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Abstract

Sensitive attributes such as race are rarely avail-
able to learners in real world settings as their col-
lection is often restricted by laws and regulations.
We give a scheme that allows individuals to re-
lease their sensitive information privately while
still allowing any downstream entity to learn non-
discriminatory predictors. We show how to adapt
non-discriminatory learners to work with priva-
tized protected attributes giving theoretical guar-
antees on performance. Finally, we highlight how
the methodology could apply to learning fair pre-
dictors in settings where protected attributes are
only available for a subset of the data.
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A. Deferred Proofs

Two important notation we use throughout are: for empirical versions of quantities based on data set S we use a superscript
S and the "probabilistic" inequality a <y b signifies that a is less than b with probability greater than 1 — 4.

A.1. Section 4

The below example illustrates that non-discrimination with respect to A and Z are not equivalent for general predictors.
Example 1. Let | A| = 2, consider the predictors Yy = h(X, Z) and Yo = h(X, Z) with the conditional probabilities for
Oifx<1/2

€ {0, 1} defined in table 1 with the function h(x) =
y € {0.1) def function ) =3 1005

, note that h(z) € [0,1] so that the predictor Yy is

valid
(a,2) PVi=1A=a,Z=2Y =y) P(Ya=1A=a,Z=2Y =y)
(0,0) = h(P(A=0|Z=0,Y =y))
(0,1) 0 h(P(A=0|Z=1,Y =y))
(1,0 0 h(P(A=1|Z=0,Y =y))
(1,1) = h(P(A=1|Z=1,Y =y))

Table 1. Predictors used to show non-equivalence of discrimination with respect to A and Z when predictors are a function of Z.

The predictors Y, and Y are designed by construction to show that non discrimination with respect to A and Z are
not statistically equivalent. We show that Y; satisfies EO with respect to A but violates it with respect to Z and Ys is
non-discriminatory with respect to Z but is for A.

Proof. For Yi: first we show it satisfies EO for A:
P(Yi =1|A=a,Y =y)
=1P(Yi=1|A=a,Z=a,Y =y)

. 1
+(1-mPM =1Ad=0a,Z2=aY =y) =

Since the above is no different for a,y € {0,1}, 171 satisfies EO. Now with respect to Z:

~

Vi =1Z=aY =y)
(A=a|lZ=0a,Y =y)PV1=1|Z=a,A=a,Y =y)
PA=alZ=a,Y =y)PY1=1|Z=0a,A=a,Y =y)
P(A=alZ =a,Y =y)

21

_|_
'ﬁ

Therefore if and only if P(A = 0|Z = 0,Y =y) =P(A = 1|Z = 1,Y = y) is it also non discriminatory with respect to
Z.

For Y»: by construction only one of (P(

2 =a,Y =9),P(Ya=1/A=a,Z =a,Y =y)) is non-zero as
only one of (P(A =1|Z =a,Y =y),P(A=0,

A
=a,Y =y)) is greater than 1/2 and so:

pact

A2:1|Z:Q7Y:y)
=PA=alZ=0aY =y)PYo=1|Z=a,A=0aY =y)
PA=alZ=a,Y =y)PYo=1Z=a,A=a,Y =y)
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Therefore )72 satisfies EO with respect to Z, on the other side:

P(Ys=1/A=0a,Y =y)

=P(Z=alA=0a,Y =y)P(Yo=1|Z=a,A=0a,Y =)

+P(Z=alA=a,Y =y)PYo=1Z=a,A=a,Y =y)

=r-h(P(A=a|Z =a,Y =y))

+(1—m)-h(PA=alZ=a,Y =y))

and is discriminatory with respect to A unless P(A = a,Y = y) = P(A=a,Y = y) fory € {0,1} as P(A = a|Z =

_ _ wP(A=a,Y=y)
a,Y =y) = 7]?(2:@’),:;) ) O

Proposition 1 Consider any exact non-discrimination notion among equalized odds, demographic parity, accuracy parity,
or equality of false discovery/omission rates. Let Y := h(X) be a binary predictor, then Y is non-discriminatory with
respect to A if and only if it is non-discriminatory with respect to Z.

Proof. The proof of the above proposition relies on the fact that if Y is independent of Z given A, then the conditional
probabilities with respect to Z and A are related via a linear system.

We prove the proposition by considering a general formulation of the constraints we previously mentioned, let &1, &2 be two
probability events defined with respect to (X, Y,Y"), then consider the following probability:

P(51|52,Z:a)
=Y P&l Z=0a,A=d)P(A=d|6, 7 =2)

a’€A
YN P66, A=) P(A=d'|Es, Z = )

a’€A

P(Z =zlA=d,&E)P(A=4d, &)

= P (&€, A=d d ’

2 kA=) PF(Z=d.&)
o o WP(A:CZ,(S'Q)
7P(51|527A7a)) ]P)(Z:a/,g2)

L AP(A=d &)

+ ) P(&i&,A=a)) P05 (1)

a’eA\{a}

step (a) follows as (X,Y, Y) are independent of Z given A. We define non-discrimination with respect to A as having
(similarly defined with respect to Z):

P(€1|€27A:a):IP’(&\SQ,A:(I’) V(l,a/EA

Assume first that the predictor Y is non-discriminatory with respect to A, hence 3¢ where Va € A we have P(&1|E2, A =
a) = ¢, hence by (16) for all a € A:

P(€1|52,Z:a)
. WED(AZ a752) ﬂP’(A:a’,Eg) .
_CP(Z:a,Sg) + Z CIP’(Z=a’,52) B

a’eA\{a}
which proves that Y is also non-discriminatory with respect to A.

Now, assume instead that the predictor Y is non-discriminatory with respect to Z, hence 3¢ where Va € A we have
P(&11€3, Z = a) = c. Let P be the following | 4| x |.A| matrix:
{Pm- = Tgmas) forie A

Py =G5 fori,j € Asti# j
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Then we have the following linear system of equations:

P(&1|E, Z = 0) P(&1|E:, A = 0)

: =P :
P(E1]E, Z = |A] — 1) P(&1]E2, A= |A] - 1)
denoted by z = Pa

In our case a = ¢ - 1, and we show that also z = ¢ - 1. Let us state some properties of the matrix P:

e P is row-stochastic

e P is invertible (we later show the exact form of this inverse implying its existence, however its existence is easy to see
as all rows are linearly independent as © # 7 and Va, P(Z = a,&) > 0).

e As P is row-stochastic and invertible, the rows of P~ sumto 1, thisisas P1 =1 «<— 1= P11

By the second property z = ¢ - P ~11 and by the third property we have P~11 = 1 which in turn means that z = ¢ - 1 and
implies that Y is non-discriminatory with respect to Z.

As an extension, consider fairness notions formulated as:
P(El,A:a|€2):P(El,A:a/|€2) VCL,CLIEA

Then we have

]P)((‘:l,Z = a|52)

=Y P&, Z=a|& A=a)P(A=d|&)
a’€A

=Y P&, A=d)P(Z =alA=d))P(A=d|E)
a’€A

=) P, A=d|&)P(Z =alA=d))
a’eA

:WP(El,A:a’|€2) Z ﬁP(Sl,A:a’|52)

a’€A\{a}

By the same arguments as above, for these notions of fairness Y is non-discriminatory with respect to A if and only if it is
non-discriminatory with respect to Z.

For concreteness, we derive equation (16) for each of the fairness notions we mentioned. First a detailed derivation for
equalized odds, we let £ = {Y = 1} and for EO we need to apply the above reasoning for | Y| events & = {Y = y}:
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P(Y =1]Y =y, Z = a)
=Y PY=1Y =y Z=a,A=d)P(A=d|Z=0aY =y)

QS BE =1)y =y, A=d)P(A=d|Z=aY =)
P(Z:a,y:ylA:a/)HD(A:a/)
P(Z:a,Y:y)

P(Z =a|lA=d)P(Y =ylA=d)P(A=2d)
P(Z=a,Y =vy)

:ZP(?: 1Y =y, A=4d)

USSPy =1y =y, A=d)
. P,.
—P(Y =1|Y =y, A =a) Ty

ﬂ’Pya + Ea”\a ﬁPya”

APy
//TPya + Za”\a ’/_TPya//

+Z]P’(Y:1|Y:y,A:a’)

a’\a

First line by conditioning on A and then taking expectation, (a) is by our assumption of the conditional independence of
Z,Y given A and step (b) by the independence of Z and Y given A.

Similarly for demographic parity with denoting p, = P(A = a):

P(Y =1|Z = a)
=> PV =1|Z=a,A=dP(A=d|Z =a)

=> P(Y =1|A=aP(A=d|Z =a)

P(Z = a|lA = d)pa
Za” P(Z = a|A = a//)pa”

. P(Z = alA = a')pys
= ;P(Y = 1|A = a/)za” ]P;(Z _ a|A _ a//)pa”

=> P(Y =1A=a)

o TPa Y / TPa/
=PY =1A=a — + PY=1A=a —
| >7Tpa + Za/,\a TPar GZ\; ( ‘ )Wpa n Za“\a pr—

Now for equal accuracy among groups:

P(Y #Y|Z = a)
=Y PY #Y|Z=a,A=d)P(A=d|Z =a)

PV AY|A=d Pa SSTPW AYIA=d P’
Y #Y| (l)ﬂpa+za,,\afrpa// a%( #Y]| a)ﬁpa+2a,,\aﬁpa,,

And finally for equality of false discovery/omission rates, denote p; , :=P(Y = 7, A = a):
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. . P(Z=aY =§|A=d)p,
— Z]P)(Y # Y‘Y — Q,A _ a/) ( a7 _ y| a )pa
a’ Za// IP(Z = CL,Y = Q‘A = CLN)pa//
~ ~ R TPq,a > 9 ~ / frpg,a/
=PY £Y|Y =9,A=d — + PY#Y|Y=9,A=a —
( | )Wm+zmﬂmw %2( | )Ww+zwﬂmw

Note that we did not need the independence of Y and Z given A to express IP’(}A/ # Y|)A/ = §,Z = a) in terms of

]P’(Y #+ Y|)A/' = ¢, A = a) so that the equivalence follows without our assumption for equality of FDR. However, to be able
to do the inversion of statistics we require the assumption. O

The version of the below Lemma that appears in the text is obtained by plugging in 7 = ‘Alfﬁ.

Lemma 1 For any § € (0,1/2), any binary predictor Y := h(X), denote by Pyq = P(Y = y,A = a), [ya =

Qy.a Y)— V.0 V)| and T'S our proposed estimator based on S, let C = ”+|A‘:1, then ifn > w, we have:
Y, Y, ya [A|mr—1

ming, Pyq
- log(16/8) 4].A|C?
1P><max|r5a—rya|> 0g(16/0) 4IA| ><5
ya

; 2
2n miny, Py a

Proof. Step 1: Deriving our estimator

The following equality allows to invert the statistics of the population with respect to Z that we have sample estimates of to
get population estimates of the true statistics with respect to A. We write

PY=1Y =y, Z=a) =
PV =1Y =y, Z=a,A=aP(A=d|Z=0aY =y)

O BY =1y =y A= d)PA=dZ=aY =)
P(Z = a,Y = ylA = d)P(4 = o)
P(Z:a’Y:y)

P(Z =alA=d)PY =y|A =d)P(A=0d)
P(Z =a,Y =vy)

=Y PY =1y =y, A=a)

(:())ZIP’(SA/:HY:%A:a’)

P(Y =y, A=d))
P(Z=a,Y =) @

; P(Y =y, A= .
AP = 1Y =y, A= a) Y =Y, _Z§+ZW]P(Y=1Y:y,A:a’)

P(Z=a,Y -

First line is by conditioning on A and then taking expectation, step () is by our assumption of the conditional independence
of Z,Y given A and step (b) by the independence of Z and Y given A.

Gii = W% fori € A

_P(Y=y,A=)

o ... Then we can write equation (17)
ij = Wm fOr%] S AS.t.Z #]

Let G be the A x A matrix be as such: {
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as a linear system with ¢,,(Y) = P(Y = 1|Y =y, Z = a):

@0 P(Y =1]Y =y, A=0)
| =¢ z
Qy.|A—1| P(Y =1Y =y, A=|A] - 1)
gy, =GP (Y =1y =y, A) (notation)

And thus by inverting G we can recover the population statistics. We show that the inverse of G takes the following form:

[Alr—1 P(Y=y,A=i)

-1 _ -1 P(Z=jY=y) . .,
G.j = If{rlﬂfl Y=y A=0) fori,j e Asti#j

{Gi_,il — mHAIZ2 P(Z=1,Y =y) o s cA

Leti # j € A:

—1

GiG

=D GixGy;
k

PY=yA=i) -1 PZ=4Y=y) PY=yA=jr+]A-2P(Z=34Y=y)
P(Z=iY=y) |Ar—1P(Y =y, A=i) "P(Z=4i,Y =y) [Ar—1 BP(Y =y, A=j)
5 BY=yA=k) 7-1 P(Z=jY=

P(Z=iY=y) [Ar-1PY =y, A=

)
)
(

k\{i,5}
CB(Z—jY—y) =D+ G A =24 (A -2 - 1)
CP(Z=1i,Y =y) |Alr —1
=0

And now fori € A

)

GGt = Z GinGpi
k

[P’(Y:y7A:z').71'+|A|—2[P’(Z:i,Y:y)+ZjP(Y:y,A:k:). m—1 P(Z=14Y =y)
P(Z=iY =y) JAlr—1 P(Y =y, A=) "PZ=iY=y) [Ar—1P(Y =y, A=Fk)

=
k\{i}
w(r 4+ A~ 2) + 7 (- 1) (4] - 1)

|Ajr —1

=1

Which proves that it is indeed the inverse.

The matrix G involves estimating the probabilities P(Y = y, A = a) which we do not have access to but can similarly
recover by noting that:

Q=» P(Y=yZ=2A=a)P(A=a)

acA
=) P(Y=ylA=a)P(Z=2A=0a)P(A=nq)
acA
=P (Y =y A=2)+) 7P(Y =y A=a) 3)

a#z
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Let the matrix IT € RII*IAl be as follows II; ; = mif i = jand II; ; = 7 if ¢ # j. We know from equation (18) that:
o |=1 ;

Q.41 P(Y =y, A=Al -1)

Q.. =IIPY =y, A) (notation)

Therefore IT;'Q,, . = P(Y =y, A = k) where II;; " is the k’th row of II"'. Now II~! is as such: II; | = F\;H?‘:f and

II; jl = Ij\% if i # j with the same proof as for the inverse of . Therefore our empirical estimator for P(Y = 1|Y =
y,A=a)is G’;lqi where G~ is defined with the empirical versions of the probabilities involved where P(Y =y, A=a)
is estimated by H;lQi_. One issue that arises here is that while the sum of our estimator entries sum to 1, some entries
might be in fact negative and therefore we need to project the derived estimator onto the simplex. We later discuss the

implications of this step.

Step 2: Concentration of raw estimator

Let us first denote some things: njz =3 Wy =y,2i = 2), Qy. =P(Y =y,Z = z), and the random variables
Sy.={i:y =Y,z = z}.

We have that E[G;lqi_ 1Sy,0+++ + Sy, ja—1] = G5 'qy,. = 7y,-- Inspired by the proof of Lemma 2 in (Woodworth et al.,
2017) we have:

P (160, — el > ¢)

e > P (Iézlqi,, — Yyz| > t[Sy0, 7Sy,|.A|71) P (Sy0, Sy 1a-1)

Sy,0, Sy, 141 -1

(b)
<P (uae ans, < 2%“})

+ Z P(|é;1q7i. — Yzl > Sy, 7Sy7|A\—1)P(Sy,0"" 7Sy7|A\—1)

nS >"1Quz
Vz,Syziny, > —5

ming nQyq
8

Y (16 = el > Sy Syt ) P (Syos Sy paa)

nS >NQuyz
Vz,Syz.nyzZ 5

©
< [Alexp

Step (a) follows by conditioning over over all | A|" possible configurations of Sy o, -+, Sy |41 C [n], step (b) comes by
splitting over configurations where Vz, S, : ngz > % and the complement of the previous event and upper bounding
this complement by the probability that there 3z s.t. ngz < &2’“ Finally step (¢) comes from a union bound and then a

Chernoff bound on ngz ~ Binomial(n, Q,.) and taking the minimum over Q.

We now recall McDiarmid’s inequality (McDiarmid, 1989). Let W = (W4, --- ,W,,) € W" be n independent random

variables and f : W™ — R, if there exists constants c1, - - - , ¢, such that for all i € [n]:
sup |f(’U)1, s Wiy vt 7wn) _f(w17"' 7w;7"' awn)‘ S Ci
W, Wi, Wy Wn

Then for all € > 0: )
2
POV, W) B OVs, - W) < 200 (—sn— )
i=1"1

Now conditioned on S, o, - - - , Sy, |.4|—1, Our estimator é;lq; is only a function of 571, N )A/,,,, we try to bound how much
can our estimator change on two dataset S and S’ differing by only one value of Y;:
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For convenience denote by C; = ”lj“':l:f and Cy = A | e

sup |GZ gy — G2l |

S,3
Hz_l S —1QS H—l S —1QS
=|Cr—xg s Yrgl  + Z Co—tmg) , — O1—= 2 202
ac€A\z yz y,z a\z
| TS (s Vi =y Zi= ) S VA= %= 2)
-1 S S - S
Y,z nyz nyz

S S S
acA\z Yz ya Nyq

—1 S g A
+ Z Cs I, Qy. (Zies YiI(Y; =y, Z; = a) _ ZieS’ YI(Y, =y, Z; = a)) |

max, I1;'QJ 1
1 S
e Yz

Y\’
SHl—s ) n
ny,
Therefore by McDiarmid’s inequality we have:

> PG =l > USh0r Syt ) P (Suor e Sya)

Vz,5y: ns >71Qyz

maXaC’lnS —|—C'2(n—n,3) 1

S nS
nyz nyz

22
< Z QGXP - ]P(Sy.,();"' aSy,\A|—1)
vz Syz TLS > rLQyz ncélz) ’}’LS
(@) 212 2\
<2exp | —————— | =2exp —2tn (Qy )
( 20, ) n3 20,
nQyz

step (a) is by noting that the inner quantity is maximized when nyz = n%“ , combining things:

. 4
N min, nQ Q
P (|Gz 1qi_ — Yyz| > t) < |A]exp (—a8ya> + 2exp <—2t2n (ﬂ) )
Now if n > %ﬁg‘s) and t > 1/%% then we have:
P (IG5, — el > 1) <645

Step 3: Projecting the estimator onto the simplex

One issue that arises is that our estimator for 7, . does not lie in the range [0, 1], and hence we have to project the whole
vector onto the simplex for it to be valid; note that this is not required if we are only interested in differences i.e. computing
discrimination. Our estimator for the vector of conditional probabilities for a € A of P(Y = 1|Y = y, A = a) is
Projx (G™1gy,.) where Proj () is the orthogonal projection of z onto the simplex defined as:
. 1 2
Proja(x) :=  argmin g [ly —x][3
st.yll=1,y>0

The above problem can be solved optimally in a non-iterative manner in time O (|.A] log(|.A|) (Duchi et al. (2008)). Denote
by x’ = Proj (x), then by the definition of the projection for any y € AlA

X' -yl <|x -yl
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however it does not hold that ||x’ — y||oc < ||Xx — ¥|]oc, but: ||[X" — ¥||oc < |A|-||x — ¥||oo. Therefore:

P (‘ProjA(C:,glqj_) PV =1]Y =y, A= k)‘ > t) <P <m]?x ‘G;lqi PV =1]Y =y, A= k)‘ > |;|)

Step 4: Difference of Equalized odds

Let hyq = Proja (G’;lqi.), using a series of triangle inequality,
||h5a - h§0| - |hya - hyOH < |h5a - hqfo - hya + hyO‘ < \hfa - hya‘ + |h§0 - hy0|

hence

P (tha - hg?o‘ - |hya - hy0|| > 275) <P (‘hfa - hya‘ + |h§0 - hy0| > 2t)
(a)
< P(lhy, = hyal > t) + P (|hy — hyo| > t)
< 45

2
where (a) follows from union bound, and (b) follows from above using n > %ﬁgé) and t > %% The
yz yz yz Q52

lemma follows from collecting the failure probabilities for y = 0, 1, re-scaling § and noting that min,, Q. > ming, P,.

Now let us write ¢ in terms of €, we write each of the factors involving 7 in terms of e:

THA—2 Al - 2+4e

C p— p—

YA -1 e — 1
and:

5 €2+ 2(|A] —2)ef + (JA| — 2)? 2| A|2e%
Cl == S

e —2ec+1 e2c —2e + 1
O

A.2. Section 5

A.2.1. FIRST STEP ALGORITHM DETAILS

Recall that in Algorithm 1, the learner’s best response gaced a given vector A (BEST(A)) puts all the mass on a single
predictor A € H as the langragian L is linear in ). (Agarwal et al., 2018) shows that finding the learner’s best response
amounts to solving a cost sensitive classification problem. We now re-establish this reduction:

L(h,A) = eir(h) + AT (M~(h) — 1)

1
= =3 Dt — A 14 Y Mgy (0)

i€s k,j
1 1/n-h(zi)liy, a)=j
= —an A 14+ =) Dty + > My Yiai)=) 4)
n ZEZS T % LY e s Uy an=i
Thus from equation (19) and expanding the form of the matrix M we have that minimizing L(h, \) over h € H is equivalent
to solving a cost sensitive classification problem on {(z;, ¢?, c})}™_, where the costs are:

0 _
¢ = Iy, 20

Aay sty — Na, .y Aay 1) — May,
1 (ai,yi,+) (aiyi,—) E (a,yi,+) (a,yi,—)
C; = I i #1 + Hai 0 —
" pgmyz: i’ ac A\{0} pg,yi
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s _ 1
where g, = 7> e s Ly =y,0.=a)-

The goal of Algorithm 1 is to return for any degree of approximation ¥ € R™ a ¥-approximate saddle point (Q, 5\) defined
as:

) S L(QA) +9 VQ € Ay 5)

LQ.A) > L@QX) -9 VA eR AL < B ©6)
From Theorem 1 in (Agarwal et al., 2018), if we run the algorithm for at least %
n= 8% it returns a J-approximate saddle point.

iterations with learning rate

A.2.2. FIRST STEP GUARANTEES

Lemma 1. Denote by Q,. = P(Y =y, Z = 2), q,.(Y) =P(Y = 1|Y =y, Z = 2), for § € (0,1/2) and h any binary
8log 8|.Al/d

min,. Qps then:

log 16|.4]/6
s s
P (nﬁx qua - Qy0| = laya — qyo|| = QW =0

Proof. Leta € A, denote Q. = P(Y =y, Z = z2), q,.(Y) = P(Y = 1|Y =y, Z = 2), then by (Woodworth et al., 2017)
or step 1 of Lemma 1:

predictor, if n >

P (|qu2 — Qyz| > t) < exp ( — %) + 2exp (7t2nQyz)

Now using a series of triangle inequality identical to step 4 of Lemma 1,

a5, — 450 = |aya — ayol| < |6, — @0 — dya + ayol < |5 — ayol + 455 — ayol

hence

P (|la5. — a0l — laya — ayol| > 2t) <P (a5, — ayol + lago — ayol > 2t)

(a)
< P (lgy, — gyol > 1) + P (lg5o — qy0] > 1)

nming, Q.

SZeXp(— 3

) + 4 exp (—t*nmin Q,:)
yz

(G

<

~ 24|

where (a) follows from union bound, and (b) follows if n > 8log8IAI/S and ¢ =/ %

miny, . Qyz

The lemma follows from collecting the failure probabilities for y = 0,1 and Va € A. O

Lemma 2. If a binary predictor Y is independent of Z given A, then if the groups are binary it holds that:

N ~ )) (27T — 1)Py1Py0 (7)

V) = a0 (7) = (31.(7) = 30(¥
21 (Y) = ayo(Y) = (71 (Y) — vyo( Q1 Qo
For general | A| different groups, we have Yk, j € A the following relation:

max; P(Z =4,Y =vy)
min; P(A =j5,Y = y)?

Yy = V9.4 < 5C \mgx Qy.z — Mingy,-

_ m+|A[-2
where C = AT
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Proof. We begin by noting the following relationship established in step 4 of Lemma 1:

P(Y=y,A=aqa)
P(Z =a,Y =vy)
PY =y, A=4d)
P(Z=aY =y)

PY =1Y =y, Z=a)=aP(Y =1|Y =y, A = a)

+ Y AP =1]Y =y, A=d)

a’\a

From the above equation, we can evaluate for any a, b € A the difference between ¢y, and g, in terms of v, _, denoting
Py, =PY =y, A=a):

7TPya 7_1'Pya/ 7TPyb 7_1'Pyb/
Qya — Qyb = Vya + a’ - - Yyb’
Y v T an % T an v be b’z\b v be
o 'Vya']TPyabe + VybﬁPbeyb + Za’\{a,b} ﬁ’Yya’Pya’be
anbe
_ P)/bePbeya + 'Yyaﬁ—Pyaan + Zb/\{a,b} 7Tr'be’l:)yb’(gya
anbe
o 'YyaPya (Wbe - ﬁ.an) - ’bePyb(ﬂ-an - 771.(be) Zc\{a,b} ﬁVychc(be - an)
= +
anbe anbe
(@ YyaPya(T(@Pyy + TPya + 730\ 100y Pye) = T(TPya + TPy + 7 3000 40y Puc)
anbe
Py (m(aPy + 7Py + 7 >efap} Pye) = T(TPys + TPya + 7 32 (0.y Pye))
anbe
Zc\{a,b} ﬁ’yychc(be - an)
+
anbe
_ VyaPya(T°Pyp = T2Pyp + (T = T)T 3001 145y Pye)
anbe
Vb Pyp(T°Pya — T°Pyq + (1 — )7 Zc\{a,b} Py) Zc\{a,b} Ty Pye(Qup — Qya)
— +
anbe anbe
_ ('Yya - Vyb)PyaPyb(Tr2 — 7?2)
anbe
+ ('VyaPya - ’bePyb)(ﬂ— - 7_7)7? Zc\{a,b} Pyc i Zc\{a,b} ﬁVychc(be - an)
Qyqub anbe

where step (a) follows from expanding by equation (18). If A = {0, 1} then the above reduces to:

(271' — 1)Py1Py0
1= 4o =1 — W) 5o

Y Y Y Y le QyO
Now when the groups are not binary we instead rely on an upper bound.

Letg, =[P(Y =1|Y =4, Z2=0),--- ,PY =1|]Y =4, Z = |A| - D],y =[P(Y =1]Y = y,A=0),--- ,P(Y =
)
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1|Y =y, A= |A| —1)]", in the proof of Lemma 1 we established that G~1q, = ~,, now let k, j € A then we have:

1Yy 6 — = |G];1Qy - G;1Qy|

(@ | ~— _

=G gy — ) — G Hay — 4]

= (g — NG =G Y

<lgy — |Gy — G;1|1 (Holder’s Inequality)

- |m3qu,z fn;i,nquzq Gt ij—1|1 (8)
in step (a) we introduce ¢ = [min, g, 2 minz qy 2|7, and note that G ¢’ = min, g, as the rows of G sum to 1 by

the proof of Proposition 1, therefore G * v d =G> y ¢ and the difference in the previous step is unchanged. Now let us take
expand the right most term in equation (23), for ease of notation let P(Z = ¢, Y = y) = z; and P(A =4, Y = y) = a;:

Gyt =G

Za Za k Z; Zi
=Y e -y +‘c ‘02—01
) ap a; ag Qg a;
a€ A\{k,j}
= Y |G o 2 o ‘02 20 2
aeA\{k,j} 11423 kg kg kg kg
_ Z 02 za(ai — ak) i zk(C’lai — Cgak) 4 Zl'(Cgai — C’lak)
e ANk} apa; ara; 9031¢7)
Cha; — C Coa; — C
< max z, - ( (Al —2) ‘Cz ar) +‘( 14 20x) +‘( 24 1K) )
a apa; Ara;
1
< max zg - ( |A|l —2) ‘C’g 5 ‘ 1= +‘201 — >
a min, a2 min, a2 min, a2
max Zg max; P(Z =4, Y = y)
— - ((JA] — 2)|C: 4C 5C
~ min, a? (1] )Cof +4C1) < min; P(A=j4Y =y)? 1

Hence we have the following inequality:

max; P(Z =4,Y =y)
min; P(A =j5Y =y)?

IVyk — Yyl < 5C1 maxgy,. — min gy,
z

where C; =

We now recall some helper lemmas from (Agarwal et al., 2018).

Lemma 3 (Lemma 2 (Agarwal et al., 2018)). For any distribution Q) satisfying the empirical constraints on dataset S
M~5(Q) < a,l, Q the output Y of Algorithm 1 satisfies:

errs(}}) <err(Q) + 209 )

Lemma 4 (Lemma 3 (Agarwal et al., 2018)). The discrimination of Y, output of Algorithm 1, satisfies:

. . 1429
max gy’ (V) = g0 (V)] < 200 +2

(10)

Lemma 2 [Guarantees for Step 1] Given a hypothesis class H, a distribution over (X, A,Y'), B € R* and any § € (0,1/2),
then with probability greater than 1 — §, if n > 28188LU/0 " o [ 10el A3 i yve for 9 = Rp2(H) +4/ @,

ming, Py nmingg Py
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%W and learning rate n = % returns a predictor Y satisfying

Y log1/d

’ 2 2log 64|.A|/6

ming,, P2, \ B nming, Py,

then running Algorithm 1 on dataset S with T >
the following:

Proof. From Theorem 1 in (Agarwal et al., 2018), if we run the algorithm for at least % iterations with learning

rate n = 8% it returns a J-approximate saddle point. We set 1 at the end of the proof to balance the bounds.

For step 1 we have access to S1 = {(z;, v, zz)}?:/f, denote by err(Y) = P(Y # Y), using the Rademacher complexity
bound (Theorem 3.5 (Mohri et al., 2018)) and the fact that 2R,,(Ay) = R, (H) we have:

err(Y) <s/4 err® (V) + Rpj2(H) +1/ % (11)

Now from Lemma 5 of (Woodworth et al., 2017), with probability greater than 1 — §/4, Y* is in the feasible set of step 1 if
Qn > 24/ %, hence we can apply Lemma 7 with Y* and the concentration bound (26) :
yz yz

. 1
err(Y) <g/9 err(Y™) 4+ 20 + 2R, /2 (H) + 24/ %8/6

For the constraint, from Lemma 5, if n > 161og 8| A]/6
miny: Qy-

2log 64Al/5
S _ g5 — — <<, 922 YR
H;;%X | qua Qyo‘ |an QyOH >65/4 nmin,. Qyz

Similarly from the standard Rademacher complexity bound (Theorem 3.3 (Mohri et al., 2018)) and since our function class
for the constraint is H it holds that (by Lemma 6 (Agarwal et al., 2018)):

2log 64|.A] /6
W — quol < S g5 |+ 2R ming. nay. Y =R e Ve
H;%X|Qy ayol <54 |0y, — a0l + vznay: () + nming. Q.

1+29

, then

Applying Lemma 8:

5, — dol < 20, +2 (12)

. . . 21og 64]A[/5
Combining things with c,, = 24/ % :

2 + 49 2log 64|.A| /6
— < 2R min 2 nQyz i O
II'ZIJ%X |an Qy0| ~46/4 B + m% (H) +6 L 1M1y, » Qyz

Now by Lemma 6 we can re-state the above in terms of A:

5C 2+ 40 2log 64|A| /6
W= ol < IR wminy. nay. 6] 20

For simplicity, we can thus set ¥ = R,, /2(7-[) + 14/ log:/ 9 , by noting that min,, Q,. > miny, Py, we obtain the lemma
statement.

O
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A.2.3. SECOND STEP ALGORITHM DETAILS

Given a predictor Y, Hardt et al. give a simple procedure to obtain a derived predictor Y that is non-discriminatory (Hardt
et al., 2016) by solving a constrained linear program (LP). One of the caveats of the approach is that it requires the use of
the protected attribute at test time, and in our setting we do not have access to A but Z. We have seen in section 4 that
predictors that rely on Z cannot be trusted even if they are completely non-discriminatory with respect to the privatized
attribute. Despite this difficulty, it turns out if the base predictor Y is independent of Z given A, then we can re-write the LP
to obtain a derived predictor ¥ = h(Y Z) that minimizes the error while being non-discriminatory with respect to A.

The approach boils down to solving the following linear program (LP):

min P(Y £Y)
st. PY=1A=a,Y =y) =P =1]Y =y, A=0)
vy € {0,1},Va € A

We can write this objective by optimizing over 2|.A| probabilities p; , := H”(f/ =1|Y = §j, A = a) that completely specify
the behavior of Y:

Y =argmin > (B(Y =§,A=0a,Y =0)-P(Y =j,A=0a,Y =1)) pya (13)
p,. <
Y,a
st po.aP(Y =0Y =y, A=a) +p1,P(Y =1|Y =y, A =a) (14)
= pooP(Y =0]Y =4, A=0)+p1oP(Y =1]Y =y, A=0), Vye{0,1},Yac A (15)

0<pja<1 V§e{0,1},Yac A

Unfortunately we cannot directly solve the above program as we do not have access to A, however we can solve the problem
with Z replacing A; we denote this as the nave program and as we have previously mentioned it cannot assure any degree
of non-discrimination with respect to A. Now let us see how we can transform this naVe program to satisfy equalized
odds. We optimize over the set of variables that denote p; , :=P(Y = = 1|Y = §j, Z = z). Now for the constraint note that

]P’(f’ = 1|Y = ¢, A = a) can be expressed as a mixture of our decision variables:
PY =1y =g A=a)=) PV =1y =§,Z=d A=a)P(Z=d|A=0a,Y =)
=P = 1Y =§,Z=a)+ Y _#P(Y =1]Y =j,Z =a)
a’\a

Since we assumed the base predictor Y is independent of Z given A then IP( = §|Y =y, A = a) can be recovered from
the following linear system by using the same estimator we developed previously in Lemma 1:
P(A=a,Y =y)
=a)—F/——=
P(Z=aY =y)

e P(A=d,Y =y)
PY:AY: A:
+ 2 TR =l =y, VBZ=ay =y

On the other hand for the objective we have:

P(Y=§,Z=aY =y =1PY =§,A=aY =y)+7 Y PV =§A=0dY =y)
a’'#a

And hence our estimator for ]P’(f/ =g, A =a,Y = y) is constructed by multiplying by the inverse of II and projecting onto
the simplex.
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Denote by pg.o = mpy,q + Za,\a TPy, and fﬁ;s()} = g|Y =y, A = a) our estimator for P(Y =glY =y,A=a)and
similarly PS (Y =19,Y =y, A = a). We propose to solve the following optimization problem:

?:argmin Z(]INDS(Y:@,Z:CL,Y:O)7@5()}::&,2:&,}/:1))'§y*7a (16)
p... -
Y,a
s.t. 'ﬁoﬂf”s(A :O|Y:y,A:a)+ﬁ1aﬁ’S(A Y=1Y=y,A=nq)
—poo]P’( —O|Y—y,A—0)+p10]P’( =1Y =y, A=0), Vye{0,1},Vac A (17)

0<pga.<1 Vye{0,1},Vac A

A.2.4. SECOND STEP GUARANTEES

Lemma 5 (Step 2 guarantees). Let Y be a binary predictor that is independent of Z given A, for any § € (0,1/2), if
n > 32log(8|A|/9) , Oy = A/ log(QG:/ 9 _4A|l0Y and with Y x an optimal 0-discriminatory predictor derived from Y, then

2
ming, Py mingq Pya

with probability greater than 1 — § /2 we have:

log(32|.A]/6)

err(Y) < err(Y*) + 4] A|C 5
n

~ log (84 2
disc(Y) < og(’s) 8lAIC

; 2
2n  ming, Pya

Proof. Denote err(Y) = P(Y #Y) and Gyay =P(Y =¢,Z =a,Y = 1), then for any Y in the derived set of ¥ (also
by Lemma B.2 Jagielski et al. (2018)):

err®(Y) — err(Y)’ = Z@;,a (@5 a0 — 99.0,0) + (@g.a1 — @ an))

| Z 4g,a,0 — 99,a, O| + ‘ Z 49,a,1 — qy,

<Z|qyao qyaol+Z\qya1 TR (18)

Now our estimator ’qfay for g4, 4., is obtained by multiplying by the inverse of the matrix II and projecting onto the simplex,
as was done in Lemma 1. Using the same arguments of step 2 of the proof of Lemma 1 using Mcdirmid’s inequality we
have:

2

t°n
(|qy ay ~ 99.a.yl > t) < 2exp(—ﬁ)
Hence
P( errs(f/) - err(f/)‘ > t) < P(Z ‘Q;a)o - q_,77a70| + Z| Qg.a1 — q;a,l‘ > t)
9,a 7,a
t JAlr-—1 2

=84 T+ A -2 19
Alew(=2 (4|AI7T+IA|—2) ) (19)

Thus if ¢ > HAGHALZS)  Jlos @A) .

|Ajmr—1 2n

P (‘errs(f/) - err(Y)‘ >

WA + 14— [ogBTATT _
|Alr —1 2n -
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Now for the fairness constraint, denote Fyya(f/) = |P(Y =1]Y =§,A=0a) —P(Y = 1|Y =y, A = 0)|, then:

05, (V) = Tya(Y)] =

o.a(1=P5(Y = 1Y =y, A=a)) + p1.PY(Y = 1|Y =y, A =q)

(1=P5(Y =1]Y =y, A=0)) = p10P*(Y = 1|]Y =y, 4 =0)

(1-PY =1Y =y, A=0a)) — pr..P(Y = 1]Y =y, A=a)

(1

<PV =1y =y, A=0a) =PV =1]Y =y, A=a)| - [P1a — Podl
( A=0)-P(Y =1Y =y, A=0)| - [p1,0 — Doyl

<SPSV =1y =y, A=a)-P(Y = 1Y =y, A=a)
( A=0)-PY A=0)

+P(Y = 1Y =y, P(Y =1Y =y, |
From the proof of Lemma 1, let C' = ’lel"::?, then if n > W, we have:
ya ya

~ 2
P <maX|FS Ly > o/ o8l04/0) _4AIC ) <5/4
ya

ya 2n  ming, Pia

Now if &, > logf:/ 9) m?rllA‘C:g , then by the same argument of Lemma 5 in Woodworth et al. (2017), any O-discriminatory
ya ya

Y * derived from Y is in the feasible set of step 2 with probability greater than 1 — ¢/4, hence by the optimality of Y on So:

v % 4|A +|A| -2 log(32|.A|/d
er(F) gy ene(V) + B2 (AR

We are now ready for the proof of Theorem 1.

Theorem 1 For any hypothesis class H, any distribution over (X, A,Y) and any § € (0,1/2), then with probability 1 — 4,

. 16 log(8|.A]/9) _ 8log 64/8 ~ log(64/8) 4|A|C? . .
ifn > Tinga Pra Y =\ nmin,. Q0 and o, = 97 ming. PZ, then the predictor resulting from the two-step
procedure satisfies:

= 2 2log 64
amoanWﬂ+‘”'<B+mmmmwwGw+wM“mL%“>

- 5 -
ming, Py, nming, Py,

log(%) 8|A|C?

i 2
2n  miny, Py,

disc(Y) <s

Proof. Since the predictor obtained in step 1 is only a function of X, then the guarantees of step 2 immediately apply by
Lemma 9:

err(Y) <g/z err(Y") + 4|A|C W

- 1 64 2
disc(Y) <5/2 os(5) _SlAIC

: 2
2n  ming, Pya
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Now we have to relate the loss of the optimal derived predictor from Y, denoted by Y'*, to the loss of the optimal non-
discriminatory predictor in . We can apply Lemma 4 in Woodworth et al. (2017) as the solution of our derived LP is in
expectation equal to that in terms of A. Lemma 4 in Woodworth et al. (2017) tells us that the optimal derived predictor has a
loss that is less or equal than the sum of the loss of the base predictor and its discrimination:

err(Y*) < err(Y) + disc(Y) (20)

We have then by Lemma 9 the loss of the optimal derived predictor:

~ log1/é 5C 2 2log 64 )
err(7) <y err(v") + 4y B0 o) + .2<B+6mmwpya<m+1o g'““/)
y 4

mingy, P2, nming, Py,

5C

< Y* _
S err(Y) + ming, P2,

2 21og 64|A|/0
<B+10mmyaw(m+14 0’56|A|/>
4

nming, Py,
Hence our derived predictor satisfies:

err(f/) <5/2 err( ) + 4|A|C w

5C 2
S(s erI’(Y*) + (B + 10mminya nPya (H) + 18|A‘
y 4

min,, P2,

2log 64|A|/6>

nming, Py,

A.3. Section 6
Lemma 3 Given a hypothesis class H, a distribution over (X, A,Y), B € RT and any § € (0,1/2), then with probability

greater than 1 — ¢, if ng > % ay = 24/ W and we let 9 = R, (H) + [log 4/6 , then running Algorithm

1 on data set S with T > %W and learning rate 1 = g5 returns a predictor Y satisfying the following:

log4/6

err(Y) <5 err(Y*) + 4R, (H) + 4
n

2log 32| A|/6

N 2
disc(Y) <5 = + 6Rminya niPya 10 -
ise(Y) <5 B + L o (#) + Ny Ming, Py,

Proof. The proof follows immediately from Lemma 2 with the identical error bound and replacing n by n; in the discrimi-
nation bound. The two dataset langragian does not impact Theorem 1 in (Agarwal et al., 2018) and the definition of an
approximate saddle point remains the same as both players have the same objective. O

Lemma4 Let S = {(x;,a;,y;) 1 iid. ~P"(A, X,Y), the estimator %9@ is consistent. As n — 00

~S
’yya _>p 'Yya .
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Proof.
=~ PV = lim LS Y (@)1(y: = y)P(A = alzi, y:)
T = T 1 — P = o)
E[Y (X)I(Y = y)P(A = a|X,Y)]
E[I(Y =y)P(A = a|X,Y)]
B E[Y (X)I(Y = y)P(A = a|X,Y)]
[ P(X=2Y =yPA=alX =2,Y =y)dx
B fm P(X =2,Y = y)Y(z)P(A =a|lX =2,Y =y)dx
N PY =y,A=a)
LPX =2y =y, A=a)P(Y =y, A= )Y (z)dx
B P(Y =y, A=a)
=Ex|y—yazaY (X)=PY =1|Y =y, A=0a) =y,
O
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