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Abstract

We are interested in how to design reinforcement
learning agents that provably reduce the sample
complexity for learning new tasks by transfer-
ring knowledge from previously-solved ones. The
availability of solutions to related problems poses
a fundamental trade-off: whether to seek poli-
cies that are expected to achieve high (yet sub-
optimal) performance in the new task immediately
or whether to seek information to quickly identify
an optimal solution, potentially at the cost of poor
initial behavior. In this work, we focus on the
second objective when the agent has access to a
generative model of state-action pairs. First, given
a set of solved tasks containing an approximation
of the target one, we design an algorithm that
quickly identifies an accurate solution by seeking
the state-action pairs that are most informative
for this purpose. We derive PAC bounds on its
sample complexity which clearly demonstrate the
benefits of using this kind of prior knowledge.
Then, we show how to learn these approximate
tasks sequentially by reducing our transfer setting
to a hidden Markov model and employing spec-
tral methods to recover its parameters. Finally,
we empirically verify our theoretical findings in
simple simulated domains.

1. Introduction

Knowledge transfer has proven to be a fundamental tool
for enabling lifelong reinforcement learning (RL) (Sutton &
Barto, 1998), where agents face sequences of related tasks.
In this context, upon receiving a new task, the agent aims
at reusing knowledge from the previously-solved ones to
speed-up the learning process. This has the potential to
achieve significant performance improvements over stan-
dard RL from scratch, and several studies have confirmed
this hypothesis (Taylor & Stone, 2009; Lazaric, 2012).
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A key question is what and how knowledge should be trans-
ferred (Taylor & Stone, 2009). As for the kind of knowledge
to be reused, a variety of algorithms have been proposed
to transfer experience samples (Lazaric et al., 2008; Taylor
et al., 2008; Yin & Pan, 2017; Tirinzoni et al., 2018b; 2019),
policies (Fernandez & Veloso, 2006; Mahmud et al., 2013;
Rosman et al., 2016; Abel et al., 2018; Yang et al., 2019;
Feng et al., 2019), value-functions (Liu & Stone, 2006; Tir-
inzoni et al., 2018a), features (Konidaris et al., 2012; Barreto
et al., 2017; 2018), and more. Regarding how knowledge
should be transferred, the answer is more subtle and depends
directly on the desired objectives. On the one hand, one
could aim at maximizing the jumpstart, i.e., the expected
initial performance in the target task. This can be done by
transferring initializers, e.g., policies or value-functions that,
based on past knowledge, are expected to immediately yield
high rewards. Among the theoretical studies, Mann & Choe
(2012) and Abel et al. (2018) showed that jumpstart poli-
cies can provably reduce the number of samples needed for
learning a target task. However, since these initializers are
computed before receiving the new task, the agent, though
starting from good performance, might still take a long time
before converging to near-optimal behavior. An alternative
approach is to spend some initial interactions with the target
to gather information about the task itself, so as to better
decide what to transfer. For instance, the agent could aim
at identifying which of the previously-solved problems is
most similar to the target. If the similarity is actually large,
transferring the past solution would instantaneously lead
to near-optimal behavior. This task identification problem
has been studied by Dyagilev et al. (2008); Brunskill &
Li (2013); Liu et al. (2016). One downside is that these
approaches do not actively seek information to minimize
identification time (or, equivalently, sample complexity), in
part because it is non-trivial to find which actions are the
most informative given knowledge from related tasks. To
the best of our knowledge, it is an open problem how to
leverage this prior knowledge to reduce identification time.

Regardless of how knowledge is transferred, a common
assumption is that tasks are drawn from some fixed dis-
tribution (Taylor & Stone, 2009), which often hides the
sequential nature of the problem. In many lifelong learning
problems, tasks evolve dynamically and are temporally cor-
related. Consider an autonomous car driving through traffic.
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Based on the traffic conditions, both the environment dy-
namics and the agent’s desiderata could significantly change.
However, this change follows certain temporal patterns, e.g.,
the traffic level might be very high in the early morning,
medium in the afternoon, and so on. This setting could
thus be modeled as a sequence of related RL problems with
temporal dependencies. It is therefore natural to expect that
a good transfer agent will exploit the sequential structure
among tasks rather than only their static similarities.

Our paper aims at advancing the theory of transfer in RL
by addressing the following questions related to the above-
mentioned points: (1) how can the agent quickly identify
an accurate solution of the target task when provided with
solved related problems? (2) how can the agent exploit the
sequential nature of the lifelong learning setup?

Taking inspiration from previous works on non-stationary
RL (Choi et al., 2000a; Hadoux et al., 2014), we model the
sequential transfer setting by assuming that the agent faces
a finite number of tasks whose evolution is governed by an
underlying Markov chain. Each task has potentially differ-
ent rewards and dynamics, while the state-action space is
fixed and shared. The motivation for this framework is that
some real systems often work in a small number of operat-
ing modes (e.g., the traffic condition in the example above),
each with different dynamics. Unlike these works, we as-
sume that the agent is informed when a new task arrives
as in the standard transfer setting (Taylor & Stone, 2009).
Then, as in previous studies on transfer in RL (Brunskill &
Li, 2013; Azar et al., 2013a), we decompose the problem
into two parts. First, in Section 3, we assume that the agent
is provided with prior knowledge in the form of a set of
tasks containing an approximation to the target one. Under
the assumption that a generative model of the environment
is available, we design an algorithm that actively seeks in-
formation in order to identify a near-optimal policy and
transfers it to the target task. We derive PAC bounds (Strehl
et al., 2009) on its sample complexity which are significantly
tighter than existing results and clearly demonstrate perfor-
mance improvements over learning from scratch. Then, in
Section 4, we show how this prior knowledge can be learned
in our sequential setup to allow knowledge transfer. We re-
duce the problem to learning a hidden Markov model and
use spectral methods (Anandkumar et al., 2014) to estimate
the task models necessary for running our policy transfer
algorithm. We derive finite-sample bounds on the error of
these estimated models and discuss how to leverage the tem-
poral correlations to further reduce the sample complexity
of our methods. Finally, we report numerical simulations
in some standard RL benchmarks which confirm our the-
oretical findings. In particular, we show examples where
identification yields faster convergence than jumpstart meth-
ods, and examples where the exploitation of the sequential
correlations among tasks is superior than neglecting them.

2. Preliminaries

We model each task 6, as a discounted Markov decision
process (MDP) (Puterman, 2014), My := (S, A, pg, 90, 7),
where S is a finite set of S states, A is a finite set of A
actions, pg : S X A — P(S8) are the transition probabilities,
g0 : S x A — P(U) is the reward distribution over space U
(e.g..U = R),and v € [0, 1) is a discount factor. Here P(£2)
denotes the set of probability distributions over a set 2. We
suppose that the sets of states and actions are fixed and that
tasks are uniquely determined by their parameter 6. For this
reason, we shall occasionally use 6 to indicate My, while
alternatively referring to it as task, parameter, or (MDP)
model. We denote by 7¢(s,a) := Eg, [Us|S; = s, Ar = a]
and assume, without loss of generality, that rewards take
values in [0, 1]. We use V] (s) to indicate the value function
of a (deterministic) policy 7 : § — A in task 0, i.e., the
expected discounted return achieved by m when starting
from state s in 6, V7 (s) := EJ > 7' U|So = s]. The
optimal policy 7 for task 6 maximizes the value function at
all states simultaneously, ng;; (s) > Vg (s) for all s and .

We let V- (s) := V, (s) denote the optimal value function
of f. Given € > 0, we say that a policy 7 is e-optimal for 6 if
Vi (s) > Vi (s) — e for all states s. We define o (s,a)? :=
Varg, (.|s,a) [U] as the variance of the reward in s, a for task
0, and o (s,a;0')? := Var,, (s,a)[Vg (S')] as the variance
of the optimal value function of 6 under the transition model
of 6. To simplify the exposition, we shall alternatively use
the standard vector notation to indicate these quantities.
For instance, V7 € R¥ is the vector of optimal values,
po(s,a) € R is the vector of transition probabilities from
S,a,rg € RS54 is the flattened reward matrix, and so on. To
measure the distance between two models 6, 8, we define
AL ,(0,0) := |rg(s,a) — rg:(s,a)| for the rewards and
AP (0,0) = [(pa(s,a) — per (s, a))” V| for the transition
probabilities. The latter measures how much the expected
return of an agent taking s,a and acting optimally in 6
changes when the first transition only is governed by 6’. See
Appendix A for a quick reference of notation.

Sequential Transfer Setting We model our problem as
a hidden-mode MDP (Choi et al., 2000b). We suppose
that the agent faces a finite number of k possible tasks,
© = {61,04,...,0x}. Tasks arrive in sequence and evolve
according to a Markov chain with transition matrix T' €
[0,1]%** and an arbitrary initial task distribution. Let 6},
for h = 1,...,m, be the h-th random task faced by the
agent. Then, [T]; ; = P {6}, , = 6;|6; = 0;}. The agent
only knows the number of tasks k, while both the MDP
models and the task-transition matrix 7" are unknown. The
goal is to identify an e-optimal policy for 0 using as few
samples as possible, while leveraging knowledge from the
previous tasks 607, ...,0;_; to further reduce the sample
complexity. In order to provide deeper insights into how
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to design efficient identification strategies and facilitate the
analysis, we assume that the agent can access a generative
model of state-action pairs. Similarly to experimental opti-
mal design (Pukelsheim, 2006), upon receiving each new
task 07, the agent can perform at most n experiments for
identification, where each experiment consists in choosing
an arbitrary state-action pair s, a and receiving a random
next-state S’ ~ pe- (+|s,a) and reward R ~ gp: (-|s,a). Af-
ter this identification phase, the agent has to transfer a policy
to the target task and starts interacting with the environment
in the standard online fashion.

As in prior works (e.g., Brunskill & Li, 2013; Azar et al.,
2013a; Liu et al., 2016), we suppose that the agent main-
tains an approximation to all MDP models, {M@}eee, and
decompose the problem in two main steps.! (1) First, in
Section 3 we present an algorithm that, given the approxi-
mate models together with the corresponding approximation
errors, actively queries the generative model of the target
task by seeking state-action pairs that yield high informa-
tion about the optimal policy of ;. (2) Then, in Section 4
we show how the agent can build these approximate mod-
els from the samples collected while interacting with the
sequence of tasks so far.

3. Policy Transfer from Uncertain Models

Throughout this section, we shall focus on learning a single
model 6* € © given knowledge from previous tasks. There-
fore, to simplify the notation, we shall drop dependency on
the specific task sequence (i.e., we drop the task indexes h).

Let {M@}eee be the approximate MDP models, with py
and 7y denoting their transition probabilities and rewards,
respectively. We use the intuition that, if these approxima-
tions are accurate enough, the problem can be reduced to
identifying a suitable policy among the optimal ones of the
MDPs { My }gco, which necessarily contains an approx-
imation of .. We rely on the following assumption to
assess the quality of the approximate models.

Assumption 1 (Model uncertainty). There exist known con-
stants AT AP A% AR such that

max’ max’ max’

renaé( ||T9 - ?9”00 < A:naxv

max |[(py —pa)” Villoo < AF

max?

0,0
renax ||00 - 59”00 < Am:ava
e 103(0) ~ (@) < At

Assumption 1 ensures that an upper bound to the approx-
imation error of the given models is known. In partic-

'In the remainder, we overload the notation by using tildes to
indicate quantities related to approximate models.

Algorithm 1 Policy Transfer from Uncertain Models (PTUM)

Require: Set of approximate MDPs {Mvg}gee, accuracy €, con-
fidence J, number of samples n, model uncertainty A

Ensure: An e-optimal policy for Mg+ with probability 1 — §

: // CHECK ACCURACY CONDITION

CIFA > ZEH — Stop and run (e, §)-PAC algorithm

: // TRANSFER MODE

: Initialize datasets Dg ,, D%, < 0

cfort=1,2,...,ndo

/I STEP 1. BUILD EMPIRICAL MDP MODEL

7e(s,a) « §ioay ZuG’D;"a u

pr(s']s,a) + 7]\,‘(1‘97“) ZS,/GD?G 1{s' ="}

> r (u—Fe(s,a))?
. ~r 2 u€DY o
9: Gi(s,a) AEHEY o
R Sorepp , V(") =pe(s:0)T V)
10:  GP(s,a;0')? T

11: // STEP 2. UPDATE CONFIDENCE SET

12: 0, {9 € 0,1 | (1)-(4) hold forall s, a and ¢’ € 9}

13:  // STEP 3. CHECK STOPPING CONDITION

14: If there exists @ € ©; such that for all 9 € O, we have
Ve/ > VG —e+ M — Stop and return 7,

15:  // STEP 4. QUERY GENERATIVE MODEL

161 Z7(s,a) ¢ maxg g/co, Ls.a(0,0")

17:  IP(s,a) < maxy grco, If,a(e,ﬁl)

18: (S, At) + argmax, , max {Z; (s,a), T} (s,a)}

19:  Obtain Si41 ~ pe=(+|St, A¢) and Ug41 ~ qo= (+|St, A¢)

20:  Store DY, =D, U{Siy1}and Dy, = D5, U{Uss1}

21: end for

22: If the algorithm did not stop — Run (e, §)-PAC algorithm

ular, the maximum error among all components, A :=
max{A” AP A% Apt.}is a fundamental param-

eter for our approach. In Section 4, we shall see how to
guarantee this assumption when facing tasks sequentially.

3.1. The PTUM Algorithm

We now present Policy Transfer from Uncertain Models
(PTUM), whose pseudo-code is provided in Algorithm 1.
Given the approximate models {/(/lv 9 toco, whose maximum
error is bounded by A from Assumption 1, and two values
€,6 > 0, our approach returns a policy which, with proba-
bility at least 1 — 4, is e-optimal for the target task 0*. We
now describe in detail all the steps of Algorithm 1.

First (lines 1-2), we check whether positive transfer can
occur. The intuition is that, if the approximate models are
too uncertain (i.e., A is large), the transfer of a policy might
actually lead to poor performance in the target task, i.e.,
negative transfer occurs. Our algorithm checks whether A
is below a certain threshold (line 2). Otherwise, we run
any (e,8)-PAC? algorithm to obtain an e-optimal policy.
Later on, we shall discuss how this algorithm could be

2 An algorithm is (¢, §)-PAC if, with probability 1 — 4, it com-

putes an e-optimal policy using a polynomial number of samples
in the relevant problem-dependent quantities (Strehl et al., 2009).
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chosen. Although the condition at line 2 seems restrictive,
as A is required to be below a factor of €, we conjecture this
dependency to be nearly-tight (at least in a worst-case sense).
In fact, Feng et al. (2019) have recently shown that the sole
knowledge of a poorly-approximate model cannot reduce
the worst-case sample complexity of any agent seeking
an e-optimal policy. If the condition at line 2 fails, i.e.,
the models are accurate enough, we say that the algorithm
enters the transfer mode. Here, the generative model is
queried online until an e-optimal policy is found. Similarly
to existing works on model identification (Dyagilev et al.,
2008; Brunskill & Li, 2013), the algorithm proceeds by
elimination. At each time-step ¢ (up to at most n), we keep
aset ©; C O of those models, called active, that are likely to
be (close approximations of) the target 8*. This set is created
based on the distance between each model and the empirical
MDP constructed with the observed samples. Then, the
algorithm chooses the next state-action pair Sy, A; to query
the generative model so that the samples from Sy, A; are
informative to eliminate one of the ”wrong” models from the
active set. This process is iterated until the algorithm finds
a policy that is e-optimal for all active models, in which
case the algorithm stops and returns such policy. We now
describe these main steps in detail.

Step 1. Building the empirical MDP In order to find the
set of active models ©; at time ¢, the algorithm first builds
an empirical MDP as a proxy for the true one. Let N (s, a)
be the number of samples collected from s, a up to (and not
including) time ¢. First, the algorithm estimates, for each
s, a, the empirical rewards 7 (s, @) and transition probabil-
ities p¢(s, a) (lines 7-8). Then, it computes the empirical
variance of the rewards o7 (s, a)? and of the optimal value
functions 77 (s, a; 0')? for each model 6’ € © (lines 9-10).
This quantities are arbitrarily initialized when Ny (s, a) = 0.

Step 2. Building the confidence set We define the confi-
dence set Oy as the set of models that are “compatible” with
the empirical MDP in all steps up to t. Formally, a model
6 € O belongs to the confidence set O, at time ¢ if it was
active before (i.e., 0 € ©;_1) and the following conditions
are satisfied forall s € S,a € A,and ¢’ € ©:

(s, a) = To(s,a)| < Cf5(s,a), (1)
|(P(s,0) = Do(s,0) V| < Cg(s,a.0'), ()
|07 (s,a) = 9g(s,a)| < C75(s, a), 3)
167 (s, a;0') — (s, a:0')| < CY§ (s, ). )

Intuitively, a model belongs to the confidence set if its dis-
tance to the empirical MDP does not exceed, in any com-
ponent, a suitable confidence level Cy 5(s,a). The latter

leof g(g/f) and is obtained from standard appli-

cations of Bernstein’s inequality (Boucheron et al., 2003).

has the form

We refer the reader to Appendix B for the full expression.
Alternatively, we say that a model is eliminated from the
confidence set (i.e., it will never be active again) as soon as
it is not compatible with the empirical MDP. It is important
to note that, with probability at least 1 — ¢, the target task 6*
is never eliminated from O, (see Lemma 3 in Appendix B).

Step 3. Checking whether to stop After building the
confidence set, the algorithm checks whether the optimal
policy of some active model is (e — 2Aif—1)—optimal in all
other models in ©,, in which case it stops and returns this
policy. As we shall see in our analysis, this ensures that the
returned policy is also e-optimal for 6*.

Step 4. Deciding where to query the generative model
The final step involves choosing the next state-action pair
S, Ay from which to obtain a sample. This is a key point
as the sampling rule is what directly determines the sample-
complexity of the algorithm. As discussed previously, our
algorithm eliminates the models from ©; until the stopping
condition is verified. Therefore, a good sampling rule should
aim at minimizing the stopping time, i.e., it should aim at
eliminating as soon as possible all models that prevent the
algorithm from stopping. The design of our strategy is
driven by this principle. Given the set of active models
O,, we compute, for each s, a, a score Z;(s, a), which we
refer to as the index of s, a, that is directly related to the
information to discriminate between any two active models
using s, a only (lines 20-22). Then, we choose the s, a that
maximizes the index, which can be interpreted as sampling
the state-action pair that allows us to discard an active model
in the shortest possible time. We confirm this intuition in
our analysis later. Formally, our information measure is
defined as follows.

Definition 1 (Information for model discrimination). Let
0,0 € ©. For A, := [A7,(0,0") — 8A]y, with x €
{r, p}, the information for discriminating between 6 and ¢’
using reward/transition samples from s, a are, respectively,

77 ,(6,6") = mi Al 2 A’
s,a\"" = min 35(57(1) ) —s,a )

AP ’
Ig’a(e,e/) = min ,vpis’a) s (]. — V)Ag,a

op(s,a;0

The total information is the maximum of these two,
Isya(aa 9/) = Inax {I:,a(ov 9/)7I§,a(0a 9/)}

The information Z is a fundamental tool for our analysis and
it can be understood as follows. The terms on the left-hand
side are ratios of the squared deviation between the means
of the random variables involved and their variance. If these
random variables were Gaussian, this would be proportional
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to the Kullback-Leibler divergence between the distributions
induced by the two models, which in turn is related to their
mutual information. The terms on the right-hand side arise
from our choice of Bernstein’s confidence intervals but have
a minor role in the algorithm and its analysis.

3.2. Sample Complexity Analysis

We now analyze the sample complexity of Algorithm 1.
Throughout the analysis, we assume that the model uncer-
tainty A is such that Algorithm 1 enters the transfer mode
and that the sample budget n is large enough to allow the
identification. The opposite case is of minor importance as
it reduces to the analysis of the chosen (e, §)-PAC algorithm.

Theorem 1. Assume A is such that Algorithm 1 enters the
transfer mode. Let T be the random stopping time and .,
be the returned policy. Then, with probability at least 1 — §,
., is e-optimal for 0* and the total number of queries to the
generative model can be bounded by

< 128 min{S 4, |0|} log(8SAn(|©| + 1)/4)
T= maxs o Mingee, Zs 4 (0%, 0)

9

where, for k¢ == % — w, the set ©, C O is

> ke V|| (Po — Do-)" Ve

0, = {9 | 170 — 7o

The proof, provided in Appendix B, combines standard tech-
niques used to analyze PAC algorithms (Azar et al., 2013b;
Zanette et al., 2019) with recent ideas in field of structured
multi-armed bandits (Tirinzoni et al., 2020). At first glance,
Theorem 1 looks quite different from the standard sample
complexity bounds available in the literature (Strehl et al.,
2009). We shall see now that it reveals many interesting
properties. First, this result implies that PTUM is (e, 6)-PAC
as the sample complexity is bounded by polynomial func-
tions of all the relevant quantities. Next, we note that, except
for logarithmic terms, the sample complexity scales with
the minimum between the number of tasks and the number
of state-action pairs. As in practice, we expect the former
to be much smaller than the latter, we get a significant gain
compared to the no-transfer case, where, even with a gener-
ative model, the sample complexity is at least linear in S'A.
The set ©, can be understood as the set of all models in ©
whose optimal policy cannot be guaranteed as e-optimal for
the target 0*. As Lemma 6 in Appendix B shows, it is suffi-
cient to eliminate all models in this set to ensure stopping.
Our key result is that the sample complexity of PTUM is
proportional to the one of an “oracle” strategy that knows in
advance the most informative state-action pairs to achieve
this elimination. Note, in fact, that the denominator involves
the information to discriminate any model in ©, with 6*,
but the latter is not known to the algorithm. The following

>}
Y

result provides further insights into the improvements over
the no-transfer case.

Corollary 1. Let ' be the minimum gap between 0* and
any other model in ©,

(Do — o~ )" Vi

F = 1 { T —Nx
min max l7o — 79

Then, with probability at least 1 — §,

~ (min{SA4,|0|}log(1/0)
= O( max{1?, 2 }(1 — 7)* ) '

This result reveals that the sample complexity of Algo-
rithm 1 does not scale with €, which is typically regarded
as the main term in PAC bounds. That is, when ¢ is small,
the bound scales with the minimum gap I" between the ap-
proximate models. Interestingly, the dependence on I is
the same as the one obtained by Brunskill & Li (2013), but
in our case it constitutes a worst-case scenario since I' can
be regarded as the minimum positive information for model
discrimination, while Theorem 1 scales with the maximum
one. Moreover, since our sample complexity bound is never
worse than the one of Brunskill & Li (2013) and theirs
achieves robustness to negative transfer, PTUM directly in-
herits this property. We note that I' > 0 since, otherwise,
two identical models would exist and one could be safely
neglected. The key consequence is that one could set ¢ = 0
and the algorithm would retrieve an optimal policy. How-
ever, this requires the models to be perfectly approximated
so as to enter the transfer mode. Finally, we point out that
the optimal dependence on the discount factor was proved
to be O(1/(1 — 7)3) (Azar et al., 2013b). Here, we get a
slightly sub-optimal result since, for simplicity, we naively
upper-bounded the variances with their maximum value, but
a more involved analysis (e.g., those by Azar et al. (2013b);
Sidford et al. (2018)) should lead to optimal dependence.

3.3. Discussion

The sampling procedure of PTUM (Step 4) relies on the
availability of a generative model to query informative state-
action pairs. We note that the definition of informative
state-action pair and all other components of the algorithm
are independent on the assumption that a generative model is
available. Therefore, one could use ideas similar to PTUM
even in the absence of a generative model. For instance, tak-
ing inspiration from E? (Kearns & Singh, 2002), we could
build a surrogate “exploration” MDP with high rewards in
informative state-action pairs and solve this MDP to obtain a
policy that autonomously navigates the true environment to
collect information. Alternatively, we could use the informa-
tion measure Z; ,, as an exploration bonus (Jian et al., 2019).
We conjecture that the analysis of this kind of approaches
would follow quite naturally from the one of PTUM under
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the standard assumption of finite MDP diameter D < oo
(Jaksch et al., 2010), for which the resulting bound would
have an extra linear scaling in D as in prior works (Brunskill
& Li, 2013).

PTUM calls an (e, §)-PAC algorithm whenever the models
are too inaccurate or whenever n queries to the generative
model are not sufficient to identify a near-optimal policy.
This algorithm can be freely chosen among those avail-
able in the literature. For instance, we could choose the
MaxQInit algorithm of Abel et al. (2018) which uses an
optimistic value function to initialize the learning process
of a PAC-MDP method (Strehl et al., 2009). In our case, the
information about 6* collected through the generative model
could be used to compute much tighter upper bounds to the
optimal value function than those obtained solely from pre-
vious tasks, thus significantly reducing the overall sample
complexity. Alternatively, we could use the Finite-Model-
RL algorithm of (Brunskill & Li, 2013) or the Parameter
ELimination (PEL) method of (Dyagilev et al., 2008) by
passing the set of survived models ©,, instead of ©, so that
the number of remaining eliminations is potentially much
smaller than |O)|.

4. Learning Sequentially-Related Tasks

‘We now show how to estimate the MDP models (i.e., the
reward and transition probabilities) for each 6 sequentially,
together with the task-transition matrix 7. The method we
propose allows us to obtain confidence bounds over these
estimates which can be directly plugged into Algorithm 1
to find an e-optimal policy for each new task.

We start by noticing that our sequential transfer setting can
be formulated as a hidden Markov model (HMM) where the
target tasks {67 }1,>1 are the unobserved variables, or hidden
states, which evolve according to 7', and the samples col-
lected while learning each task are the agent’s observations.
Formally, consider the h-th task 07 and, with some abuse of
notation, let g (u|s, @) and Py (s'|s, a) respectively denote
the empirical reward distribution and transition model esti-
mated after solving ¢} and, without loss of generality, after
collecting at least one sample from each state-action pair.
In order to simplify the exposition and analysis, we assume,
in this section only, that the reward-space is finite with U
elements.® It is easy to see that E [g(uls,a)|0; = 6] =
qo(u|s,a) and E [py(s|s,a)|0; = 0] = pe(s’|s,a). Fur-
thermore, the random variables gy (u|s, a) and py(s'|s, a)
are conditionally independent of all other variables given
the target task 65 . Let o, € RY, ford = SA(S + U), be a
vectorized version of these empirical models (i.e., our ob-
servation vector), o, = [vec(q); vec(p)]. Let O € ROF be

3The proposed methods can be applied to continuous reward
distributions, e.g., Gaussian, with only minor tweaks.

Algorithm 2 Sequential Transfer

1: Initialize set of approximate models {M 5 }oco, model
errors A1 < oo, and initial active set él +~— 06

2: forh=1,2,... do

3: Recelve new task 0F ~T(-|65_4)

4:  Run Algorithm 1 w1th {Mg}%@h and Ay,

5:  Obtain estimates gy, (u|s, a) and Dy (s'|s, a)

6:  Estimate O, T), using Algorithm 3 in Appendix C

7. Update model estimates {Mg+1}ge@ from Oy,

8 Compute model error Ay

9:  Predict set of initial models Oy, 1 from T h

10: end for

defined as O = [p1, pa, - - -, i) With p; == E o605 = 6,].
Intuitively, O has the (exact) flattened MDP models as its
columns and can be regarded as the matrix of conditional-
observation means for our HMM. Then, the problem reduces
to estimating the matrices 7" and O while facing sequential
tasks, which is a standard HMM learning problem. Spec-
tral methods (Anandkumar et al., 2012; 2014) have been
widely applied for this purpose. Besides their good em-
pirical performance, these approaches typically come with
strong finite-sample guarantees, which is a fundamental
tool for our study. We also note that spectral methods have
already been applied to solve problems related to ours, in-
cluding transfer in multi-armed bandits (Azar et al., 2013a)
and learning POMDPs (Azizzadenesheli et al., 2016; Guo
et al., 2016). Here, we apply the tensor decomposition ap-
proach of Anandkumar et al. (2014). As their algorithm is
quite involved, we include a brief description in Appendix C,
while in the following we focus on analyzing the estimated
HMM parameters.

Our high-level sequential transfer procedure, which com-
bines PTUM with HMM learning, is presented in Algo-
rithm 2. The approach keeps a running estimate of all MDP
models {Mvg}gee together with a bound on their errors Ay,.
These estimates are used to solve each task via PTUM (line
4) and updated by plugging the resulting observations into
the spectral method (lines 5-7). Then, the error bounds of
the new estimates are computed as explained in Section 4.1
(line 8). Finally, the estimated task-transition matrix is used
to predict which tasks are more likely to occur and the re-
sulting set O 1 is used to run PTUM at the next step.

4.1. Error Bounds for the Estimated Models

We now derive finite-sample bounds on the estimation error
of each MDP model. First, we need the following assump-
tion, due to Anandkumar et al. (2012), to ensure that we can
recover the HMM parameters from the samples.

Assumption 2. The matrix O is full column-rank. Further-
more, the stationary distribution of the underlying Markov
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chain, w € P(O), is such that w(0) > 0 for all 6 € O.

As noted by Anandkumar et al. (2012), this assumption is
milder than assuming minimal positive gaps between the
different models (as was done, e.g., by Brunskill & Li (2013)
and Liu et al. (2016)). We now present the main result of
this section, which provides deviation inequalities between
true and estimated models that hold uniformly over time.

Theorem 2. Let {./’\/lvg}ge(_)ﬁ n>1 be the sequence of MDP
models estimated by Algorithm 2, with Py ¢(s'|s,a) and
qno(u|s,a) the transition and reward distributions, 17,? 9
the optimal value functions, and &, 4(s,a), G} 4(s,a;0")
the corresponding variances.  There exist constants
s Prs Pps P, Po, Such that, for ' € (0, 1), if

2h2SA(S +U)
5) 7

h>pl

)

then, with probability at least 1 — &', the following hold
simultaneously forallh > 1,s € S, a € A, and 0,6' € ©:

~ lo Ch.§'

ro(s,0) = Fio(s,0)] < pry| =

= > log ¢y, s/

[(po(s, @) = Bro(s. ) Vilgr| < ppy/ =5

~ [log cp s/
|O—(S(sva) - Jfrzﬁ(sﬂa)‘ < Po, Ta

log cp, s/

05 (s,038') = 5 g (5,0:0')| < | 2

where cp, 51 := m2h?SA(S + U)/d'.

To favor readability, we collapsed all terms of minor rel-
evance to our purpose into the constants p. These are
functions of the given family of tasks (through maxi-
mum/minimum eigenvalues of the covariance matrices in-
troduced previously) and of the underlying Markov chain.
Full expressions are reported in Appendix D. These bounds
provide us with the desired deviations between the true and
estimated models and can be used as input to the PTUM
algorithm to learn each task in the sequential setup. It is im-
portant to note that, like other applications of spectral meth-
ods to RL problems (Azar et al., 2013a; Azizzadenesheli
et al., 2016), the constants p are not known in practice and
should be regarded as a parameter of the algorithm. Such a
parameter can be interpreted as the confidence level in a stan-
dard confidence interval. Finally, regardless of constants,
these deviations decay at the classic rate of O(1/v/h), so
that the agent recovers the perfect models of all tasks in the
asymptotic regime. This also implies that the agent needs
to observe O(1/€?) tasks before PTUM enters the transfer
mode, which is theoretically tight in the worst-case (Feng
et al., 2019) but quite conservative in practice.

4.2. Exploiting the Inter-Task Dynamics

We now show how the agent can exploit the task-transition
matrix 7" to further reduce the sample complexity. Suppose
that 7" and the identity of the current task 6} are known.
Then, through T'(+|0}), the agent has prior knowledge about
the next task and it could, for instance, discard all mod-
els whose probability is low enough without even passing
them to the PTUM algorithm. Using this insight, we can
design an approach to pre-process the initial set of models
by replacing T" with its estimate 7. Let T}, be the estimated
task-transition matrix and ©;, be the set of active models
returned by Algorithm 1. Then, by design of the algorithm,
O}, contains the target task 5 with sufficient probability
and thus we can predict the probability that 6, , is equal to

some 6 as Dy g, Ti(0,6"). Our idea is to check whether
this probability, plus some confidence value, is lower than a
certain threshold 7. In such a case, we discard ¢ from the
initial set of models ©y,; to be used at the next step. The
following theorem ensures that, for a well-chosen threshold
value, the target model is never discarded from the initial
set at any time with high probability.

Theorem 3. Letd’ € (0,1) and 6 < %,;2 be the confidence
value for Algorithm 1. Suppose that, before each task h, a

model 6 is eliminated from the initial active set if:

~ 2 /50
Z Th(0,0") + 0k + prk w <
9'€éh

Then, for n = ﬁ with probability at least 1 — &', at any

time the true model is never eliminated from the initial set.

As before, we collapsed minor terms into the constant pr.
When T is sparse (e.g., only a small number of successor
tasks is possible), this technique could significantly reduce
the sample complexity to identify a near-optimal policy as
many models are discarded even before starting PTUM.

5. Related Works

In recent years, there has been a growing interest in under-
standing transfer in RL from a theoretical viewpoint. The
work by Brunskill & Li (2013) and its follow-up by Liu
et al. (2016) are perhaps the most related to ours. The au-
thors consider a multi-task scenario in which the agent faces
finitely many tasks drawn from a fixed distribution. Al-
though their methods are designed for task identification,
they do not actively seek information as our algorithm does
and the resulting guarantees are therefore weaker. Azar et al.
(2013a) present similar ideas in the context of multi-armed
bandits. Like our work, they employ spectral methods to
learn tasks sequentially, without however exploiting any
temporal correlations. Dyagilev et al. (2008) propose a
method for task identification based on sequential hypoth-
esis testing. Their algorithm explores the environment by
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Figure 1. Policy transfer from known models. (left) Optimism gains
information. (right) High-reward states are poorly informative.

running optimistic policies and, like ours, aims at eliminat-
ing models from a confidence set. Mann & Choe (2012)
and Abel et al. (2018) study how to to achieve jumpstart.
The idea is to optimistically initialize the value function
of the target task and then run any PAC algorithm. The
resulting methods provably achieve positive transfer. Mah-
mud et al. (2013) cluster solved tasks in a few groups to
ease policy transfer, which relates to our spectral learning
of MDP models. Our setup is also related to other RL set-
tings, including contextual MDPs (Hallak et al., 2015; Jiang
et al., 2017; Modi et al., 2018; Sun et al., 2018), where the
decision process depends on latent contexts, and hidden-
parameter MDPs (Doshi velez & Konidaris, 2013; Killian
et al., 2017), which follow a similar idea. Finally, we notice
that the PAC-MDP framework has been widely employed
to study RL algorithms (Strehl et al., 2009). Many of the
above-mentioned works take inspiration from classic PAC
methodologies, including the well-known E3 (Kearns &
Singh, 2002), R-MAX (Brafman & Tennenholtz, 2002), and
Delayed Q-learning (Strehl et al., 2006), and so does ours.

6. Experiments

The goal of our experiments is twofold. First, we analyze
the performance of PTUM when the task models are known,
focusing on the comparison between identification and jump-
start strategies. Then, we consider the sequential setting and
show that our approach progressively transfers knowledge
and exploits the temporal task correlations to improve over
’static” transfer methods. Due to space constraints, here we
present only the high-level setup of each experiment and
discuss the results. We refer the reader to Appendix E for all
the details and further results. All our plots report averages
of 100 runs with 99% Student’s t confidence intervals.

Identification vs Jumpstart For this experiment, we
adopt a standard 12 x 12 grid-world divided into two parts
by a vertical wall (i.e., the 4-rooms domain of Sutton et al.
(1999) with only two rooms). The agent starts in the left
room and must reach a goal state in the right one, with the
two rooms connected by a door. We consider 12 different
tasks, whose models are known to the agent, with different

T T
—  Static —  Static
14 — Sequential | — Sequential

—— MaxQInit

-
o
T

|

4
o
T
|

Normalized Sample Complexity
Normalized Expected Return

o
>
T
|

Tasks

Figure 2. Sequential transfer experiment. (left) The normalized
sample complexity. (right) Performance of the computed policies.

goal and door locations. We compare PTUM with three
baselines: RMAX (Brafman & Tennenholtz, 2002), which
does not perform any transfer, RMAX with MaxQInit (Abel
et al., 2018), in which the Q-function is initialized optimisti-
cally to achieve a jumpstart, and PEL (Dyagilev et al., 2008),
which performs model identification. Not to give advantage
to PTUM, as the other algorithms run episodes online with
no generative model, in our plots we count each sample
taken by PTUM as one episode and assign it the minimum
reward value. Once PTUM returns a policy, we report its
online performance. The results in Figure 1(/eft) show that
the two identification methods find an optimal policy in a
very small number of episodes. The jumpstart of MaxQInit
is delayed since the optimistic Q-function directs the agent
towards the wall, but finding the door takes many samples.
PEL, which is also optimistic, instantly identifies the solu-
tion since attempts to cross the wall in locations without
a door immediately discriminate between tasks. This is in
fact an example where the optimism principle leads to both
rewards and information. To understand why this is not
always the case, we run the same experiment by removing
the wall and adding multiple goal locations with different
reward values. Some goals have uniformly high values over
all tasks (thus they provide small information) while others
are more variable (thus with higher information). In Fig-
ure 1(right), we see that both PEL and MaxQInit achieve a
high jumpstart, as they immediately go towards one of the
goals, but converge much more slowly than PTUM, which
focuses on the informative ones.

Sequential Transfer We consider a variant of the object-
world domain by Levine et al. (2011). Here, we have a
5 x 5 grid where each cell can contain one of 11 possible
items with different values (or no items at all). There are
8 possible tasks, each of which randomizes the items with
probabilities inversely proportional to their value. In order
to show the benefits of exploiting temporal correlations, we
design a sparse task-transition matrix in which each task
has only a few possible successors. We run our sequen-
tial transfer method (Algorithm 2) and compare it with a
variant that ignores the inter-task dynamics and only per-
forms “static” transfer (i.e., only the estimated MDP models
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are used). We note that model-learning in this variant re-
duces to the spectral method proposed by Azar et al. (2013a)
for bandits. For the initial phase of the learning process,
where the transfer condition is not satisfied, we solve each
task by sampling state-action pairs uniformly as in Azar
et al. (2013b). Figure 2(left) shows the normalized number
of samples required by PTUM to solve each task starting
from the first step in which the algorithm enters the transfer
mode*. We can appreciate that the sample complexities of
both variants decay as the number of tasks grows, meaning
that the learned models become more and more accurate.
As expected, the sequential version outperforms the static
one by exploiting the temporal task correlations. It is im-
portant to note that the normalized sample complexity of
our algorithm goes below 1 (i.e., below the oracle). This
is a key point as the sample complexity of oracle PTUM
is computed with the set of all models as input, while the
sequential approach filters this set based on the estimated
task-transition matrix. In Figure 2(right), we confirm that
both variants of our approach return near-optimal policies
at all steps (all are e-optimal for the chosen value of €). We
also report the performance of the policies computed by
MaxQInit when the same maximum-sample budget as our
approach is given (to be fair, we overestimated it as 5 to 10
times larger than what oracle PTUM needs). Although for
MaxQInit we used the oracle optimistic initialization (with
the true Q-functions), the algorithm is not able to obtain
near-optimal performance using the given budget, while
PTUM achieves it despite the estimated models.

7. Conclusion

We studied two important questions in lifelong RL. First, we
addressed the problem of quickly identifying a near-optimal
policy to be transferred among the solutions of previously-
solved tasks. The proposed approach sheds light on how to
design strategies that actively seek information to reduce
identification time, and our sample complexity bounds con-
firm a significant positive transfer. Second, we showed that
learning sequentially-related tasks is not significantly harder
than the common case where they are statically sampled
from a fixed distribution. By combining these two building
blocks, we obtained an algorithm that sequentially learns the
task structure, exploits temporal correlations, and quickly
identifies the solution of each new task. We confirmed
these properties in simple simulated domains, showing the
benefits of identification over jumpstart strategies and of
exploiting temporal task relations.

Our work opens up several interesting directions. Our ideas
for task identification could be extended to the online set-
ting, where a generative model is not available. Here, we

*The sample complexity to solve each task is divided by the
one of the oracle version of PTUM with known models

would probably need a more principled trade-off between
information and rewards, which can be modeled by differ-
ent objectives (such as regret). Furthermore, it would be
interesting to study the sequential transfer setting in large
continuous MDPs. Here we could take inspiration from
recent papers on meta RL that learn latent task representa-
tions (Humplik et al., 2019; Lan et al., 2019; Rakelly et al.,
2019; Zintgraf et al., 2019) and meta-train policies that seek
information for quickly identifying the task parameters.
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