On Semi-parametric Inference with BART (Appendix)

1 Appendix

1.1 Proof of Theorem 4.1theorem.4.1
First, we show that with K large enough T x will satisfy

Vi, — Ukl = op(1). (1.1)
We can write

ViU, — Ukl = v/a|U(fo) — U(fE) + W,(a — )|
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where we used the fact that
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Next, we can write
Vil W, — Ukl < [Valla—a®|p x | fo— fifllL + 257,
where

o L Y eila(z;) — o (z;
Z —ﬁ; ila(®;) — a” (z)].

We assume that the design is regular (according to Definition 3.3 of Rockova and van der
Pas (2017) (further referred to as RP17) with p = ¢ = 1). Assuming that a € H7, it follows
from the proof of Lemma 3.2 of Rockova and van der Pas (2017) that

Ifo = fo"llz < [ follwaCr/E®and  [lallz — la® ||| < lla —a® [z < [lally- Co/ K.

We assume that [|a||7 < |lal|% < C? for some C, > 0 and || fo|ls < C} for some Cy > 0.

Because
n
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we conclude that ZX = op(1) when K — oo as n — oo and thereby
ViU, — Ukl < K@) 4+ op(1). (1.2)

With the choice K = K,, = |(n/logn)®**V| for & > 1/2 and v > 1/2, (1.2) will be
satisfied.
To continue, we introduce the following notation

1 J‘"K—ﬁ
Jn

and write
b)Y =l F5) = [ F5) = al 5]
= — DI = SN = 1 = I+ VR W = )
= DA = SR 2005 = 5 = )+ VR WalfE = )
= LRI + VS, £ = )~ W)
Then we have

t/(T(f5) — Tr) = t/n(U(f5) = U(fL)) — t W, (a™)

and thereby, using the fact

(U () = U(f5)) = tv/n{a, [ = [0,

we can write

/() = Uge) + a(f5) = La(£5)

= () = )+ SR = Ve, 15 = )+ e/l £ = g
2
= () = ) + S Na¥ 3,

Given sets A,, x C F[K] (to be defined later) such that II(AS Y ™) — 0in P? probability,
we define R
I, —E" [et\/ﬁ(\P(fK)—‘I’K) Y™ A, k] (1.3)

and, using the calculations above, we write
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For B = (4,...,0k) € RE define B! = 3, — % and denote B = (8¢,..., %) € RE and
a® = (af,... a¥) € RE. Then we have

K K

M) =) Iz e and ff@) =) Ize%wii
k=1 k=1
Assuming the multivariate Gaussian prior 7(3) = ﬁe’%ﬁlz_lﬂ centered at zero with a
covariance matrix X, we can write
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m(B) = (B e = T T (1.5)
Next, for &, g = 1/ —2>= K log ) and M > 0, we define
Ap (M) = {f* e FIK]: [f* = foflle < M&,k}- (1.6)

We show (Section 1.1.2) that TI(AS . (M) | Y ™) — 0 in P2-probability as n — oo for some
suitably large M > 0. We note that

Anx(M) C{BER" 1 ||B =By 3 < M?nE] i},

where B € RX are coefficients of the projection of fy onto F[K]. On the set A, x(M),
we can thus write
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where \i, is the smallest singular value of ¥ and where we used the fact that ||a||e < Cq
and || folleo < Cy. Using (1.7) and (1.5), we have
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If Apin > ¢ for some ¢ and K+/(logn)/n — 0, we have lim, o I, x = e’ llal for each

t € R. This is satisfied if we set, for instance, K = K,, = | (n/logn)"®*™| with a > 1/2.
This concludes the proof of the BvM property for a fixed K and a single partition.

1.1.1 The Laplace Prior

For the Laplace prior, we use the reverse triangle inequality |8y > | 55| — |mk | to find that
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Then we find that for K = K,
o5 (ol +o(1) s o= FrKn(@)Ca o (Tl +o(1) o Vi Kn(e)Co
Since K,(a) = |(n/logn)Y2**V| we have for « > 1/2 and t € R.

lim En[et\/ﬁ(‘l’(f’()—\lfn) | Y(n)] _ eéHQHQL,

n—0o0

It is interesting to note that with the Laplace prior, one can obviate the proof of posterior
concentration around the projections, which was needed for the Gaussian case.

1.1.2 The Set A, x

We want to show that the posterior distribution concentrates around f&, the projection of
fo onto F[K], at the following contraction rate

~ K log(n)

Enk =\ ———.
n

For K < n/log(n) and A, k(M) defined in (1.6), we show that

lim IT(AS (M) | Y™) =0 in PP-probability (1.8)

n—oo

for some sufficiently constant M > 0. We show this statement by verifying conditions (2.4)
and (2.5) of Theorem 2.1 of Kelijn and van der Vaart (2006). We start with the entropy
condition (2.5). In our model, the covering number for testing under misspecification can
be bounded by the classical local entropy (according to Lemma 2.1 by Kelijn and van der
Vaart (2006). It follows from Section 8.1 of Rockova and van der Pas (2017) that the local
entropy satisfies

N (55 {7 € AR 18~ < <h ) < (T

K
where C is such that (€,) > C'/n. The entropy condition (2.5) will be met since

Klogn < n??LK.

Regarding the prior concentration condition (2.4), we note (similarly as in Section 8.2 of
Rockova and van der Pas (2017)) that

{fXeFIK "= fflle<Mek} D{BERY |B—B . < M, k}

With the Gaussian prior 8| K ~ Ng(0,X), we have

(8 < R 18— 0l < ME) 211 (B e R [B= Bl < M)



where \,,q, 18 the maximal eigenvalue of ¥ and where Bé( = 2"128% and B =¥ 128 ~
Nk (0,Ix). The right-hand side can be further lower-bounded with

0K o185 =M 1c/(Ama) (M§RK>K
r%) () VAmas

With \,,;, denoting the minimal eigenvalue of 3, we obtain the following lower bound for

the above:
e_Cl K 10g<02 K AnLaw/gn,K)_K”fo”go/)\min_CBgiYK/)\rnuw

With A\ > ¢ for some ¢ > 0, Mo < 1 and || fol|eo < logl/Q(n), the above is bounded
from below by e P K18 for some suitable D > 0. It then follows from Theorem 2.1 of
Kleijn and van der Vaart (2006) that (1.8) holds.

1.2 Posterior Concentration for the Laplace Prior

Rockové and van der Pas (2017) and Rockova and Saha (2019) show posterior concentration
for BART under (a) the conditionally uniform prior (8equation.3.8) and (9equation.3.9)
and (b) the Galton Watson Process prior (10equation.3.10). Both of these results apply for
Gaussian step heights. Here, we formally show that the Laplace prior gives rise to optimal
posterior concentration as well.

Theorem 1.1. Assume fy € Hy with 0 < a <1 where p S log"?n and || fol|ee < logt?n.

Moreover, we assume that X = {x;}_, is reqular. We assume priors (8equation.3.8) and
(9equation.3.9) or the Galton Watson process (10equation.3.10) and Laplace step heights
(12equation.3.12) where 1/\ < VK. Then with e, = n~* ) 1og!? n we have

I (fT,ﬁ N frs — folln > My ey | Y(n)) -0,

for any M, — oo in Py-probability, as n,p — oo.

Proof. 1t suffices to show the prior concentration condition (2.2) in Rockova and van der
Pas (2017), i.e.
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U(frs:|1frs— folln <en) > e 4"en

for some d > 2. Using similar considerations as in Section 8.2. of RP17, this boils down to
showing that

(B ERN 8Bl <en/2) >N(B RN |3~ Bl < c./2),

where B € RX are the step heights of the projection of f, onto a partition supported by
the k-d tree with K steps, where K < ne?/logn. The right hand side equals
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Assuming that || follee < logn, we have |B|1 < Klogn < ne2. Next, for 1/ < VK we

have K log[4K/(A\e2)] < Klogn < ne?. O

1.3 Proof of Theorem 5.1theorem.5.1

According to Lemma 5.1lemma.5.1, the posterior concentrates on the set R(KC,). All
the following arguments will be thus conditional on R(/XC,). The conditional posterior
decomposes into a mixture of laws with weights 7(7 | Y™, R(K,)) in the sense that

EN eV UTe)=¥a) | y ) R(KC,)]
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where R
I, 7 —E" [etﬁMfT,ﬁ)—wT) Y™, T]

and where we used the fact that /n|¥r — U,| = op(1) under the assumption of self-
similarity (as we showed earlier in the Section 5.2subsection.5.2). Under the Laplace prior
(12equation.3.12), we can write for 7 € R(K,,)

e§(||a|\2L+o(1)) % e_% KnCq <I,r< e§(||au§+o(1)) % e% Knca.
Since K,, = | Myn'/*+Y | we have for 1/2 < a < 1 and for all t € R

lim B [e 0T | Y0 R(K,)] = el

n—oo

For the Gaussian prior, one can proceed analogously as before. For each T € R(K,) N VE,

we denote with A, 7(M) = {frg € FIT] : lfrs— fillz < M +/Klogn/n}. Using the
same arguments as in Section 1.1.2, one can show that, given 7 € R(K,), the posterior

concentrates on A, 7(M). We then define I,, 7 = E" [et‘/ﬁ(‘l’(fTﬁ)_@T)‘Y(”), T, AmT(M)]

2
and using the same arguments show that lim, ,. I,,7 = ez llali uniformly for all T €
R(K,).

1.4 Proof of Theorem 5.2theorem.5.2

Let ag denote the projection of a onto F[£] (the set of all forest mappings (7equation.3.7)
supported on a given ensemble £). The no-bias condition (16equation.4.16) is satisfied
automatically since ag = a.

Similarly as in Rockova and van der Pas (2017) (Corollary 5.1), one can show that
the posterior concentrates on £, whose trees are not too big (i.e. >, K < ne?/logn for
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£, = n~®/2aFP) Jogn). The next step is to show that the prior is sufficiently diffuse in the
sense that it does not change much under a small perturbation. To this end, we introduce
a local shift, for some s > 0,

T
S

Jes, = Z <ffrt,gt - T\/_) fes — N

t=1

where B = [3!,...,8"] and where 8. = 8" — s/(T/n). Now we have to perform the

change of measures from fep to fep,. We start with the independent Laplace prior

(12equation.3.12) for each @' with a penalty \; < 1/v/K*. Similarly as in Section 1.1.1, we
have

T T

Hﬂ'(ﬁt> < Hw(ﬁz) X exp ( ZAJ@) < H7T ) X exp <S—\/cﬁl rntaxx/ﬁ)

t=1 t=1

for some ¢; > 0. Since max; K < ne?, the exponential term converges to one. A similar
argument holds also for the lower bound. For the Gaussian prior 8" | K* ~ N+ (0, Kt x It),

we have .
5° s||B||2)
™ ™ ><eX + ,
[+ H b (5o + Ik

where B = (8Y,...,8") € RXEK " is the vector of all step heights in the ensemble.
Similarly as before, one can show that the conditional posterior distribution of B, given
&, concentrates around the projection of fy onto F[E] at the rate ), K*logn. Since
Voo, Ktlogn/n < y/e2logn — 0, we can use similar arguments as in Section ?? to
conclude the BvM property.

1.5 Proof of Lemma 1

Proof. With g,, = n=%/(2%P)/logn, the assumption (18equation.5.18) implies || £ — follz >
M, /Ms e, when diam(T) > d,(«), where fJ is the || - || projection of fy onto F[T]. The
posterior distribution under the Bayesian CART prior concentrates at the rate ¢, in the
| - Iz sense, i.e. TI(||f — follr > Mpen| Y™) — 0 in P2-probability for any arbitrarily
slowly increasing sequence M,,. This follows from Rockovd and van der Pas (2017) for
the conditionally uniform tree partition prior and from Rockovd and Saha (2019) for the
tree-branching process prior. Both of these papers study Gaussian step heights. In the
Appendix (Section 1.2), we extend these results to Laplace step heights. From the near-
minimaxity of the posterior, it then follows that partitions that are not regular are not
supported by the posterior. The dimensionality part regarding K follows from Rockova
and van der Pas (2017) and Rockova and Saha (2019). O
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