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A. Derivation of the generalization error formula
The generalization error is defined as the average fraction of mislabeled instances

1 .
gen = 7Bt Xy | (Whew = )] (A1)

where Yy is the label of a new observation Xy, and the estimator ¢pe,, is computed as

Jnew = sign <W\};W + b> . (A2)

Eq. (A.2) holds for every vector w = w (X, y) and bias b = b (X, y) computed on the training set {X,y}.

Using the fact that Ypew, Jnew = £1, it is easy to show that (A.1) can be rewritten as

1 . 1 . W * Xpew
Egen = 5 (1- By X, Xy [YnewBnew]) = 5 (1 = By X0, Xy [ynewmgn <\/Ene + b)}) . (A.3)

Let us consider the last term in (A.3). Using again y,.w = %1, we can bring yy.y inside the sign function and rewrite

. W * Xpew . YnewW * Xnew
e (2 11) | s [ (5 )] e
Y X,y | YnewS1g Jd YnewsXnew, X,y | S18 Jd Yne

The term YnewXpew Can be rewritten as

v v
YnewXnew = YUnew <ynew\/a + \/Zznew> = ﬁ + \/ZZ;eW, (A5)

where z/ .., = YnewZnew ~ N (0, ;) has the same distribution as Zyey, SiNCe Ynew and zye, are independent. Hence

) W W . ' / A
Eyncw,xncw,X-,y |:Sign (“’yn\/egxne + ynewb>:| = Eync“wZ(‘ewV»X»y lSIgn (“’dv + EW ’ Zl/jeW + ynewb>‘| . (A~6)

!/
new

The estimator w only depends on the training set, hence w and z
a random variable distributed as a standard normal

are independent. We call their rescaled scalar product g,
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W - Zhey, ~ N (0,1). (A7)
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on (WY /éH s + e
sign P d W||C Ynew

By averaging over ¢, we obtain

Eynew,v,X,y,c

Ny (A.8)
1 w v d
=By v Xy S| = —= S thewb = | |
! yg[ <¢AWH Vd VA wl|
where we have used that 1/ 4||w|| > 0 to rescale the argument of the sign function. Finally, we obtain
1
6gen = 5 (1 - Eynewavaxay []P) (< > _T) - P (g < _T)}) Eyne“av Xy [Q(T)] . (A'9)
where Q(z) = \/% f;o e~t*/24dt is the Gaussian tail function, and we have defined
\/E (W -V
_ —kynwb) (A.10)
VAllwl| A d )
In the large d limit, the overlaps concentrate:
AR
— A.ll
d dse " ( )
MQl—»¢a (A.12)
d d—oo
Hence the generalization error reads
m+b m—b
e = QT ) + (1= 0)Q(V ) (A.13)
* VAq VAq

where p € (0, 1) is the probability that ynew = +1.

B. Derivation of the Bayes-optimal error

In order to compute the Bayes-optimal error, we consider the distribution of a new data point X, and the corresponding
new label ypew, given the estimate v of the true centroid v*

d i 2
1 ; v
p (xnew7 ynew|V) X P (Xnew|ynewa V) py(ynew) X exp <_2A Z (xflew - yn\e}vg > ) py(ynew)v (B.1)
i=1
where “oc” takes into account the normalization. Similarly, the posterior on v given the training set is
d v 2 1
i I i\2

b (VIX.y) o6 D (X]v.y) b ( [H exp ( O CRLCH) )] exp (2 > ) . B2
where we remind that v has i.i.d. components taken in A/(0, 1), and “oc takes into account the normalization over v. We

would like to find an explicit expression for

p (ynew|xneW7 X, Y) X IEv|X,y [p (yneW7 Xnew|v)] , (B.3)

in order to estimate the new label as
ynew = argmax IOg 1% (y/ ‘XDCW7 Xa Y) . B.4)
y'==+1

Therefore, we have to compute

n yuvt 2
e oL, (eh- 7 )
Eyvix,y [P (Ynews Xnew|V)] X Dy (Ynew) Hdv ezl H e , (B.5)
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where in the product over u on the right-hand side we have used the notation yo = Ynew, X0 = Xnew- Let us call I, the
integral over v in (B.5):

:/ﬁdvi e Ll[ﬁzﬁ:”(wiﬁy&;) a0 H/dV e 25 - o(wh ) %vz7 (B.6)
i=1

where in the last equality we have dropped the index i from the components of v for simplicity, since they are all independent.
Computing the integral over v, we obtain

I 1
I, = aAdHHexp( 2A(o¢—|—A—|—1)<(a+A)( — Myuzgc ))

i=1 pu=0

1 d a -

C Ad A 7/ A 1N A —— Ynew :‘llew ’lL./V - new

(e, )exp< INCEy Z(Wr )(Fhew)® = —newst ;xy ))

i=1

N B.7)
X exp ( M ; ; ( a+ A)(z, yuwu Zl‘yyy — yﬂ ! Ynewhew )
=C (o, A, d) C (X, ¥, Xnew, @, A, d) exp <leynewxnew : % z:: yuxu) ,
where the first two factors C' and C' contain all the terms that do not depend on ype,,. Therefore
A o 1
Unew = a%:i?" lmwyxnew o HZ:; YuXy +1logpy (y)] . (B.8)

Using the fact that y,x,, = :% +VAz,, z, ~ N(0,I) and v* is the true realization of v, the first term in (B.8) in the
limit where n, d — oo can be rewritten as

1< A
- Z Xnew " YuXp —> Ynew + Al + new7 (B.9)
"= md

where 2/, ~ N(0, 1). Therefore, in the large d limit we find that

A
m Yy (ynew + \/@ new> + log py (y)] : (B.10)

It is useful to rewrite the generalization error as

Ynew — argmax
y==%1

1 N R
sgen = ZIEX,y,m“ew,y“ew [(ynew - ynew)ﬂ = Z P (ynew 7£ ynew) Py (ynew)- (Bll)
Ynew=—1,1
Using (B.10), we can compute
N «a A\ A Py (Unew)
P new new ) — P new ! /|1 1 — | =1 YT . .
(Jnew 7 Ynew) <y Zev < 7\ Ala A ( +< + a) 2 18 e (B.12)
If Ypew = 1, (B.12) gives
o+ 9 log 125
P(joew #1) = Q | SZ—="" | | (B.13)
AAJra

where Q(z) = \/% f;o e~t*/24dt is the Gaussian tail function. If yneyw = —1, (B.12) gives

(63

< — 41
P (frew # —1) = Q | 212 815 : (B.14)

\/ AA?ﬁ-a
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Using the fact that p = p, (1) and 1 — p = p,(—1), we get that

a
€BO _ Q A+«

gen

+ 2 log 12 o — 2log &
2 )+ (1-p)Q | e 2—2 |, (B.15)

Vaare= Axta

which is indeed the formula given in Eq. 19 of the main text.

B.1. Bayes-optimal estimator

It is worth noting that the optimal error in (B.15) can be achieved by the plug-in estimator
£ Z (B.16)
n p=1

This result was already shown in (Lelarge & Miolane, 2019) for the case of symmetric clusters. The optimal bias is obtained
from the minimization of the generalization error (A.13) with respect to b, at fixed m, ¢. This yields:

. ] A
b= arginm Egen(q,m) = %5 log (1_pp> . (B.17)

Substituting (B.16) in the definition of the overlaps (3) in the main text, we obtain that the values of m and ¢ associated to
the plugin estimator are
m=1, g=(1+%). (B.18)

Hence, the generalization error of the plug-in estimator is

1 o
ggtlslxllgm =P (ynew <\/&W * Xnew + b) < O)

_ ;o a A\ A p
_P<ynewznew< Ala+A) <1+ynew (14—@) 210g1_p>>,

where we have used (B.9) in the last equality. The probability in (B.19) is the same as in (B.12). Hence, the plug-in estimator
achieves the Bayes-optimal error.

(B.19)

C. Derivation of the training loss formula

In what follows, we provide more technical details for several key results stated in Section 3. They serve as the basis of the
proof of Proposition 1.

C.1. Proof of Proposition 3

Recall from the main text that

n

{Ui(w;v* I \/Zyzf/l;w N by,;)— Z(uz)}

~ A
{ i(m 4+ by;) — L(ug) + \/;UiiniTW}7

where in reaching the second equality we have used the fact that any w € S, ,,, satisfies the equality m = éwTv*. Introduce
an auxiliary problem

= A , IS ~ A T IS
La(g,m,b) = 51+ min mgx{d§  [walm 4 by) = )| + 4/ Sl B+ VAg(5Y juiyisi)}
q,m N i=1

Y ] 1< ~ A g'w
=5 +wr611§£mml?x {d Z [Uzhz - E(uz)} + EHUHT )

Ul

Aq
Lx(g,m,b) = — 4+ min max
( ) 2 WESy,m u .

Agq n ax 1
= — min max —
2 wESy,m d

HM~

©
I
=
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where g = (91, 92,...,94) " ands = (s1, S2,...,5,) are two independent random vectors whose entries are drawn from
the i.i.d. standard normal distribution, and h; = v/Aq(y;s;) + m + by;. As y; € {£1}, independent of s;, we note that h;
has the same probability distribution as the quantity defined in (32) in the main text.

Gordon’s minimax inequalities (Gordon, 1985; 1988; Thrampoulidis et al., 2015) allow us to make the following comparison:
For any constants ¢ and § > 0, we have

P(Lx(g,m,b) < ¢) < 2P(Lx(q,m,b) < ¢). (C.1)

To connect this to the statements in Proposition 3, we note that

~ A 1 & [A

EA(Qa m, b) > ?q + m‘ilxwrensi?m {d Z [uz i uz ” ” }
Aq 1 Alul*(g —m?) gl
p T {d;{““ (w)] -y d Vi

It follows that
P(Lx(q,m,b) < ¢) < P(E\ (q,m,b) < c).

Combining this inequality with (C.1) gives us the first inequality in Proposition 3. To obtain the second inequality in the
proposition, we use the fact that the unconstrained optimization problem in (22) for the global training loss £* is convex.
Following exactly the same strategy as used in (Thrampoulidis et al., 2015), we can interchange the order of min and max
in the dual formulation of (22), which then allows us to reach the result in the main text. Indeed, in applying Gordon’s
inequalities to analyze high-dimensional random optimization problems, one can exchange the order of the min and the max
and thus obtain a two sided inequality by using the following arguments. Let

b = Z

Juin max {w'Zu+ f(w) —g(w)},
where Z is a random matrix with i.i.d. standard Gaussian entries, and f(-), g(-) are two convex functions. (Note that the
quantity £ (g, m,b) in our proof is a special case of the above formulation). In the proof of Proposition 3, we applied
Gordon’s inequality to show that ® has a high-probability lower bound given by L (g, m,b). Now to exchange the order of
the min and the max, we consider

—P = wme%)i 111161}91’11‘ {WT(—Z)U - f(W) + g(u)}

= min max {w'(-Z)u— f(w)+g(u)}, (C2)

ucS, wesy,

where the second equality holds if S,, and S,, are convex sets. Note that the constraint set w € S; ,, as used in the proof
of Proposition 3 is not convex, and that’s exactly the reason why we only state an inequality for £y (g, m, b) and a&d) in
Proposition 3. However, when we study L%, there is no longer any restriction on w given by g and m. It follows that
the corresponding constraint set S, is convex. Consequently, we can now apply Gordon’s inequalities to (C.2) to get a

high-probability lower bound for —® and thus a high-probability upper bound for .

C.2. Proof of Lemma 1

We first rewrite the optimization problem in (31) as

u'h _
d

&.M—‘

max max —/A —m?)+
120 |u|2/d—#{ v

z:: } . (C.3)

For the inner maximization, the constraint on the squared norm ||u|? weakly couples different coordinates of u together. To
fully decouple these coordinates, we introduce a Lagrangian function

——fzeuz |uH2—ud>
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where v > 0 is the Lagrange multiplier. For any fixed -, the optimal solution u., € R™ can be obtained by setting the
gradient of the Lagrangian function to zero, which gives us

Vi(uy) +yuy = h.

Since there is a one-to-one correspondence between the Lagrange multiplier v and the normalized squared norm p =
llu||?/d, it is thus equivalent to solve (C.3) in terms of

A= P ulh 1,
1338({\/ d T d;“"’“)}

and thus we get (33).

C.3. Proof of Proposition 1

We first establish (25) for the special case where the subset €2 is a singleton. In this case, we just need to show
P(Q\(q, m, b) > Ex(q,m,b) — 5) — 1. (C4)

for any fixed ¢, m and b.

Recall the characterization of £ id) (¢, m,b) given in Lemma 1. The problem in (33) reaches its maximum at a point -y}

where the derivative of the function to be maximized is equal to 0. In calculating this derivative, we need the quantity dz;'i s
which can be obtained as _ du. . du. .
¢ (uw)T:;’ + Uy + ’yd—; =0
and thus dz”' = (;j::’)i+~/' Using this expression and after some simple manipulations, we get
a(vé?% = A(q —m?). (C5)
Moreover, _ ~
£ (q,m,b) = Zoicy [t it g i) = g ) + M (C.6)

d 2

Next, we introduce the following scalar change of variables: v, ; = v (uy,i). Itis easy to verify from properties of Legendre
transformations that

Uy =0 (vy;) and w0 (uyi) — LUy i) = (vy;).

Substituting these identities, we can characterize v, ; via the implicit equation
Vny,i + ’yg/(’U%i) = h;. (C.7)

Moreover, (C.5) can now be rewritten as

n

ol
Oé(%z)Qg D 10wy )] = Aalg — m?) (C.8)
i=1
and more importantly, (C.6) can be simplified as

n

«
D (g,m,b) = - D vy ) +

i=1

M
.

Let v., be a random variable defined via the implicit equation

vy + ' (vy) = h, (C.9)
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where h = /Ags + m + by with S ~ A(0,1) and y being a random variable independent of s such that
Ply=1)=p and Ply=-1)=1-p.

Since the loss function £(-) is convex, the function v + ¢’ (v) is strictly increasing. It follows that the distribution function
of v, is given as in the main text. As n,d — oo with d /n fixed at v, we have

n

LSO (0,0 B¢ (0))?)

n -
=1

uniformly over any compact subset of . It follows that +; as defined in (C.8) converges to v*, which is the unique solution
of (24). Moreover, we have

Aq

& (q.m.b) = Ex(g,m,b) = aBll(v,)] + (€.10)

For any § > 0, we can apply Proposition 3 to get
]P)(ﬁ)\ (Q7 m, b) < g)\ (qv m, b) - 5) < QP(‘S')(\d) (Q7 m, b) < g)\ ((J7 m, b) - 5)

As the right-hand side tends to 0 due to (C.10), we have (C.4).

Let 2 be an arbitrary compact subset of {(q, m,b) : m? < q}. We denote by (2 a finite subset of {2 consisting of K points,
ie,Qg = {(qk,ﬁlk7bk) ceN:1<k< K}

P(LA(Qx) < Ex(Q) — ) = P(UE_, {L(qr, mp, br) < Ex(Q) —0})

<Y P(La(gr, mi, bi) < EA(Q) —9)

<> P(Lr(gr, Mk, br) < Ex(qr, Mk, by) — 0).

RN

ES
Il

1

As n — o0, the right-hand side of the inequality tends to 0. It follows that P(Lx(2x) > Ex(Q2) — &) — 1. Note that this
characterization holds for any finite K. From the smoothness of the optimization problem (21), one can construct a family of
subsets {Qx } such that £ (Qx) — L1() as K — oo, and thus we have (25). This strategy follows closely the approach
used in (Thrampoulidis et al., 2015). Finally, to get (26), we first note that (25) implies that

P(L;>&-6) > 1.

The “other direction”, i.e., ]P’(E’j\ <E+ 6) — 1 can be obtained by exploiting the convexity of the loss function £(-),

which allows us to interchange the order of min and max in the dual formulation of (22). We omit the details as they follow
exactly the same strategy as used in (Thrampoulidis et al., 2015).

C.4. Proof of Proposition 2

We start with the fixed-point equation for the Lagrange multiplier given in (24). For our proof, it will be more convenient to
rewrite this equation in terms of the random variable u., &l pr (vy). Itis a well-known property of Legendre transformations
that we can write the “symmetric equation” v, = ¢'(u~). Since v, is determined via the implicit equation (C.9), we have

U (uy) +yuy = h.

It follows that the cumulant distribution function of ., is given by

P(uy < u) = pQ (wu) +;g i b> +(1-p)Q (E'(u) +}%q— m + b) |
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where )(+) is the distribution function of a standard normal random variable. Writing (24) in terms of -, we have

anyE[ui} = A(q —m?). (C.11)

Our assumption of the loss function #(+) is that it is convex and monotonically decreasing, with £(+o00) = ¢'(+00) = 0. It
follows that ¢/ ( ) < u7 < 0. Introducing the changes of variables 6 & m /@ = b/\/q and 5 = v/,/q, and using the

identity IE[u f P uIP’ (uy < u)du, we can rewrite (C.11) as
aS(7,¢,0) = A(1 - 6°), (C.12)
where
—0'(—o0) 7 o ~ T
gl —s (—u)  —Au—0-1b - U(—u) —Au—0+0
5(7,4,0) =7 /O (2 )(pQ(\/—q + Tx )+(1 p)Q(m + T ))du.

We further denote by 7*(g, @) the solution to (C.12). We can show that, for any fixed 7 and 0, the function S(7, ¢, 0) is
monotonically decreasing as we increase q. Moreover,

i 560 =560 [ oo ZE) - (D)

Clearly, S*(7, #) is monotonic with respect to 7, but it has a finite limit as ¥ — oo, i.e.,

0+b 0—b
lim S*(7, A/ duu ( —)—i— 1-— (u—i——)},
Jim 5%(3,0 pf A (I=p)f 7A
where f(-) is the probability density function of A'(0,1). An implication of this limit being finite is that, although the
Lagrange multiplier 7*(g, ) remains finite for any fixed ¢, it tends to co as ¢ — oo if

A1 - 6?)

It follows from (C.9) that, as y — oo, £/(vy) — 0 and thus v, — co. Consequently,

hm Ex=0(g,m,b) = lim aE[l(vy(4,0))] — 0.

q—o

This characterization can be interpreted as follows: If there exists a 6 that satisfies (C.13), then as we move along the “ray”
of constant slope 6§ = m/,/q, the training loss Ex—o (g, m, b) will tend to 0. The critical threshold o* can then be obtained
by maximizing the right-hand side of (C.13), which gives us the final expression as stated in Proposition 2.

C.5. Derivation of Theorem 1 from Gordon’s characterization

In this section, we show that the fixed point equations in Theorem 1 can be mapped to Gordon’s characterization, namely
(24) and (26) in the main text. First of all, we observe that (24) is trivially satisfied by the solution of system (4)-(9). Then,
we consider the minimization of £, (q, m, b), derived in (C.10), with respect to ¢, m, b. This simply amounts to setting the
derivatives to zero. Note that the partial derivatives of v and v* can be computed by taking the derivatives of both sides of
(C.7) and (24) respectively. The minimization leads to the following system of equations:

[A A
ZEy [0 (vee)s] + A= —, C.14
7B (¢ (vy=)s] p (C.14)

m = —aAlEy, 0 (vy0)], (C.15)

Ey s [yl (vy-)] = 0, (C.16)
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where s ~ N (0,1), y = +1 with probability p € (0,1) and y = —1 otherwise. We observe that (C.16) is the same as (11)
and (C.15) is equivalent to (4) and (6). Using again (6), we can rewrite (C.14) as

A
A= a\/;]E%s [ (vy+)s] . (C.17)

Note that (v« (h(s))) is a function of s, and ¢” is well defined. Therefore, we can apply Stein’s lemma and rewrite

~ A
¥ =y EE%S (050 " (04 )] (C.18)

which leads to an identity if we substitute the definition of 4 provided in (9).

D. Evaluation of the fixed point equations

In this section we will compute the fixed-point equations for the square and hinge loss. The equations for the logistic loss
cannot be computed analytically and require numerical integration.

D.1. Square loss

In this case, {(w) = %(w — 1)2 and the fixed point equations (4)-(9) can be inverted analytically. The minimizer v, defined
as

(w — h’(y7 m,dq, b))2

1
v = argur)nin o + §(w —1)2, (D.1)
is simply
h+7
=h—Al'(v) = —, D.2
v ~l'(v) T (D.2)
where h ~ N (m + yb, Aq). Hence, we obtain
o= SE, oy hy) —hl = — (1 —m— (2p—1)b) (D.3)
- ~y y,h Yy, n,y - 1+ v 14 ) .
i = O2E[0yh) - h] = —C0 o (Ag+ B, [(1-m — yb)%]) (D.4)
72 Y, ) 1Yy (1 + 7)2 y 5 .
al alA
y = —(1-E, [0 ,h, = ) D.5
gl S (L =Eyn [Onv(y, h,)]) T (D.5)
To compute the bias b, we have to solve
v
0= ]Ey,h [y(?} - h)] = mEy,h [y(l - h)] ) (D6)
which simply gives
b= (2p—1)(1—m). (D.7)

We can plug (D.3)-(D.5) in the equations for m, g, -y to obtain

A A(l—a) = A+ /(A0 —a) = A2 +4\A

YT XE T 2\ ; (D.8)
_ m davyp(l — p)

" A5 AL +79) +dayp(l —p)’ (D.9)
= Lj—’_mz = 1 aifyz _ 2 _ 12 2 2)

T DT 042 —ay? ( A (1 =m)” =b7) + (1 +7)"m” ). (D.10)
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D.2. Hinge loss

In this case, /(w) = max{0,1 — w} and the minimizer

(OJ — h’(ya m,dq, b))Q

v = argmin 5 + max{0,1 — w}, (D.11)
w Y
is piece-wise defined as
h if h>1
v=141 if 1—-y<h<1. (D.12)

h+~y if h<l-—vn
From (4)-(9), it follows that

Y
¥ ==, (D.13)
K’Y
a K,
m= L hm (D.14)
A K,
« «
(= —= (K, + —K2), (D.15)
AK? ( T A

where we have defined

e Renlnb () ) e
K, — \/gﬁay {exp <(1 - ;nA; yb)Q) ~exp <_(7 -1 ;Aﬂ; - yb))2>} o
Y T 1l P ) O B

Ra= \/gEy [(1 —m = yb)exp <_(1_7;A;yb)2) —(y+1—m—yb)exp <—(7_ u ;A”;_yb)yﬂ

- (-0 (=) () o (=)
(D.18)

The equation to determine the bias is

[ o (-5525) -y (65 ()

+E, {yu —m — yb) (1 -Q (W) @ <7_ (1V_Ai;_yb)>)] :?5.19)

E. Bayes-optimality at A = oo, for p = 1

In this section we will show how the result on Bayes-optimality for balanced clusters at large regularization arises. First we
start by considering the square loss. At p = 1/2, it is straightforward to check from (11) that b = 0 and the generalization
error, given by (12) in the main text, is
m
€gen = Q <> s (E.D

VAq

where m and ¢ are given by (D.9)-(D.10), evaluated at p = % The Bayes-optimal error for this problem is given by (19) in

the main text and reads
BO «
= — . E.2
Q( A<A+a>) .
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Therefore, in order to reach Bayes-optimality, we need a weight vector w with an overlap m and a length q such that

« _m q -
‘/(AJFQ)_\/@_< m2—&-1) . (E.3)

By using (D.3)-(D.4) evaluated at p = %, (E.3) can be rewritten as

Aq

Eq. (E.4) is verified by the fixed point equations only at A — oc. Indeed in this limit we find that

v = % +o(A7Y),
hence o
m= +o0 ()\_1)
and o
¢ =3 (A+a)+o(A7%),
so that

[e%

mo,

Va (A+a)
Therefore, as A grows and while the /5 norm of the vector goes to zero, the vector aligns itself optimally to the hidden one
and the generalization error becomes optimal.

It is then easy to see why this remains correct for any differentiable loss: as long as the /5 norm vanishes when A — oo,
then one can expand

(yw ' x) = £(0) + yw ' x£'(0) + % (WTX)2 ?"(0) + o(q)

so that any loss will behave like the square one. This is the origin of the peculiar behavior of Bayes optimally observed at
A — oo for the symmetric case p = 1/2. We observed numerically that this result is not valid anymore as soon as p # 1/2.
This peculiar behaviour is shown in Fig. 1, which depicts the generalization error, computed from the solution of (4)-(11) in
the main text, as a function of p at zero, infinite and optimal regularization for the square and hinge losses.
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Figure 1. Generalization error as a function of p, at fixed = 1.2 and A = 1 (left) and « = 7 and A = 0.3 (right), for the square
loss compared to the Bayes-optimal performance. In the inset, the same figure for the hinge loss. The vertical axis is rescaled by p for
convenience. The error is computed at low (A = 1077), high (A = 10°) and optimal regularization. We observe that Bayes-optimality at
infinite regularization holds strictly at p = 1/2.
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F. Details on the numerics
F.1. Iteration of the fixed point equations

The solution (g, m, b, ~y) of the fixed point equations (4)-(9) can be obtained analytically only in the case of square loss.
For the hinge and logistic losses, the equations must be iterated until convergence. In our codes, we used initialization
(=0, 41=0 mt=0 bt=0) = (0.5,0.5,0.01, 0). The stopping criterion for convergence consists in checking if the values of
the generalization error at two consecutive iterations differ less than a threshold eps. In all figures, we used eps < 1078,

F.2. Simulations

In order to check the validity of the fixed point equations (4)-(9) we computed numerically the solution of the optimization
problem defined in (2), and we averaged over multiple realizations of the noise. In the case of square loss, the solution is
simply

wiaare — (XTX 4 AL,) X Ty. (E1)

In the case of logistic and hinge losses, the solution can be computed by a standard gradient descent algorithm. In Fig. 1
we used the Logistic Regression classifier provided by the scikitlearn package linear_model (Pedregosa et al., 2011). In
particular, we used the “Ibfgs” solver, with L2-penalty, tolerance tol = 10~ for the stopping criterion and maximum number
of iterations max_iter = 10°. It is important to remind that all our analytic results are computed in the infinite-dimensional
limit d,n — oo, while the ratio &« = n/d remains finite. Therefore, all the simulations involve errors due to finite size
effects. However, we found a very good agreement bewteen theory and simulations already at relatively small dimensionality
(d < 5000). The only case in which finite size effects prevent simulations to match our theoretical predictions is the behavior
of the generalization error at large regularization A, at p = 1/2. Since at all finite dimensions d the effective clusters size
is p # 1/2, the result of reaching Bayes-optimality at A\ — oo cannot be obtained in simulations, since it holds strictly at
p = 1/2. However, we obtain greater and greater precision, i.e. the minimum of the generalization error moving towards
higher values of A (see Fig. 4), as d increases.
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