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Abstract

This supplementary material provides the proof of our main results, specifically a detailed proof for Theorem 3.3
and a proof for the Proposition 3.1.

1. Proof of Theorem 3.3

1.1. Setting of the proof

For simplicity, we will only suppose the case £ = 1 and we consider the following notations that will be used subsequently.
z =Ex;, C =E[z;z]]|, Xo=X — 217, Cy = E[XX[/n].

Let
X_l' = (5817...,.’131‘_1,07.’1311,...,CCn)

the matrix X with a vector of zeros at its 7th column.

Denote the resolvents

XTX -1 XXT -1 XXT  zzT -t
R:<+ZIn) 7Q:< +zIp> ,Qi:< _wwl+21p> (1)
p p p p
And let
. 1 C -t
Y Y § 2
Q (c1+5 tz p) ’ @

where § is the solution to the fixed point equation
1 1 C !
d==tr|C | -—— I .
P ( <C [ p> )

Lemma 1.1 ((Ledoux, 2005)). Let z € E,(1|RP, || - ||) and M € E,(1|RP*™ || - || p). Then, for some numerical constant
>0

1.2. Basic tools

o Bz <[[Ez]+Cyp, Elz], < [Ezllo + CVlogp.
o E|M| < |EM| +CVp+n, E|M|p < |EM|p+Cy/pn.
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Lemma 1.2. Denote Qz = (@™ + 2I,,) ™', we have:

Qz% = and ||Qz|, Qz = O(1).

xr
1[|* + 2

Moreover, if |Z|| = \/p, |Qz| = O(p~"/?).

Proof. Since 2Qz = I, — QzTxT :

and we recover the first identity of the Lemma.

And since the matrix Cy is nonnegative symmetric, we have :

- 1Cy+ xxT -1 ) o1+ 6)z
Qx (c 115 % p> TSEPR +ze(1+9)
Therefore, ZQT = % — O(1) and:
]| i
- = <
1Gz|| = —<U o)zl — =o@)iffz] <1,
2] + 2c(1+0) — | c(1+90) _ o) i3] > 1
|| <

Proposition 1.3. 2'E[Q]z = 2TQz + O (\/@)

Proof. Letus bound:

—1

Q% — 0% < ‘]E {meiszm <1:ciTQ_icc,- - 5” + g [:ETQ_i:cimiTQCQa’z]
1456 P D

Now let us consider a supplementary random vector x,,41 following the same low as the x;’s and independent of X.
We divide the set I = [n + 1] into two sets I and Iz of same cardinality (2] < #l1, #1z < [2£1]), we note

X1 = (x;|i€l1), Xz = (wi|i € I2) and we introduce the diagonal matrices A = diag (%a:lTQ_Za:Z —dlie ]I%),

D = diag (1 + #wTTle |i e ]Ig). We have the bound:

‘IE {melwIQa: <1wiTQ_l-wi — 5)] ‘
p
1 T T+ 1 T
=E|(1+ EwTH-lanJ"l T 1Q (1) TiT; QT I;wiQ—z‘wz‘ =9

1 -
ol ’E {1TDX§Q+(,L+1)X%AX;Q:E”

IN

1 L0 )z
\/’]E Lyg1TDX£Q+(n+1)X§A2X£Q+(n+1)X§Dl} E [prQX;XEQw]

o)

thanks to Lemma 1.1 and Lemma 1.2 (the spectral norm of A and D is just an infinity norm if we see them as random
vectors of R™). We can bound * ‘IE {sETQ_,»sciaciTQCQi} ‘ the same way to obtain the result of the proposition. O]
p

E
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Proposition 14 |E[z]Q_;X_;] - 221" | = 0(\/Iogp)

Proof. Considering u € R™ such that ||u|| = 1:

ZTQz1Tu

E[:ciTQ,Z-X,iu] — 1+ 5

T L. ~
Q5% 2]Qa,

1+%mJTQ:Z;:cj 1496

== i UjE
j=1

Jj#i

<+/n

acZ.TQ:;a:j acl.TQ:;:cj

1+ 2]Q -z, 149

E (where i # j)

1 ~

<+/n

)

E [:ETQ:cj (;m]T-Q—_Z x; — 5)} ’ +vn ’E [.’ETQ:; z— :ETQ:E}

where the first term is treated the same way as we did in the proof of Proposition 1.3 and the second term is bounded thanks
to Proposition 1.3 O

1.3. Main body of the proof

Proof of Theorem 3.3. Recall the definition of the resolvents R and @ in Equation (1). The first step of the proof is to show
the concentration of R. This comes from the fact that the application ® : X + (XTX + zI,,)~" is 22~3/2-Lipschitz w.r.1.
the Frobenius norm. Indeed, by the matrix identity A — B = A(B~! — A~!)B, we have

B(X) - O(X + H) = d(X)(H™X + (X + H)TH)S(X + H)
And by the bounds || AB||r < ||A]l - | B]|r. ||®(X)XT| < 272 and ||®(X)|| < 27!, we have

2

|®(X + H) ~ &(X)|lr < 5
z

[ H||F
Therefore, given X € &,(1|RP*™, | - ||) and since the application X — R = ®(X /,/p) is 22 ~3/2p~1/2-Lipschitz, we
have by Proposition ?? that R € &,(p~ /2 |R™" || - || r).

The second step consists in estimating ER(z) through a deterministic matrix R. Indeed, by the identity (M™M +
2I)"*MT = MT(MMT + 2I)~%, the resolvent R can be expressed in function of @ as follows

Rzl(ln—XTQX>7 3)
z p

thus a deterministic equivalent for R can therefore be obtained through a deterministic equivalent of the matrix X TQX.
However, as demonstrated in (Louart & Couillet, 2019), the matrix @ has as a deterministic equivalent the matrix Q defined
in equation 2. In the following, we aim at deriving a deterministic equivalent for %X TQX in function of Q. Let w and v
be two unitary vectors in R™, and let us estimate

A=E|u

T T0 TXT 9 -
P(XTQX XTQX ) | 1. |uTXTQCQXY 1 1oy vrdixe
p P P 1+96 p

With the following matrix identities (to explore the independence of the columns of X):

Q_ix;

S e B A-B=AB'-AYHB

Q=Q %Q_imimzcz , Qz,
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and the decomposition QX XT = """ | Qz;x], we obtain:

i]E [Zn: uWTXTQ_ ,CQXv uw'X'Q ;zx]QXv 1u'X'Q_;z;x]QCQXwv

G 1+90 1+ 2] Qi P 1+9
1 E”: uWTXT.Q ,CQX v u X',Q jxx]QX v
PP P 1+46 1+ %ﬂ’z‘iTQ—qiwi
N wiz]Q_,CQX_v vuTXT Q_,CQux; _ _ngfiCQLEi
1+6 1+6 146
uia:iTQ_ia:ia:iTQX_iv viuT X1, Q_jzix] Qx; _ -’EIQ—zfﬂzwIQﬂ?z
1+ 2] Q iz 1+ 2] Q iz T4 LalQ
1uTXTQ ;2] QCQXw
P 140

We can show with Holder’s inequality and the concentration bounds (mainly the fact that %wJQﬂ-wi concentrates around
0) developed in (Louart & Couillet, 2019), that most of the above quantities vanish asymptotically. As a toy example, we
consider the following term:

L\ uWTXT,Q ,CQX_ v uXT,Q ;x;x]QX v
p2; 1+6 B 1+%:BZ-T i
d— %%—TQ—N%

1 ¢ -
= }? ZE [UTXTiQi$i$gQXiU
i=1

< ;;E [(UTXIiQ—ixi)(iviTQX—i’U) <5 - ;%TQ—ZJ%)] ’
s lzn: = (1“TXT-Q1‘-’B¢)3 E (1wTQX¢v>3 E (5 - 1:pTini>3 '
- p i—1 \/ﬁ -t \/ﬁ ) D i

o)

Similarly, we can show that:

1 iE wz]Q_,CQX_w vu'X',Q ,CQx;
p? = 140 1+94

B I 1406

zTQ _,CQxz; 1 ’LLTXTQiZEZ'CL';rQCQNXU]

()

Finally, the remaining terms in A can be estimated as follows:

A = % zn:E _uiszQfliwiiBJQX,iv
Pis 1+ 2Q iz
vuTXT,Q_iz;x] Qu; sz—zmszQm,] co < ! >

1 T - 1 Ug 1 T —
1+ 5T, Qx; 1+ 5% Qi

VP

20uT12TQx1Tv  2uTv logp
=—= — +0
P 146 1+0 P
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Where the last equality is obtained through the following estimation:

1 z": v XT.Q_ixix! Qx; 1 viuTXT,Q_;x; (%w{@mi(l +40)—46 (1 + %mf@wz))
L E —i gy i L E
p? P 1+ %wZTQ—ﬂ?z P (1 + %a:;r ,i:ci) (1+9)
1 = v 0EuTXT.Q_;x;
) o
P = (1+9)

With the following bound:
1 .~ 1 .~
‘wZQ:ci(l +4)—4¢ (1 + mZTQa:i> ‘
p p
1 ~ 1 ~
= ‘pa:iTQa:i(l +6)—0(1+0)+d(1+6)—9 <1 + p:r,ZTsz) ‘
1 .~
< ‘mIQwZ — (5‘ (1+20),
b

we have again with Holder’s inequality and Proposition 1.4:

iz":E viuTXIilQ_iacia:ZTQ:ci 1 vzéuTlacTch Lo log p
P 1+ 2] Qu; P& 148 p

Now that we estimated A\, it remains to estimate IE[]%X T QX ]. Indeed, given two unit norm vectors u, v € R™ we have:

E [;uTXTQNX'u} = Z u;v;E TQZB] ZZu v; T QT + Z:umz

1 1 4=1
’L] i= =

zTQzx JuTv = 1QETQ:EUTMWT +éuTv+ O (1>
p p

1
= -Z2TQZuT11Tv + (§ —
p

’BM—‘

since we have ZTQZ = O(1) by Lemma 1.2; we introduced the matrix M; = 117. Therefore we have the following
estimation:

0 1/1-6 lo
—“E[XTQX] = 17_"_6171 + - (1 +5> T Q:I:Ml + Oy < §p>

where A = B + Oy (a(p)) means that | A — B|| = O(a(p)). Finally, since R concentrates around its mean, we can then

conclude:
1 1 1 1 o—1 __~ log p
=—|I,—--X"QX | = - I, TQxM ) .
R z( P Q > 2146 +pz(6—|—1)a3 Qz 1+O”|<\/ p>

2. Proof of Proposition 3.1

Proof. Since the Lipschitz constant of a composition of Lipschitz functions is bounded by the product of their Lipschitz
constants, we consider the case N = 1 and a linear activation function. In this case, the Lipschitz constant corresponds to
the largest singular value of the weight matrix. We consider the following notations for the proof

W, = W, — nE, with [E,]; ; ~ N(0,1)

— N = 5T
Wt+1 = Wt — maX(O,aLt — O'*)ul tU 1,t
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where 1, = o1 (W), 1y ¢ = up (W) and 91, = v1(W;). The effect of spectral normalization is observed in the case
where o, > 71 ¢, otherwise the Lipschitz constant is bounded by o... We therefore have

[Well% < IWL]|% + n°dido (4)
IWeill7 = [Will% + 02 — a1, (5)

o If |[Wip1||F > ||We| F, we have by equation 4 and equation 5
IWill% < Will% +0f =i, +n°dide = (Wil =610 < o2 +n?dido =6

And since |W;, | < ||W;

, we have | W1 < 6.

e Otherwise, if there exits 7 such that ||[W,41||p < ||W;| r, then for all € > 0 there exists an iteration 7" > 7 such
that ||[W.|| < § + €. Indeed, otherwise we denote £, = ||W;||*> — 6% and &, > O for all ¢t > 7. And if for all ¢ > T,
(IWisi1llF < ||[Wi| F, we have by equation 4 and equation 5

IWillE = (Wil > [Will? = 6% > Wi | = 6° = era

Integrating the above expression from 7 to 7' — 1 > 7, we end up with

T— T—
W7 = [IWrlF > Zlft = 0<|[Wrlf < [Wef7 - ist,
t=7 t=r
therefore, when 7" — o0, ; has to tend to 0 otherwise the right hand-side of the last inequality will tend to —oo which
is absurd.
O
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