnt) +
1

2a2
n

n∑
i=1

δi
πi
φi(θnt + a−1

n ú)(zT
i u)2, (S.13)

where

˙̀w
under(θ) =

∂`w
under(θ)

∂θ
=

n∑
i=1

δi
πi
{yi − pi(θ)}zi =

n∑
i=1

δi
πi
{yi − pi(α,β)}zi

is the gradient of `w
under(θ), and ú lies between 0 and u. Similarly to the proof of Theorem 1,

we only need to show that

a−1
n

˙̀w
under(θnt) −→ N

[
0, E

{
eβ

T
t x(1 + ceβ

T
t x)zzT

}]
, (S.14)

in distribution, and for any u,

a−2
n

n∑
i=1

δi
πi
φi(θnt + a−1

n ú)ziz
T
i −→ E

(
eβ

T
t xzzT

)
, (S.15)

in probability.
We prove (S.14) first. Recall that Dn is the full data set and δi = yi + (1− yi)I(ui ≤ π0),

satisfying that
πi = E(δi|Dn) = yi + (1− yi)π0 = π0 + (1− π0)yi.

We notice that

E(δi|zi) = pi(αnt,βt) + {1− pi(αnt,βt)}π0 = π0 + (1− π0)pi(αnt,βt).

Let ηi = δi
πi
{yi − pi(θnt)}zi, we know that ηi, i = 1, ..., n, are i.i.d., with the underlying

distribution of ηi being dependent on n. From direct calculation, we have

E(ηi|zi) = 0, and

V(ηi|zi) = E
[
{yi − pi(θnt)}2

π0 + yi(1− π0)

∣∣∣∣zi]zizT
i

=
[
pi(θnt){1− pi(θnt)}2 + π−1

0 {1− pi(θnt)}{pi(θnt)}2
]
ziz

T
i

=
{

1− pi(θnt) + π−1
0 pi(θnt)

}
pi(θnt){1− pi(θnt)}zizT

i
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=
1 + π−1

0 eαnt+xT
i βt

(1 + eαnt+xT
i βt)2

pi(θnt)ziz
T
i

≤ eαnt(1 + π−1
0 eαntex

T
i βt)ex

T
i βtziz

T
i .

Thus, by the dominated convergence theorem, we obtain that

V(ηi) = E{V(ηi|zi)} = eαntE
{
ex

T
i βt(1 + cex

T
i βt)ziz

T
i

}
{1 + o(1)}. (S.16)

Now we check the Lindeberg-Feller condition (Section ∗2.8 of van der Vaart, 1998). For
simplicity, let π = π0 + (1− π0)y and δ = y + (1− y)I(u ≤ π), where u ∼ U(0, 1). For any
ε > 0,

n∑
i=1

E
{
‖ηi‖2I(‖ηi‖ > anε)

}
=nE

[
‖π−1δ{y − p(θnt)}z‖2I(‖π−1δ{y − p(θnt)}z‖ > anε)

]
=π0nE

[
‖π−1{y − p(θnt)}z‖2I(‖π−1{y − p(θnt)}z‖ > anε)

]
+ (1− π0)nE

[
π−1‖y{y − p(θnt)}z‖2I(‖π−1y{y − p(θnt)}z‖ > anε)

]
=π0nE

[
p(θnt)‖{1− p(θnt)}z‖2I(‖{1− p(θnt)}z‖ > anε)

]
+ π−1

0 nE
[
{1− p(θnt)}‖p(θnt)z‖2I(π−1

0 ‖p(θnt)z‖ > anε)
]

+ (1− π0)nE
[
p(θnt)‖{1− p(θnt)}z‖2I(‖{1− p(θnt)}z‖ > anε)

]
≤nE

{
p(θnt)‖z‖2I(‖z‖ > anε)

}
+ nπ−1

0 E
{
‖p(θnt)z‖2I(‖π−1

0 p(θnt)z‖ > anε)
}

≤neαntE
{
eβ

T
t x‖z‖2I(‖z‖ > anε)

}
+ nπ−1

0 e2αntE
{
eβ

T
t x‖z‖2I(π−1

0 eαnteαnt‖z‖ > anε)
}

=o(neαnt) = o(a2
n),

where the second last step is from the dominated convergence theorem and the facts that
an → ∞ and limn→∞ e

α/π0 = c < ∞. Thus, applying the Lindeberg-Feller central limit
theorem (Section ∗2.8 of van der Vaart, 1998) finishes the proof of (S.14).

Now we prove (S.15). By direct calculation, we first notice that

∆1 ≡ a−2
n

n∑
i=1

δi
πi
φi(θnt)ziz

T
i =

1

n

n∑
i=1

{yi + (1− yi)I(ui ≤ π0)}exT
i βt

πi(1 + eαnt+xT
i βt)2

ziz
T
i (S.17)

has a mean of

E(∆1) =E
{

eβ
T
t x

(1 + eαnt+βT
t x)2

zzT

}
= E

(
eβ

T
t xzzT

)
+ o(1), (S.18)

where the last step is by the dominated convergence theorem. In addition, the variance of
each component of ∆1 is bounded by

1

n
E
{

e2βT
t x‖z‖4

π(1 + eαnt+βT
t x)4

}
≤ E(e2βT

t x‖z‖4)

nπ0

= o(1), (S.19)
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where the last step is because neαnt →∞ and eαnt/π0 → c <∞ imply that nπ0 →∞. From
(S.18) and (S.19), Chebyshev’s inequality implies that ∆1 → E

(
eβ

T
t xzzT

)
in probability.

Notice that ∣∣∣∣a−2
n

n∑
i=1

δi
πi
φi(θnt + a−1

n ú)‖zi‖2 − a−2
n

n∑
i=1

δi
πi
φi(θnt)‖zi‖2

∣∣∣∣
≤ ‖a−1

n ú‖a−2
n

n∑
i=1

δi
πi
pi(θnt + a−1

n ŭ)‖zi‖3

≤ ‖a−1
n ú‖ × 1

n

n∑
i=1

δi
πi
e(‖βt‖+‖u‖)‖zi‖‖zi‖3 ≡ ‖a−1

n ú‖ ×∆2.

Since ‖a−1
n ú‖ → 0, to finish the proof of (S.15), we only need to prove that ∆2 is bounded

in probability. Using an approach similar to (S.18) and (S.19), we can show that ∆2 has a
mean that is bounded and a variance that converges to zero.

S.3 Proof of Theorem 3

Proof of Theorem 3. If we use Υbc to denote the under-sampled objective function shifted
by b, i.e., Υbc(θ) = `u

under(θ − b), then the estimator θ̂ubc
under is the maximizer of

Υbc(θ) =
n∑
i=1

δi
[
(θ − b)Tziyi − log{1 + e(θ−b)Tzi}

]
. (S.20)

We notice that
√
an(θ̂ubc

under − θnt) is the maximizer of γbc(u) = Υbc(θnt + a−1
n u) − Υbc(θnt).

By Taylor’s expansion,

γp(u) =
1

an
uTΥ̇bc(θnt) +

1

2a2
n

n∑
i=1

δiφi(θnt − b + a−1
n ú)(zT

i u)2, (S.21)

where

Υ̇bc(θ) =
∂Υbc(θ)

∂θ
=

n∑
i=1

δi{yi − pi(θnt − b)}zi =
n∑
i=1

δi{yi − pi(αnt − b,βt)}zi

is the gradient of Υbc(θ), and ú lies between 0 and u.
Similarly to the proof of Theorem 1, we only need to show that

a−1
n Υ̇bc(θnt) −→ N

{
0, E

(
eβ

T
t xzzT

1 + ceβ
T
t x

)}
, (S.22)

in distribution, and for any u,

a−2
n

n∑
i=1

δiφi(θnt − b + a−1
n ú)ziz

T
i −→ E

(
ex

T
i βt

1 + cex
T
i βt

ziz
T
i

)
(S.23)
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in probability.
We prove (S.22) first. Define ηui = δi{yi − pi(αnt − b,βt)}zi. We have that

E(ηui|zi) = E[{π0 + yi(1− π0)}{yi − pi(αnt − b,βt)}|zi]zi
= [pi(αnt,βt){1− pi(αnt − b,βt)} − π0{1− pi(αnt,βt)}{pi(αnt − b,βt)}]zi = 0,

which implies that E(ηui) = 0. For the conditional variance

V(ηui|zi) = E[{π0 + yi(1− π0)}{yi − pi(αnt − b,βt)}2|zi]zizT
i

=
[
pi(αnt,βt){1− pi(αnt − b,βt)}2 + π0{1− pi(αnt,βt)}{pi(αnt − b,βt)}2

]
ziz

T
i

=
eαnt+xT

i βt + π0e
2(αnt−b0+xT

i βt)

(1 + eαnt+xT
i βt)(1 + eαnt−b0+xT

i βt)2
ziz

T
i

=
eαnt+xT

i βt

1 + eαnt−b0+xT
i βt
{1− pi(αnt,βt)}zizT

i ≤ eαntex
T
i βtziz

T
i ,

where ex
T
i βtziz

T
i is integrable. Thus, by the dominated convergence theorem, V(ηui) satisfies

that

V(ηui) = E{V(ηui|zi)} = eαntE
(

eβ
T
t x

1 + ceβ
T
t x

)
{1 + o(1)}. (S.24)

Therefore, we have

a−2
n

n∑
i=1

V(ηui) −→ E
(

eβ
T
t x

1 + ceβ
T
t x

zzT

)
. (S.25)

Now we check the Lindeberg-Feller condition. For any ε > 0,

n∑
i=1

E
{
‖ηui‖2I(‖ηui‖ > anε)

}
=nE

[
‖δ{y − p(θnt − b)}z‖2I(‖δ{y − p(θnt − b)}z‖ > anε)

]
=π0nE

[
‖{y − p(θnt − b)}z‖2I(‖{y − p(θnt − b)}z‖ > anε)

]
+ (1− π0)nE

[
‖y{y − p(θnt − b)}z‖2I(‖y{y − p(θnt − b)}z‖ > anε)

]
=π0nE

[
p(θnt)‖{1− p(θnt − b)}z‖2I(‖{1− p(θnt − b)}z‖ > anε)

]
+ π0nE

[
{1− p(θnt)}‖p(θnt − b)z‖2I(‖p(θnt − b)z‖ > anε)

]
+ (1− π0)nE

[
p(θnt)‖{1− p(θnt − b)}z‖2I(‖{1− p(θnt − b)}z‖ > anε)

]
≤nE

{
p(θnt)‖z‖2I(‖z‖ > anε)

}
+ π0nE

[
‖p(θnt − b)z‖2I(‖z‖ > anε)

]
≤neαntE

{
eβ

T
t x‖z‖2I(‖z‖ > anε)

}
+ π−1

0 ne2αntE
{
e2βT

t x‖z‖2I(‖z‖ > anε)
}

=o(neαnt) = o(a2
n),

where the second last step is from the dominated convergence theorem. Thus, applying the
Lindeberg-Feller central limit theorem (Section ∗2.8 of van der Vaart, 1998) finishes the proof
of (S.22).
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No we prove (S.23). First, letting

∆3 ≡ a−2
n

n∑
i=1

δiφi(θnt − b)ziz
T
i =

1

n

n∑
i=1

{yi + (1− yi)I(ui ≤ π0)}e−b0+xT
i βt

{1 + eαnt−b0+xT
i βt}2

ziz
T
i , (S.26)

the mean of ∆3 satisfies that

E(∆3) =E
[

eβ
T
t x

{1 + eαnt+βT
t x}{1 + eαnt−b0+βT

t x}
zzT

]
= E

(
eβ

T
t x

1 + ceβ
T
t x

zzT

)
+ o(1), (S.27)

by the dominated convergence theorem, and the variance of each component of ∆3 is bounded
by

1

n
E
[
{y + (1− y)I(u ≤ π0)}e−2b0+2βT

t x

{1 + eαnt−b0+βT
t x}4

‖z‖4

]
≤ E(e2βT

t x‖z‖4)

nπ0

= o(1). (S.28)

Thus, Chebyshev’s inequality implies that

∆3 −→ E
(

eβ
T
t x

1 + ceβ
T
t x

zzT

)
, (S.29)

in probability. Furthermore,∣∣∣∣a−2
n

n∑
i=1

δiφi(θnt − b + a−1
n ú)‖zi‖2 − a−2

n

n∑
i=1

δiφi(θnt − b)‖zi‖2

∣∣∣∣
≤ ‖a−1

n ú‖a−2
n

n∑
i=1

δipi(θnt − b + a−1
n ŭ)‖zi‖3

≤ ‖a
−1
n ú‖
n

n∑
i=1

δi
π0

e(‖βt‖+‖u‖)(1+‖xi‖)‖zi‖3 ≡ ‖a−1
n ú‖ ×∆4 = oP (1), (S.30)

where the last step is because ∆4 is bounded in probability due to the fact that it has a
mean that is bounded and a variance that converges to zero. Combing (S.29) and (S.30),
(S.23) follows.

S.4 Proof of Proposition 1

Proof of Proposition 1. Let

g =
1√
h

{
E(h−1vvT)

}−1
v −
√
h
{
E(vvT)

}−1
v.

Since ggT ≥ 0, we have

0 ≤ E(ggT) =
{
E(vvT)

}−1E(hvvT)
{
E(vvT)

}−1 −
{
E(h−1vvT)

}−1
,

which finishes the proof.
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S.5 Proof of Theorem 4

Proof of Theorem 4. The estimator θ̂w
over is the maximizer of (20), so

√
an(θ̂w

over − θt) is the
maximizer of γw

over(u) = `w
over(θnt + a−1

n u)− `w
over(θnt). By Taylor’s expansion,

γw
over(u) =

1

an
uT ˙̀w

over(θnt) +
1

2a2
n

n∑
i=1

τi
wi
φi(θnt + a−1

n ú)(zT
i u)2, (S.31)

where

˙̀w
over(θ) =

∂`w
over(θ)

∂θ
=

n∑
i=1

τi
wi
{yi − pi(θnt)}zi =

n∑
i=1

τi
wi
{yi − pi(αnt − b,βt)}zi

is the gradient of `w
over(θ), and ú lies between 0 and u. Similarly to the proof of Theorem 1,

we only need to show that

a−1
n

˙̀w
over(θnt) −→ N

{
0,

(1 + λ)2 + λ

(1 + λ)2
E
(
eβ

T
t xzzT

)}
, (S.32)

in distribution, and for any u,

a−2
n

n∑
i=1

τi
wi
φi(θnt + a−1

n ú)ziz
T
i −→ E

(
eβ

T
t xzzT

)
, (S.33)

in probability.
We prove (S.32) first. Denote ηowi = τiw

−1
i {yi − pi(θnt)}zi, so ηowi, i = 1, ..., n, are i.i.d.

with the underlying distribution of ηowi being dependent on n. From direct calculation, we
have

E(ηowi|zi) = 0, and

V(ηowi|zi) = E
[
{yi(3λn + λ2

n) + 1}{yi − pi(θnt)}2

(1 + λnyi)2

∣∣∣∣zi]zizT
i

=

[
pi(θnt){1− pi(θnt)}2 (1 + λn)2 + λn

(1 + λn)2
+ {1− pi(θnt)}{pi(θnt)}2

]
ziz

T
i

=
(1 + λn)2 + λn

(1 + λn)2
eαnteβ

T
t xziz

T
i {1 + oP (1)},

where the oP (1) is bounded. Thus, by the dominated convergence theorem, we obtain that

V(ηowi) =
(1 + λ)2 + λ

(1 + λ)2
eαntE

(
ex

TβtzzT
)
{1 + o(1)}.

Now we check the Lindeberg-Feller condition (Section ∗2.8 of van der Vaart, 1998). Let
w = 1 + λny and τ = yv + 1, where v ∼ POI(λn). For any ε > 0,

n∑
i=1

E
[
‖ηowi‖2I(‖ηowi‖ > anε)

]
9



= nE
[
‖w−1τ{y − p(θnt)}z‖2I(‖w−1τ{y − p(θnt)}z‖ > anε)

]
≤ n

anε
E
[
‖w−1τ{y − p(θnt)}z‖3

=
n

anε
E
[

(1 + vy)3

(1 + λny)3
{y − p(θnt)}3‖z‖3

]
≤ n

anε

1 + 7λn + 6λ2
n + λ3

n

(1 + λn)3
E{p(θnt)‖z‖3}+

n

anε
E[{p(θnt)}3‖z‖3]

≤ an
ε

1 + 7λn + 6λ2
n + λ3

n

(1 + λn)3
E(ex

T
i βt‖z‖3) +

ane
2αnt

ε
E(e3xT

i βt‖z‖3) = o(a2
n).

Thus, applying the Lindeberg-Feller central limit theorem (Section ∗2.8 of van der Vaart,
1998) finishes the proof of (S.32).

Now we prove (S.33). Let

∆5 ≡ a−2
n

n∑
i=1

τi
wi
φi(θnt)ziz

T
i =

1

n

n∑
i=1

τi
wi

ex
T
i βt

(1 + eαnt+xT
i βt)2

ziz
T
i .

Since

E(∆5) =E
{

eβ
T
t x

(1 + eαnt+βT
t x)2

zzT

}
= E

(
eβ

T
t xzzT

)
+ o(1),

by the dominated convergence theorem, and each component of ∆5 has a variance that is
bounded by

1

n
E
{

2e2βT
t x‖z‖4

(1 + eαnt+βT
t x)4

}
≤ 2E(e2βT

t x‖z‖4)

n
= o(1),

applying Chebyshev’s inequality gives that

∆5 −→ E
(
eβ

T
t xzzT

)
,

in probability. Thus, (S.33) follows from the fact that∣∣∣∣a−2
n

n∑
i=1

τi
wi
φi(θnt + a−1

n ú)‖zi‖2 − a−2
n

n∑
i=1

τi
wi
φi(θnt)‖zi‖2

∣∣∣∣
≤ ‖a−1

n ú‖a−2
n

n∑
i=1

τi
wi
pi(θnt + a−1

n ŭ)‖zi‖3

≤ ‖a
−1
n ú‖
n

n∑
i=1

τi
wi
e(‖βt‖+‖u‖)‖zi‖‖zi‖3 = oP (1),

where the last step is because n−1
∑n

i=1 τiw
−1
i e(‖βt‖+‖u‖)‖zi‖‖zi‖3 has a bounded mean and a

bounded variance and thus it is bounded in probability.

10



S.6 Proof of Theorem 5

Proof of Theorem 5. The over-sampled estimator θ̂ubc
over is the maximizer of

Υoc(θ) =
1

1 + λn

n∑
i=1

τi
[
(θ + bo)

Tziyi − log{1 + ez
T
i (θ+bo)}

]
. (S.34)

Thus,
√
an(θ̂ubc

over−θnt) is the maximizer of γoc(u) = Υoc(θnt + a−1
n u)−Υoc(θnt). By Taylor’s

expansion,

γoc(u) =
1

an
uTΥ̇oc(θnt) +

1

2a2
n(1 + λn)

n∑
i=1

τiφi(θnt + bo + a−1
n ú)(zT

i u)2, (S.35)

where

Υ̇oc(θ) =
∂Υoc(θ)

∂θ
=

1

1 + λn

n∑
i=1

τi{yi − pi(αnt + bo0,βt)}zi

is the gradient of Υoc(θ), and ú lies between 0 and u.
Similarly to the proof of Theorem 1, we only need to show that

a−1
n Υ̇oc(θnt) −→ N

[
0,

(1 + λ)2 + λ

(1 + λ)2
E
{

eβ
T
t x

(1 + coeβ
T
t x)2

zzT

}]
, (S.36)

in distribution, and for any u,

1

a2
n(1 + λn)

n∑
i=1

τiφi(θnt + bo + a−1
n ú)ziz

T
i −→ E

(
eβ

T
t x

1 + coeβ
T
t x

zzT

)
, (S.37)

in probability.
We prove (S.36) first. Let ηobi = (1 + λn)−1τi{yi − pi(αnt + bo0,βt)}zi. We have that

(1 + λn)E(ηobi|zi) = E[(1 + λnyi){yi − pi(αnt + bo0,βt)}|zi]zi
= [pi(αnt,βt)(1 + λn){1− pi(αnt + bo0,βt)}
− {1− pi(αnt,βt)}{pi(αnt + bo0,βt)}]zi = 0,

which implies that E(ηobi) = 0. For the conditional variance

(1 + λn)2V(ηobi|zi)
= E[{1 + 3λnyi + λ2

nyi}{yi − pi(αnt + bo0,βt)}2|zi]zizT
i

=
[
pi(αnt,βt)(1 + 3λn + λ2

n){1− pi(αnt + bo0,βt)}2

+ {1− pi(αnt,βt)}{pi(αnt + bo0,βt)}2
]
ziz

T
i

=
(1 + 3λn + λ2

n)eαnt+xT
i βt + e2(αnt+bo0+xT

i βt)

(1 + eαnt+xT
i βt)(1 + eαnt+bo0+xT

i βt)2
ziz

T
i

=
(1 + 3λn + λ2

n)eαnt+xT
i βt

(1 + eαnt+bo0+xT
i βt)2

1 + 1+2λn+λ2n
1+3λn+λ2n

eαnt+xT
i βt

1 + eαnt+xT
i βt

ziz
T
i

11



=
(1 + 3λn + λ2

n)eαnt+xT
i βt

(1 + eαnt+bo0+xT
i βt)2

ziz
T
i {1 + oP (1)}

= eαnt(1 + 3λn + λ2
n)

ex
T
i βt

(1 + coex
T
i βt)2

ziz
T
i {1 + oP (1)},

where the oP (1)’s above are all bounded and the last step is because (1 + λn)eαnt → co.
Thus, by the dominated convergence theorem, V(ηobi) satisfies that

V(ηobi) = eαnt
(1 + λ)2 + λ

(1 + λ)2
E
{

eβ
T
t x

(1 + coeβ
T
t x)2

}
{1 + o(1)}, (S.38)

which indicates that

1

a2
n

n∑
i=1

V(ηobi) −→
(1 + λ)2 + λ

(1 + λ)2
E
{

eβ
T
t x

(1 + coeβ
T
t x)2

zzT

}
. (S.39)

Now we check the Lindeberg-Feller condition. Recall that τ = yv + 1, where v ∼ POI(λn).
We can show that E{(1 + v)3} < 2(1 + λn)3. For any ε > 0,

anε(1 + λn)3

n∑
i=1

E
{
‖ηobi‖2I(‖ηobi‖ > anε)

}
≤ (1 + λn)3

n∑
i=1

E(‖ηobi‖3)

= nE
[
‖τ 3{y − p(θnt + bo)}z‖3

]
= nE

[
p(θnt)(1 + v)3‖{1− p(θnt + bo)}z‖3

]
+ nE

[
{1− p(θnt)}‖p(θnt + bo)z‖3

]
≤ 2n(1 + λn)3E

{
p(θnt)‖z‖3

}
+ nE

{
‖p(θnt + bo)z‖3

}
≤ 2n(1 + λn)3eαntE

(
eβ

T
t x‖z‖3

)
+ n(1 + λn)3e3αntE

(
e3βT

t x‖z‖3
)

= (1 + λn)3O(a2
n).

This indicates that a−2
n

∑n
i=1 E{‖ηobi‖2I(‖ηobi‖ > anε)} = o(1), and thus the Lindeberg-Feller

condition holds. Applying the Lindeberg-Feller central limit theorem (Section ∗2.8 of van der
Vaart, 1998) finishes the proof of (S.36).

No we prove (S.37). Let

∆6 ≡
1

a2
n(1 + λn)

n∑
i=1

τiφi(θnt + bo)ziz
T
i =

1

n

n∑
i=1

(1 + viyi)e
xT
i βt

{1 + eαnt+bo0+xT
i βt}2

ziz
T
i . (S.40)

Note that

E(∆6) = E
{

(1 + λny)eβ
T
t x

(1 + eαnt+bo0+βT
t x)2

zzT

}
(S.41)

= E
{

eβ
T
t x

(1 + eαnt+βT
t x)(1 + eαnt+bo0+βT

t x)
zzT

}
(S.42)

= E
(

eβ
T
t x

1 + coeβ
T
t x

zzT

)
+ o(1), (S.43)
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by the dominated convergence theorem, and the variance of each component of ∆6 is bounded
by

1

n
E
[

(1 + vy)2e2βT
t x

{1 + eαnt+bo0+βT
t x}4
‖z‖4

]
=

1

n
E
[
{1 + (3λn + λ2

n)p(θnt)}e2βT
t x

{1 + eαnt+bo0+βT
t x}4

‖z‖4

]
≤ E(e2βT

t x‖z‖4)

n
+
eαnt(3λn + λ2

n)

n
E
(
e3βT

t x‖z‖4
)

= o(1),

where the last step is because n−1eαntλ2
n = (eαntλn)2a−2

n → 0 and both expectations are
finite. Therefore, Chebyshev’s inequality implies that ∆6 → 0 in probability. Thus, (S.37)
follows from the fact that∣∣∣∣ 1

a2
n(1 + λn)

n∑
i=1

τiφi(θnt + bo + a−1
n ú)‖zi‖2 − 1

a2
n(1 + λn)

n∑
i=1

τiφi(θnt + bo)‖zi‖2

∣∣∣∣
≤ ‖a−1

n ú‖
a2
n(1 + λn)

n∑
i=1

τipi(θnt + bo + a−1
n ŭ)‖zi‖3

≤ ‖a
−1
n ú‖
n

n∑
i=1

(1 + viyi)e
(‖βt‖+‖u‖)‖zi‖‖zi‖3 = oP (1),

where the last step is from the fact that n−1
∑n

i=1(1 + viyi)e
(‖βt‖+‖u‖)‖zi‖‖zi‖3 has a bounded

mean and a bounded variance, and an application of Chebyshev’s inequality.
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