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Supplementary material:
Semiparametric Nonlinear Bipartite Graph Representation Learning with Provable Guarantees

A. Formulas of gradients and Hessian

For future references, we provide explicit formulas of the gradient and the Hessian for loss (3). We introduce some definitions

beforehand. Let us denote each column of weight matrices as U = (uq,...,u,) and V = (vy, ..., v,) (similar for U*,
'V*). To simplify notations, for a sequence of vectors a1, ..., a,, we let (a;)"_; = (a1;...;a,) be the long vector by
stacking them up; for a sequence of matrices Ay, ..., A,, we let diag((Ai);‘:l) be the block diagonal matrix with each

block being specified by A; sequentially. Moreover, we define the following quantities: V&, [ € [m] and Vi € [r],

dii =@ (u] X1, ) b2 (V] 21, )Xy 1 = (i X, )2 (v] 20,)x],
Pki —¢1(UiTXk1)¢/2(v;‘szz)Zk2v P = Gbl(u Xll)%(v le)zlz7
Qui =67 (] X1,)62(v] 21, ) X1, X, 5 Qi = o7 (ui x,)p2(v] 20,)x], x|
Ry _¢1(U;Xk1)¢g(vfzk2)zk2z£27 R} = ¢1(u Xll) 2(”Tzfz)zlgzlg )
Ski =0 (u] x4, )95 (V] 21, )X, 24, St = ¢ (ui x1, )¢ (v] 2,)x), 2 -

The quantities on the left part are vectors or matrices calculated by using samples in €2, which is indexed by k, while the

quantities on the right part are calculated by using samples in §’, which is indexed by I. We should mention that ¢}, ¢} are

the first derivative and the second derivative of the activation function ¢; (if ¢; is ReLU then ¢} = 0), while superscript of

x;. (and z] ) means the sample is from {2’ (i.e. the sample index [ is always used with superscript (-)). In addition, we
1 2

define two scalars as

_ e =) oxp (e — 9D (O — Olyy)) Yk — Y
(1+exp ((uk — 9) (Orar, — ©4,,,)))” L+ exp ((ur =41 (Ohkik, — ©7,y,))

We define A, By, as above by replacing ©y, x, with ©f ;. and ©; ; with @}/, .

With above definitions and by simple calculations, one can show the gradient is given by

OL(U, V OL(U,V . oL(U,V 1
vUﬁ(va) = ( (8'11,1 )7' B (6'LL )) with % = T3 Z Bkl (dkz - dgz) )
T ¢ k=1
’ (5)
OL(U,V OL(U,V . oL(U,V 1 &
VVE(U,V) = ( E?’Ul )7. cey E?’U )) Wlth % = _ﬁ Z Bkl (pki — p;z) .

k=1

Furthermore, Vi, j € [r], one can show

0’L(U,V 1 «— 8 & ,

W =3 Y Aui(dii = dpy) (diy — dpj) — —5 > Bu(Qu—-Qi),
L k=1 k=1

0?L(U,V 1 & i

8158'04 ) ~m2 Z Akt (dy; — dyy) (ij _plj - Z 1 (Ski = Sii) s

L k=1 =1

0?L(U,V 1 & i

7617(»81;» ) - p > A (pri = ph) (prs — piy) " — Z 1 (Ryi — Ryy)
v k=1 =1

To combine all blocks and form the Hessian matrix, we will vectorize weight matrices and further define long vectors
di = (dii)i_y. P = (Pri)iey> 4 = (d};);_,, p| = (p;);_,. and block diagonal matrices Q) = diag ((Qxi);_,)
Ry, = diag ((Rk;);_,), Sk = diag((Sk:);_,) (similar for Qj, Rj, S}). Then, the Hessian matrix V2L(U,V) €
Rr(d1+d2)><7‘(dl+d2) iS

(324)., (25
Vzﬁ(U,V) = < ngzaﬁu,- i,j 8731-28;,- i,j)
(aviauj i, (81;7181;_7 ij
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1 & d. —d d. —d m Q S.—S
T m2 > Au (pk —p§> (Pk —p§> m2 Z Bia - ( S’ZT Ry, — Rl’) - ©

k=1

For all quantities defined above, we add superscript (-)* to denote the underlying true quantities, which are obtained
by replacing U, V with true weight matrices U*, V*. For example, we have A}, By,, d;},;, vy, Q. Bi;» Si;» dii, D
We simplify the notation further by dropping the subscripts of sample index. We let A, B, d,q, d’, ¢, ..., and their
corresponding (-)* version, denote general references of corresponding quantities, which may be computed by using any
samples in D and D’ (see Assumption 2). We stress that all samples in D and D’ have the same distribution, so that
dy,...,d,, ~d,pi,...,pn ~ p,withd and d’, and p and p’ independent from each other.

Fori=1,2, welet g; = 1 if ¢; is ReLU and ¢; = 0 if ¢; € {sigmoid, tanh}. Thus,
|pi(z)] < Vi=1,2. (7N

We alsolet g = ¢1 V ¢ and ¢’ = q1¢o.

B. Local Linear Convergence

We verify the local linear convergence of GD on synthetic data sets sampled with ReLU activation functions. We fix
d =dy = dy = 10 and r = 3. The features {X;,X] }ic[n,]> {Zj, %)} je[n,)> are independently sampled from a Gaussian
distribution. We fix n; = ny = 400 and the number of observations m = 2000. We randomly initialize (U", V) near
the ground truth (U*, V*) with fixed error in Frobenius norm. In particular, we fix |[U? — U*[|2 + ||[V? — V*||2. = 1.

For the Gaussian model, y ~ N(© - 6,¢%). For the binomial model, y ~ B (( N, ﬁ’éii,?cz))

y ~ Pois(exp(®)). To introduce some variations, as well as to verify that our model allows for two separate neural
networks, we let ¢; = ReLU and ¢2 € {ReLU, sigmoid, tanh}. The estimation error during training process is shown in
Figure 3, which verifies the linear convergence rate of GD before reaching the local minima.

For Poisson model,
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Figure 3: Local linear convergence of gradient descent on synthetic data sets.

C. Main Lemmas

We summarize lemmas that are required to prove main theorems.
Lemma 7. Forany k,l € [m], we have that the conditional expectation given all covariates . [B,:l | Xkt s Zys X;l , z§2] =0.
Lemma 8. Under Assumptions 1 and 2, there exists a constant C' > 0, independent of U*, V*, such that:

(1) if ¢1, ¢2 € {sigmoid, tanh}, then
C

* __ g*! * _ g*! T
>‘min E (d* d*/) (d* d*/) e
p*—p”)\p" —p R(UMR(VS) max([U3. [V*]3)’

(2) if either ¢1 or ¢o is ReLU, then by fixing the first row of U* (i.e. treating it as known),

* g%/ * K/ T
/\min E (d* d*/) (d* d*/)
b —p b —p

N Cllef U 2,
R0 R(V*) masx([U* B [V [B) (1 + [ T7[[2)2
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where e; = (1,0,...,0) € R%,
Lemma9. Let V2£1(U, V) == L5 Zzlzl H, 1 where

dy —d dk—d’)T
H = Ay - ! Ly
L kl(m—p»(m—pi

Suppose Assumptions 1 and 2 hold. For any s > 1, if

m ANy Ang 2 s(dy + dsg) {log (r(dy + dg))}qu ,

then

3(1—q)

IV2£:(U, V) ~E [V224(U", V7)) [ £ 6% 5 (V73 + 073

2—q
U_U* 2 V—V* 2\ 1
&) og (r{ds (10— U3+ 1V = Vi) T )

\/s(d1 +d) log (r(dy +d2)) |

with probability at least 1 — 1/(d; + d2)*.
Lemma 10. Let V2Ly(U,V) := # Z?l:l Hy ;. ; where

_ / S _ S/

Suppose Assumptions 1 and 2 hold. For any s > 1, if
mAny Ang 2 s(dy + dg) {log (r(dy + dg))}Hq_q/ ,

then

IV2£2(0, V) — E [V2L5(U%, V)] 12 S 827" (VA3 + U7)13) -

s(dy + dz) log (r(dy + da)) . o2\ 22
\/ +(lU-U*F+IV=-V*7) * |,
m ANy A\ nsg

with probability at least 1 — 1/(dy + da)*®.

Lemma 11. Under Assumption 2,

IE[VZLU*, V)][l2 S B2 (IVHIF + [U*]13)"

D. Proofs of Main Lemmas
D.1. Proof of Lemma 7

For any pair (yx, y;), let Ry; denote the rank statistics, and yé?l) denote the order statistics. We have

* / / * / / kl / /
E [Bkl | Xk17zk27xl17zl2] =E |:E [Bkl ‘ Xklazkzvxllazbvy(.)] | Xk17zk2)xl17zl2:| .
Moreover, as shown in (2),

exp (YO, k, T ¥1071,)
exp (YxO®%, 1, +¥1©77,) +exp (U OF,, + 107 41,)
1
1+ exp (=(ye — ¥)(Of, 1, — OFL))

kl / l
P(Ry |y(»)a Xk1s Zkyy Xy Zl2) =
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Thus,
!
B (Bl | X070 X, 70,085 = e PRl Xt 20, %474,)
e T ION T e (g — wD)(Oy, — OF,)) T e T
1R2 142
yz/ — Yk ( Kl I
+ - 1*P(Rkl|y.,xk y Lko s X, 5 2 ))
1+exp ((y, — I(CHIES 91*1/12)) O ’
_ Yk — Y
(1+exp (v — 9)(OF, 1, — ©7/4,))) (1+exp (—(vi — 4))(©f,1, — ©74,)))
N Y, — Yk
(1+exp (—(yr —9))(OF, 1, — O7/.))) (1 +exp (e — ¥)) (O, — ©71,)))
= 0,

which completes the proof.

D.2. Proof of Lemma 8

When d* = 0, p*’ = 0, and ¢;(x) = ¢2(x), Lemma D.1 in Zhong et al. (2018) established a similar result. We prove a
generalization of their result here. We first introduce additional notations.

Suppose QR decompositions of U*, V* are U* = Q;R; and V* = QyR., respectively, with Q; € R**" and R; € R"*"
fori = 1,2. Let Q+ € R%*(4~") be the orthogonal complement of Q;. For any vectors @ = (a;...;a,) and
b = (b1;...;b,) such that a, € R, b, € R% for p € [r] and ||a|3 + ||b]|3 = 1, we express each component by
a, = erlp—i-Qf-slp and b, = Q2r2p+Q§-32p, andletr; = (71,...,7;) € R"™"and s; = (841,...,8i) € R{di—r)xr,
Further, we let t; = (£i1,...,tir) € R™" with¢t;, = R, lrip, and also let £; € R"™*" denote the matrix that replaces the
diagonal entries of ¢; by 0. Lastly, for ¢ = 1,2 and variable x ~ N'(0, 1), we define following quantities

7ok = El(i(x)2"], 7 =El(@¢i(2))2"], 7 =Elgi(z)d(2)z].

Using the above notations,

T T d* —d*\ (d* —d” T] <a>
(a b ) E|: (p* _ p*/) (p* _ p*/) b
=B [(Z (91 (") 0205 2)a x + o (T x) 6 (03 )] )

p=1
T

2
= Y (X on(of el + n(w X 0h(0; 7)) |
p=1
:2Var( Z (01 (uy"x)p2(v3" z)al x + d1 (uh x)¢h (v;Tz)bgz)> : (8)

p=1

Plugging the expression of each component of a, b in (8),

d* — d*’ d* — d*’ T a
p* _ p*/ p* _ p*/ b

:Var( Z (01 (up"x) o (v 2)x" Quryy + 1 (uy )0 (v  2)z" Qorap)

s (a” ¥)E

p=1
Y )0} T Qs + Y (u;TX)qé’z(v;TZ)zTQ%S%)
p=1 p=1

Var( S (6 (T x) 607 2)xT Qurry + ¢1<u;Tx>¢'2<v;:Tz>zTQ2r2p))

p=1
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+Var(z¢1 x)¢2(v *T z)x" Qi Slp) +Var<z¢1 x) 5 (v, )ZTQ;S%)

=Var( D (¢ (up %) da (v 2)x" Qury, + ¢1(u;Tx)¢g(v;Tz)zTQ2r2p))

p=1
r 2 T 2
E [( 3 ¢3<u;Tx>¢2<v;Tz>qufs1p) ] TE [( 3 asl(u;wa;(v;Tz)zTQ;szp) }
p=1 p=1
=11 + 1 +1s, ©)

where the second equality is due to the independence among xTerlp, xTQf-slp, zTQgrgp and zTQj- Sop; the third
equality is due to the fact that the last two terms have mean zero. By Lemma 12, there exists a constant C'; not depending on
(U*, V*) such that

C
Ir+1I3 > - ] (IIs1l1F + [Is2l1F) - (10)

R(U)R(V*
For term 77, let us denote the inside variable as

T

g(UTx, VT 2) = (] (up %) o (v 2)x Uy, + 61 (wy %) (v} 2)2" V).

p=1

Using Lemma 19, Assumption 1, and independence among x, x’, z, z’,

7, = Var(g(U*Tx7V*Tz)) = %IE [(g(U*TX,V*Tz) — g(U*TX/,V*Tz'))Q}
1 - = -7 =N"\\27] _ 1 - =
WE[(Q(&Z) —9(x,2))] = W"ar(!}(xvz))- (11)

Here x, X', z,z’ are standard Gaussian random vectors with dimension r. With some abuse of notations we let x, z denote
two independent Gaussian vectors, whose dimensions may be d, ds, or r, which are clear from the context. By the definition

Ofg('a '),

T

9(x,2) = Z (QS/1 (Xp)¢2(zp)XTtlp + ¢1(Xp)¢/2(zp)ZTt2p) :

p=1

Therefore,

E[g(x,2)] = 717171727170Trace(t1) + 7'171,07§7171Trace(t2) (12)

E [g%x,z)} =E (Z (bll (Xp)¢2(zp)XTt1p> +E (Z ¢1(Xp)¢/2(zp>ZTt2p>
p=1

p=1

+2 Z E [¢,1(Xp)¢2(zp)¢1(Xq)ﬁb/z(zq)XTtlpZTth} =1y +1Is +2Ls.  (13)

1<p,q<r

From Lemma 13, we have

1y = (72,2,07'1/,2,0 - 722,1,0(7'1/,1,0) ) I3 + 7'2 10(m1 1, 1) Trace(}) + T2 GE o) (24 E:
+ 27'22,1,07{,1,27'{,1,01Tt diag(t,) + 72 1 0(7'1 1, 1) (lelag(tl)) + (7'2 2 OT1 2,2 7'22,1,0(7'{,1,1)2) ||diag(t1)||§,
15 = (7'1,2,07'5,2,0 - 7’12,1,0(72/,1,0) ) 2013 + 7'1 10(72.1, 1) Trace(t3) + 7'1 10(T21 0) 1221115

+ 2712,1,072/,1,275,1,01%2 diag(t2) + T1,1,0(72,1,1) (1" diag(t2))* + (71,2,072,2,2 - 712,1,0(75,1,1)2) [|diag(2) |13,
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and

"__1 / / : T 7: / / r r
Is = (r{'my — 71717072,1707'17171727171) diag(t,)” diag(ta) + 71,1,172,1,171 1,075,1,0 Trace(t:1t2)
/ / T q: : T / /! T£T 3:
+T1,1,072,1,0T1,1172,1,1 1" diag(t1)diag(ta)” 1+ 71,1,072,1,171 1,172,101 t3 diag(ty)

+ 7'1,1,17271,07{71707'57171leleiag(tQ).
Using the fact that
Trace(t]) = %Ilfl +E E — lfllf, 2Trace(fits) = |18 + &5 1% — [[Ell5 — 1E201%,
it follows from (12) and (13) that
Var(g(x,2)) = E [¢*(x,2)] — (E [g(x,2)])’
ST 0T IE + B I+ 5200 176 + I
+ (72,2,07'{,2,0 - 7'22,1,0(7'{,1,0)2 - 7'171,17'2,1717'{,1,07'5,170 - 7'2271,0(7'{,1,1)2) Ht_1||%7

+ (71,2.,075,2,0 - 712,1,0(75,1,0)2 - 71,1,17'2,1,17{,1,07'5,1,0 - 712,1,0(7'5,1,1)2) Hﬁ”%

+ I72,1,0 1 011 + 721,071 1 odiag(t1) + 71,1175 1 diag(t2)[|3

= T1,1,172,1,171 1,072.1.0/lt1 + Gl%+

+ 17110751 0821 + 111,073 1 pdiag(t2) + 70117 4 g diag ()3
2 2 2 2 2 2 : 2
+ (72,2707{,2,2 - 72,1,0(7{,1,1) - 72,1,0(7'{,1,2) - 7'2,1,1(7'{,1,1) ) [[diag(t1)]l2
2 2 2 2 2 2 . 2
+ (7172,07'572,2 - 7'1,1,0(7'571,1) - 7'1,1,0(7'é,1,2) - 7'1,1,1(7'5,171) ) [|[diag(tz)ll2
+ 2 (’T{/’Té/ — ’7'1,1’0T2’1,07'{7171Té7171 — ’7'271’0T171’17'{7172Té1171 — ’7'171’07'2’1717'2/71727'{7171) dlag(tl)leag(tQ) (14)
By Lemma 14 we obtain a lower bound Var(g(x, z)), which in turn gives the lower bound on Z; by combining with (11).
We have two cases.
Case 1. By Lemma 14 (1), we plug the lower bound of (14) into (11) and have that, for some constant C; > 0 not depending
on (U*, V*),
Cs

> 2 2 2) _
L 2 R(U%)R(VF) (Htl”F + Ht2||F)
Cs

R(U)E(V) max (U3, [[V*[13)

Cy
&(UMR(VY)

- (IR ralF + Ry M2 7)
R ")
(Il + =) -

Combining the above display with (9) and (10),

(d* _ d*/) (d* _ d*/>T <a>
p* _ p*/ p* _ p*/ b
min(Cl, 02)

R(U)E(V*) max([[U*]3, [[V*]3

(a bT)E

) (Il + llr2llF + sl + lls2l17) -

Minimizing over the set {(a, b) : ||a||% + ||b]|% = 1} on both sides, we have

d—d"\ (d —d"\" min(Cy, Cs)
)\min E (* */)( * *) Z — — , . (15)
( l p*—p”) \p" —p" R(U*)&(V*) max([[U*|3, [ V*[|3)

Case 2. By Lemma 14 (2), we plug the lower bound of (14) into (11) and have that, for some constant C3 > 0,

Cs
R(U*)R(V*)

L > (217 + lIE201% + |l diag(t:) + diag(t2)l[3) -

Combining with (9) and (10),
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(d* _ d*l) (d* _ d*/)T <a>
p* _ p*/ p* _ p*/ b
> min(Cl, Cg)
— E(U)E(VY)

(aT bT)E

(IE2l% + IE201% + lIdiag(t:) + diag(t2)lI3 + lIs1]1F + [ls2ll%) -

Since the first row of U* is fixed, we minimize over the set {(a, b) : |a||% + ||b]|% = 1,eT a, = 0,Vp € [r]}. Equivalently,
the right hand side is minimizing the following optimization problem

Jusi=, min [EE [l + diag(t) + diag(t)]3 + 113 + 152l

st. Rty =71, Roty =1y,
Il % + [lr2llE + lls1llE + szl =1,
e’'Qiry +ef'Qis; =o0.
By Theorem D.6. in Zhong et al. (2018),

ler U™ I3

min

. > .
U= 36 max([U[3, [V-IB) (1 + [T U*[l2)2

Thus,

ds—d\ (d* —d"\" min(C1, C3)|le] U2,
)\min E * */ * */ Z — — 2 2 T . (16)
p —p7)\pP —P 365 (U*)E(V*) max([[U*]|3, [V*[[2)(1 + [le; U*[[2)?
Combing (15) and (16) together completes the proof.

D.3. Proof of Lemma 9

The concentration is shown by taking expectation hierarchically. In particular, we let V2L (U, V) := E[V2£, (U, V) |

D, D'], where the expectation is over the random sampling of the entries from D and D’. Then, we know E[V2£; (U, V)] =
E[V2L,(U,V)]. Moreover,

V2L (U, V) —E [V2L (U, V)] || < [|[VPL1(U, V) = V2L(U, V)| + |[V?L(U, V) —E [V2L, (U, V)] |
+ |E V2L, (U, V)] —E [V (U, VI ||
=N"+T+Ts

Using Lemma 15, forall s > 1

S(dl + dg) IOg (T(dl + dg))
m ANy N\ ng

_ 1
P|lJ+ T2 B! q\/ (HV||2FQ+HU||2F[I> Sm-

By Lemma 17,

3(1—q)

* * *(11—q/2 *nl—q/2
Fo S 84T (VA + 10715) (10 = U715 + v = Vo))

Combining the above two displays, using the fact that
IVIE + 111 S IV = VI3 + 10 = U + [V + 107
and dropping higher order terms, we know that, with probability at least 1 — 1/(dy + d2)?,

IV2£1(U, V) = E [V2Li (U*, V)] ||2

< g3,20-0 ( v+ (3 « 3q) s(dy + dz)log (r(dy + d2)) U Ly v
S (VAR + 1071w AL T + U =0 "+ Ir

2

Noting that [|[U — U* ||}, % + [V = V*[|}-7? < (U = U*||[% + |[V = V*||2) ™ completes the proof.
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D.4. Proof of Lemma 10
The proof is similar to that of Lemma 9. We define V2L2(U, V) = E[V2L2(U, V) | D, D']. Then,
IV2L2(U, V)—E [V2Lo (U, VH)] |
<[[V2L2(U, V) = V2L (U, V)| + [V?L2(U, V) — E [V2L2(U, V)] |
+[E[V2L5(U, V)] = E [V2Lo(U*, VI |
=T+ T2+ Ts.

Using Lemma 16 and noting that | V|2~ 4 U209 < |V||2 + |U||%, forall s > 1,

s(dy + da) log (r(dy + d2)) 1

V|4 UdH| $———.
e VIS IV ) £ g

P 7'1+Tzzﬁ\/

Using Lemma 18,
To 5 87 (IVAIE + 107 13) (110 = U2 + v = Vo)),
Combining the last two displays, we complete the proof.

D.5. Proof of Lemma 11

The Hessian, given in Appendix A, can be decomposed as
E[VZL(U*, V)] = E[V2L,(U*, V)] + E[V2Ly(U*, V)] = E[V2L, (U*, V*)].
The last equality is due to Lemma 7. By (33),

IE[V2L, (U, V)]

o S 87 (IVA == U5t ) < B2 (V3 + 1U*)13)

This completes the proof.

E. Proofs of Main Theorems

E.1. Proof of Theorem 3
We take E [%&V*)} as an example and E {%{,V*)] can be proved similarly. For any ¢ € [r], by the formula in (5) in
Appendix A,

oL(U*, V™) I & . .

T ow, | m2? Z Bkl( ki lil)

¢ k,i=1
1 % * x.
= _E|:TTZQ Z E[Bl:l ‘ Xkuzkwx;laz;g] ' ( ki~ li/) =Y
k=1

where, for the second term from the end, the outer expectation is taken over randomness in sampling of all covariate, and the
last equality is due to Lemma 7. Doing same derivation for each column and we obtain E [Vy £(U*, V*)] = 0. Similarly
E[VvL(U*,V*)]=0

E.2. Proof of Theorem 4

Recall the formula for the Hessian matrix in (6). The second term has zero expectation at (U*, V*) by Lemma 7. Therefore,

d*fd*/ d*fd*/ T
E[VZL(U*, V)] =E [4*- (., °, L 17
[V2L( )] (p p/>(p p)] (17)
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(y—y)exp((y—y)(©* —0")) «T *T T x
rea-ne—emp ¢ = (U)o (vTa)x), . p* =

(61 (u;Tx)h (v} 2)z) ::1, and (y,x,z) and (y',x’,2’) are two independent samples from D and D', respectively. By
Assumption 2, |©*| V |@*| < «. Thus, |(y — ¢')(©* — ©*)] < 2a|y — y’|. Using the symmetry and monotonicity of
() defined in Assumption 2,

exp ((y — y')(©* — ©*))
(1+exp((y — y)(©* — ©*)))

where, as introduced in Appendix A, A* =

=¥ (l(y — v )(©* —©Y)]) > ¥(2aly —y'|).

Therefore, A* > (y — y')?w(2aly — y'|). Taking conditional expectation in (17),

I d* — d*' d* — d*’ T
E [V2L(U*, V)] =E |(y — y')*(2
(2000, V)] = (- 50 el — /D) (e~ o) (0 ")

ds — d* d* — d* T
—E |E[(y - v)*%(0ly — ¢/]) | %2, 2] ( . ) ( . )

b —-p b —-p

I N N d* — d*’ d* — d*' T
=E Ma(® a® /) ' <p* _ p*/) <p* _ p*/>

Here M, (©*, ®*) is defined in Assumption 2. Note that |©*| V |@*'| < « and M, (-, -) is strictly positive in the area
[—a,a] X [—a, a]. Since M, (-, -) is a continuous function, it attains its minimum value in the compact support. Define

Yo = inf Ma(@l, @2) >0

[—a,a] X [—a,a]

d* — d*' d* — d*’ T
(-0 (-4

Here, 7, depends on « reciprocally. Combining (18) with Lemma 8, we finish the proof.

we further have

E [V2L(U*, V*)] = 7,E (18)

E.3. Proof of Theorem 5
Define

2 Ql Sk Sl
V2Ly(U, V) = ( g Rk_Rl)

Then, we know from (6) that V2£(U, V) = V2£; (U, V) + V2£5(U, V). Thus,

1 & d)\ (dp —d)\"
VLi(U, V) =—; )
1l m? ; (pk pl) (pk pi)
m

[V2L(U, V) —E [V2L(U*, V)] [|2
< ‘|V2‘C1(U7V) -E [vz‘cl(U*aV*)] ||2 + ||V2EQ(U,V) —E [vz‘CQ(U*aV*)} ||2

Combining Lemmas 9 and 10, we know the second term only contributes the higher order error. Thus, for all s > 1, with
probability at least 1 — 1/(dy + da)*®,

[V2L(U, V) —E [V2L(U*, V)] |2

3(1—q) . « s(dy + dg)log (r(dy + d2)) x|1—aq/2 *(|1—a/2
< 805 (Ve + o)) \/ U= U 4V = Ve

m ANy Ans
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E.4. Proof of Theorem 6
We first bound V2L£(Uq, Vy) — V2£(Ug, V) for any (U, V1), (Ug, Vo) € B(U*, V*). Note that

IV?L(U1, V1)=V2L(Us, Vy)ll2
<|[IV2L(U1, V1) = E[V?L(U1, Vi)]ll2 + [V?L(Usz, V) — E[V2L(Uz, Vs)]|l2
+ [[E[V2L(U1, V1)] — E[VL(Us, Vy)] 2.

Using the same derivation as in Lemmas 15, 16, 17, and 18, we can show that with probability 1 — 1/(dy + d2)?,

s(dy + dz)log (r(dy + d2))

mAny A\ nsg

s(dy + dz) log (r(dy + d3))
m ANy A\ ns

HVTﬂhVQ—EW%ﬂhﬂﬁszfﬂﬂ¢ (o3 + v

IV?L(Us, Vy) — E[V2L(Uy, Va)]ll2 £ 527“1_"\/ (|\U2H?wq + ||V2||qu) ;

3(1—9q)

- 2-q
IE[V2L(U;, V)] — E[V2L(Us, Vi)l S 855 (03 + IVal) (10 = U3+ IV = Vall3) T

Noting that |U||% + | V[|% < [[U*[|% + [[V*]|% for (U, V) € B(U*, V*), we then have
IV2L(U1, V1) = V2L(Us, V2|2

< 33 301-a) %134 * (134 S(dl +d2) log (r(dl +d2)) - 2 - 2 2
<8 (O + V) a2 A (0=l + Ve = Val[}) F ).

3(1—q)

Define Y* = CpB3r~— =z (HU*H?I’,? + HV*||3Z’;1) for sufficiently large constant Cz. For any two points (U, Vy),
(U, Va) € Br(U*, V*), if their distance satisfies

4
Mo \ T
U _U 2 V _V 2 < min
01— Ul + V= Vil < ()

and the sample sizes m, n1, no satisfy (which is implied by the condition in Theorem 5)

207\ °
mAng Ang > . s(dy + d2) log(r(dy + d2)),

min
then we know
*

P
[V2L(U, V1) — V2L(Uy, Va)||2 < indn' (19)

Next, we consider a neighborhood of (U*, V*) with radius (ZT) 2—a that is

)\*

3 4
min ) 5=q

47+

[U~ U+ IV = Vo3 <
For any (U, V) in this neighborhood, by Weyl’s theorem (Weyl, 1912), we can show

Amin (VZL(U, V) 2> Anin (E[VZL(U*, VY))) — |[V2L(U, V) = E[V2L(U*, V)]||2
2)‘* - )‘;nln/Q > A:mn/Z

min

max

Similarly, A\pax(VZL(U,

U,V)) < 3\
doing one-step GD at (U,

* ax/2 where, by Lemma 11, A}
). Let

A% = A= (|[V*|% + |[U*||%)?. We consider
\%

U =U-yVuL(U,V) and V' =V —yVyL(U,V).
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Suppose the continuous line from (U, V) to (U*, V*) is parameterized by £ € [0, 1] with Ug = U* 4+ ¢(U — U*) and
Ve=V*+£4(V-V*). LetE={&,...,§z } bea (%)ﬁ-net of interval [0, 1] with |Z| = 577 < 5% and accordingly,
we define (U;, V;) = (Ug,, V¢,) fori € [|Z][] and have set S = {(Uy, Vy1),..., (U, V|g|)}. Taking the union bound
over S,

AXs 3N; 1
P(3(U,V min (V2 V)) < “BB op N\ pax (V2 V)) > “fmax ) < : 2
(300.V) € SAmin (VLU V) < 250 or (P20 V) = P ) < ol ao)

Furthermore, since = is a net of [0, 1], for any £ € [0, 1] there exists &’ € [|Z]] such that

4
A\ Ta

Ue — U2 Ve — V|2 < | Zoin
[Ue — Ug || + | Ve €||F—<20T*>

Thus, by (19), (20), and Weyl’s theorem, we obtain

AX AX 2X% .
Amin 2 U ,V >Zmin _ Zmin _ mln’
(VEL(Ug, Ve)) 2= 10 .
3 AX 8AL
)\max 2 18] , Vv < max min - max
(VIL(Ug, Ve)) s =55 + =% < —

With this,

U = U5 + V' = V¥
=[U =05+ V= V*E +n*|VLU, V)7

T 1
U-U* U-U*
— 2nvec (V _ V*> (/0 V2L(Ug, Vg)df) vec (V _ V*>

H(U,V)

2\ x
&5%" - 2n> H(U, V).

< U Ut V-V + (

The last inequality is from Theorem 3 and the fact that | VL(U*, V*) — E[VL(U*, V*)]|| r only contributes higher-order
terms by concentration. Let n = 1/\* ., then

max?

* * * 2
U = U5 + ||V = V[ < [U-U* %+ |V = V7 - = H(U,V)
max
)\;nin * *
< (1 - 52 (JU - U} + [V - V*I3),

max

which completes the proof.

F. Complementary Lemmas

In this section, we list intermediate results required for proving lemmas in Appendix C. Notations in each lemma are
introduced in the proofs of the corresponding lemmas.

Lemma 12. Under conditions Lemma 8, there exists a constant C' > 0 not depending on U*, V* such that

C C

L2 2 S RV ROV

Is1ll7, s> 82|

Lemma 13. Under conditions of Lemma 8, we have
Ty = (72,2071 20 — 722,170(71,1,0)2) 16117 + 722,1,0(7{,1,1)21‘1"%6(5%) + 722,1,0(7{,1,0)2||£11H§
+ 27'22,1,07{,1,27{,1,01T£1Tdiag(t1) + 72271,0(7{7171)2(1Tdiag(t1))2 + (7'2,2,071,2,2 - 7'22,1,0(71,1,1)2) ||diag(t1)||§,

Ts = (T1,2,072,2,0 — 712,170(7'2/,1,0)2) [£2]17 + 712’1,0(7-5,1’1)2Trace(f§ + 7'12,1,0(7'2/,1,0)2||£21H§
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+ 27'1271707'571,27'£71701Ttgdiag(t2) + 7'12,1,0(72/,1,1)2(1Tdiag(t2))2 + (7'1,2,075,2,2 - 7'127170(7571_’1)2)||diag(t2)||§,
and

"__1 / / : T 7: / / r r
Is = (71 T2 — 71,1,07'2,1,071,1,17'2,1,1) diag(t,)” diag(t2) + 7'1,1,17'2,1717’1,1,07'2,1,0Trace(t1t2)
/ / T 3¢ . T / / T7T 3:
+7'1¢17072,1A,07'1,1,17'2,1,11 diag(t,)diag(t2) 1+71,1,072,1,17'1,1,17'2,1,01 t; diag(ty)

/ / TET q:
+7T1,1,172,1,071,1,072,1,11 ¢ diag(t2).

Lemma 14. Under conditions of Lemma 8, there exists constant C' > 0 not depending on U*, V* such that:
(1) if 1, ¢o € {sigmoid, tanh}, then

Var(g(x,2)) = C ([ta]% + t2l%) ;
(2) if either ¢1 or ¢o is ReLU, then

Var(g(x,2)) > C ([#1l% + [£2]% + [|diag(t:) + diag(t2)|3) -

Lemma 15. Under conditions of Lemma 9, we have

> 32 S(d1+d2)10g(7’(d1—|—d2)) 292, 1—q2 2q1,.1—q1 < 1
P<31N/3\/ = (IVIGE=r = U= ) ) £ s

S 52 S(dl +d2)log(r(d1 +d2)) 2q2,.1—qo 2q1,.1—q1 < 1
P J2N6¢ oy (VI Ol r =) | S e

where {q; }i=1 2 are defined in Appendix A (see (7)).

Lemma 16. Under conditions of Lemma 10, we have

s(dy + dz)log (r(di +d 2(1—q1 L(1—qs 1
P<ﬂzﬂ\/ W+ DB L&) (yjea-e) 4 jyjgo "))>s(d1+d2)s,

s(dl +d2) IOg (r(dl +d2)) 2(1—q1 1(1—q2 1
P2z B\/ i (Vg 13 ) | £ e

Lemma 17. Under conditions of Lemma 9, we have

3(1—q)

q 1—q/2 1—q/2
Fo 5 AT (IVAIR + 10 130) (110 = U2 + v = Vo).

Lemma 18. Under conditions of Lemma 10, we have
1-q * * *11—q/2 *11—q/2
To S 627 (IVAIR + II071137) (110 = U722 + |V = v 27%).
G. Proofs of Other Lemmas
We present proofs of lemmas in Appendix F.

G.1. Proof of Lemma 12

By symmetry, we only show the proof for 7. By the definition of Z in (9),

r 2
7 E[(Z¢a<u;Tx>¢2<v;Tz>qufslp) }
p=1
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T

:ZE[(¢1(U X)) (¢2( )) Slp(Ql) XXTQf'Slp}

" D T R CRE
SPFAGST
:il R R W TR e R o
p= <p#qg<r
|3 ot
>mmu;%(xm(zp)smnil e

Here the third equality is due to the independence among u;Tx, xT' Qi and z; the last inequality is from Lemma 19 and
Assumption 1. Further,

r

E[HZ¢/1(XP)¢2(ZP)31PH2] = Z [¢1(Xp)¢2(zp)¢1(xq)¢2( )slp'sl(J

p,q=1
-
:71,2,07'2,2,0 Z ||51p||2 + (71,1,0)2(7'2,1,0)2 Z S{pslq
p=1 1<p#q<r
=71 0022001811 + (71 1,0)*(72.1.0) (Ils11115 — [|s1]1%)
> (71 2,0m2.20 = (11.1,0)° (72,1,0)%) |81 %-
Combining with (21),
7'{,2,072 2,0 — (7'{ 1 0)2(7'2,1,0)2 s ”2
R(U%)R(V?) e

Note that 71 5 o > (7{ 1 9)® and 7220 > (72,1,0)? for all activation functions in {sigmoid, tanh, ReLU}. Thus, for some

I >

constant C' > 0 we have Zy > W ||81]/%. Similarly, we can show

71,2,075 2,0 = (T11 0)2(75,1,0)2

C
I3 > H(OR(V) 827 > WHSZH%

This completes the proof.

G.2. Proof of Lemma 13

By symmetry, we only show the proof for 7, and Z5 can be proved analogously. By the definition of Z, in (13),

1y =E (Z ¢ (xp) b2 (Zp)XTt1p>

p=1

*Z]E (¢1(xp)) ¢2(zp)) tlpxx tlp + Z ¢1(Xp)¢2(zp)¢1(Xq)@(zq)tmxx th]

1<p#q<r
=T72,2,0 ZE [(d’&(xp))%lTpxthlp] + 7'22,1,0 Z E [‘b/l (%p) 01 (Xq)tlTpXXTth}
p=1 1<p#q<r
=72,2,0L11 + T3 1 o Laz- (22)

By simple derivations, we let £1,, = [t1,], be the p-th entry of ¢;,,, and have

s r
Iy = (71,2,2 - T{,z,o) Z t%pp + T{,z,o Z ”tlp”g = (T{,Q,Q - T{7270)||diag(t1)H§ + 71,2,0||t1||%5 (23)
p=1 p=1
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2
Ly = Z (T{,l,l) (t1pptigg + tipgtiop) + T{,1,2T{,1,o(t1ppt1qp + tipgtioq) + 7'1 1,0) Z tipktigr

1<p#q<
<p#q<r k;épﬂ
= Z <(T{,171)2(t1ppt1qq + tipgtigp) + (7'1/71,27'{,170 - (71/71,0)2)(t1ppt1qp + tipgtige) + (T]/.,170)2t,{'pt1Q) :
1<p#q<r
Moreover, for each component of 7,5 we have
Z tipptigq + tipgtigp = (leiag(tl))2 + Trace(t%) - 2Hdiag(t1)||§,
1<p#q<r
Z Lippligp + tipgtiqq = 2 Z tipptigp = 2(1thdiag(t1) - Hdiag(tl)lli),
1<p#q<r 1<p#q<r
D thtig =13 — )7
1<p#q<r

Plugging into the formula of 7o,

Tip =(m11,1)% (1" diag(t1))? + Trace(t]) — 2||diag(t1)[13) + (71.1,0)* (11115 — I81%)
+ 2(71,1,27'{,1,0 - (71,1,0)2) (thfdiag(tl) - ||diag(t1)H§) . (24)

Combining (22), (23), (24) together,

1y =T220 ((71,2,2 - 717270)||diag(t1)||§ + T{,Q,oHtln%«“) + 7'22,1,0 ((7{,1,0)2(||t11||§ —It1ll%)
+2 (7'{,1,27{,1,0 - (7'{,1,0)2) (thleiag(tl) - Hdiag(tl)lli) + (7-{7171)2((1Tdiag(t1))2

+ Trace(t?) — 2||diag(t1)||§)>

. 2
= (7'2,2,07'{,2,0 - 7'22,1,0(7'{,1,0)2) )17 + 7'22,1,0(7'{,1,0)2||t11”§ + 7'22,1,0(7'{,1,1)2 (lelag(tl))
+ 7227110(7'{71’1)2Trace(t%) +2 (722,1,07'{,1,27'{,1,0 - 7'22,1,0(7'{,1,0)2) thriFdiag(tl) + (7'2,27071,2,2
- 7’272,07'{,2,0 - 27'22,1,07'{,1,27'{,1,0 + 27'22,1,0(7'{,1,0)2 - 27'22,1,0(71,1,1)2) ||diag(t1)||§.

Recall that £; € R™*", i = 1,2, denotes the matrix that replaces the diagonal entries of t; by 0. Therefore, the above display
can be further simplified as

I, = (72,2,071,2,0 - 722,170(71,1,0)2) 16117 + 72271’0(7{,171)2”[‘1"&06({%) + 722,1,0(7{,1,0)2||£11H%
+ 27-2271707{71,27{71701Tt?diag(t1) + 7'2271,0(7{7171)2(1Tdiag(t1))2 + (7'2,2,07'{,2,2 - 7'22,1,0(7'{,1,1)2) ||diag(t1)||§.

This completes the proof for Z,. Z5 can be obtained analogously by changing the role of ¢; and ¢». By the definition of Zg
in (13),

Ts = ZE [¢/1 (xp)o1 (Xp)thlp} E [¢;(Zp)¢2 (Zp)thQP]

p=1
=+ Z ¢1 Xp )1 (Xq)x tlp} [¢/2 (Zq)¢2 (Zp)thQq]
1<p;£q<r
:T{/Té/ Ztlppt2pp + Z 7'1,1,07{,1,1t1pp + T{,I,OTLl,lthlI) (7'2»1717'5,1,01526117 + 7'2/,1,17'2,1,0t2qq)
1<p#q<r
o n_n T / / T4T - . T 3:
=717 dlag(tl) diag(ts) + T1,1,07T11172,1,1T9.1 0 (1 t; diag(ty) — diag(t1) dlag(tg))
+ 710711175 117210 (17 8] diag(ts) — diag(t:)” diag(t2))
+ 7'1,1’07'{’1,17'511’172,1,0 (leiag(tl)diag(tg)Tl — diag(tl)Tdiag(tg))
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+ 71 1.071,1.172,1,175 1 o (Trace(t 1 to) — diag(t,)" diag(t2))
= (1’73 = TL1,0721,0T] 1,1 72,1) diag(th)” diag(ta) + 711,172,117 1 0751 0 Trace(t1t2)
+ T1,1,072,1,0T1.1,1T2.1 11 T diag(t, )diag(t2)"1 + 7-171707—271717{71717-é,1701T{£diag(t1)

/ / TFT -
+ T1,1,172,1,07T1,1,072,1,11" ¢ diag(ta).

This completes the proof

G.3. Proof of Lemma 14

Proof of (1). By symmetry of activation functions, 7/ ; ; = 0. Thus, plugging into (14) and we have

Var(g(x, z))
= 7'1,1,17'2,1,17'{,1,072/ 1 0”{1 + {QTH%“ + (7'2,2,071,2,0 - 7'22,1,0(71,1,0)2 - 71,1,17'2’1,17'{,1,07'é,1,0) ||£1||%“
+ (Tl,Q,OTé,z,o T1 10(T2,1 0) - 7'1,1,17'2,1,17'{,1,07'§,1,0) [E2]|% + 271 74 diag(¢1)" diag(t2)
+ 72,1071, 1,0011 + 721,071 1 pdiag ()13 + [[71,1,072,1,0821 + 71,1,07,1 2diag (22)[[3
+ (7'2,2,071,2,2 - 722,1,0(7{,1,2)2) ||diag(t1)|\% + (71,2,07é 2,2 7121 0(75,1,2)2) Hdiag(t2)||§
> 172071 1,07 0 lE G 1E + o1 (B llF + [E201F) + 713 diag(t1) + diag(t2)]13
+ (7'2,2,071,2,2 - 722,1,0(71,1,2)2 - T{/Tz//) Hdiag(tl)Hg + (7'1 2 072 2,2 7'12,1,0(7'£,1,2)2 - T{/Té/) ||diag(t2)||§
> 111,172,117 1,07 106 + 8 |1 F + o1 (1[5 + [12llF) + 7175 [[diag(t:) + diag(t2) 13
+ p2 ([ldiag(t:)[13 + [|diag(t2)]3) .
where, for j = 1,2,9=1,2and i =3 — i, pj = pj1 N pjo with
Pli =Ti 2,07, (2 0~ Tia 0( i,1 0) - 7'1,1,17'2,1,1T{,1,o7'§,1,07
P2i 277,2,071',2,2 Til 0( i1 2)2 —T1 T
Further, by Stein’s identity (Stein, 1972), 7,11 = TM,O. We can also numerically check that 7{', 74, p1, p2 > 0. Therefore,
the above display leads to
Var(g(x,2)) > min(p1, p2) ([t ll7 + [[£2]%) -

Proof of (2). Without loss of generality, we assume ¢ is ReLU. Then, 711 = T120 = T{_’LO = 7'11270 = 7{7172 = 7{7272 =
' =1/2and 7y 10 = 711 ; = 1/v2. Thus, plugging into (14) and we have

Var(g(x., 2))

(7'2/ 0)2
= 20 1t + 23 1|7 +

1 T+ 2 1 _ 1 T+ 2 1 _
+ 5(7'2,270 - 77'22,170 - §(Té,170)2) Ht1||2F + 5(7'5,270 - 7(7'2,1,0)2 - ;(7571,1)2) ||t2|‘%

2,1,0

(7 2,1,1)
4

8+ &1 + £ + 25 1|7

1 _ . . 1 _ . .
+ g Imzn0til + 7o odiag(t) + 751 1diag(t2)[|5 + %||Té,1,ot21 + 731 odiag(tz) + 21,1diag(t1)||3
1 T+ 2 1 . T+ 2 1 .
+ = {(7‘2 2,0 — ?7'22,1,0 - ;(75,1,0)2) ||d1ag(t1)\|§ + (72/,2,2 - ?(72,1,1)2 - ;(75,1,2)2) dlag@ﬁ“%}
m + 2 1 . .
(75 91,072,101 — 75’1,075’1’2)dlag(tl)leag(tg)
T+ 2

s —|— 2 1
{ 72,2,0 — 221 0 2(7'5,1,0) )”tlHF (7'2 2,0 7(72/,1,0)2 -

T+2 , 1, 2 : 2 / T+2,, 2
T T. diag(t + (T ——(7 —
2,1,0 — —( 2,1,0) )” g(t1)ll3 ( 2,2,2 B ( 2,1,1)

_|_

1 _
*(75,1,1)2)”152”%“
T

N —

1 .
2 (400 (e}

+(7220

T+ 2 1 . .
+ (7'5/ T Tom 72,1.,075,1,1 - ;72/,1,07'5,1,2)dlag(tl)leag(t2)~
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Define
T+ 2 1 T+ 2 1
p3 =(72,20 — Ton 722,1,0 - 5(75,1,0)2) A (7'2/72,0 T Ton (7'2/71,0)2 ;(72 1, 1)2)7
T+ 2 1 T+ 2 1
P4 2(72,2,0 - 77'22,1,0 - ;(75,1,0)2) A (72/,2,2 - 7(75,1,1)2 ;(Tg 1 2)2) A (Tél
T+ 2 1

/ / /
- T2,1,0T: — =Ty 0T .
o 2,1,072.1,1 T 210 2,1,2)
Then, we can numerically check ps3, p4 > 0 when ¢ € {sigmoid, tanh, ReLU} and hence

)) > min(p3, p4)

5 (Itll7 + (217 + [ldiag(t:) + diag(t2)]3) -

Var(g(x,z
This completes the proof.

G.4. Proof of Lemma 15
Proof of J1. For any two samples (y,x,z) € D and (y',x’,2') € D', let us define

(y—y)exp ((y —y)(O - @’)).(d—d’> (d_df>T
(1—|—exp(( y') (O — @/))) p—p p—p )

H, ((x,2), (x,7)) =

where © = (¢1(UTx), p2(V7Tz)). To ease notations, we suppress the evaluation sample of H;. We apply Lemma 22 to
bound 7;. We first check all conditions of Lemma 22. By Assumption 2 and symmetry of (d, p) and (d', p’),
<16p* (d"d+p"p)

(d—d’) (d—d’)T
p-p')\p-p) |,

=162 (Z (6 (ul%))” (62(072))" x"x + (61 (ul )" (¢} (v]'2))° sz>

p=1

IH, |2 <45°

<164* (Z (qbg(vgz))Q xTx + (qh(u?x))2 sz> :

p=1

The last inequality is due to the fact that |¢}| < 1 for activation functions in {sigmoid, tanh, ReLU}. Using (7), we further
obtain

[H. |2 <1652 (Z(ZT%U;Z){” xTx + (xTupul x) ™ -sz>

p=1
=163 ((ZTVVTz)q2 = xTx 4 (XTUUTx)q1 plma. sz) . (25)
By Lemma 20, Vs > 0

1
(n1 A 77,2)8 '

P( max (ZTVVTZ)QQT‘l_qQ'XTXZ(|V||F+\/810g’n2V||2)2qu1_Q2.<,/dl—i-\/SlOgnl)Q)S

(x,2)eDUD’

Thus, we can bound the second term in (25) similarly and have
P(g}%/ [Hill2 28°(([VIlF + V/slogna||V][2)*®=r! 7% - (\/di + /slogni)?
+([U[lr + v/slogn [[U|2)*@r' =% - (\/d2 + /slog o) )) S

v1(J1)

TR (26)
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We next verify the second condition in Lemma 22. By the symmetry of H;, we only need bound the following quantity

Z Z Hl((x z), (¥, z))Hl((x z), (¥, z))T

nl 2 (x,2)€D (x',2')ED’
Loy oy o y)! exp(2(y — y')(© — ©)) H (d - d’) ’ (d - d/) (d - d/)T
(x z)€D (x/,2')ED’ (1+exp((y —y)(© — ©)))* p—p 2 \P— P p-p

64ﬁ x;p(x/;pl (d"d+p"p) + (d7d +p"p)) - ((Z) (Z)T n (Z) (g:)T>
e, 2 )G

12844 T 1o8p4
(x’,2")eD’

nin nin
172 (x,z)€D p 12 (x,2)€D

=1283* 711 + 1283* J1s. (27

We only bound 777 as an example. 712 can be bounded in the same sketch.

Step 1. Bound ||E[11]||2. For any vectors @ = (ay;...;a,) and b = (by;...;b,) such that a, € R4, b, € R% for
p € [r] and [lal3 + [[b]3 = 1,

(@ 0 el (3) | &[S0t oatofa) e+ orufx) 6w 04"

p=1

. (Z Rl X)o (e 2)alx + 3 (T 0n(o] )] )]

i=1 j=1

SE[(( TvvTg)eri=2 . xTx 4 (xTUUTx)Bpl- 0 -sz)

s s
' ( S 17 vl 2 X aal x| +2 3 [ a] - [ulx% - 27 ;] - [0l 2]

1,j=1 i,5=1

T
+ Z |XTuiu?x|q1|szibsz|>}

ij=1

By Lemma 21 and we have

s 2
a 2 1 1 2 1
(@ )l (3) | < (e IVIE +dr ol ) (Z Jalallodlg +bi||2||ui||3) -
i=1

Maximizing over set {(a, b) : ||a||3 + ||b]|3 = 1} on both sides and we get

IETu]lle S (dlIVIFEr = + da U302 ) (VI3 4 Uit (28)

Step 2. Bound || 711 — E[J11]||2. We apply Lemma 24. Let us first define the random matrix

Ji(x,2) = (d"d +p'p) - (z) (Z)T'

For the condition (a) in Lemma 24, we note that

T T

1J11(x,2) |2 =(dTd + p"p)? < (Z(vap'vgz)quTx + Z(xTupugx)ql sz)2

p=1 p=1

= (7“1_‘12 (2T VVTz)exTx + rlmo(xTUU x) sz)2 .
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By Lemma 20, for any constants K %1’1) A K2(1’1) ANK él’l) > 1 (in what follows we may keep using such notation, where
the first superscript indexes the function {£;};—1 2 we are dealing with; the second superscript indexes the times we have
used for this notation),

2
P (||Ju<x7z>2 2 (KDY (da (g2 [ VIR + dy () U3t )

V]35S Uz
< 2exp(—(dy A dg)K(l’l) +@pexp| ——2— | +qexp| ——=m—1|. 29
( ) VI3 1013

For the condition (b) in Lemma 24, we apply the inequalities in Lemma 21 and have

IE[T11(x,2)T11(x,2)7] |2 = E[(d"d+pTp)’(aTd+b"p)’]

max
lall%+Ibl7=1

_ _ 3
< max_ E[(r'"2(z"VVTz)LxTx + 'm0 (xTUU x)" 2" 2)
lallz+lIblI%=1

T T
2
(Ol al %[+ juf x| (6] 2])7]
i=1 j=1
T

2
(D llaallallosll g + 153l 15)

i=1

3
S (@lVIGEr == + d Ul =) (VIR + Ul =), (30)

3
< (V2= 4 i)

max
lallZ+lblI%=1

For the condition (c) in Lemma 24, we consider the following quantity for any unit vector (a; b):
E[(d"d+p"p)*(aTd + b"p)"]

§E[(r1_‘” (ZTVVTz)q2XTx +plm@ (XTUUTx)q1 sz)2 ( Z |v';rz|q2 |a?x| + Z \u;‘-rx|q1 |b§-Fz|)4]
i=1 j=1

2 2
S (@lIVIEEr = + o[O3 ) (VI3 + U= ) (1)
Combining (28), (29), (30), (31) together and defining
Y1 dy VI3 4 [ U], To e [V 4+ [U), ()

we know conditions in Lemma 24 hold for 711 with parameters (up to constants)

2
(i) =52 (ar (KD = VI3 4 dy (kD)2 Ut e )

AV 2K(1’1) U 2 K(l’l)
Vl(jll) =exp (_(dl /\dQ)K?()Ll)) + @2 exXp (—HHF“/,”g + q1 exp _|||€]||21 P
2 2

VQ(jll) ZZT?T% VB(jll) =TTy, ||E[711]|| § TiYs.
Thus, Vt > 0
P(||J11—E[Jull], > t + T1T2v/11(T11))

<ningvi(J11) + 2r(dy + dz) exp (—

(n1 A ng)t?

(27305 +4Y32Y2 + 472 %01 (J11)) + 4 (jn)t)
(n1 A ng)t?

B 1073 + 4/11(311)75) .

<ningvi(J11) + 2r(dy + ds) exp (

In the above inequality, for any constant s > 1 we let

K£1’1) = Kél’l) =log(ning) + slog(di + da), K:E,Ll) =1
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By simple calculation, we can let

e = \/s(d1 + dy)log (r(di + d2)) y s(dy + d) {log (r(dy + dz))}1+2(q1vq2)

nq /\TLQ nl/\n2

and further have

1

P (|7 = B, > e T1T2) S e

Under the conditions of Lemma 15, we combine the above inequality with (28) and have P(||J11]l2 2 T1YT2) <
1/(dy + d2)*, Vs > 1. Dealing with J15 in (27) similarly, one can show (28) and the above result hold for ;2 as well. So

P(||J12ll2 = Y17T2) < 1/(dy + dg)*. Plugging back into (27), we can define v5(J;) = 34T Y5 and then conditions of
Lemma 22 hold for [J; with parameters v (1) (defined in (26)) and v5(7;). Therefore, we have V¢t > 0

t2
P(J1 > t) S 2r(dy + dy) exp <_4V2(J1)n‘: 41/1(]1)75) .

For any s > 1, we let

e = \/3(d1 +dz)log (r(dy + d3)) v s(dy + do) {log (r(dy + d2))}'*?

and have

1

P 260y) < ——.
(71 > fer Z)N(dl—i—dg)s

The result follows by the definition of Y5 in (32) and noting that the first term in €5 is the dominant term.

Proof of J>. We apply Lemma 23 to bound 7>. We check all conditions of Lemma 23. Some of steps are similar as above.

By definition of Hj,
Z Z Hl((X7Z), (xlvzl))'
(x z)€D (x',z')ED’

V2L1(U,V)

We first bound ||E[H;]||2. We have

[EH,]]> < 26 o, B [(a”d+b"p)*] < BTy, (33)

where the last inequality is derived similarly to (30). For the condition (a) in Lemma 23, we apply (25) and Lemma 20
(similar to (29)),

P (82 2 B2 (d(KED)= VIR 4+ dy((H2)m U3t ) )

CVEEM? )2 K
< 2exp (—(d; /\dz)K(l’Q) t@exp| ——F5— | taexp | ——=m— | -
( ) VI SIE

For the condition (b) in Lemma 23,

@8)
IEHHT ]|z < BYE[Tu]llz < BT T2

For the condition (c¢) in Lemma 23,

mo, B((a7 ) (3))7 S0 max El(aT@-d) 16 0o p)") S 4

lall%+lIblI%=1 lallz+lIbl%=1
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Thus, conditions of Lemma 23 hold with parameters (up to constants)

() =P RG (dn(BG2)2 VI 4 do (K)o U0

(1,2) K12
(1.2) IVIFEK; _UlEE;
Jo) =exp | —(d1 Nda) K. +qexp | ————— | + q1exp —_— ],
() =exp (A < vig )t [OT;
va(Jo) =B*T1 1o, v3(J2) = B2, IE[H,]|| < B°Ta.

Similar to the proof of 71, for any s > 1, we let Kl(l’z) = K(1 2 - = 2logning + slog(d; + da), K?()1 2 _ 1, and

9

ny A\ ng ny A\ ng

€3 = \/S(dl +dy)log (r(dy +da)) |, s(ds + da) {log (r(d1 + dp))}'+

and then have

1

P(J > BPesTo) < — .
(J2 2 Bes Q)N(d1+d2)s

Noting that the first term in €3 is the dominant term, we complete the proof.

G.5. Proof of Lemma 16
Proof of T1. For any two samples (y,x,2z) € D and (y',x’,2’) € D', we define

H; ((X’Z)v (X/7Zl)> = 1 + exp (( )(@ (_)/)) ’ (ST _ S/T R—R

where © = (¢1(U”x), ¢2(VTz)). We follow the same proof sketch as Lemma 15. We apply Lemma 22 to bound 77. We
first check all conditions of Lemma 22. By the boundedness assumption of , 3’ in Assumption 2,

el <a5 (& 7)

<43 max
lall%+bl1%=1

2

Z o7 ( u x) o (v z)(a,gx)2 +2 Z o4 (uzx)gb'?(vgz)xTapbgz

p=1

+ Y d1(upx)d (v, 2) (b 2)?

p=1

T

S Lo 72l (al%)% +2 3 [xay| - (b7 + 3 140 - [ulx]? (6] 2)?

p=1 p=1 p=1

<p max
llall%+lbl1%=1

<8 ((1 - qﬂxTxmﬁ 270, |2 + (1 — g2)2" = max [Ty [+ IIXII2Z2) : (35)
pE[T pE|r

Here, the third inequality is due to the fact that |¢}| < 2 if ¢; € {sigmoid, tanh} and ¢} = 0 if ¢; is ReLU. Taking union
bound over D U D', noting that log(r(ny + n2)(d; + d2)) =< log (r(d1 + da)), and applying Lemma 20, for any s > 1, we
define

Ty =(1 — q1)dx (log(r(dy + d2))) ™/ | V||$ + /drdz + (1 = g2)d (log(r(d + d2)))q1/2 1oz
2—a1 g

a1 az(
=dy * dy’ (log (r(dy + dy)))

2—q2  ag qz)

T dy? (log (r(dy +d1))

julge 36

and have

1

P (max HH2||2 Z 6T3) m

(37)
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Next, we bound the following quantity

Z Z Hz((x,z),(X’,Z'))Hg((x,z),(X’,Z’))T

TL
1 2 (x,z)€D (x',2')eD’

(y y) .<Q_Ql S_S/>2
“nin 2<x%:@<x/§/>:@/ (1+exp(<y y)@-e)’ \S' -5 R-F
2 2 T
2 (S e e
D

T ning (x2)eD ST R nq STQ+RST R?+ 8TS

Similarly to Lemma 15, we have two steps.

Step 1. Bound ||E[711]||2. For any vectors @ = (ai;...;a,) and b = (by;...;b,) such that a, € R4, b, € R% for
p € [r] and [lal3 + [[b]13 = 1,

(a b)E[Ty] (‘;) ‘

=E [ Z (( ’{(ufx)gbg(vaz))QxTx + (qb'l(ugx)gb’z(vgz))Qsz) (aZx)2

p=1

+QZ( u x) Py (w X)d)g(v z)d)Q('u Z)XTX—|—(bl(uzx)(bll(u;x)(bé('ugz) 2(UTZ)ZTZ)X apr

2 2
+ Z ( o1 ( u x) ('vgz)) A (gf)/l(ugx)qbg(vgz)) xTx> (bgz)z}
T T
<E [ Z (1- ql)(zT'vp'ugz)q?xTx + sz) : xTapagx + Z (1— QQ)(XTUP'LLZ;X)quTZ
p=1 p=1
+x"x) -z b,bl z + Z (1= q)|vyz|2x"x + (1 — g2)|u) x|" 2" 2) |xTapb;";z]

p=1
T

T
<E[(1- q1)x"x Z(vapvgz)%xTapagx +(1-q)z'z Z(xTupugx)qlszpbgz
p=1 p=1

r T
+(1- ‘II)XTXZ |XTap‘ : |Zpr| ) |ZT'U1a|q2 +(1—g2)z"2 Z |Zpr‘ ) |XTap‘ : |XT"-“p|q1
p=1 p=1

+27z- xT(Z apalj:)x +xTx- ZT(Z bpbg)z]

p=1 p=1

Using Lemma 21 and maximizing over set {(a, b) : ||a||% + ||b]|3 = 1}, we get

IE[Tu]le S (1= a)di[VI3® + (1 — @2)d2|UI3" + di + do S di|[ V5207 + do[ U320 7%). (39)

~

Step 2. Bound || 711 — E[711]]|2. We still apply Lemma 24. Define the following random matrix

>+ 58T QS+SR
Tulx2) = (sCTQQ LRST B4 TS

For the condition (a) in Lemma 24, we note that

_ P (u) x)pa(v) 2) - xx" ¢ (u) x)¢h (U;?Z)'XZT>
|\T11(X,Z)I|2—Ir)r1a;< <¢,1(U?X)¢,2( ? )oaxT o % Vol (vla) 2" ) |,
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= max ( o ¢ (uy x)02(vy 2) (a; x)* + 26 (uy )05 (v, 2) - (a, z) (b, 2)
pe|(T a, §+ b, %:1

T 61 (uT )6 (07 ) (b72) )

2
< max ( max (1- ql)\vgz\‘thapagx + |xTaprz| +(1- q2)|ugx|q1szpb§z>
pelr] \ llapl3+1bplI3=1

S (<1—q1><z vpvp 7)™ (x7%)? + (xTx) (272) + (1 - g2) (xT upuwal(zTZ)Q)-

By Lemma 20, for any K§2 DA K§2’1) A Kéz’l) > 1, defining

a2(1—q1) q91(1—q2)
2 2

Ty=d(K$Y) V)£ 4 dy(k D) g (40)

and we have

P (ITu(x,2)2 2 (K§Y)273)
< 2exp (—(d1 A dg)K§2’1)) +(1— q)gerexp(—KY) + (1= ga)qurexp(—K D). 41)
For the condition (b) in Lemma 24, let us define
Tgll) =(1- ql)('vgz)Q‘thx + 27z, Tﬁ) =(1- QQ)(’U,ZX)quZTZ +x'x,
Tﬁ) =(1- ql)\vgz\qQXTx +(1- q2)|ugx|q1sz.

Then,

IE[T11(x,2)T11(x,2)" ]2 max E[(Z(<T§?>2xTx+(Tﬁ>>2sz)<a$x>2)

llal|%+Ib]|%=1 1
1 2 3 2 3 2
+ 2(2 (Tgl)Tgl)xTx + Tgl)T(l)sz)|xTapbgz> + <Z ((Tgl))QzTZ + (Tgl))QxTx) (bgz)Qﬂ .
p=1 p=1

By simple calculations based on Lemma 21,
N2xTx-xTayalx] S ((1—q)llvplls”d? + d2)dylay|l3,
2272 - 2T b,blz) S (1 — go)l|uplls™ d3 + d3) da|by|13,
T)2272 - xTapalx] < (1 q)llvpl[32d2 + (1 — g2)|[up |37 d3) dz @, |3,

2
T0)2x x - 27b,b72] < (1 — q0)[vp]32 2 + (1 — o)l |57 d2) du |, 13,

1 2 2
T T x]x @bl 2] < (1 - a)lvpl3%dr + d2) (1 — q0)|wpl| P ds + (1 — g2) [wp||§ o) da[lay |21y 2,

3 2 2
T T2 2x a,bl2|| < (1 a0)llupll3" do + di) (1 — qu)l|vp 1 ds + (1 — g2) 1wy |3 do)dalay |2 By llo-
Combining the above two displays and maximizing over {(a, b) : ||a||3 + ||b-2% = 1},

BT (x,2)T11(x,2) )[l2 S df - dd [ V]32 079  dy2a® Ul 0. 42)

For condition (c¢) of Lemma 24,

T 2
E[ ((a;b)" T11(x,2) (a; b)) 1< E[(Z T11 x7 apa x+ ZZTﬁ)b( aprz| + ZTH szpbgz) }

p=1
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Applying Lemma 21,

r 2
Xﬁﬂf%a@}SKFmNW?ﬁ+%m§ﬂ%§),
EZT@m(%HﬂH (1= g V]2=d2 + a@|U@%F(§ZamQ(§ZMpQ,

p=1
§an#$bT ) < «1—@nuﬁ“£+da(§]wﬂﬁ.

p=1

Thus,

E p)I'T b 21\ /2 <di||V 2q2(1—q1) dolIU 2q1(1—g2) 43
s (B0 T (e @:0)']) " S aVIERC® Ut @)
allE F

Combining (39), (41), (42), (43), and defining

Ty =di "dg V][, dy P U T T = d[ VIR + o U, @)
then conditions in Lemma 24 hold for 77; with parameters

vi(Ti1) =exp (_(dl A dg)KgEz’l)) +q2(1 — q1)rexp (—Kéz’l)) +q1(1 — g2)rexp (—Kf’l)) ;

() =P (M) ="s  w(Tu) =Te,  |E[Tl] £ Yo
Here, T4, T5, T are defined in (40), (44), and {K§2’1)}i:172,3 are any constant. So, V¢ > 0,

P(|| Ti1—E[T14] H2 > t+ Tev/v1(Th1))

<””VW)+%W+de< (n1 A o)t >

<ninavi(7T11 1+ d2)exp (25 + 472 + 4020, (T11)) + 41 (T )t
n1 Ang)t

s £ 2+ ) exp ( - 1045 1+ 4uj)(Tn)t>'

For any s > 1, we let
K2' = K2 =log(ninar) + slog(dy + dy), K3' =1.

Then, T4 < T3. Noting that ¢ = ¢1 V ¢2 and ¢’ = ¢1¢2, we can let

i

o = [8ldi+do)log (r(di +ds)) | s(da + dp) {log (r(d1 + do)) Y
e ni A\ neg ni A\ nag

and then have
_
(dy +da)*

Combining the above inequality with (39), P(||T11]]2 = T¢) < 1/(dy + d2)®. We plug back into (38), combine with (37),
and know Lemma 22 holds for 77 with parameters v (7;) = 3Y3 and v2(71) = 32Y¢. Finally we apply Lemma 22 and
obtain that V¢ > 0

P (||[Ti1 — E[Ti1]]]2 > €4Y6) S

t2
PN >1) % 2r(dh + do)exp (‘4:0(73)71 4u1(71>t) '

For any s > 1, we let

e x\/s(d1 + dy) log (r(d1 + da2)) y s(dy + do) {log (r(dy + do))}'T o s
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1—q1 1(1—
P = VIO 4 Uy,

and have
1

P T) < ——m—.
(Th > Bes 7)N(d1+d2)s

This completes the proof for the first part.
Proof of T>. We apply Lemma 23 to bound 75. We check all conditions of Lemma 23. By definition of Hs in (34),

Z Z Hg((x,z),(x',z’)).

(x z)€D (x',z')ED’

V2Ly(U,V)

We first bound | E[Hs]||2 as follows:

IE[HL) > <ﬂ|E{ < > }

Z (u)x)p2(v] z)(a)x)*] + 2ZE[(ﬂl(uzx)qﬁé(vgz)xTapb;z]
=1

p=1

<p max
lall%+Ibl7=

+ZE ¢1(ulx)8 (v]z)(v] 2)?]

p=1
B e, |0 a) ) Ellyal®x apapx] + ) E[lx" a,bya]
allZ+ _
p=1 o
+(1—q2) ZEH"LgX\qIZprbgz]

p=1

(1—q1)Zvall?llaszJrZHapllzllb l2 + (1 — g2) Zupll‘“llbpg)

<p max
lall%+lblE=1 ( =1

<A =q) V5 +1+ (1= g)U[F)
<BTr. (45)

For the condition (a) in Lemma 23, we have shown in (35) that
IHzll2 < B((1 - QI)XTXI%&[)]( 2" vy |2 + (1 - q2)z" 2 max x| ™+ (%2 2]]2).-
pE[r pE[r
Thus, similar to (41),

a ( a (1 a2)
P (82 2 BEE (dy(KE2) =7 V£ 4y (k) 7 Ut
< 2exp (—(d1 A dg)K§2’2)) + (1 — q1)garexp(—K. (2 2)) + (1 —q2)q1 exp(—K (2 2)).
For the condition (b) in Lemma 23,

(39)
[EHH; ][z < B2|E[Tulllz S B°Ts.

For the condition (c) in Lemma 23, we use Lemma 21 and obtain
a\ 2
Bl((a" o)H ()"

S C (SC?T 1§> (Z))Q]

max
lall%+lBl%=1
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T T
<> max E KZ(I - q1)|zT'vp|Q2xTapaZx + Z |XTaprz|

2 2 _
laliz+plz=1" [\ = =

r 2
+ Z(l — q2) x| szpbgz) }
p=1
S = a)IVIE™ + 1+ (1 - @) U[5")
<B°T7

Thus, conditions of Lemma 23 hold for 75 with parameters (up to constants)

a2(1—q1)

—q1 , a1(1—q2) —
i (Ta) =BEE (dr (KED) =57 V£ gy (KPD) 5 g o)),

vi(Ta) =exp (—(dy A do) K ) + (1= qu)qer exp(—K5Y) + (1= @)as exp(~K*?),

va(Tz) =0°Te,  vs(Ta) =BTz, |[E[H| < BT
For any s > 1, we let K£2’2) = Kém) = 2logninar + slog(dy + d2), K§2’2) =1, and

€6 =< \/s(dl +da)log (r(dy +d2)) |, s(di + dy) {log (r(ds + d2))}' 7

’/ll/\TlQ nq /\TLQ

and then have

1

> < -
P(T2 2 BesT7) S @ T )

We finish the proof by noting that the first term of €4 is the dominant.

G.6. Proof of Lemma 17
By definition of J3,

[E[VZL1 (U, V)] -E[V2L: (U*, VH)]||2
_d —_anN\T *x g% x g\ L
el (o) G |l G o) Geoar) |
pP—Dp pP—p P —Dp P —Dp
' N T *x _ gI* x g\ L
el (G) Gor) - Gre) (o) )]
P—P P—P P —Pp P —p 9

d* — d'* d* — d'* T
+||E[(A— A" N . N . = + . 46
H [( ><p _p,)(p _p,> HL 1Ttz + | Fsollz (46)

2

For J51,

e 57 (e (4) (2) - (2 (2)] (e (5 -=(0)=() )

We only bound the first term. The second term has the same bound using the equation E[x]E[x]T = E[xx'] for any
variable x” independent from x. Note that

GG -GG ]

T

Y E[(61(ufx)¢a(v] 2)¢ (u] x)d2(v] 2) — & (uiTx)d2 (v} 2) 61 (w] %) 2 (v} )

ij=1

2

= max
lall%+IblI%=1




Semiparametric Nonlinear Bipartite Graph Representation Learning with Provable Guarantees

(x"aia]x)] +2 ) E[(¢(u] x)d2(v] 2)¢1 (u] x)dh(v] 2) — 1 (w0 x)da(v]" 2) b1 (w0} x) 05 (v} 2))

ij*l
TabTx] + Y E[(61 (w0607 2)on (wTx)65(07) — (13065 (07 ) (T X))
1,7=1

- (z"b;b] 2)]|. (47

We focus on the first term in the above equality. By simple calculations using the boundedness and Lipschitz continuity of
bi,
|1 (ui )02 (v 2)¢ (u] )2 (v] 2) — & (u]T ) o (v} 2) 1 (u] x)p2(v] " 2)]
<[ (uf x) — ¢ (u;"x)| - |2 v} *TZI‘I"‘ +1z" (vi —v})| - v 2|
+ [ () x) — ¢ (wjTx)| - |27 oo 2| + 2" (v — vfT)| - |vfTa|®.

Plugging the above inequality back into (47), dealing with other terms similarly, and applying Lemma 25 by noting
or(U*) Aoy (V¥) > 1,

FIG)G) -G (Ziﬂ

2
1_7
max Z u; —u’ vl || 2 'u* 2)la a;lls + Z v; 2oz a2 ||
Hal\2+\|b\|2—1 wi —uilly 2 07112 07112 laill2lla;l2 pa 1|| i — o7 [l2]|v7 [13% [|aill2 | a; |2
177
+ Z Jwi —wflly (il [|vf ||| aill2]lb;ll2 + Z [vi — v [l2f|wf]|* laill2]lbj]2
i,j=1 i,j=1

T T
1,i
+ 2 o= oflle 7 If 18 w13 asllzlbllz + D s — will2 0] |2l /b2

ij=1 ij=1

T T
177
+ > v =il T w15 w15 billllbsllz + D llwe = l2llwf 13" 1billz bl
ij=1 i,j=1
T

r
17— 1—-92
= o, (32 (= w1 + o = o)l + Y (s = w513 o
F =

i=1 j=1

T g — ||bj2) - (Z vt 12 lad +Z s 12 b, ||2>

2— 2 2— 2
S\ U =T E+ IV - V*I\F+Z|\uz—U*II2 TloFle™ + floi — vl uf ]l

i=1
Do llvrla®™ + sl
i=1
*pl—% * 1—*
S(U-U*p+ V=V p+U-U"y > +|V -V 7)T3, (48)

where Y3 is defined in the same way as Y5 in (32) but calculated using U*, V*. Next, we bound [J32. Since 1 is Lipschitz
continuous,

1A= A" < B2 (UTx)T 92 (VT2) — 61 (U %) 6o(V*" )|
161 UTX)T6a(VT) = 61 (U7X T (V¥
Thus,

| Ta2ll2 <8

p* — p/* p* _ p/*

E {|¢1(UTX)T¢2(VTZ) — 61(U"" %) 9o (V*"2)| (d: _ dl*) <d* _ dl*)T

2
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<6 \/ Ef (<z>1 (UTx)To(VTz) — ¢1<U*Tx>T¢2<V*Tz>)2 ] max, ¢ E[(d*Ta + p*Tb)1].

lallZ+lol%=

For the first term,
E[(¢1(UT%)T62(VT2) — 61 (U %) T o(V*"2))’]
SE[|(61(UTx) — ¢1(U*"%)) 62 (V7 2) )] + E[|(62(VT2) — 62(V*"2))" 61 (U x)|"]

T

SE[(D Iy —up) x| - [072|) ] + E[( 3 (v, — vp) 2l - ") ]

p=1
T T T
2
S E oy — w13 E lop 112" + E lvp — w33 E [

2 2 * * 2 1
<HU U*HFHV*H Sl +||V VAU e

For the second term, from (31) we see max|q|2 4 )2 =1 VE[(@*Ta + p*Th)4] < T5. Combining with the above two
displays, and (48) and (46),

IE[VZL1 (U, V)] — E[V2L (U, V)]l
enloa 1-92 1-g N 1-q
SBT3([U-U )y 2 + V=V, 7 +[|U—-U*|p|V*|Er—=" — V*|p|U* %)
P N on1—4L L 1—22
Sﬂd(Tz)S/Z(HU—U [z 2 +IIV=V* ?).

This completes the proof.

G.7. Proof of Lemma 18

We follow the same proof sketch as Lemma 17. By definition of 73,

IE[VZL2(U, V)] -E[VZL2(U*, V*)]||2
Q Q/ S — S/ _Elp Q* _ Q*/ S* — S*/
-ST R-R ST g R*— R
Q Q/ S — S/ Q* _ Q*/ S* — S*/
-8 R-R) \s"-5"" R -R" )

Q*_Q*/ S*—S*/
¥ E[(B—B*)( -2 TS =170l + 1750
H o ]|,

2

For 731,

7 5s)E| (-2 Alm)]

T

2

1" T T\ _ Al *TX 5 *TZ TX2
S ;E[( {(upx) (0] 2) — ¢ (uh"x) (03" 2)) (a) x)?]
+2> E[(¢) (up x)dh(v) 2) — ¢ (uy"x) ¢ (v} 7)) (x" @b 7))
+ > E[(¢1(u) x)85 (vy 2) — ¢1(wy %) (v)7 2)) (b) 2)?]
p=1
B (“‘ql)ZE[(I(%—u;) x| - vy 2| + | (v, — vy) " 2])x" apa, %]

+ (L= a2) Y E[(I(vy —vp) "2l - [ x| + [(w, —up)"x|)2"b,b; 2]
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s

+ > E[(I61 (wp x) — ¢4 (wp )| + |95 (v, 2) — (v 2)]) - |xTapbgz|]>

p=1

T T
S e, ((1 =) ) (lup —wpllallvp 13 + vy = vpll2) lapl3 + (1= g2) Y (lwp — vy ll2llu ]
F F

p=1 p=1
r r
* 2 * 1_% * 1_%
+llup = wpll2) [1Bpl13 + Y lup —wplla™ 2 llapllalibpll + Y llvp — vjlla = lapl2lbyll2
p=1 p=1

56((1 —q)([[U =T VFIZ + [V = V2) + (1 = g2)(I[V = V[ U"[|3" +[[U - U*|2)

1—49

_ 42
+[|U-U"|; 2 +HV—V*||§ 2)
* 1-4 * 1— « _ a2 . 1—
B0 — Oy v 4 v - vehE o o)

1—49

1—92
SBU -0y = V=V, )17,

where Y% has the same form as Y7 but is calculated using U*, V*. For T32, we use the Lipschitz continuity of 1/(1+exp(z)),
and simplify analogously to J3,. We obtain

q2

1— 1—
| Ts2ll S B*(|U = U*[[ e[V 2% + |V = V¥l U2 =) 75,

Combining the above three displays,

[E[V2L(U, V)] = E[V2L5(U*, V*)]||2
* s 1-4 s 1-% * * 1-q * x||q1,. 222
SBTE([U-U |y 2 + V=V 2 +[U=U |V Er =" +[|V =V [p[U*Er =)

1—4

1—22
SBYEVTE(U-Up 2 + V=V %).

We complete the proof.

H. Auxiliary Results

Lemma 19 (Lemma D.4 in Zhong et al. (2018)). Let U € R%*" be a full-column rank matrix. Let g : R¥ — [0, 00). Define
K — r a,(U)
£(U) =TI, oo (0 then we have

1
ExEN(O,Id)g(UTX) > R(U) : ]EZNN(O,IT)Q(O'T(U)Z)'

Lemma 20 (Concentration of quadratic form and norm). Suppose x1,Xs,...,Xy, (Y (0,14) and U € RYX" then ¥t > 0

2

2

(¢) P(|3 i, x{ UUTx, — |[U|3] > 5,/=24|U[}) < 2. Vs > 0.

(d) P (max;cp, x; UUTx; > (|U||F + 2v/slogn|U]2)?) < =L, Vs > 0.

(e) P(x"UUTx > 6K][|U[3) < exp(— L&), vie > 1.
2
(f) P(max;ep |Ixilla — V| > t) < 2nexp(—t?/2).

2
(g) P(max;cpy, |[xFu| - \/g||u||2| > 1) < Znexp(—m), Vu € R%
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Proof. Result in (a) directly comes from the Chernoff bound and Remark 2.3 in Hsu et al. (2012). We use union bound and

(a) to prove (b). (c), (d) and (e) are directly from (a) and (b). (f) is from the Chapter 3 in Vershynin (2018). (g) is due to the
fact that |x”u| is sub-Gaussian variable. O

Lemma 21 (Expectation of product of quadratic form). Suppose x ~ N(0,1;), U € R¥*", a,b € RY, then
(a) Ex"UU"x - [x"a|] < U Z|all2.

(b) Ex"UUTx - [x"ab"x[] < [[U[[%]|all2]|b]2-

(c) suppose U; € R4*"i fori € [4], E[H?:1 xTU; Ul x| S H;l:l U;]|%.

Proof. Note that

Ex"UU x - |x"a]] <\/E[(xTUUTx))y/E[xT aaTx]

=\/2Trace(UUTUUT) + Trace(UUT)? - [al| < U]} ]al.

This shows the part (a). (b) can be showed similarly using the Holder’s inequality twice. For (c),
4

E[J[x"U,UTx]

i=1

SIEECEE

4
=11 Q/IIUiII% + 32| U210 U7 UL[ + 12[U U |5 + 12|05 U U |7 + 48] U U U UT |

4
sl
i=1

Here the first inequality is due to the Holder’s inequality and the second equality is from Lemma 2.2 in Magnus (1978). [

Lemma 22 (Extension of Lemma E.13 in Zhong et al. (2018)). Let D = {(x,z)} be a sample set, and let Q@ = {(xy, z1)}}",
be a collection of samples of D, where each (X, zy) is sampled with replacement from D uniformly. Independently,
we have another sets D' = {(x',2')} and Q' = {(x],,z})}},. For any pair (x,z) and (x',z"), we have a matrix

A((x,2),(x',2')) € R"*% Define H = 13 577" S A ((xk,2k), (X], 2))). If the following conditions hold with
v1, Vg not depending on D, D’ :

(@) |A((x,2),(x,2))]2 <v1,¥(x,2) € D, (¥,2) € D,

T
® H|D|D' > Al & )A (), )|
(x,2)€D (x',2’)€D’
T
VHDum S Y Al () Al (.2) | <o
(x,2)€D (x',2’)€D’
then Nt > 0,
/ __omt?
" H |DH Z Z ) (x,2) 2275 < (di + da) exp( 4V2+4u1t)'

(x z)€D (x',z')eD’

Proof. For any integer k, we define k to be the remainder of k /m such that 1 < k < m (i.e. m = m). Then we can express
H as

1m—l m 1m
:m];)( ;A(Xl’zl X l+k)> 'EZ
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Note that Hy, is the sum of m independent samples, and for any k£ = 0, 1, ..., m — 1, they have the same distribution with
conditional expectation

E[H | D, D] =

|D||D’ Z Z A ((x,2),(x',2")).

(x,2)€D (x’,z’) €D’

Therefore,
, 1 ,
P(H-EH]|lz > ¢|D,D) <P(— > |Hi —E[H]|2>¢|D, D)
k=0
s m—1
<inf e *'E — H, -EH D, D
< inf e~ *'Elexp(— ;;) | — E[Hy]|l2) | D, D]
1 m—1
< —st - _ /
<infe™™— kz_o Elexp(s||Hx — E[Hy]|]2) | D, D]

= ig% e_StIE[eXp(sHHO — E[Hy]|l2) | D, D'].

By the proof of Corollary 6.1.2 in Tropp et al. (2015), the right hand side satisfies

mt?

. —st _ "< -
inf e *'Efexp(s|[Ho ~ E[Holll2) | D, D] < (dr + da) exp(— =)

Combining the above two displays and using the equality that P(A) = E[14] = E[E[14 | D, D’]] for any event A, we
finish the proof. O

Lemma 23 (Extension of Lemma E.10 in Zhong et al. (2018)). Let D = {(x;,2;) : i € [n1],§ € [nao], (xi,2;) ~ F}
be a sample set with size ning and each pair (x,z) follows the same distribution F, similarly but independently, let

D' = {(x},2}) 1 i € [m],j € [na], (xz,zj) F'} be another sample set. Let A ((x,z), (x',2")) € R1%% be q random

matrix corresponding to (x,z) € D, (x',2z') € D', and let H = —— 2 (xz)ep 2(x aep A ((x,2), (x,2")). Suppose
Tn3 ; ,
the following conditions hold with parameters W1, v1, Vs, v3 (When A is symmetric, one can let v = w in condition (c)),

(@) P([|A((x,2),(x,2) ]2 > pm) < w1,

(b) |E[A((x,2), (x,2"))A((x,2), (x,2)) ][], V | E[A ((x,2), (x',2)) " A((x,2), (x,2))]|, < va.
1\ 12

(¢) MaxX||y|,=|v|2=1 (E {(uTA((X,Z), (X/,Z’))’U) } ) < v

then ¥Vt > 0

/\ng)t2
P (|H = E[H]||; > t + v3/o1) < n?nvy + (dy +d - (o :
(IH —~ EM ||z > ¢+ v3y/v1) < ninger + (da 2)‘”{"( (2v2 + 4[E[H]3 + 40w ) + dpnt

Proof. We suppress the evaluation point of A for simplicity. Let A = A- 1yAf.<p, and H-= 2 2 Z (x,2)€D Z(x, 2)eD! A.
Then,

|H — E[H]|> < [H - H|> + |H — E[H]||> + ||E[H] — E[H]]..
For the first term,
P(|H-Hl|z =0) > P(A = A,V¥(x,2z) € D,(x,2) € D') > 1 —nin3v,.
For the third term,

|EH] — EH][]2 =|E[A  Ljapsmlle = max  E[fu"Av- 1,5, ]

lwllz=lv]l2=1
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\/E uTA'v \/ ||A||2 > ul < st

For the second term, without loss of generality, we assume n; < ng. For any integer k, we let k = s1ny + k where integer
s1 > 0 and remainder k satisfies 1 < k& < nq. Also, we let k = sono + k where integer so > 0 and k satisfies 1 <k < ns.
Then we can express H as

HU\Iz Hsz 1

1 no—1no—1 1 ni—1
= !
H=—> > - > ( ZA Xi,2i11), (%) ,+;+z))>'
2 k=0 1=0 j=0

Hy,,y

Based on this decomposition, we see I:Ikﬁlyj is a sum of n; i.7.d random matrices, and also {I:Ik_’l,j} have the same
distribution. Similar to the proof of Lemma 22, we have

P (|[H—-EMH]|; >t) < mf e *"Elexp(s||Ho,0,0 — E[Ho 0,0]||2)]-

We apply Corollary 6.1.2 in Tropp et al. (2015). Note that |A — E[A]||z < 2u; and
IE[AAT] — E[A]E[AT]> <|E[AAT]|2 + |E[A][ < vo + (|[E[H]|l2 + v3y/r1)?
<vs + 2BIH]3 + 23m.
We also have similar bound for |E[AT A] — E[AT]E[A]||,. Thus, we have

_ _ +2
inf e *'Elexp(s||Hy; — E[Hx]12)] < (dy + d2)exp | — e .
inf e Elexp(s[Hea; ~ ElHkglll2)] < (4 + d2) Xp( (2v2 + 4|[E[H]|[3 + 40301 + 4t

Putting everything together finishes the proof. O

Lemma 24. Let D = {(x;,2;) : i € [n1],j € [na], (xi,2;) ~ F}. Let A(x,2) € R"*% pe a random matrix
corresponding to (x,z) € D, and let H = ﬁ > (x,2)€D A (x,2). Suppose the following conditions hold with parameters
M1, V1,V2,V3,

(@) P(|A(X2)ll2 = p) < w1,
(b) |[E[A(x,2)A(x,2)7] ||2 V |E[A(x,2)TA(x,2)]
(©) maxjuf,=jol,=1 (B |(uTAGx,2)0)"]) " <w,

then Vt > 0

(n1 N ng)t2
P“H_Mm2>t+%””§”mW”%%+@”m<_@W+4mmﬁ+@%g+@¢'
2 3

Proof. The result is directly from Lemma 23. O

Lemma 25. Suppose x ~ N(0,1;), ¢ € {sigmoid, tanh, ReLU}. For any vectors u,u*,a,b € R?,

Eld (ux) — &' (w T - <L abx|] < lw— w2\ g b
19" (u"x) = ¢'(u™" x)| - [x"ab” x|] < s lu —w*[l;""all2[[b]2,

where ¢ = 1 if ¢ is ReLU and q = 0 otherwise.

Proof. By Holder’s inequality,

E[l¢/(uTx) — ¢'(w*Tx)| - [x"ab"x]] <\/E[(¢'(uTx) - ¢'(u*Tx))2xT aaTx] /ElxTbbTx].

If ¢ € {sigmoid, tanh}, we finish the proof by using the Lipschitz continuity of ¢’ and Lemma 21. If ¢ is ReLU, we apply
Lemma E.17 in Zhong et al. (2018) to complete the proof. O



