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Abstract

‘We make three contributions toward better under-
standing policy gradient methods in the tabular
setting. First, we show that with the true gradient,
policy gradient with a softmax parametrization
converges at a O(1/t) rate, with constants de-
pending on the problem and initialization. This
result significantly expands the recent asymptotic
convergence results. The analysis relies on two
findings: that the softmax policy gradient satis-
fies a Lojasiewicz inequality, and the minimum
probability of an optimal action during optimiza-
tion can be bounded in terms of its initial value.
Second, we analyze entropy regularized policy
gradient and show that it enjoys a significantly
faster linear convergence rate O(e~?) toward soft-
max optimal policy. This result resolves an open
question in the recent literature. Finally, com-
bining the above two results and additional new
Q(1/t) lower bound results, we explain how en-
tropy regularization improves policy optimization,
even with the true gradient, from the perspective
of convergence rate. The separation of rates is
further explained using the notion of non-uniform
Lojasiewicz degree. These results provide a theo-
retical understanding of the impact of entropy and
corroborate existing empirical studies.

1. Introduction

The policy gradient is one of the most foundational concepts
in Reinforcement Learning (RL), lying at the core of policy-
search and actor-critic methods. This paper is concerned
with the analysis of the convergence rate of policy gradient
methods (Sutton et al., 2000). As an approach to RL, the
appeal of policy gradient methods is that they are conceptu-
ally straightforward and under some regularity conditions
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they guarantee monotonic improvement of the value. A sec-
ondary appeal is that policy gradient methods were shown
to achieve effective empirical performance (e.g., Schulman
et al., 2015; 2017).

Despite the prevalence and importance of policy optimiza-
tion in RL, the theoretical understanding of policy gradient
method has, until recently, been severely limited. A key
barrier to understanding is the inherent non-convexity of the
value landscape with respect to standard policy parametriza-
tions. As a result, little has been known about the global
convergence behavior of policy gradient method. Recently,
important new progress in understanding the convergence
behavior of policy gradient has been achieved. As in this
paper we will restrict ourselves to the tabular setting, we ana-
lyze the part of the literature that also deals with this setting.
While the tabular setting is clearly limiting, this is the setting
where so far the cleanest results have been achieved and un-
derstanding this setting is a necessary first step towards the
bigger problem of understanding RL algorithms. Returning
to the discussion of recent work, Bhandari & Russo (2019)
showed that, without parametrization, projected gradient
ascent on the simplex does not suffer from spurious local
optima. In concurrent work, Agarwal et al. (2019) showed
that (i) without parametrization, projected gradient ascent
converges at rate O(1/+/t) to a global optimum; and (i)
with softmax parametrization, policy gradient converges
asymptotically. Agarwal et al. also analyze other vari-
ants of policy gradient, and show that policy gradient with
relative entropy regularization converges at rate O(1/+/%),
natural policy gradient (mirror descent) converges at rate
O(1/t), and given a “compatible” function approximation
(thus, going beyond the tabular case) natural policy gradient
converges at rate O(1/+/%). Shani et al. (2020) obtains the
slower rate O(1/+/t) for mirror descent. They also pro-
posed a variant that adds entropy regularization and prove a
rate of O(1/t) for this modified problem.

Despite these advances, many open questions remain in un-
derstanding the behavior of policy gradient methods, even in
the tabular setting and even when the true gradient is avail-
able in the updates. In this paper, we provide answers to
the following three questions left open by previous work in
this area: (i) What is the convergence rate of policy gradient
methods with softmax parametrization? The best previous
result, due to Agarwal et al. (2019), established asymptotic



On the Global Convergence Rates of Softmax Policy Gradient Methods

convergence but gave no rates. (ii) What is the convergence
rate of entropy regularized softmax policy gradient? Fig-
uring out the answer to this question was explicitly stated
as an open problem by Agarwal et al. (2019). (iii) Empiri-
cal results suggest that entropy helps optimization (Ahmed
et al., 2019). Can this empirical observation be turned into
a rigorous theoretical result?'

First, we prove that with the true gradient, policy gradient
methods with a softmax parametrization converge to the
optimal policy at a O(1/t) rate, with constants depending
on the problem and initialization. This result significantly
strengthens the recent asymptotic convergence results of
Agarwal et al. (2019). Our analysis relies on two novel find-
ings: (i) that softmax policy gradient satisfies what we call a
non-uniform Lojasiewicz-type inequality with the constant
in the inequality depending on the optimal action probability
under the current policy; (ii) the minimum probability of an
optimal action during optimization can be bounded in terms
of its initial value. Combining these two findings, with a few
other properties we describe, it can be shown that softmax
policy gradient method achieves a O(1/t) convergence rate.

Second, we analyze entropy regularized policy gradient and
show that it enjoys a linear convergence rate of O(e™?) to-
ward the softmax optimal policy, which is significantly faster
than that of the unregularized version. This result resolves
an open question in Agarwal et al. (2019), where the authors
analyzed a more aggressive relative entropy regularization
rather than the more common entropy regularization. A
novel insight is that entropy regularized gradient updates be-
have similarly to the contraction operator in value learning,
with a contraction factor that depends on the current policy.

Third, we provide a theoretical understanding of entropy
regularization in policy gradient methods. (i) We prove a
new lower bound of Q(1/t) for softmax policy gradient, im-
plying that the upper bound of O(1/t) that we established,
apart from constant factors, is unimprovable. This result
also provides a theoretical explanation of the optimization
advantage of entropy regularization: even with access to
the true gradient, entropy helps policy gradient converge
faster than any achievable rate of softmax policy gradient
method without regularization. (ii) We study the concept
of non-uniform Lojasiewicz degree and show that, without
regularization, the Lojasiewicz degree of expected reward
cannot be positive, which allows O(1/t) rates to be estab-
lished. We then show that with entropy regularization, the
Lojasiewicz degree of maximum entropy reward becomes
1/2, which is sufficient to obtain linear O(e™*) rates. This

"While Shani et al. (2020) suggest that entropy regularization
speeds up mirror descent to achieve the rate of O(1/t), in light of
the corresponding result of Agarwal et al. (2019) who established
the same rate for the unregularized version of mirror descent, their
conclusion needs further support (e.g., lower bounds).

change of the relationship between gradient norm and sub-
optimality reveals a deeper reason for the improvement in
convergence rates. The theoretical study we provide corrob-
orates existing empirical studies on the impact of entropy in
policy optimization (Ahmed et al., 2019).

The remainder of the paper is organized as follows. After
introducing notation and defining the setting in Section 2,
we present the three main contributions in Sections 3 to 5 as
aforementioned. Section 6 gives our conclusions.

2. Notations and Settings

For a finite set X', we use A(X) to denote the set of prob-
ability distributions over X'. A finite Markov decision pro-
cess (MDP) M = (S, A, P,r,7) is determined by a finite
state space S, a finite action space .4, transition function
P:Sx A— A(S), reward functionr : S x A — R, and
discount factor v € [0,1). Given a policy 7 : S — A(A),
the value of state s under 7 is defined as

[Z wtr(st,at)m ()
t=0

V7™(s) = E
( ) so=s,as~7(+|s¢),
st+1~P(+|se,at)
We also let V™ (p) == Es, [V™(s)], where p € A(S) is
an initial state distribution. The state-action value of 7 at
(s,a) € S x Ais defined as

Q" (s,a) =r(s,a) + 7ZP(S’|S, a)V7(s'). ()

We let A™(s,a) = Q7 (s,a) — V7 (s) be the so-called ad-
vantage function of 7. The (discounted) state distribution of
7 is defined as

d7 (s) = (1= 7)Y _ ' Pr(s = s|so,m,P), (3
t=0

and we let d7 (s) := Eq,~, [dZ, (s)]. Given p, there exists

an optimal policy 7* such that

max

V™ (p) =
(p) T:S—A(A)

VZ(p)- )
We denote V*(p) := V™ (p) for conciseness. Since S x A

is finite, for convenience, without loss of generality, we
assume that the one step reward lies in the [0, 1] interval:

Assumption 1 (Bounded reward). r(s,a) € [0, 1], V(s,a).

The softmax transform of a vector exponentiates the compo-
nents of the vector and normalizes it so that the result lies in
the simplex. This can be used to transform vectors assigned
to state-action pairs into policies:

Softmax transform. Given the function § : S x A —
R, the softmax transform of 6 is defined as my(-|s) =
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softmax((s, -)), where for all a € A,

exp{0(s,a)}
> o expll(s,a’)}

Due to its origin in logistic regression, we call the values
(s, a) the logit values and the function 0 itself a logit func-
tion. We also extend this notation to the case when there are
no states: For 6 : [K] — R, we define my := softmax(6)

using (a) = exp{0(a)}/ ¥, exp{0(a')} (a € [K))

mo(als) =

&)

H matrix. Given any distribution 7 over [K], let H(7) :=
diag(r) — mn " € REXK where diag(z) € RE*K is the
diagonal matrix that has # € R¥ at its diagonal. The H
matrix will play a central role in our analysis because H (7p)
is the Jacobian of the § — 7y := softmax () map that maps
RIX] to the (K — 1)-simplex:

i)' _ g 6
<d€> = H(mp). (6)

Here, we are using the standard convention that derivatives
give row-vectors. Finally, we recall the definition of smooth-
ness from convex analysis:

Smoothness. A function f : © — R with © C R? is
B-smooth (w.r.t. 5 norm, 8 > 0) if for all 6, #' € ©,

10— 10 - (L0 = 0)| < 510 -0 )

3. Policy Gradient

Policy gradient is a special policy search method. In policy
search, one considers a family of policies parametrized by
finite-dimensional parameter vectors, reducing the search
for a good policy to searching in the space of parameters.
This search is usually accomplished by making incremental
changes (additive updates) to the parameters. Representative
policy-based RL methods include REINFORCE (Williams,
1992), natural policy gradient (Kakade, 2002), deterministic
policy gradient (Silver et al., 2014), and trust region policy
optimization (Schulman et al., 2015). In policy gradient
methods, the parameters are updated by following the gradi-
ent of the map that maps policy parameters to values. Under
mild conditions, the gradient can be reexpressed in a con-
venient form in terms of the policy’s action-value function
and the gradients of the policy parametrization:

Theorem 1 (Policy gradient theorem (Sutton et al., 2000)).
Fix a map 0 — my(a|s) that for any (s, a) is differentiable
and fix an initial distribution p € A(S). Then,

V™ () 1 E Z Omg(als)

_ L ()Te
T e 50 @ (s,0)

a

3.1. Vanilla Softmax Policy Gradient

We focus on the policy gradient method that uses the soft-
max parametrization. Since we consider the tabular case, the
policy is then parametrized using the logit 6 : S x A — R
function and 7y (-|s) = softmax(6(s, -)). The vanilla form
of policy gradient for this case is shown in Algorithm 1.

Algorithm 1 Policy Gradient Method
Input: Learning rate 7 > 0.
Initialize logit 01 (s, a) for all (s, a).
fort =1to T do .

Or11 <0 +1n- W'
end for

With some calculation, Theorem 1 can be used to show that
the gradient takes the following special form in this case:

Lemma 1. Softmax policy gradient w.r.t. 0 is
ovre(n) _ 1
00(s,a) 1—r

-dy? (s) - mo(als) - A™ (s,a). (8)

Due to space constraints, the proof of this, as well as of all
the remaining results are given in the appendix. While this
lemma was known (Agarwal et al., 2019), we included a
proof for the sake of completeness.

Recently, Agarwal et al. (2019) showed that softmax policy
gradient asymptotically converges to 7*, i.e., V™ (p) —
V*(p) as t — oo provided that p(s) > 0 holds for all
states s € S. We strengthen this result to show that the
rate of convergence (in terms of value sub-optimality) is
O(1/t). The next section is devoted to this result. For better
accessibility, we start with the result for the bandit case
which presents an opportunity to explaining the main ideas
underlying our result in a clean fashion.

3.2. Convergence Rates
3.2.1. THE INSTRUCTIVE CASE OF BANDITS

As promised, in this section we consider “bandit case”: In
particular, assume that the MDP has a single state and the
discount factor ~y is zero: v = 0. In this case, Eq. (1) reduces
to maximizing the expected reward,

P, ) ®

With g = softmax(f), even in this simple setting, the ob-
jective is non-concave in 6, as shown by a simple example:

Proposition 1. On some problems, 0 — E,.r, [r(a)] is a
non-concave function over R¥.

As v = 0 and there is a single state, Lemma 1 simplifies to

dwgr _
df(a)

mg(a) - (r(a) — W;—r) . (10)
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Putting things together, we see that in this case the update
in Algorithm 1 takes the following form:

Update 1 (Softmax policy gradient, expected reward).
Oi11(a) < Oi(a) +n - mp, (a) - (r(a) — w;r), Ya € [K].

As is well known, if a function is smooth, then a small
gradient update will be guaranteed to improve the objective
value. As it turns out, for the softmax parametrization, the
expected reward objective is 5-smooth with 5 < 5/2:

Lemma 2 (Smoothness). Vr € [0,1]%, 6 — T 1 is 5/2-
smooth.

Smoothness alone (as is also well known) is not sufficient
to guarantee that gradient updates converge to a global op-
timum. For non-concave objectives, the next best thing to
guarantee convergence to global maxima is to establish that
the gradient of the objective at any parameter dominates the
sub-optimality of the parameter. Inequalities of this form
are known as a Lojasiewicz inequality (Lojasiewicz, 1963).
The reason gradient dominance helps is because it prevents
the gradient vanishing before reaching a maximum. The
objective function of our problem also satisfies such an in-
equality, although of a weaker, “non-uniform” form. For the
following result, for simplicity, we assume that the optimal
action is unique. This assumption can be lifted with a little
extra work, which is discussed at the end of this section.

Lemma 3 (Non-uniform Lojasiewicz). Assume r has one
unique maximizing action a*. Let ™ = argmax, ca Tlir
Then,

The weakness of this inequality is that the right-hand side
scales with mp(a*) — hence we call it non-uniform. As a
result, Lemma 3 is not very useful if 7, (a*), the optimal
action’s probability, becomes very small during the updates.

dw;)r r
do

> mg(a®) - (7" — 7T9)TT’. (11

2

Nevertheless, the inequality still suffices to get an follow-
ing intermediate result. The proof of this result combines
smoothness and the Lojasiewicz inequality we derived.
Lemma 4 (Pseudo-rate). Let ¢; = minj<s<¢ g, (a*). Us-
ing Update 1 withn = 2/5, forall t > 1,

(m* —mg,) TP <5/(t-¢}),  and
T
Z (m* — Wgt)TT' < min {\/57T/CT; (5logT)/c% + 1} :

t=1

In the remainder of this section we assume that n = 2/5.

Remark 1. The value of 7y, (a™), while it is nonzero (and
50 is ¢;) can be small (e.g., because of the choice of 0 ).
Consequently, its minimum c; can be quite small and the

upper bound in Lemma 4 can be large, or even vacuous. The
dependence of the previous result on g, (a*) comes from
Lemma 3. As it turns out, it is not possible to eliminate or
improve the dependence on mg(a*) in Lemma 3. To see this
consider r = (5,4,4)7, mp = (2¢,1/2 — 2¢,1/2) where
€ > 0 is small number. By algebra, (t* —mp) 'r =1 —

1
2 > 1/2, 10T — (2¢ — 42, —e + 462, —€) T, =
2

€-v6 — 24¢ + 32¢2 < 3e. Hence, for any constant C' > 0,

-
dmy r

o 312)

C- (" —mp) ' r>CJ2>3e > H
2

which means for any Lojasiewicz-type inequality, C neces-
sarily depends on € and hence on mg(a*) = 2e.

The necessary dependence on 7y, (a*) makes it clear that
Lemma 4 is insufficient to conclude a O(1/t) rate. since
¢; may vanish faster than O(1/t) as ¢ increases. Our next
result eliminates this possibility. In particular, the result
follows from the asymptotic convergence result of Agarwal
etal. (2019) which states that 7y, (a*) — 1 ast — oo. From
this and because 7y(a) > 0 for any § € R¥ and action a,
we conclude that 7y, (a*) remains bounded away from zero
during the course of the updates:

Lemma 5. We have inf,>1 mg, (a*) > 0.

With some extra work, one can also show that eventually 6;
enters a region where 7y, (a*) can only increase:
Proposition 2. For any initialization there exist to > 1 such
that for any t > to, t «— my, (a*) is increasing. In particular,
when 1y, is the uniform distribution, ty = 1.

With Lemmas 4 and 5, we can now obtain an O(1/t) con-
vergence rate for softmax policy gradient method?:

Theorem 2 (Arbitrary initialization). Using Update 1 with
n=2/5, forallt > 1,

(m* —ma,) 7 < 1/(c* 1), (13)

where ¢ = inf;>1 mg, (¢*) > 0 is a constant that depends
on 1 and 61, but it does not depend on the time t.

Proposition 2 suggests that one should set #; so that 7,
is uniform. Using this initialization, we can show that
inf;>q mp, (a*) > 1/ K, strengthening Theorem 2:

Theorem 3 (Uniform initialization). Using Update 1 with
n = 2/5 and 61 such that wp, (a) = 1/K, Va, forall t > 1,

(7" —mp,) ' < BK?/t, and
T
3 (@ —m,) " < min {K\/E)T, 5K2log T + 1} .
t=1

2For a continuous version of Update 1, Walton (2020) proves a
O(1/t) rate, using a Lyapunov function argument.
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(a) Softmax gradient flow.
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Figure 1. Visualization of proof idea for Lemma 5.

Remark 2. In Section 5, we prove a lower bound Q(1/t) for
the same update rule, showing that the upper bound O(1/t)
of Theorem 2, apart from constant factors, is unimprovable.

In general it is difficult to characterize how the constant C'
in Theorem 2 depends on the problem and initialization. For
the simple 3-armed case, this dependence is relatively clear:
Lemma 6. Let (1) > r(2) > r(3). Then, a* = 1 and
infy>1 mp, (@) = mini<y<y, 7o, (1), where

7o, (1)
7o, (3)

r(2) — r(3)
2 (r() r<2>>}' (1

tozmin{tzlz >

Note that the smaller (1) — r(2) and 7y, (1) are, the larger
to is, which potentially means C' in Theorem 2 can be larger.

Visualization. Let r = (1.0,0.9,0.1)T. In Fig. 1(a),
the region below the red line corresponds to R =
{0 : mo(1)/70(3) > (r(2) — r(3))/(2- (r(1) — r(2)))}.
Any globally convergent iteration will enter /R within
finite time (the closure of R contains 7*) and never
leaves R (this is the main idea in Lemma 5). Sub-
figure (b) shows the behavior of the gradient updates
with “good” (mg, = (0.05,0.01,0.94)7) and “bad”
(mg, = (0.01,0.05,0.94) ") initial policies. While these
are close to each other, the iterates behave quite differently
(in both cases ) = 2/5). From the good initialization, the
iterates converge quickly: after 100 iterations the distance
to the optimal policy is already quite small. At the same
time, starting from a “bad” initial value, the iterates are first
attracted toward a sub-optimal action. It takes more than
7000 iterations for the algorithm to escape this sub-optimal
corner! In subfigure (c), we see that mp, (a*) increases
for the good initialization, while in subfigure (d), for the
bad initialization, we see that it initially decreases. These
experiments confirm that the dependence of the error bound
in Theorem 2 on the initial values cannot be removed.

Non-unique optimal actions. When the optimal action
is non-unique, the arguments need to be slightly modi-
fied. Instead of using a single 7y(a*), we need to consider
> areax To(a*), ie., the sum of probabilities of all optimal
actions. Details are given in the appendix.

3.2.2. GENERAL MDPs

For general MDPs, the optimization problem takes the form

max

o —
6:Sx A—R v (P)

T
G:SH;?L\X—HR SIEP ; o (Q‘S) . Q (5’ CL)'
Here, as before, 7y (-|s) = softmax(6(s,)), s € S. Follow-
ing Agarwal et al. (2019), the values here are defined with
respect to an initial state distribution p which may not be the
same as the initial state distribution p used in the gradient
updates (cf. Algorithm 1), allowing for greater flexibility
in our analysis. While the initial state distributions do not
play any role in the bandit case, here, in the multi-state case,
they have a strong influence. In particular, for the rest of
this section, we will assume that the initial state distribution
1 used in the gradient updates is bounded away from zero:

Assumption 2 (Sufficient exploration). The initial state
distribution satisfies ming p(s) > 0.

Assumption 2 was also adapted by Agarwal et al. (2019),
which ensures “sufficient exploration” in the sense that the
occupancy measure dj; of any policy m when started from
1 will be guaranteed to be positive over the whole state
space. Agarwal et al. (2019) asked whether this assumption
is necessary for convergence to global optimality.

Proposition 3. There exists an MDP and p with
min, p(s) = 0 such that there exists 0* : S x A — [0, ]
such that 0* is the stationary point of 6 — V™ () while
To~ is not an optimal policy. Furthermore, this stationary
point is an attractor, hence, starting gradient ascent in a
small enough vicinity of 0* will make it converge to 6*.

The MDP of this proposition is S bandit problems: Each
state s € S under each action deterministically gives itself
as the next state. The reward is selected so that in each s
there is a unique optimal action. If x leaves out state s (i.e.,
u(s) = 0), clearly, the gradient of § — V™ (u) w.r.t. 0
is zero regardless of the choice of §. Hence, any 6 such
that 6(s,a) = +oo for a optimal in state s with u(s) >
0 and 6(s,a) finite otherwise will satisfy the properties
of the proposition. It remains open whether the sufficient
exploration condition is necessary for unichain MDPs.
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According to Assumption 1, r(s,a) € [0,1], Q(s,a) €
[0,1/(1 — )], and hence the objective function is still
smooth, as was also shown by Agarwal et al. (2019):

Lemma 7 (Smoothness). V™ (p) is 8/(1 — ~)3-smooth.

As mentioned in Section 3.2.1, smoothness and (uniform)
Lojasiewicz inequality are sufficient to prove a convergence
rate. As noted by Agarwal et al. (2019), the main difficulty is
to establish a (uniform) Lojasiewicz inequality for softmax
parametrization. As it turns out, the results from the bandit
case carry over to multi-state MDPs.

For stating this and the remaining results, we fix a determin-
istic optimal policy 7* and denote by a*(s) the action that
7* selects in state s. With this, the promised result on the
non-uniform Lojasiewicz inequality is as follows:

Lemma 8 (Non-uniform Lojasiewicz). We have,

ming 79 (a*(s)]s)

2~ VS ]

[V*(p) = V™ (p)] .

H ovTe (u)
90

By Assumption 2, dj;’ is also bounded away from zero on
the whole state space and thus the multiplier of the sub-
optimality in the above inequality is positive.

Generalizing Lemma 5, we show that min; g, (a*(s)|s) is
uniformly bounded away from zero:

Lemma 9. Let Assumption 2 hold. Using Algorithm 1, we
have, ¢ := infses1>1 mo, (a*(s)]s) > 0.

Using Lemmas 7 to 9, we prove that softmax policy gradient
converges to an optimal policy at a O(1/t) rate in MDPs,
just like what we have seen in the bandit case:

Theorem 4. Let Assumption 2 hold and let {0,},>1 be
generated using Algorithm 1 with n = (1 — 7)3/8, ¢ the
positive constant from Lemma 9. Then, for all t > 1,

d

I

[
7.

169
* _ /7o, < 77 .
Vi(p) = V7™ (p) < 21— )t ‘

oo

As far as we know, this is the first convergence-rate result
for softmax policy gradient for MDPs.

Remark 3. Theorem 4 implies that the iteration com-

plexity of Algorithm 1 to achieve O(e) sub-optimality is
7\'* 2

S 4y 1

0(02(1_7)66 ‘ ;‘ ‘oo g )

€, is better than the results of Agarwal et al. (2019) for

), which, as a function of

(i) projected gradient ascent on the simplex (O (% .

)2
% ‘ ) ) or for (ii) softmax policy gradient with relative-
o0
112
entropy regularization (O(% . ’ dfT LO)). The im-

proved dependence on € (or t) in our result follows from
Lemmas 8 and 9 and a different proof technique utilized to

prove Theorem 4, while we pay a price because our bound
depends on ¢, which adds an extra dependence on the MDP
as well as on the initialization of the algorithm.

4. Entropy Regularized Policy Gradient

Agarwal et al. (2019) considered relative-entropy regulariza-
tion in policy gradient to get an O(1/+/t) convergence rate.
As they note, relative-entropy is more “agressive” in penal-
izing small probabilities than the more “common” entropy
regularizer (cf. Remark 5.5 in their paper) and it remains
unclear whether this latter regularizer leads to an algorithm
with the same rate. In this section, we answer this positively
and in fact prove a much better rate. In particular, we show
that entropy regularized policy gradient with the softmax
parametrization enjoys a linear rate of O(e™*). In retrospect,
perhaps this is unsurprising as entropy regularization bears
a strong similarity to introducing a strongly convex regular-
izer in convex optimization, where this change is known to
significantly improve the rate of convergence of first-order
methods (e.g., Nesterov, 2018, Chapter 2).

4.1. Maximum Entropy RL

In entropy regularized RL, or sometimes called maxi-
mum entropy RL, near-deterministic policies are penalized
(Williams & Peng, 1991; Mnih et al., 2016; Nachum et al.,
2017; Haarnoja et al., 2018; Mei et al., 2019), which is
achieved by modifying the value of a policy 7 to

V(p) = V™(p) +7-Hp,m), (15

where H(p, 7) is the “discounted entropy”, defined as

H(p, ) = E lz —~'log 7r(at|st)1 . (16)
t=0

so~p,ai~T(-]se),
se41~P(-|st,a¢)

and 7 > 0, the “temperature”, determines the strength of the
penalty.® Clearly, the value of any policy can be obtained
by adding an entropy penalty to the rewards (as proposed
originally by Williams & Peng (1991)). Hence, similarly
to Lemma 1, one can obtain the following expression for
the gradient of the entropy regularized objective under the
softmax policy parametrization:

Lemma 10. It holds that for all (s, a),

ovre(p) 1
00(s,a) 1—7v

~d7(s) - mo(als) - A (s,a), (17)

3To better align with naming conventions in information-theory,
discounted entropy should be rather called the discounted action-
entropy rate as entropy itself in the literature on Markov chain
information theory would normally refer to the entropy of the
stationary distribution of the chain, while entropy rate refers to
what is being used here.
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where A™ (s,a) is the “soft” advantage function defined as
A™(s,a) = Q™ (s,a) — Tlogmg(als) — V™ (s), (18)
Q™ (s,a) = r(s,a) +72’P(3'|s,a)‘~/”9(s'). (19)

4.2. Convergence Rates

As in the non-regularized case, to gain insight, we first
consider MDPs with a single state and v = 0.

4.2.1. BANDIT CASE

In the one-state case with v = 0, Eq. (15) reduces to maxi-
mizing the entropy-regularized reward,

max E [r(a) — 7logmy(a)].

20
0:A—R a~mg ( )

Again, Eq. (20) is a non-concave function of 6. In this case,
regularized policy gradient reduces to

d{w‘;r (r—7logmy)}
do

where H (my) is the same as in Eq. (6). Using the above
gradient in Algorithm 1 we have the following update rule:

= H(mg)(r — tlogmg), (21)

Update 2 (Softmax policy gradient, maximum entropy re-
ward). 041 < 0, +n - H(mp,)(r — 7logmy,).

Due to the presence of regularization, the optimal solution
will be biased with the bias disappearing as 7 — 0:

Softmax optimal policy. 7 := softmax(r/7) is the op-
timal solution of Eq. (20).

Remark 4. At this stage, we could use arguments similar
to those of Section 3 to show the O(1/t) convergence of Ty,
to k. However, we can use an alternative idea to show that
entropy-regularized policy gradient converges significantly
faster. The issue of bias will be discussed later.

Our alternative idea is to show that Update 2 defines a con-
traction but with a contraction coefficient that depends on
the parameter that the update is applied to:

Lemma 11 (Non-uniform contraction). Using Update 2
with ™y < 1, Vt > 0,

IGealls < (1= 70 mino, (@) - Gl (22)

-
where (; = 10, — 1 — 7(70‘;) 1.1

This lemma immediately implies the following bound:
Lemma 12. Using Update 2 with tn < 1, Vt > 0,

2(7101]| 00 + VVE

[[Gell2 <
tl2 exp {7_77 Zi;ll [mina o, (a)}}

(23)

Similarly to Lemma 5, we can show that the minimum
action probability can be lower bounded by its initial value.
c(r, K, ||01]lec) > 0,
> ¢ Thus,

Lemma 13. There exists ¢ =
such that for all t > 1, min,my,(a)

S0 [ming mo, (a)] > ¢+ (¢ —1).

A closed-form expression for c is given in the appendix.
Note that when 7 = 0 (no regularization), the result would
no longer hold true. The key here is that min, 7y, (a) —
min, 7X(a) > 0 as t — oo and the latter inequality holds
thanks to 7 > 0. From Lemmas 12 and 13, it follows that
entropy regularized softmax policy gradient enjoys a linear
convergence rate:

Theorem 5. Using Update 2 withn < 1/7, forall t > 1,

5 < 2000+ 1)?K/7

“exp{2tn-c-(t—1)} 24

where 6, == 7= (r — Tlog7*) — g, (r — logm,) and
¢ > 0is from Lemma 13.

4.2.2. GENERAL MDPs

For general MDPs, the problem is to maximize V™ (p) in
Eq. (15). The softmax optimal policy 7 is known to satisfy
the following consistency conditions (Nachum et al., 2017):

w2 (als) = exp { (@™ (s,0) = V™ (5)/7 | .
VTr(s) = TlogZexp {Q”i (s, a)/T}.

(25)

(26)

Using a somewhat lengthy calculation, we show that the
discounted entropy in Eq. (16) is smooth:

Lemma 14 (Smoothness). H(p, ) is (4 + 8log A) /(1 —
v)3-smooth, where A := | A| is the total number of actions.

Our next key result shows that the augmented value function
V'7e(p) satisfies a “better type” of Lojasiewicz inequality:

Lemma 15 (Non-uniform Lojasiewicz). Suppose p(s) > 0
for all state s € S. Then,

V™ () - - 3
> . 7T_,_ _ Uyl
|25 = co- [ -] . en
where
c(o) = \/\/? -msin w(s) -nslianﬂg(a\s) . ’ Z%; N

The main difference to the previous versions of the non-
uniform Lojasiewicz inequality is that the sub-optimality
gap appears under the square root. For small sub-optimality
gaps this means that the gradient must be larger — a stronger
“signal”. Next, we show that action probabilities are still
uniformly bounded away from zero:
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Lemma 16. Using Algorithm 1 with the entropy regularized
objective, we have ¢ := inf;>1 min, , g, (als) > 0.

With Lemmas 14 to 16, we show a O(e™*) rate for entropy
regularized policy gradient in general MDPs:

Theorem 6. Suppose j1(s) > 0 for all state s. Using Algo-
rithm 1 with the entropy regularized objective and softmax
parametrization and 1 = (1 — v)3/(8 + 7(4 + 8log A)),
there exists a constant C' > 0 such that for all t > 1,

1t+7logd  _ce-
(1—79)?

. N 1
7o) -7 < ]

The value of the constant C' in this theorem appears in the
proof of the result in the appendix in a closed form.

4.2.3. CONTROLLING THE BIAS

As noted in Remark 4, 7% is biased, i.e., 7 # 7 for fixed
7 > (0. We discuss two possible approaches to deal with the
bias, but much remains to be done to properly address the
bias. For simplicity, we consider the bandit case.

A two-stage approach. Note that for any fixed 7 > 0,
wx(a*) > w%(a) for all a # a*. Therefore, using policy
gradient with 7y, = 7, we have my, (a*) > ¢; > 1/K.
This suggests a two-stage method: first, to ensure 7y, (a*) >
max, 7y, (a), use entropy-regularized policy gradient some

iterations and then turn off regularization.

Theorem 7. Denote A = r(a*) — maxg£q+ r(a) > 0.
Using Update 2 for t; € O(e'/™ -log (T£1)) iterations and
then Update 1 for to > 1 iterations, we have,

(7% —mp,) "1 < 5/(C? - 1), (28)
wheret =t1 +to, and C € [1/K, 1).

This approach removes the nasty dependence on the choice
of the initial parameters. While this dependence is also
removed if we initialize with the uniform policy, uniform
initialization is insufficient if only noisy estimates of the
gradients are available. However, we leave the study of
this case for future work. An obvious problem with this
approach is that A is unknown. This can be helped by
exiting the first phase when we detect “convergence” e.g.
by detecting that the relative change of the policy is small.

Decreasing the penalty. Another simple idea is to de-
crease the strength of regularization, e.g., set 7, €
O(1/logt). Consider the following update, which is a slight
variation of the previous one:

Update3. 9t+1 — Tt (Qt +77t'H(7T9t)(T_Tt 10g7l'0t)).

Tt+1

The rationale for the scaling factor is that it allows one to
prove a variant of Lemma 11. While this is promising, the

proof cannot be finished as before. The difficulty is that
g, — 7* (which is what we want to achieve) implies that
min, 7, (a) — 0, which prevents the use of our previous
proof technique. We show the following partial results.
Theorem 8. Using Update 3 with 1, = % fort > 2,
where o« > 0, and n, = 1/7, we have, forall t > 1,

C -logt
exp{Zi;ll [min, 7y, (a)]}

(m* — Wgt)T’l" ,

S tl/a +

where C' := —Q(Tluel(!?zﬂ)ﬁ.

The final rates then depend on how fast min, 7y, (a) dimin-
ishes as function of t. We conjecture that the rate in some
cases degenerates to O(i‘l’%f ), which is strictly faster than
O(1/t) in non-regularized case when « € (0, 1) and is ob-
served in simulations in the appendix. We leave it as an

open problem to study decaying entropy in general MDPs.

5. Does Entropy Regularization Really Help?

The previous section indicated that entropy regularization
may speed up convergence. In addition, ample empirical
evidence suggest that this may be the case (e.g., Williams
& Peng, 1991; Mnih et al., 2016; Nachum et al., 2017;
Haarnoja et al., 2018; Mei et al., 2019). In this section,
we aim to provide new insights into why entropy may help
policy optimization, taking an optimization perspective.

We start by establishing a lower bound that shows that the
O(1/t) rate we established earlier for softmax policy gra-
dient without entropy regularization cannot be improved.
Next, we introduce the notion of Lojasiewicz degree, which
we show to increase in the presence of entropy regulariza-
tion. We then connect a higher degree to faster convergence
rates. Note that our proposal to view entropy regulariza-
tion as an optimization aid is somewhat conflicting with the
more common explanation that entropy regularization helps
by encouraging exploration. While it is definitely true that
entropy regularization encourages exploration, the form of
exploration it encourages is not sensitive to epistemic uncer-
tainty and as such it fails to provide a satisfactory solution
to the exploration problem (e.g., O’Donoghue et al., 2020).

5.1. Lower Bounds

The purpose of this section is to establish that the O(1/t)
rates established earlier for unpenalized policy gradient is
tight. To get lower bounds, we need to show that progress
in every iteration cannot be too large. This holds when we
can reverse the inequality in the Lojasiewicz inequality. To
this regard, in bandit problems we have the following result:

Lemma 17 (Reversed Lojasiewicz). Take any r € [0,1]%.
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Denote A = r(a*) — maxgzq+ (a) > 0. Then,

Using this result gives the desired lower bound:

dw;)r T
do

< (V2/A) - (7 — 7). (29)

2

Theorem 9 (Lower bound). Take any r € [0,1]%. For large
enough t > 1, using Update 1 with learning rate n; € (0, 1],

(7" —mg,) T > A%/(6-1). (30)

Note that Theorem 9 is a special case of general MDPs.
Next, we strengthen this result and show that the Q(1/t)
lower bound also holds for any MDP:

Theorem 10 (Lower bound). Take any MDP. For large
enough t > 1, using Algorithm 1 with n; € (0, 1],

(1-7)° (A7)
12t ’

where A* i= mingegs gza+ () {Q*(5,a*(s)) — Q*(s,a)} >
0 is the optimal value gap of the MDP.

VE () = V7o ()

v

€29

Remark 5. Our convergence rates in Section 3 match the
lower bounds up to constant. However, the constant gap is
large, e.g., K? in Theorem 3, and A? in Theorem 9. The gap
is because the reversed Lojasiewicz inequality of Lemma 17
uses /\, which is unavoidable when wy is close to . We
leave it as an open problem to close this gap.

With the lower bounds established, we confirm that entropy
regularization helps policy optimization by speeding up con-
vergence, though the question remains as to the mechanism
by which the improved convergence rate manifests itself.

5.2. Non-uniform Lojasiewicz Degree

To gain further insight into how entropy regularization helps,
we introduce the non-uniform Lojasiewicz degree:

Definition 1 (Non-uniform Lojasiewicz degree). A function
f: X = R has Lojasiewicz degree & € [0,1] if*

IVaf @), > Cla) - |f(z) = fa®)]7F, (32)
Vo € X, where C(z) > 0 holds for all x € X.

The uniform degree, where C'(z) is a positive constant,
has previously been connected to convergence speed in the
optimization literature. Barta (2017) studied this effect for
first-, while Nesterov & Polyak (2006); Zhou et al. (2018)
studied this for second-order methods. As noted beforehand,
a larger degree (smaller exponent of the sub-optimality) is
expected to improve the convergence speed of algorithms

*In literature (Lojasiewicz, 1963), C' cannot depend on z.
Based on the examples we have seen, we relax this requirement.

that rely on gradient information. Intuitively, we expect this
to continue to hold for the non-uniform Lojasiewicz degree
as well. With this, we now study what Lojasiewicz degrees
can one obtain with and without entropy regularization.

Our first result shows that the Lojasiewicz degree of the
expected reward objective (in bandits) cannot be positive:

Proposition 4. Let r € [0, 1]% be arbitrary and consider
0 — Eqn, [r(a)]. The non-uniform Lojasiewicz degree of
this map with constant C(0) = mg(a*) is zero.

Note that according to Remark 1, it is necessary that C'(6)
depends on 7y (a*). The difference between Proposition 4
and the reversed Lojasiewicz inequality of Lemma 17 is
subtle. Lemma 17 is a condition that implies impossibility
to get rates faster than O(1/t), while Proposition 4 says it is
not sufficient to get rates faster than O(1/t) using the same
technique as in Lemma 4. However, this does not preclude
that other techniques could give faster rates.

Next, we show that the FLojasiewicz degree of the entropy-
regularized expected reward objective is at least 1/2:

Proposition 5. Fix T > 0. With C(0) = /27 - min, mg(a),
the Lojasiewicz degree of 0 — By, r, [r(a) — 7log mg(a)]
is at least 1/2.

6. Conclusions and Future Work

We set out to study the convergence speed of softmax policy
gradient methods with and without entropy regularization
in the tabular setting. Here, the error is measured in terms
of the sub-optimality of the policy obtained after some num-
ber of updates. Our main findings is that without entropy
regularization, the rate is ©(1/t), which is faster than rates
previously obtained. Our analysis also uncovered an un-
pleasant dependence on the initial parameter values. With
entropy regularization, the rate becomes linear, where now
the constant in the exponent is influenced by the initial
choice of parameters. Thus, our analysis shows that entropy
regularization substantially changes the rate at which gra-
dient methods converge. Our main technical innovation is
the introduction of a non-uniform variant of the Lojasiewicz
inequality. Our work leaves open a number of interesting
questions: While we have some lower bounds, there remains
some gaps to be filled between the lower and upper bounds.
Other interesting directions are extending the results for
alternative (e.g., restricted) policy parametrizations or study-
ing policy gradient when the gradient must be estimated
from data. One also expects that non-uniform Lojasiewicz
inequalities and the L.ojasiewicz degree could also be put to
good use in other areas of non-convex optimization.
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Appendix

The appendix is organized as follows.

e Appendix A: proofs for the technical results in the main paper.

— Appendix A.1: proofs for the results of softmax policy gradient in Section 3.
* Appendix A.1.1: Preliminaries.
* Appendix A.1.2: One-state MDPs (bandits).
* Appendix A.1.3: General MDPs.
— Appendix A.2: proofs for the results of entropy regularized softmax policy gradient in Section 4.
* Appendix A.2.1: Preliminaries.
* Appendix A.2.2: One-state MDPs (bandits).
* Appendix A.2.3: General MDPs.
* Appendix A.2.4: Two-stage and decaying entropy regularization.
— Appendix A.3: proofs for Section 5 (does entropy regularization really help?).
* Appendix A.3.1: One-state MDPs (bandits).
* Appendix A.3.2: General MDPs.
* Appendix A.3.3: Non-uniform Lojasiewicz degree.

e Appendix B: miscellaneous extra supporting results that are not mentioned in the main paper.

e Appendix C: further remarks on sub-optimality guarantees for other entropy-based RL methods beyond those presented
in the main paper.

e Appendix D: simulation results to verify the convergence rates, which are not presented in the main paper.

A. Proofs
A.1. Proofs for Section 3: softmax parametrization
A.1.1. PRELIMINARIES

Lemma 1. Consider the map 6 +— V™ (1) where § € RS> and 7y (-|s) = softmax(6(s, -)). The derivative of this map
satisfies
ovre(u) 1
d0(s,a) 1—n

-dy’ (s) - wo(als) - A™ (s, a).
Note that this is given as Agarwal et al. (2019, Lemma C.1); we include a proof for completeness.

Proof. According to the policy gradient theorem (Theorem 1),

Vo _ 1 mo(als") sy
00 o 1_’73'529 [Z 90 Q (S,a) .

a

For s’ # s, 8%%2'3/) = 0 since my(al|s’) does not depend on 6(s, -). Therefore,

V™ (1) 1 o dmo(als) -
905, ) Ty W) [ ” o0(s,) (S7a>]

-t (5) e

= ——d;"(s) - H(mo(:|5))Q™ (s, ). (using Eq. (6))
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Since H (7 (+|s)) = diag(mg(:|s)) — mg(:|s)mg(:|s) ", for each component a, we have

3Vﬂ9(,u) _ 1 -d;e(S) '7T9(Cl| ) Q'”@ s a Zﬂ'a a| Qﬂ'e 3 Cl)

00(s,a) 1—7
T ) el Q7 ) V)] Gusing VI (s) = X, molals) - QT (5. a)
1% a7 (s) - mo(als) - A™ (s, a). 0

A.1.2. PROOFS FOR SOFTMAX PARAMETRIZATION IN BANDITS
Proposition 1. On some problems,  — E,, [r(a)] is a non-concave function over R,

Proof. Consider the following example: r = (1,9/10,1/10) T, 6; = (0,0,0) T, mp, = softmax(6;) = (1/3,1/3,1/3)7,
02 = (In9,In16,1n25) T, and 7y, = softmax(fz) = (9/50, 16/50,25/50) . We have,

l(ﬂTr—Fﬂ'TT)—l g+@ 1777 14216
2 \'h 920 =9 \3 " 500/ ~ 3000 24000

On the other hand, defining § = 3 - (61 + 62) = (In3,1n4,1n 5)" we have 7; = softmax(f) = (3/12,4/12,5/12) " and
- 71 14200

0" 7 120 ~ 240007
Since § - (w7 + mg,7) > 7, 7, 0 > Eqor,(.) [r(a)] is a non-concave function of 6. O
Lemma 2 (Smoothness). Let 7y = softmax(6) and 7 = softmax(6’). For any r € [0,1]%, 6 T4 1 is 5/2-smooth, i.e.,

dw;)'— r
do

5
(mor 77T9)T7“7< ,9’9>‘ <210 - 013

Proof. Let S := S(r,0) € RE*X be the second derivative of the value map 6 + 7r(,T r. By Taylor’s theorem, it suffices to
show that the spectral radius of S (regardless of r and 6) is bounded by 5/2. Now, by its definition we have

_d dﬂ;’l"
S‘d@{ do }

d
= 7 {H (7)1} (using Eq. (6))

= (diag(mg) — mnrg)r}.

Continuing with our calculation fix 4, j € [K]. Then,

df{mg (i) - (r(i) —mg 1)}
do(3)

(r(0) = mg ) + o (4) -

Sl',j =
_ dm(i) d{r(i) — =, r}
do(j) do(j)
= (870 (j) — mo(i)mo(5)) - (r(d) — mg 1) — wo(d) - (wa(j)r(j) — wo(j)mq 1)
= 6iimo(§) - (r(i) — w4 r) — ma(i)mo(j) - (r(i) — my v) — mo(i)mwo(j) - (r(j) — my 1),

where
1, ifi=j,

0;; = 33
/ {O, otherwise (33)
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is Kronecker’s d-function. To show the bound on the spectral radius of .S, pick y € R¥. Then,

K K
Syl =D Siu(y()

i=1 j=1

= Zﬂ'@ —7r97“ —22779 —71'97" Zﬂ'g

= |(H o) (yoy) —2- (Hmr) y- (x] y)\
1H o)r oo - Iy © ylly +2- 1H @)l - [yl - 1oy - 9o

IN

where ©® is Hadamard (component-wise) product, and the last inequality uses Holder’s inequality together with the triangle
inequality. Note that ||y © y|l1 = ||ly|13, [|7ell1 = 1, and ||y||ec < ||y|2- For i € [K], denote by H,; .(mp) the i-th row of
H(mp) as a row vector. Then,

15y, (mo) |y = mo (i) — w0 (6)* + mo(i) - Y ma()
J#i

= 770(7;) — Wg(i)Q + W@(i) : (1 - 7T9(’i))
=2-mp(i) - (1 — 7p(i))
<1/2. (using that « - (1 — ) < 1/4 holds for z € [0,1])

On the other hand,
1H (7o), = Zm) (i) —mg 7|

< max |r(z) — Ty r|
T

IN
—

(using € [0,1]%) (34)
Therefore we have,

v S(r,0)y| < |H (mo)r|l oy - Iwll5 +2 - [ H (mo)rll, - Iyl
= max|(Hy, (mo)) 7| Iyl + 2+ | H (ro)rl -yl
< max || Hii (1) | - 17l - llyll3 +2- 1 lyll3
<(1/2+2) lylls = 5/2- |lyll3, (35)

finishing the proof. O

Lemma 3 (Non-uniform Lojasiewicz). Assume r has a single maximizing action a*. Let 7* = arg max 7' r, and
mg = softmax(6). Then, for any 0,

When there are multiple optimal actions, we have

where A* = {a* : r(a*) = max, 7(a)} is the set of optimal actions.

dw;)'— r
do

> mg(a*) - (7 —mg) 7.
2

drgr
de

2o [ > m(cm] @ =)

a*eA*
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Proof. We give the proof for the general case, as the case of a single maximizing action is a corollary to this case. Using the
expression we got for the gradient earlier,

drgr
do

> < > [ma”) - (r(a”) —7757“)]2>
2 Py

! Z mp(a”) - (r(a®) — W;—T) (by Cauchy-Schwarz)

\ |‘A*| a*€A*
= %Aﬂ . l Z Wg(a*)] (m* =) T O

a*eA*

>

For the remaining results in this section, for simplicity, we assume that A* = {a*}, i.e., there is a unique optimal action a*.
Lemma 4 (Pseudo-rate). Let my, = softmax(6;), and ¢, = min;<s<; mg, (a*). Using Update 1 with n = 2/5, forall ¢ > 1,
(m* —mg,) T r < 5/(t-c2), and
T
Z(W*—Wgt)TT‘Smin{\/5T/CT, (510gT)/02T+1}. (36)

t=1

Proof. According to Lemma 2,

< =101 — 613,

Ao

which implies

5
ﬂézrfﬂgTHlT’S*< 6, 79t+170t>+1'”0t+179t|‘§

2 2

drg v 5 dmgr i dmg T
=-n: d;t 1 2. dZt (using 11 = 0 + 1 —55—)
Eoll bl
1 dTl’JﬁT ) o5
=5 ||, (using n = 2/5)
1
<~z - [mo (@) - (" —m0,) 7] (by Lemma 3)
Ct2 * T 2 st
< -5 (7" —m,) '], (by the definition of ¢;) (37)
which is equivalent to
* T * T C% * T 12
(7" —mg,,,) 17— (7" —mp,) T < % [(7* —mg,) 1] (38)
Let §; = (7% — 7y, ) "r. To prove the first part, we need to show that §; < C% : % holds for any ¢ > 1. We prove this by

induction on t.

Base case: Since 0; < 1 and ¢; € (0, 1), the result trivially holds up to ¢ < 5.

Inductive step: Now, let ¢ > 2 and suppose that §; < C% . % Consider f; : R — R defined using f;(z) =z — % -x2. We

t
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have that f; is monotonically increasing in [0, 2i2 ] Hence,
r+1 < fe(6r) (by Eq. (38))
5 1
Sft(g') (u51ng5t_7 %S 2 t22)
Cy t i Ct
) 1 1
2\t 2
5 1
<5
c; t+1
o ! (usi > > 0) (39)
- using ¢; > ¢
2ot 86t =

which completes the induction and the proof of the first part of the lemma.
For the second part, summing up §; < % . % < % . %, we have

T

5logT
Z T —my,) Tr< og + 1.
t=1 cr

On the other hand, rearranging Eq. (38) and summing up 67 < c% (0 — 0p11) < c% (64 — 0py1) fromt =110 T,
t T

T

0 <
t=1

IA Il
qﬁw‘ at »ﬂﬁm‘ at HON)‘ at

>

|
[«

~

Jr
-

(since dp41 > 0,01 < 1)

Therefore, by Cauchy-Schwarz,

E

IN

T T T
Z(W*—Wgt)—rr:z&ﬁﬁ- Zé?
t=1 t=1 t=1

Lemma 5. For ) = 2/5, we have inf;>1 7, (a*) > 0.

Proof. Let

and

A=r(a")— rr;ai(r(a) >0

denote the reward gap of . We will prove that inf;>; g, (a*) = min;<;<y, 7, (a*), where tq = min{t : mp, (a*) > -5}
Note that ¢y depends only on ¢; and ¢, and ¢ depends only on the problem. Define the following regions,

dr ] r dr]r
—10: 6 > [ *
R { W) = do(a) 7 }

Ro ={0:mp(a”) > my(a), Va #a*}
N, = {9:7rg((1*)> c—|—1} .

‘We make the following three-part claim.

o
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Claim 1. The following hold:

a) Ry isa “nice” region, in the sense that if 0y € R then, with any n > 0, following a gradient update (i) 6;41 € R1 and
(ii) 7y, , (a*) > my, (a*).

b) We have Ry C Ry and N. C R.

¢) Form = 2/5, there exists a finite time to > 1, such that 0y, € N, and thus 0,, € R1, which implies that inf;>1 mp, (a*) =

min; <¢<¢, 7, (a*).

Claim a) Part (i): We want to show that if §, € Ry, then 6;11 € R;. Let

dm/r dr]r
R =40: 0 > 0 .
=0 ey 2 G |
Note that Rq = Ngxq+R1(a). Pick a # a*. Clearly, it suffices to show that if 8, € R;(a) then 6,11 € R1(a). Hence,
suppose that 6; € R;(a). We consider two cases.

Case (a): mp, (a*) > g, (a). Since g, (a*) > mp, (a), we also have 6;(a*) > 0;(a). After an update of the parameters,

. . dwetr
Or1(a”) = 0e(a”) +1- d6,(a")
> g dwé:r
2 0u(a) +1- db,(a)
= 9t+1(a)a

which implies that g, ., (a*) > 7, , (a). Since (a*) — wgtHr > 0 and r(a*) > r(a),

To,,, (a*) - (r(a*) — W;Hr) > T, (a) - (r(a) — 7T(;|;+l’f‘) ,

dm 9 dm 9
which is equivalent to - tl(; 5 2 @ ;1(1(1), ie, 011 € Ri(a).

Case (b): Suppose now that 7y, (a*) < mp, (a). First note that for any 6 and a # a*, § € R1(a) holds if and only if

* Wg(a*)) * T
r(a*) —r(a) > (1— -(r(a™) —my ) . 40)
@)=l > (1= D) (o)~ ] )
Indeed, from the condition :&i 52 dega 7 we get

mo(a™) - (T(a*) — r) > mo(a) - (T(a) - 7T9T’I“)

=mg(a) - (r(a*) = mg ) — mo(a) - (r(a*) —r(a)),

which, after rearranging, is equivalent to Eq. (40). Hence, it suffices to show that Eq. (40) holds for 6,1 provided it holds
for 6;.

From the latter condition, we get

r(a*) —r(a) > (1 —exp {0 (a*) — O(a)}) - (r(a*) — 77;/") .
After an update of the parameters, according to the ascent lemma for smooth function (Lemma 18), 77(; = 77(; r,ie.,
) T

0<r(a*) —my, ,r<r(a") —71'(;27“

On the other hand,

Or+1(a”) — Ory1(a) = 01(a”) +n -
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which implies that

1 —exp{fit1(a*) — Oiy1(a)} <1 —exp{b:(a*) —O(a)}.

Furthermore, by our assumption that 7y, (a*) < 7y, (a), we have 1 — exp {6;(a*) — 0:(a)} =1 — 7;9; ((a;)) > 0. Putting
things together, we get l

(1 —exp{0i11(a”) — Or11(a)}) - (T(a*) - W;HT) < (1—exp{i(a*) — O(a)}) - (r(a*) — mg,r)
<r(a*) —r(a),

which is equivalent to

(1- 280 ()~ 7)< i) vl

7T9t+1 a

and thus by our previous remark, 6,1 € R1(a), thus, finishing the proof of part (i).

.. : . dmg,
Part (11): Assume again that 6, € R;. We want to show that 7y, , (a*) > mp,(a*). Since 6; € R, we have % >

dﬂ'e
Yt
,(a) Ya # a*. Hence,

T (Cl*) _ exp {0t+1(a*>}
B 2o exp{fii1(a)}

« dﬂthr
exp ¢ 0¢(a”) + 1 e
- dfrgfr
Za exp ¢ 0:(a) +n- a0 (a)
% dTr(;rtr
exp § 0(a”) + 1 i
dm r
>aexp0i(a) + 1 ggtty

C) 4 71C00) S
S.expib(a)y

d'rr(9

T 7,
2 (using de (a X AOL

Claim b) We start by showing that Ro C R ;. For this, let § € R, i.e., mg(a™) > my(a). Then,

dwgr _ N N T

a0(a") = mp(a™) - (r(a ) — g r)
> mo(a) - (r(a) —my 1) (using r(a*) — 7§ r > 0 and r(a*) > r(a))
B drgr
~ df(a)’

Hence, 0 € R; and thus R, C R; as desired.

Now, let us prove that V. C R;. Take 6 € N,.. We want to show that € R. If § € Ry, by Ro C Ry, we also have that
6 € R1. Hence, it remains to show that § € R holds when § € N, and § € R..

Thus, take any 6 that satisfies these two conditions. Pick a # a*. It suffices to show that § € R;(a). Without loss of
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generality, assume that a* = 1 and a = 2. Then, we have,

7TT7" 7TT7‘ 7TTT 7TTT
dde(Z*) - Zlie(ea) = ;le(el) - 39(62) = 71-9(1) : (T(l) - WJT) — 7T9(2) . (7“(2) — 71';—7")

K
=2-my(1)- (r(1) — WJT) + Zm(i) (r(i) - W;—r) (see below)
i=3
= (2 ~mp(1) + Zﬂ'g(i)) (r(l) - 7Tg—7“) - Zﬂ'g(l) (r(1) —r(2))
zI—<3 z}—(S
> (2 (1) + Zﬂ'e(i)) (r(1) —mgr) — Zﬂ'@(i)
zl_(B A p =3
> (2-7@(1)—1—2779(@')) -E—Zﬂe(i), 41)
i=3 i=3

where the second equation is because

m9(2) - (r(2) —mg ) + Zm(i) (r(i) =g r) =0,

i#2
the first inequality is by 0 < r(1) — r(i) < 1 and the second inequality is because of

K
r(1) — WJ’/‘ = Z?T@(i) -r(l) — Zﬂ'o(i) -1r(1)

=2
K
> ;ﬂ'g(i) A > gr;éaﬁ{ﬂg(a)} A
> % (using mg(a*) < maxqq+{mo(a)}, maxgzq-{mo(a)} = max.{mg(a)} > &)

Plugging ZZK:?’ (i) = 1 — mp(1) — mp(2) into Eq. (41) and rearranging the resulting expression we get

dwg r dwg T

i)~ oty 20 (1 )~ (1 %) o (- %)

> my(2) - (1 - IA() >0, (using 8 € N, i.e., mp(1) > ¢/(c+ 1))

which implies that @ € Rq(a), thus, finishing the proof.

Claim ¢) We claim that 7y, (a*) — 1 as t — oo. For this, we wish to use the asymptotic convergence results of Agarwal
etal. (2019, Theorem 5.1), which states this, but the stepsize there is < 1/5 while here we have n = 2/5. We claim that
their asymptotic result still hold with the larger 7. In fact, the restriction on 1 comes from that they can only prove the ascent
lemma (Lemma 18) for 77 < 1/5. Other than this, their proof does not rely on the choice of 7. Since we can prove the ascent
lemma with 7 < 2/5 (and in particular with 7 = 2/5), their result continues to hold even with n = 2/5.

Thus, 7, (a*) — 1 as ¢ — oo. Hence, there exists to > 1, such that 7, (a*) > f5 , which means 6;, € N. C R;.
According to the first part in our proof, i.e., once 0 is in Ry, following gradient update 6,1 will be in R4, and 7, (a*) is
increasing in R4, we have inf; mg, (a*) = min;<;<y, mg, (a*). to depends on initialization and ¢, which only depends on
the problem. O

Proposition 2. For any initialization there exist ¢y > 1 such that for any ¢ > ¢, t — 7p, (a*) is increasing. In particular,
when 7y, is the uniform distribution, ¢y = 1.
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Proof. We have to = min{t > 1 : mp, (a*) >
t > to, t — mp, (a*) is increasing.

Cf_l , where ¢ = % . (1 - %) in the proof for Lemma 5 satisfies for any

Now, let §; be so that 7, is the uniform distribution. We show that ¢ty = 1. Recall from Claim 1 that R is the region where
the probability of the optimal action exceeds that of the suboptimal ones and R; is the region where the gradient of the
optimal action exceeds those of the suboptimal ones and that Ro C R;. Clearly, #; € R and hence also ; € R;. Now, by
Part a) of Claim 1, R is invariant under the updates, showing that ¢y = 1 holds as required. O

Theorem 2 (Arbitrary initialization). Using Update 1 with ) = 2/5, forall ¢ > 1,
(m* —mg,) T r < 1/(c* - 1),
where ¢ = inf;>1 g, (a*) > 0 is a constant that depends on  and 61, but it does not depend on the time .
Proof. According to Lemmas 4 and 5, the claim immediately holds, with ¢ = inf;>q g, (a*) > 0. O
Theorem 3 (Uniform initialization). Using Update 1 with n = 2/5 and 7y, (a) = 1/K, Va, forall t > 1,
(m* —mp,) ' < BK?/t, and

T
3 (" —m,) T < min {K\/5T, 5K2log T + 1}.
t=1

Proof. Since the initial policy is uniform policy, 7, (a*) > 1/K. According to Proposition 2, for all t > t; = 1,

t — mp,(a*) is increasing. Hence, we have 7, (a*) > 1/K, ¥t > 1, and ¢, = minj<<¢ 7, (¢*) > 1/K. According to
Lemma 4,

5 1
* < =
(7T 779t) > Ct2 rE
we have (7% — mp,) 'r < 5K?2/t, ¥t > 1. The remaining results follow from Eq. (36) and ¢z > 1/K. O

Lemma 6. Let (1) > r(2) > r(3). Then, a* = 1 and inf;>; 7, (1) = min; <4<y, mg, (1), Where

7o, (1) r(2) —r(3)
0,(3) — 2 (r(1) - r<2>>} '

In general, for K-action bandit cases, let (1) > r(2) > --- > r(K), we have,

S mol) 00 —rG) ).

tO:min{t21:

tozmin{t21:ﬂ9(1)> , foralli € {2,3,... K

- 2 (r(1) = (1))

Proof. 3-action case. Recall the definition of R; from the proof for Lemma 5:

T T
R1:{92 d71'97“ Zdﬂer,Va;«éa*}.

By Part a) of Claim 1, it suffices to prove that § € R;. Thus, our goal is to show that any 6 such that ”9513 > 7("(?}) T(i’;))

(1) ~ _r(2)=r(3)
is in fact an element of R ;. Suppose o3 2T GOEIO)E There are two cases.

L 1) r(2)—r(3
Case (a): If 9%3) > w, then we have,

r(2) = mgr = —mp(1) - (r(1) = r(2)) + 7o (3) - (r(2) —7(3)

~—

=m(3) - (r(1) =r(2) - |- +

(7r9(1) > 7(2)—r(3) )

<0 o > T

i
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which implies,

>0-0=0. (r(1) —mgr > 0)
Note that since (1) > 7, r, and r(3) < 7, r, we have

It I 1) - (r(1) — ) — ml) - (r3) — 7 7)

>0-0=0. 42)

dﬂ';r’l‘
do(2)

.
Therefore we have %E}l; > and %(1; > Zg(egr ie.,0 € Ry.

Case (b): If T?i) Tﬁ‘?))) < ”Eg < gg::gg,then we have,

A(r() —mir) + (r(3) - WeTT)] (G2 = somaey)

where the second equation is according to
(1) - (r(l) — Tr(;rr) + 7o (2) - (r(2) — Tr(;rr) + mo(3) - (r(3) — ﬂ'gTT) = WJT — 7T‘;r7" =0,

and the second inequality is because of

=mp(2) - (r(1) = r(2)) + mp(3) - (r(1) —7(3))
= (m6(2) +m(3)) - (r(1) —7(2)) + m(3) - (r(2) —7(3))
> (r0(2) + 7(3) - (-(1) = r(2)) + (1) - (1) — £(2) () < r-r),
=r(1) —r(2),
and the last inequality is from
mo(1) | r(2) —7(3)
2) —mgr=mg(3) - (r(1) —r(2)) - |-
7”( ) T T 7T9( ) (’I"( ) T( )) 71_0(3) + T(].) —7’(2)
mo(1) _ 1(2)—r(3)
> 0. @ < rD=r@)
Now we have ngz; >3 ) According to Eq. (42), we have 32?23" > 32(937)" Therefore we have § € R .
K-action case. Suppose for each actioni € {2,3,... K — 1}, mp(1) > Z#l"’; ’&:(91()]2;(6()3)40)). There are two cases.

Zj;él,j¢-; 7o (5) (r(i)—7(j5))

Case (a): If mp(1) > D=0 , then we have,

r(i) = mgr=—mp(1) - (r(1) = r(@) + D m(j)- (r(i) — (7))
AL

5y 70 G)-(r(D)=1(5)
<0, (mp(1) > =R )
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which implies, for all i € {2,3,... K — 1},

dwg
do(1)

<

dmgr - . ) T
T mo(1) - (r(1) —mgr) — mo(i) - (r(i) —mg r)

>0-0=0. (r(1) —mgr > 0)

Similar with Eq. (42), since 7(1) > 7, r, and 7(K) < 7, r, we have

drgr  dmgr _ mo(1) - (r(1) = mg 1) — mo(K) - (r(K) — 74 7)
do(1)  do(K) "° ? ’ ’

>0—-0=0. (43)

dw{;rr > dﬂ'g’l‘

Therefore we have OOk foralli € {2,3,...K},ie.,0 € Rq.

Case (b): If Z#I’jf(:(el(ﬁ}(&()?_T(j)) < mp(l) < Z#I’#;a&)(g((;(i)_T(j)),then we have, forall i € {2,3,... K — 1},

Tl T
30?1) - fl@?i) =my(1) - (r(l) — W;—r) — (%) - (r(z) — wgr)

=2 mp(1) - (r() —mr) + > weli) - (r(G) — g )

J#Lj#i
D12 ™0() - (r(i) = r(j)) : :
R e s (W =m )+ Y m) - () =)
i#Li#
(mp(1) > Zazrage el GOTTOD g (1) — 7 > 0)
2z ™0 () - (r(@) —r(5)) ‘ : .
> Zitlis Tl =)+ Y ml) - (1) — 7 r)
s
(Z#l’j#i?f)(jl((;)(l)_r(m > mp(1) > 0 and see below)

= > m(i)- (r(@) —mgr) 20,
J#LIFL
where the second equation is according to
mo(1) - (r(1) —mg 1) + ma(i) - (r(i) —mg ) + Z mo(j) - (r(j) —mgr) =mgr —myr =0,
J#LI#L

and the second inequality is because of

r(1) =g r=m(i) - (r(1) —r(@) + Y mwo(j) - (r(1) = r(5))

J#L G
=Y M) (W) —r@)+ Y M) - (1) ()
J#1 J#L i
> mol) - (r(1) = (@) + wo(1) - (r(1) = r(d) (Bt 0O 5 (1))
J#1
= (1) = (i),

and the last inequality is from

r(i) —mgr = —mg(1)- (r(1) = (D) + Y mo(j) - (r(i) = r(j))
AL

Z;’ A T (3)-(r(i)—r(3))
>0. (mp(1) < SEMZEE—)

Now we have Zgé; > %i; foralli € {2,3,... K — 1}. According to Eq. (43), we have Zgég > jg(%(r). Therefore we
have 6 € R,. O
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A.1.3. PROOFS FOR SOFTMAX PARAMETRIZATION IN MDPs

Lemma 7 (Smoothness). V™ (p) is 8/(1 — v)3-smooth.

Proof. See Agarwal et al. (2019, Lemma E.4). Our proof is for completeness. Denote 6, = 6 + au, where o € R and
u € R%4 Forany s € S,

8779 a| 8779 a| 084
; a=0 Z ’ a:O’ (905>’
Z’ 871'9 a\ ‘
Since% =0, for s’ # s,
87?9 Z’ 87r9 a|
5~ [0, al) )
= Zwe als) - |u(s,a) 77r9(~\s)—ru(s,~)|
< max|u(s, a)| + [mo(:[s) "u(s, )| < 2 [lullz. (44)
Similarly,
0?mp, (als) B 0 [ Omg,(als) 06,
; 0a?  la=o| ; <89a{ O } a207%>

a=0 0o’ Do

0?7y, (als)
:za: < g)ag
- T |G e )|

Let S(a,0) = Bagfi((fl)) € RAXA i, j € [A], the value of S(a, ) is,

g O{diamo(als) — mo(als)my(i]s)}
" 90(s, 7)

= dia - [0jamo(als) — mo(als)ma(j]s)] — mo(als) - [6ijme (i]s) — mo(i|s)me(jls)] — ma(ils) - [djama(als) — mo(als)mo(jls)],

where the § notation is as defined in Eq. (33). Then we have,

*mg(als A A
‘<%u(s7)7u(s,)>’ = ;g iu(s,9) (s,7)

= 7o (als) - ‘u(& a)? —2-u(s,a) - mo(-|s) "uls,) = mo ()" (u(s,) ©uls, ) + 2 (mo(-]s) uls, ~))2‘ :

Therefore we have,

02
z] e (0ls)

9o 39>‘

2

Y < max {u(s,a)® +2- |u(s,a) - mo(-|s) Tuls, )|} + mo(:|s) " (u(s,) ©uls,")) + 2+ (ma(-[s) "u(s,"))

< luls, Mz + 2 lluls, M3 + lluls, )3 +2 - luls, )13 < 6 [lul3. (45)

Define P(a)) € RS*%, where ¥(s, s'),

Zm; (als) - P(s'|s, a). (46)
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The derivative w.r.t. o is

E

-y {37@& (als)

/
oe=0:| sy o da a=0:| P(lsa).

For any vector z € R, we have

[apm)

20 azox] ZZ {am) azo] P(s'|s,a) - 2(s).

The /., norm is upper bounded as

OP(«) Ome,, (a]s)
H Ga |_,T|| = max ZZ [ o - P(s'|s,a) - x(s")
oo, (als)
< msax;z?(s’\s,a) |ormetel)] L
Omg,, (als
= 30 || L
<2 flullz - 12 o (by Eq. (44))
Similarly, taking second derivative w.r.t. o,
0?P() 0?1y, (als) ,
[ da? a—o} (5) Ea: { da? a—O} Plelea)

The /. norm is upper bounded as

%P (a o%m ,
R RS 3 ol R IR SR
0“mg (als
< 3P| STl e
0°my (als
. T
<6 Jull3 - |2/ - (by Eq. (45))

Next, consider the state value function of 7, ,
Ve (s) = > g, (als) - r(s,a) +7 Y mo,(als) Y P(s']s,a) - Ve (s'),
a a s’

which implies,
V™ (s) = e] M(a)rg
where
M(a) = (Id = yP(a) ",

and rg, € R® for s € S is given by

s) = nga (als) - r(s,a).

(47)

(48)

(49)

(50)
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Since [P(«)] >0,V(s,s'), and

(s:8")

M(a) = (Id - yP(a))" =) 7' [P()]',
t=0

we have [M(a)] 4 oy = 0, ¥(s, s). Denote [M(a)]; . as the i-th row vector of M (cr). We have

s,s’

1 1

which implies, Vi,

1
|, = DM@y =
Therefore, for any vector x € RS,
|M ()2l = max]|[M ()], 2]
< max||(M(@),.| - 2l
- = Il (51)

According to Assumption 1, (s, a) € [0, 1], ¥(s, a). We have,

<1. (52)

70, |l oo = max [ro., (s)| = max

S 7o, (als) - (s, a)

Since % =0, for s’ # s,

[ 0re.(s)\ " 90
AN da

(o)

= |(H (o, Cls)) s ) T (s, )|
< |[H (o, (+[8)) (s, )l - lJuls, )l -
Similarly to Eq. (34), the /1 norm is upper bounded as
1 (0, (-15)) (s, )y = Y _ ma.(als) - [r(s,a) = ma, () Tr(s, )]
< max |r(s, a) —mg, (-|s) Tr(s, )‘
<1. (since r(s,a) € [0,1])

Therefore we have,

max‘w

s Oa

8119@
Oa

< max [ H (mg, (-[5)) (s, )l - [lu(s, )]l

< Jull2- (53)
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Similarly,

827“9a

02y, (s)
T Oa?

B 9 fIre () 9
~ 00, U 0a o

(a%«ga (5) 004 ) T 90,
= max

p 002 da ) oo
2 . T .
= msaX u(s, .)Ta {7T‘950(a|(58)7 .)7‘2({9’ )}U(S, )‘
<5/2- [lu(s, )13 < 3 [ull3. (by Eq. (35)) (54)

Taking derivative w.r.t. a in Eq. (49),

OV (s) T OP(a) T ro,,
aa —’Y@SM(CE) aa M(oz)m)a—l—esM(a) 80&
Taking second derivative w.r.t. «,
D?VTea () 5 T OP(a) OP(a) T 0?P(a)
T - 27 “€g M(O[) do M(Oé) Ao M(O[)’I"ga + Y €s M(Oé) aag M(Oé)?”ga
OP(a) Org 0?ry
. T (23 T (23
+2v-e;, M() 5o M(a) 50 +e, M(a) Sz (55)
For the last term,
0%r 8%r
T (2% 0o
< NI
T N IR AOEC N
1 827"9
<. o .
<1 ’ 507 Lo (by Eq. (51)
3
<15 Jull3- (by Eq. (54)) (56)
For the second last term,
OP(a) Ore OP(a) Ore
T (3 < (3
¢s M() Oa M(a) Oa la=0| ~ HM(Q) Oa M(a) da la=0||
1 OP(«) Ory,,
< [Fu@ %] | (by Eq. (51)
2 fJull2 Org
< . o .
<7 |M (@)% 1, N (by Eq. (47))
2 lull2 ||Ore
< . o Eq. (51
= e s NN (by Eq. (51)
2 |ull2 2 >
< Nulla = - Nu|5- (by Eq. (53)) (57)
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For the second term,

Tu@ artare,| | < i@l s |
< ﬁ ' ’ 825(ZQ)M (@)ra, a—OHm (by Eq. (51))
6 Jlully HM(oz)Tga H (by Eq. (48))
1—7 a=0lloo
< 2B L (by Ea. (51)
< (1_67)2 ull3 (by Eq. (52) (58)
For the first term, according to Eq. (47), Eqs. (51) and (52),
Tyt 2o 25 ar .| _ | < s 25 ar) 2 arcaya ||
< L.Q.HUHTL.Q.HUHQ.L.1
1—7v 11— 11—+~
= = Il (59)
Combining Egs. (56) to (59) with Eq. (55),
% eSS e;rM(a)a};((f)M(a)agia)M(a)rga'a0‘ by ejM(a)%M(a)raa M’
42y e;rM(a)aJ;iS)M(a)% R eZM(a)a(;;o; -
< (0 it e )
<5 _87)3 lul, (60)
which implies for all y € RS4 and 6,
R - ‘( v )T o (2 )’ B
262 [vll2 062 yll2
< max (020 g
= o (5O G ) i
 Jullazt <% {W} ‘a:o’ aa%>’ -yl
= max 82‘2;; g a_o‘ I3
< (1_87)3 -l (by Eq. (60)) ©1)
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Denote 8 = 6 + £(6' — 0), where £ € [0, 1]. According to Taylor’s theorem, Vs, V6, ¢’,

ovre(s) 1 / T PV ()
T _Y/Te _ _ - . _ -\ —
VT () = VT (s) = (g0 = 0)| = 5 - |0 =) (=9
4
< —— |0 — 0|3 (by Eq. (61))
(1 . 7)3 H ||2 y Eq
Since V™ (s) is 8/(1 — v)-smooth, for any state s, V™ (p) = E,, [V™(s)] is also 8/(1 — )3-smooth. O

Lemma 8 (Non-uniform Lojasiewicz). Let 7y (+|s) = softmax(6(s,)), s € S and fix an arbitrary optimal policy 7*. We
have,
—1

1 minmo(a”(9)]s) - [V*() = V™ ()],

>
2 VS

where a*(s) = arg max, 7*(a|s) (s € S). Furthermore,

.
dy

oV (u) dp
47

00

-1
V™ (1) 1 dj [ . _
> = gm|| min 3o me@()ls)| - [Vi(e) = V(o)
0 S
09 2 SA || dy 00 a(s)eA™o (s)
where A7 (s) = {a(s) € A: Q™(s,a(s)) = max, Q" (s, a)} is the greedy action set for state s given policy .
Proof. We have,
ovew| v (w\*|”
00 00(s,a)

1

(i Y]

> 75 %ot )

MM

o
3

<12 - fl2)

= [(1,

1 1 - x
=1 75 Z ’du"(s) ~mo(a*(s)|s) - A7 (s, a*(s))| (by Lemma 1)
1 1
=— = Zdﬁe(s) ~mg(a*(s)|s) - [A™(s,a™(s))|.  (because d};?(s) > 0 and mg(a*(s)[s) > 0)
-7 V52
Define the distribution mismatch coefficient as d”% = maxg dg E ; We have,
oV (1) 11 die(s) -
PO . dTr . * . Aﬂ'g *
|70 2 T BT ey ) o ) A s o)
oy -1
1 1 d;r us us
ZE—S ¥ m1n7r9 (s) Zd ) - |A™(s,a*(s))]
) ) P
p o
=1
dﬂ'
= % . Hd%g .msinm(a*(s)|s) 1% d7T Z’R’ (als) - A™ (s, a)
) T
=—— |- min s)|s) - [V* e
V5 |4 | o(a”(s)ls) - [V*(p) (p)]
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where the one but last equality used that 7* is deterministic and in state s chooses a*(s) with probability one, and the last
equality uses the performance difference formula (Lemma 19).

To prove the second claim, given a policy , define the greedy action set for each state s,

A7 (s) = {a(s) e A:Q"(s,a(s)) = mng”(s,a)} .

By similar arguments that were used in the first part, we have,

8‘/79(;1,) avﬂe
hy-Sch
H 00 s VSA Z’ 90(s,a) (by Cauchy-Schwarz)
1
- . dy’( mo(als) - [A™ (s, a by Lemma 1
1—7 \/572 Z 9 | ( )| (by )
1
> L LS S melals)ls) - 1A™ (s, a(s))]
— W
l—v VSA4 T
1 v e
= = |7 min mo(a(s)|s)| - d7 (s)- lmax Q™ (s,a) — V™ (s)],
75 |2 Sa(s);}(s) (a(s)]s) Esjpm\a (5,a) = V™ (s)

where the last inequality is because for any a(s) € .A™ (s) we have
AT (s,a(s)) = max Q™ (s,a) — V7™ (s),

which is the same value across all a(s) € .A™ (s). Then we have,

-1

Ve (u) 1 1 dy . _ -
> . |2 ) ™ . T _yTe
H 50 2T Vaa | min Z mo(a(s)|s) de (s) {mgx@ (s,a) =V (s)}
9 a(s)eA™0(s) s
-1 T ]
>+ |% m Y mas)ls) | e 3T (9) - (@7 (s,07(5)) — V()
| -2 . | min ) _
2 755 o i) mo(a(s)|s T 5 (s s,a*(s s
co | a(s)e A7 (s) ] s
-1 T ]
_ & - | min Z mo(a(s)|s)| - ! Z?T (als) - A™ (s, a)
v/ d;? s — 1—~
SA % N [ * awexroc I
-1 T T
L e D m@ls)| ) - V)
uy’l s ?
SA || dy oo | a(s)edmo(s) ]
where the last equation is again according to Lemma 19. [

Lemma 9. Let Assumption 2 hold. Using Algorithm 1, we have ¢ := infcs 1>1 79, (a*(s)|s) > 0.

Proof. The proof is an extension of the proof for Lemma 5. Denote A*(s) = Q*(s,a*(s)) — maxqe-(s) Q" (s,a) > 0
as the optimal value gap of state s, where a*(s) is the action that the optimal policy selects under state s, and A* =
minges A*(s) > 0 as the optimal value gap of the MDP. For each state s € S, define the following sets:

_ [, ovT(p) oV () .
Rals) = {9' 300, a*(s)) = 00(s.a)’ 07 2 }
Ra(s) ={0: Q™ (s,a"(s)) = Q"(s,a"(s)) — A"(s)/2},
(s)
(s)

\%

Rs(s) = {0 : V™ (s) > Q™ (s,a"(s)) — A*(s)/2, forall t > 1 large enough} ,
No(s) = {0 : mo(a*(s)]s) > C(s)} where ¢(s) = — &1,
Te(s)+1)7 (1—7) - A*(s)

Similarly to the previous proof, we have the following claims:
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Claim I. R1(s) NRa(s) N R3(s) is a “nice” region, in the sense that, following a gradient update, (i) if 6, € R1(s) N
Ra(s) NR3(s), then Oy 11 € Ri(s) NRa(s) N R3(s); while we also have (ii) 7y, , (a*(s)[s) > g, (a*(s)|s).

Claim IL. N.(s) NRa(s) NR3(s) C Ri(s) NRa(s) N R3(s).

Claim III. There exists a finite time ¢o(s) > 1, such that Qto(s € N.(s) NRa(s) NR3(s), and thus Oy () € Ri(s) N
Ra(s) NR3(s), which implies inf;>; g, (a*(s)[s) = ming <z<yo(s) 7o, (a*(5)[5).

Claim IV. Define ¢ty = max, to(s). Then, we have inf s ;>1 mg, (a*(5)|s) = ming<;<y, ming mg, (a*(s)|s).

Clearly, claim IV suffices to prove the lemma since for any 6, min, , 79 (als) > 0. In what follows we provide the proofs of
these four claims.

Claim I. First we prove part (i) of the claim. If 6; € Ri(s) N Ra(s) N R3(s), then O;41 € R1(s) N Ra(s) N Ra(s).
Suppose 0: € R1(s) N Ra(s) N Rs(s). We have 01 € R3(s) by the definition of R3(s). We have,

Q™ (s,a™(s)) = Q(s,a"(s)) = A"(s)/2.
According to smoothness arguments as Eq. (64), we have V™ +1(s) > V™ (s'), and

Qﬂ'gt+1 (s,a*(s)) :Qﬂ'et( *(8))—"—@#9“1 (S a*(s)) Qﬂ'et(s a*(s))
= Q5,0 (0) + 9 P’ (9) [V ) = VT )

> Q" (s,a"(s)) +0
> Q" (s,a"(s)) — A%(s)/2,

which means 6,11 € Ra(s). Next we prove 0,11 € R1(s). Note that Va # a*(s),

QM (s,a"(s)) — Q™ (s, a) = Q™ (s,07(s)) — Q%(s,a%(s)) + Q" (s,a"(s)) — Q™ (s, a)
> —A(s)/2+Q(s,a”(s)) — Q% (s,0) + Q" (s,a) — Q™ (s, a)

> A(5)/24+ Q' (.0 (5)) — max Q"(5.0) + Q"(5,0) ~ Q" (s.0)

—A%(8)/24+ A%(s) +y ) P(ls,a) - [V7(s") = V()]

— A*(s)/2. (62)

Using similar arguments we also have Q™%+1 (s, a*(s)) — Q"%+ (s,a) > A*(s)/2. According to Lemma 1,

OV ™o 1 o )
e (5)) =1 S -d,’ (8) - g, (als) - AT (s, a)
= T () maals) - [Q (s.0) = V7 o).

o 0
Furthermore, since 6‘2‘25 ;((‘; ))) > aa‘gt(;g;),we have

mo, (a*(s)]s) - (@™ (s,a™(s)) = V™ (s)] = 7o, (als) - [Q7* (s,a) — V™ (s)].

Similarly to the first part in the proof for Lemma 5. There are two cases.

Case (a): If g, (a*(s)]s) > g, (als), then 0;(s,a*(s)) > 0:(s, a). After an update of the parameters,

Buss (530 (9) = s (o) 41 o
> Oy(s,0)+- D) _ g (s,a),

90,05, 0)
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which implies 7y, , (a*(s)|s) > mg,., (als). Since Q™1 (s,a*(s)) — Q™1 (s,a) > A*(s)/2 > 0, Va, we have
Q1 (s, a%(s)) = Vet (s) = Q41 (s,a%(s)) — 2o, Mo, (als) - Q741 (s,a) > 0, and

0,41 (0" (s)|s) - Q™41 (5,07 (s)) = V™1 (s)] > mg, , (als) - [Q7 41 (s,0) = VT (s)],

. . V01 (1) oV ot (n)
which is equivalent to 50, 15 (3)) > B0 (sa) » 1€ Oi11 € Ri(s).

Case (b): If 7, (a* (s)|s) < o, (als). then by ¥ "l > O ),

o, (a”(s)]s) - [Q™ (s,a"(s)) = V™ (s)] = mp, (als) - [Q7 (s,a) = V™ (s)]
= 7o, (als) - [Q (s,a"(s)) = V™ (s) + Q™" (s,a) — Q™" (s,a"(s))],

which, after rearranging, is equivalent to

Q™ (s,a*(s)) — Q™ (s,a) > <1 _ mo,(a”(s)]s)

= (1 —exp{bi(s,a”(s)) = Ou(s,a)}) - [Q7 (s,a”(s)) = V™ (s)].
Since 0;1+1 € R3(s), we have,
Q7r9t+1 (S, a*(s)) _ Vﬂ—9t+1 (S) S A*(S)/Q S Qw9t+1 (S, a*(s)) _ QTrGt+1 (57 a).
On the other hand,

Orv1(s,a"(s)) — Oir1(s,a) = 0i(s,a™(s)) + 1+ m — Oi(s,0) =7 m

> at(sva ( )) - 9,5(8,(1),
which implies
1 —exp {0i41(s,0"(5)) = Or41(s,0)} <1 —exp{bi(s,a”(s)) — O:(s,0)} .

mo, (a”(s)|s)
mo, (als)

(1= exp {0141(5,0()) = Ors1(5,0)}) - [Q“0+1 (5,07 (5)) = V7¥ers (5)] < Q054 (5,a°(5)) = Q70+ (5, ),

which after rearranging is equivalent to

To,41 (a7 (s)]s) - (@741 (s,a7(s)) = V™1 (s)] > mg, 1, (als) - [Q7+1 (s,0) = V™1 (s)],

Furthermore, since 1 — exp {6;(s,a*(s)) — 0:(s,a)} =1 — > 0 (in this case 7, (a*(5)|s) < mo, (a]s)),

which means agvlit:; ((“,))) > aa\gt:;(: 2’;) ie., 0i11 € Ri(s). Now we have (i) if 0; € Rq(s) N Ra(s) N Rs(s), then
9t+1 S Rl( ) ﬂRQ(S) ﬂRg(S).

Let us now turn to proving part (ii). We have 7y, (a*(s)|s) > mg,(a*(s)|s). If 6, € Ri(s) N Ra(s) N Ra(s), then

V™0 (1) V™0t (
90, (5% (3) > 90,05, a) , Va # a*. After an update of the parameters,

exp {0 y1(s,a"(s))}
>oaexp{Oiyi(s,a)}

exp {Qt(s,a*(s)) +n- %}
S exp {0u(s,0) + - G |
>eXp{0t(3 a*(s))+n- %}
- > exp{@t(s a)+mn- %}

_exp{bi(s,a*(s))} )
=S exp(Oi(sa)) @Bl

Oy 11 (CI,* (3)‘3) =

V0 () V0 ()
0 (s,a*(s)) 2 004 (s,a) )

(because 3
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v
O
o
w
2

Claim IL.  NV.(s) NRa(s) NR3(s) C Ri(s) NRa(s) N Rs(s). Suppose O € Ra(s) NRs(s) and m(a*(s)]s)
There are two cases.

Case (a): If mp(a*(s)|s) > max,.q-(s){mo(als)}, then we have,

ovrep) 1 -dT(s) - mp(a*(s)|s) - [Q™ (s, a*(s)) — V™ (s
1 T T )
> m'd# (s) - mo(als) - [Q™ (s,a) — V™ (s)]
_ oV (p)
99(s,a)’

where the inequality is since Q™ (s, a*(s)) — Q™ (s,a) > A*(s)/2 > 0, Va # a*(s), similarly to Eq. (62).

Case (b): mg(a™(s)|s) < maxgq-(s){mg(als)}, which is not possible. Suppose there exists an a # a*(s), such that
mo(a*(s)|s) < mg(als). Then we have the following contradiction,

2-¢(s) :272o(177)~A*(5)

mo(a” (s)]s) + mo(als) > Zm g A

> 1,

where the last inequality is according to A > 2 (there are at least two actions), and A*(s) < 1/(1 — 7).

Claim III. (1) According to the asymptotic convergence results of Agarwal et al. (2019, Theorem 5.1), which we can
use thanks to Assumption 2, mg, (a*(s)[s) — 1. Hence, there exists 1(s) > 1, such that 7o, (a*(s)[s) > C(i(;)_l. 2
Q™ (s,a*(s)) — Q*(s,a*(s)),ast — co. There exists t3(s) > 1, such that Q"2 (s, a*(s)) > Q*(s,a*(s))—A*(s)/2.
3) Q™ (s,a*(s)) — V*(s), and V™ (s) — V*(s), as t — oo. There exists t3(s) > 1, such that Vi > t3(s),
Q0 (s,a%(s)) = V™ (s) < A%(s)/2.

Define to(s) = max{t1(s),t2(s),t3(s)}. We have 6,5y € N.(s) N Rz(s) N R3(s), and thus 0, () € R1(s) N R2(s) N
R3(s). According to the first part in our proof, i.e., once 0; is in R1(s) N Ra(s) N Rs(s), following gradient update 6,
will be in Ry (s) N Ra(s) NR3(s), and mg, (a*(s)|s) is increasing in Rq(s) N Ra(s) N Ra(s), we have inf; mg, (a*(s)]s) =
ming <4<y, (s) o, (a*(s)]s). to(s) depends on initialization and c(s), which only depends on the MDP and state s.

Claim IV. Define t; = max; to(s). Then we have infyecs ;>1 mp, (a*($)|$) = ming <4<y, ming g, (a*(s)|s) > 0. O

Theorem 4. Let Assumption 2 hold and let {6; };>1 be generated using Algorithm 1 with = (1 — )3/8, c the positive
constant from Lemma 9. Then, forall t > 1,

165 121
V*(p) — V™ < —— =1 =l
(°) “”—éaw%‘u MHJL

Proof. Let us first note that for any 6 and p,

di’(s)= E [d7e (s)]

oo
=k 10=-7 > 4" Pr(s; = s|so, 7, P)
) t=0
2 E 1(1=7)Pr(so = sls0)]

(L =) - uls). (63)
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According to the value sub-optimality lemma of Lemma 21,

V(o) -Vl )—71{25 a7() Y (=" (als) ~ molals)) - Q*(5,0)
dro (s
Z (s di?(s) Y (" (als) — mo(als)) - Q"(s,a)
-1 i v ‘ dﬂe Zdﬂe Z (a|s) - 779(a|5)) ’ Q*(S,CL)
(because ) (7*(als) — mg(als)) - Q*(s,a) > 0)
1 1 " % .
< (1—7)2 : H:“Hoo zszdze (s) za: (7*(als) —mg(als)) - Q* (s, a) (by Eq. (63) and min, u(s) > 0)
1 1 cn o
-] e v,

where the last equation is again by Lemma 21.

According to Lemma 7, V™ (1) is 3-smooth with 3 = 8/(1 — ~)3. Denote 6; = V*(u) — V™ (u). And note ) = @.
‘We have,

Ot41 — 6p = V70 () = V™1 ()

(L=7)* oV |
- ) by Lemma 18
- 16 aat 2 ( g )
x ||—2
o= N ' [Hlinﬂ (a*(8)|8>]2 V() = Vo () (by Lemma 8)
> 165 ngt N ’ 0, o H Yy
w [|—2
(1-7)° |4 - . e
< - e '
=77168 pol {mén mo.(a (S)M o
|| —2
(1 — ")/)5 d; * 2 2
STH6s | Ta || Lselhy me (@@l o (64

where the second to last inequality is by d’*(s) > (1 — 7) - u(s) (cf. Eq. (63)). According to Lemma 9,
¢ = infses>1 79, (a*(s)|s) > 0. Using similar induction arguments as in Eq. (39),

2

*

165 dr

V* — VT P |
(1) (1) < Za-5 || |
which leads to the final result,
1 1 165 a |
V*pV“”tp§~HH VE(R) = VT ()] € s - || HH ,
R e P I A O el et I

thus, finishing the proof.
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A.2. Proofs for Section 4: entropy regularized softmax policy gradient
A.2.1. PRELIMINARIES

Lemma 10. Entropy regularized policy gradient w.r.t. 6 is

8‘77T9(/1') _ 1 To ATo

B0(s.a) ~ 1= u'(s) melals)- AT (s.a)

86‘27(7270;) T 1 i“y 1 () - H(mo(']s)) {Qm’(& )= Tlogm)('|8)}
B ﬁ i (s) - H(mo(t]s)) [ @7 (s,) = 70(s,)] , Vs

where A™ (s, a) is soft advantage function defined as
A™(s5,a) = Q™ (s,a) — Tlogme(als) — V™ (s)
Q™ (s,a) = r(s,a) +7)_P(s']s,a)V™(s).

Proof. According to the definition of \7”9,
V™ () = ]E Zﬂ'g als) [Q’Te s,a) — 7logmp(als )}

Taking derivative w.r.t. 6,

(65)

LV’T@(M) = E ZLTG(MS) : {Q ?(s,a) — Tlogme(a } + IE Zm) (als) [ (8 @) —T- (1 . Oms(als)

00 s~ 00
_ Oy (als) T (s a)
= S]NE“; 50 {Q (s,a) — Tlogmy(a } + IE Zm) als)

= B 3 ) [ (s.0) — rlogmofals)] +w-5@#2m(a|s>zl7><sqs,a>.

s~
a

= % dzfﬂ (s) Ea: 871'98(Z|3) . {Q‘ﬂ'e(sva) — TlOg’ﬂ'g(a‘s)} ,

S

where the second equation is because of

1 Omg(als Ome(
Z””' [ Ga(an}:z 99 aazm"”

mo(als) -

9o (als)
* 90(57,)

Using similar arguments as in the proof for Lemma 1, i.e., for s’ # s =0,

ovre(p) 1 Omo(als) [an,
oG5,y T ‘5)'[ 50, 12 <s,a>_ﬂogm<a|8>ﬂ

= 71 i . dze < |5 ) Qﬂ'e . TlOgTﬂg(-|S)}

mo(als) 00

avTe(s)
90

(by Eq. (6))

Y s,
:1i7 a5 (s) - H(wo([s)) [ @™ (s, ~>—ﬂogm<|>}
- ﬁ Ld (s) - H(mg(+]s)) |Q(s,7) — 70(|s) + rlog Y exp{f(s,a)} - 1]
- 1i7 (o) Hma(ls)) [ Q7 (5, = 78 15)]. (H(mg(-|s))1 = 0 in Lemma 22)



On the Global Convergence Rates of Softmax Policy Gradient Methods

For each component a, we have

%‘g:,(g)) = - i - -dp(s) - mo(als) - [Qﬂe(s,a) — 1logmy(als) — ;7@(@3) ) [Q”(s,a) _ Tlogﬂg(a|s)”
= 7= () malal) - [ @ (s.) = oz (als) ~ 77 (o)
= %'y ~djy?(s) - mo(als) -A’Te(s,a). [

A.2.2. PROOFS FOR BANDITS AND NON-UNIFORM CONTRACTION

Lemma 11 (Non-uniform contraction). Using Update 2 with 7np < 1, Vt > 1,

IGeall < (1= - mins, (@) - Gl

.
Where(tzrgt_r_%.l‘

Proof. Update 2 can be written as

Oi11 = 0; —n - H(mg,)(Tlog e, — 1)

=0, —n- H(my,) |j'9t —r— <logZexp{9t(a)}> . 1]
0, H(my,) (70, — 7)

(16, —r)'1 1) ’

—9,5—77~H(7r3t)<7'9t—r— K

where the last two equations are from H (mg,)1 = 0 as shown in Lemma 22. For all ¢ > 1,

(T9t+1 — T)T]_

Cep1 =TOpp1 — 1 — K -1

70, — )71 0, — )71 7001 — 1)1
:Tet—r—“K>4+T(et+1—et)+(( tK) ! . ) ).1

0, —1)T1 70, —6,01) 1
:Tet—rf%.1+7—(9t+l79t)+%,1'

For the last term,
T

T —0)'1 T (60, —m)"1 B
#1—? T]H(?Tg,f) T@t r Tl 1]_—07 (66)

where the last equation is again by H(mg,) "1 = H(m,)1 = 0. Using the update rule and combining the above,

0, —1)T1
%'14‘7(9,54_1—9,5)

(16, —1)"1 1)

Ct—i—l :Tet - T —

= (Id — 7 - H(m,)) (T@t—r— 7

= (Id — - H(my,)) (-
According to Lemma 23, with 7 < 1,

IGi1ll2 = 11(1d =70 H(70,)) Gil
< (1= minm, (@) - Gl =
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Lemma 12. Let 7y, = softmax(6;). Using Update 2 with 7 < 1, V¢ > 1,

2|6l + DVE
exp {7 312 fming o, (a)]}

ICell2 <

Proof. According to Lemma 11, forall ¢t > 1,

Gz < (1= 7+ minmg, @) - 1612

1
< .
~ exp {7n - min, 7y, (a)} Icellz
1
< (1= 71 mi ) e
— eXp {7'77 . Inina 7T9t (a)} ( TT] malnﬂ—et—l(a’) HCt 1”2

1
<

} M-l

exp {3\, [ming 7o, (a)]
1

IN

} [I¢all2-

exp {71 Y2\, [ming o, (@)

For the initial logit 61,

0 —7)"1
il = | = = T2 )
61 —r)"1
<61 =7l + ’ % -1 (by triangle inequality)
2
(161 — 1) "1
=70 —7r|o + ————
761 — 7|2 Vi
701 —r|l2 - [|1
< |61 — 7|2 + 76, \/EQ 1] (by Cauchy-Schwarz)
=2- H7'91 — 7’”2
< 2- (l7b1fl2 + [|7]]2)
<2761l + DVE, (67)
finishing the proof. O

Lemma 13. There exists ¢ = ¢(7, K, ||01]|oc) > 0, such that for all ¢ > 1, min, 7y, (a) > c. Thus, 22;11 [min, 7y, (a)] >
c-(t—1).
Proof. Define the constant ¢ = ¢(7, K, ||01]|) as
1 1 1
K en{1/7 el + 1/VEY
First, according to Eq. (67), we have,

1¢1ll2 < 2(7(161 |00 + DVE.
Next, according to Lemma 11, with 799 < 1,
Geallz < (1= 77 minmo, (@) - Gl < 2061 e + DVE.

Therefore, for all ¢ > 1, we have,

1Gelle < 2(7)|01 |00 + D)VE.
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We now prove min, 7y, (@) > c¢. We have, Va,

0; — 1] 1 0, —r)"1
o) =" DT gy - T2
1 (r6; — 7)1
< Z. [ S S A
=7 7'9t T K 1 ,
1
:;'”CtHz

< 2|01l + 1/7T)VE.
Denote a; = argmin, 0;(a), and ay = arg max, 6;(a). According to the above, we have the following results,
r(ay) n (16, —r)"1

. S ()01 + 1/7)VE,

T
() > " UL 0+ 1/m)VE,

Oi(ar) >

which can be used to lower bound the minimum probability as,

main mo,(a) = exp{fi(a1)} > exp{0i(a1)} 1 -exp{0:(a1) — 0:(a2)}, (since 0:(a) < 8;(az), Va)

2aexpifi(a)} — 2, explbi(a2)} K

which can be further lower bounded using the above results,

min 7, (a) > % -exp{0i(a1) — Oi(az)}
r(a; 70 — )" riaz 0 —1)"
> o { N LD R ooy 1y - T2 - T2 (oo + 1)V
- e {1 VR
> % -exp {_i — 4(]61]] 0 + 1/7)\/17} (because r € [0, 1) and r(a1) — r(az) > —1)
I S 1 _ -
C K oexp{l/7) exp{d(|6i]le + 1/TVE)

Theorem 5. Let 7y, = softmax(f;). Using Update 2 with p < 1/7, forall ¢ > 1,

)T < 2VE ([|01]loc +1/7)
~exp{mn-c-(t—1)}’

5 _ 2701l + 1) K/T
o < exp{2mn-c-(t—1)}’

(’/T: — To,

where 6; == 7* " (r — Tlogn*) — mp, T (r — 7 log mp, ) and ¢ > 0 is from Lemma 13.
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Proof. According to Holder’s inequality,

(nr —7a,) v < |7 — 7o, |y - I7lls (by Holder’s inequality)
<7k — mo, |l (because r € [0, 1]¥)
0, —7)'1
< r_ 0, + 7(T ) . 1H (by Lemma 24)
T TK
1 —
_ 1 T@t—r—(Tot r) H
.
1 (79,5 )
<= g —r - YT 2y
=7 K )
1 2(7]|1|cc + DV K
<. (761 ]lc +1) (by Lemma 12)
-

exp {rn Y173 fmin, o, (a))}
WK 7|6l + 1

T exp{mn-c-(t—1)}

IN

(by Lemma 13)

On the other hand, we have,

* T
g

* T

7t (r—71lognt) —m, (r—Tlogmy,) =t (r—7logn?) —m, " (r —7lognt 4+ Tlognt — 7logm,)

2

0, —r)'1
S;.‘gt_r_(Tt Kr) (by Lemma 27)
T T
2
1 (16, —r)T1
= —_— _ —_ . 1
o 70 — 71 7 _
2
1 (76; — 7)1
< —. —r— 1
<5 70 — 71 I ,
1 A(1]101 |00 + 1)2°K
< . (Tl01lloc +1) (by Lemma 12)

27 exp {2rp S0} lming o, ()]}
1 2(r]ie+ 1K
T 1 oexp{2m-c-(t-1)}

(by Lemma 13) O

A.2.3. PROOFS FOR MDPS AND ENTROPY REGULARIZATION

Lemma 14 (Smoothness). H(p, 7g) is (4 + 8log A)/(1 — ~)3-smooth, where A = |.A| is the total number of actions.

Proof. Denote H™ (s) = H(s, mg). Also denote 8, = 6 + au, where o € R and u € R%4. According to Eq. (16),
g

oo
Hoa(s)= B |3 logme, (adse)
s0=s,ae~meq (+[s¢), | 1=
st41~P(-|st,at) -

:—Zm ) - log mg,, (als) +’YZ7T9 (als) ZP (s'|s,a) - H™= (s"),

which implies,

H™ (5) = e] M(a)hg (68)

a)
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where M (c) = (Id — vP(a)) " is defined in Eq. (50), P(c) is defined in Eq. (46), and hg, € RS for s € S is given by
- nga (als) - log e, (als). (69)
According to Eq. (69), he,, (s) € [0,log A], Vs. Then we have,

(T max |he,, (s)] < log A. (70)

For any state s € S,

8h9a(s) - <8h9a(8) %>
da | 09, ~ Oa
B 8h9 (s)
= |(H (g, (-]5)) log o, (-|s)) " u(s, ")
< [|H (o, (*|s)) log ma,, (-[)[l1 - llu(s, )|l -
The ¢; norm is upper bounded as
| H (7q, (+]s)) log mg,, ( ||lfz7fe (als) - |log 7, (als) — 7o, (-s) " logmg, (-|s)|
< ng (als) \logm (a]s)] + |7r9 )T 10g7r90(~\s)|)
=-2- ZW% (als) -log g, (als) < 2-log A. (71)
Therefore we have,
(9]7,9E¥ — ma 8h9a (8)
da e Oa
< max || H (mq, (-|s)) log ma, (-[s)[l; - lu(s; )l
<2-log A |lul. (72)
The second derivative w.r.t. « is
0%ho, (s)| _|( 0 [0he,(s)\) " 00
Oa? 1\ a8, Oa oo
| (2t 20y 000
B 302 o
02hy (s
(s,)7 Lhealo)
0602 (s, +)

2
Denote the Hessian T'(s, 0,) = aaeh;’(‘; (_S)) . Then,

8%ho, (s) o
T(s,0a) = 8029( ) T 90a(s, )
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Note T'(s,0,) € R4, and Vi, j € A, the value of T'(s, 0,,) is,

1 Mo, (ils) - (= logmo, (ils) — ho, ()}

g dfa(s, )

_ dme, (i]s) ) 1 d{—logmy, (ils) — he,(s)}
= a5, 5) - (—logmy,, (ils) — he, (s)) + 7, (i|s) - (5, J)

= (0i570, (jls) — mo,, (ils)7a, (jls)) - (—logmg, (i]s) — ha, (s))
i, 19) - (= s g, o) = 7o, ()7, G1s) = 7, (319 - (~ o, 719) ~ B (5))

= 0ijo, (j]s) - (= logmg, (ils) — b, (s) = 1) — g, (ils)70,, (j]s) - (= logma, (ils) — ho, (s) — 1)
— o, (ils)mo, (j|s) - (= log 7, (jls) — he,(s)).

For any vector y € R4,

A A
" T(s,00)y] = > Tisu(i)y(i)

i=1 j=1

IN

—log o, (ils) — he, (s) — 1) - y(3)?

23 o, (ils) (@) Y mo, (ils) - (= oo, (G19) = o, (5)) - 9| + (mo, (1) )’

— |(H (7o, (19))(~ Tog ma, (15)) = ma. (1)) (y )|
2+ | (7o, (15) ") - (H(ma, (1)) (— log mo, (1)) "] + (ma. (1) )

< [ H (., ([s))(=1og mo, (1s))llc - Y © wlly + l[70. (18)ll -y @ wlly
+2 - [lmo, (18Il - [1ylloo - [ H (o, (-5)) (= log mo,, ([s))lly - 1ylloo + llme,, ([9)1I3 - llyI3,

2

where the last inequality is by Holder’s inequality. Note that ||y ® y|l1 = [|y|3, [7e., (19)|loo < I, (-]9)[1 |7e, (]8)]l2 <
[I7mo., (:18)|lx = 1, and ||y|lco < ||y]l2. The £oo norm is upper bounded as

1 (g, (]5))(— log 7, (+]3)) | = max |7, (als) - (—logm, (als) + 7, (-|s) " logm, (-]s))]

< max —mg,, (a|s) - logmg,, (als) — 77901(-|s)T log mo,, (+|s)
a

< 1 + log A. (since —x - logz < 1 forall z € [0, 1]) (73)
e e
Therefore we have,
" T(s,00)y| 7o, (-|5)) (= log ma, (-|s)llo - 1Wl13 + l[yl3 + 2 - [[H (70, (-|5)) (= log ma, (-s)II; - lyll3 + [lyll3
< ( +log A+ 2) Nyl +2- [|H (e, (-|5))(~ log ma, (s))I]; - 3 (by Eq. (73))
< ( +logA+2+2- 10gA> yla (by Eq. (71))

<3-(1+logA)-|yl3.
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According to the above results,

62 hga 82h9a (S)
da? — T 0a2
0%h 0%he, (s)
T 0o
= fu(s, ) e (s, )
= max|u(s,-)TT(s,9a) (s,)]
<3-(1+logA)-max||u(s,-)|3
<3-(1+1logA) - |ull3. (74)
Taking derivative w.r.t. a in Eq. (68),
OH"™ (s) T OP(«) T Ohy,,
e~ e M(a) 50 M(a)hg, + e M(a)—aa .
Taking second derivative w.r.t. «,
O*H™e(s) 5 T OP(«) OP(a) T 9?P(a)
T =2 e TM(0) S M) T M (@, + - el M) o M (@),
aP(Oz) 3}19 th(y
T o T o
+2v-e, M(a) e M(a) Do +e, M(a) 52 (75)
For the last term,
9%h 0%h
T (8 [
< .
T G| | < el [ G|
1 0%hy
< - (3
= ’ 507" ol (by Eq. (51)
3-(1+1logA
< LB s (byEq.(74)  (76)
For the second last term,
8P(Oé) 8h9 (9P(O¢) 8h9
-
<
es M(a) Oa M(a) Oa la=0 _HM(Q) Oa M() Oa la=0
1 6P(Oz) 3h9
| %e| | (by Eq. (51)
2 ul|2 Ohy,,
T M(e) 5= _, N (by Eq. (47))
2 |lullz || Ohe
< . = Eq. (51
< el el A I (by Eq. (51))
[[wll2 4-logA 2
§721 A- -5, (by Eq. (72)) (77)
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For the second term,

9?P(a) 9?P(a)
+
<
es M(a) Do M (a)hg, a—()‘ < HM(oz) Do M(a)hyg, o ’OO
1 9?P(a)
< ﬁ . ‘ 902 M(a)hy, a—OHOO (by Eq. (51))
6 - [lull3
<t fema] | (by Ea. (45)
6 - flull
SHop ho.] | (by Eq. (51))
6-log A
< N (by Eq. (70)) (78)
(1_7)2 || ||2 Yy BEq
For the first term, according to Egs. (47) and (51), Eq. (70),
OP(a) OP(a) OP(«) OP(a)
.
<
e M (0) 5 M (@) T M@, || < | M0 TG M @) T M@k, | |
1 1 1
S 2 lull2 T 2 lull2 T log A
4 logA
T3 (79)
Combining Egs. (76) to (79) with Eq. (75),
0?H™0a (s) s | T OP(a) OP(a) T 0?P(a)
da2 =0 §2’Y *€s M(Oé) Do M(a) dav M(Oé)hga =0 + e M(a) a2 M(Oé)hga =0
OP(a) Oheg 0?he
T a T o
+27-|e; Ma) oo M(a) Oa la=0 + s Mle) 0a? la=0
4-log A 6-log A 4-log A 3~(1+10gA)>
< (29%- +7- + 27 - |3
(7 Q-2 a2 T a2 1—~ [[ull
(8.logA 3 ).IUHQ
EANCEEE ?
4+8- logA
< —— vz, (80)
which implies for all y € RS54 and 6,
= () T ( )
T 2
Y —;m Y
o6 ‘ W) o\l )| 1V
82]H[7T3
< e, (=g > Il
GQH”% 00, 00,
B HiILIII\ijl < a=0 Oa’ 3a>’ lyl2
B OH™a (s) 00, 9
B HiILrll\gxl < { } ’(x:O, O >‘ lyllz
52Hm’“ (s) 2
oy | T Ba? ‘a—O‘ lyllz
4+48-logA
——2 3. (by Eq. (80)) (81)

=

)
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Denote 8 = 6 + £(6' — 0), where £ € [0, 1]. According to Taylor’s theorem, Vs, V6, ¢’,

OH™ (s 1 O?H™ (s
Hﬂ9/<s>_H7rg(s)_< 80()791_9>’ 5 (49’—49)T aag()(e/_e)
2+4- logA , 9
< ZTR0BA g g2 (by Eq. (81))

Since H™ (s) is (4 + 8log A) /(1 — ~)3-smooth, Vs, H(p, mp) = E,~, [H™ (s)] is also (4 + 8log A) /(1 — v)3-smooth. [

Lemma 15 (Non-uniform Lojasiewicz). Suppose (s) > 0 for all states s € S and 7y (+|s) = softmax(6(s, -)). Then,

1

*

(/7o NG) T 2 L. B 1
’ 3‘/89(,“) 2 > \/ET . msin u(s) - r?’ian mo(als) - d%S . [Vﬂf (p) — V™ (p)] 2
Proof. According to the definition of soft value functions,
~ ~ I 0 ~
VT (p) = V7™ (p) = E Z’Yt (st ar) — Tlogmr(adlse)) | — V™ (p)
SOvaatNﬂ'T("St)v L t=0

st+1~P(|s¢,a4)

7! (r(se ae) = Tlog i (arlse) + V7 (s1) = V™ (s1)) | = V™ (p)

so~p,ar~mr(-|st),
5t+1NP(“St7at) -

= E
so~p,ar~Tr(]st),
str1~P(- ‘Shat)

1
_177

Y (r(se, ar) — Tlog mi(a]se) + V™ (se41) — V™ (s¢))

M8 ™Mz

'~
Il
=)

Z (r(& a) — tlogmi(als) + ’yZ’P(s’|s, a)V™(s') — V”"(s))]

a

1

= 177 Zﬂ' (als) Q”"(s a) — 7log ) (als )} — V™ (s)].

| B E—— |

Next, define the “soft greedy policy” 7g(-|s) = softmax(Q™ (s, -)/7), Vs, i.e.,

exp {Q’”’ (s, a)/T}
S exp {Qm(s,a)/7}

7o(als) = , Va. (82)

We have, Vs,

Zﬂ'j(a|s) . {Q“G(s,a) —7log W:(a|s)} < n(ls%)gz m(als) - [Q”B(s,a) - Tlogw(a|s)]
=" olals) - [@™ (s,0) — Tlog To(als)]
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Also note that,

|7 (s,0) = Tlog ma(als)|

[ ™ (s,a) — 7 log 7o (als) + 7 log Te(als) — 7 log me(als)
=" mlals) - [@™ (s.) = 7 log o(als)] — 7Dicw(mo(-13) 7o 1))

= rlog > exp {Q (s, a)/7} — 7 Dict.(mo(C[s) 7o ( 15)):

Combining the above,

V™ (p) = V™ (p) = 1 i 5 [Zw (als) [Q“" s,a) — 7log i (als )} — V7™ (s)
< ﬁ Zsjdgi(s) : |j' logza:exp {Q’T"(s,a)/T} — V™ (s)
— 1 S ) 7 Dua 1) (1) )
s ] ) )
= ﬁ zs:dgi(s) ' g ' HQQT(S’) —0(s,-) — @70, .)/TA_ 0(s,)) "1 -1 (by Lemma 27)  (84)
_ 1 w4 A (O (s,) —70(s,- )1 _||"
=1 Sd,, (s)~2T.|Q (5,) — 70(s,) — A Al

where A = |.A| is the total number of actions. Taking square root of soft sub-optimality,

[N

)™ (s,-) — 70(s,-)) T
Vfre } Q’T"(s,~)77’9(3,~)7(Q (7)A 0(s,+)) 1.

Hfpees

(Q‘ﬂ'e (57 ) — 7—9(57 '))Tl .

Z (\/ o \ﬁ Q™ (s,-) — 0(s,) — I 1 ) ]
~ ™ (s,-) — 10(s,-)) "
< ZF jf‘|@ws,.)79(5,.> QR “ D Ll Gy ol < el
1 1 5 o (Qm(s,-) —760(s,-)) 1
< — 75 dTe Z\/di Q S —70(s,-) — 1 -10o (85)

On the other hand, the entropy regularlzed policy gradient norm is lower bounded as
~ 1
~ 21 2
= (‘W” (1) )
) > 99(s,a)
_ 1
2] 2
- s 2]

1 AV ()
= NG Z 96(s, ")

V™ (u)
B

V™ (u)
99(s, ")

; (by Cauchy-Schwarz, [|z[; = [(1, |2[)| < [[1]]2 - [[z]|2)
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which is further lower bounded as

‘ a%;(“) > % : ﬁ S dr(s) - HH(W@(-lS)) [Q’Te (s,-) — 70(s, -)} H2 (by Eq. (65), Lemma 10)
- e (s ) — 76(s. )T
- LS ' ﬁzdﬂ"@) ' HH(WG('|S)) lQ”(s,-) —70(s,) — Q7 (s. ) AT () 1 1]
s ’ (by Lemma 22)
= L5 ' ﬁ > _di(s) -minm(als) ‘ G (s, ) — 70(s, ) — L5 _ATQ(S’ D' by Lemma 23)
s 2
= % ' ﬁ dy?(s) - minmo(als) - | Q™ (s,) — 70(s,-) — S _ATG(S’ JiEY 1

Denote Cy(s) = Q™ (s,-) — 70(s,-) — (Q‘"9(s,-);(‘r0(s,-))—rl - 1. We have,

-
|8Vae(”) f% T ) minmlals) (5l

> L1 in /@) - minm(als) - V27 - /3 TR I S O Z\/d” Co(s)

= \/§ /71_7 5 H 5.0 dze . ]-_’Y \/ﬂ d71'9

> L1 in /@) - minm(als) - Vo7 - dy’ _2.[Vﬂi(p) f/ﬂe(p)f

TVS VI=y s VT e ait |

Ver R - . 3

>Y2 mi . mi B | i AR Ve _ T

2 75 i V) minmlals) G| [P0 V0]
where the last inequality is by djj¢ (s) > (1 — ) - u(s) (cf. Eq. (63)). O

Lemma 16. Using Algorithm 1 with the entropy regularized objective, we have ¢ := inf,>1 min, , 79, (a|s) > 0.

Proof. The augmented value function Vo (p) is monotonically increasing following gradient update due to smoothness,
i.e., Lemmas 7 and 14. It follows then that V"¢ (p) is upper bounded. Indeed,

VT (p) = someprtsa, (1o0) [ZW (s1,00) = 7 log s, (ar]st)) ]
St,+1/'\’l73('\;f7(lt) =0
1 o
= ? dee [Z 7o, (a (s,a) — Tlogmy,(als ))]
S Z dp’ (s) - (1 +7log A) (by r(s,a) < land — ) _ g, (als) - logmg, (a|s) < log A)
< 1+ TlogA (86)
L—n

According to the monotone convergence theorem, V™ (p) converges to a finite value. Suppose 7y, (a|s) — mg__ (a|s). For
any state s € S, define the following sets,

a:my_(als) =0},
0., (als) > 0}.

™~
+
©
Il
—~—
IS
N
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Note that A = Ay (s) U.AL(s) since 7o (als) > 0, Va € A. We prove that for any state s € S, Ag(s) = 0 by contradiction.
Suppose s € S, such that Ag(s) is non-empty. For any ag € Ag(s), we have 7y, (ag|s) — ma__ (ap|s) = 0, which implies
—log g, (ag|s) — oo. There exists tg > 1, such that Vt > t,

1+ 7log A
—logmy, (apls) > ———.
ol 2 ==

According to Lemma 10, V¢ > t,

OV () 1 o ~
= ~d,t . . A7,
(s a0) 1—n~ " (5) - mg, (aols) (s,a0)
1 . o -
= E . duet (5) . 7T€t,(a0|5) . Q 04 (S,ao) — T10g7r9t(a0|5) — VT (S):|
! e | 1+ 7log A
> R -d" () - g, (ag|s) - _O — 7log 7y, (ap|s) — T
L | 1+7logA 1+47logA
> ——— - d;" (s) - 7o, (aols) - [0+ - —0. (87)
1— (s) - mo, (aols) _ = R
where the first inequality is by
Qﬂet (s,a0) =r(s,a0) + 727)(3’|S7a0)f/“9t (s") > 0. (by 7(s,a0) > 0 and Ve (s') > 0)

s’/

This means that 6 (s, ag) is increasing for any ¢ > t,, which in turn implies that 6 (s, ag) is lower bounded by constant,
i.e., 0o (8, ap) > c for some constant ¢, and thus exp {f(ag|s)} > e® > 0. According to

exp {00 (a0]5) }

= = 07
o (01) = 5 e (e al5)]
we have,
Z exp {0 (als
On the other hand, for any a; € A (s), according to
exp {Buolasls)) _

o (a4 |s) =
(01 = 5 e (e als)]
we have,
exp {fo (at|s)} = 00, Vay € AL(s)
which implies,
> buolayls) = o (88)
ayr €EAL(s)
Note that V¢, the summation of logit incremental over all actions is zero:
oV ( Ve Ve
Z 90, (s, a) = 2 @G ELO; * Z 90, (s ((1#))
aoE.A (s) ar €EAL(S) ey
7T9f e,
=1 th - A (s, q)

1 o (/o [ To _
:m-dut(s).[v (s) =V t(s)}f(). (89)
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According to Eq. (87), Vt > t,

8V”9f
R
ap€Ao (s t § (10

According to Eq. (89), Vt > t,

) To, 71'9t
S e e <
ay €A (s ¢(s,a4) ¢(s,a0)
which means Za+ AL (s) 0¢(s,ay) will decrease for all large enough ¢ > 1. This contradicts with Eq. (88), i.e.,
ZQ+GA+(S) 0:(s,ay) — oo.
To this point, we have shown that A (s) = ) for any state s € S, i.e., g, (-|s) will converge in the interior of probabilistic

simplex A(.A). Furthermore, at the convergent point my__(+|s), the gradient is zero, otherwise by smoothness the objective
can be further improved, which is a contradiction with convergence. According to Lemma 10, Vs,

%‘;:z‘;(ﬂ)) =1 i S ~d>= (s) - H(ma_(-|5)) [Qmm (s,-) — Tlogmm('ls)} —0

We have d;,’> (s) > (1 — ) - u(s) > 0 for all states s (cf. Eq. (63)). Therefore we have, Vs,

H(mg.,(16)) [ (s.")  7logma. ()] = 0.

According to Lemma 22, H (mg__ (+|s)) has eigenvalue 0 with multiplicity 1, and its corresponding eigenvector is ¢ - 1 for
some constant ¢ € R. Therefore, the gradient is zero implies that for all states s,

Q= (s,-) — Tlogmy (|s) = ¢ 1,
which is equivalent to
mo (-|s) = softmax(Q™= (s, -)/7),
which, according to Nachum et al. (2017, Theorem 3), is the softmax optimal policy 7*. Since 7 € (1) > 0 and,

1+ 7log A

0< Qo (s.0) <

)

we have 7y_ (a|s) € (1), V(s,a). Since 7y, (a|s) — mg__ (als), there exists to > 1, such that Vt > ¢g,
0.9 - g (als) < mg,(als) < 1.1-m_(als), ¥(s,a),

which means inf;>, min, , 7, (als) € Q(1), and thus

1<t<ty s,a t>to s,a

t1r>1£ min 7y, (a|s) = min{ min min g, (als), inf minmy, (als )} =min{Q(1), (1)} € Q(1). O

Theorem 6. Suppose p(s) > 0 for all state s. Using Algorithm 1 with the entropy regularized objective and softmax
parametrization and = (1 — )3/(8 + 7(4 + 8log A)), there exists a constant C' > 0 such that for all ¢ > 1,

v - < ] AT o,

MHOO' (I=7)?
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Proof. According to the soft sub-optimality lemma of Lemma 26,

V) = 77 () = 1 T 6) - D, ()3 1)
T [ ) Dt (1)

1 1 oL (G) o o (1)l (ol
S TP 2 ey [ () Do, (1) 1)

<o |H| Sl vt ol

Flleo
1 1 [~ « -
=——-|=| V&)=V u}
=8 7 Nt
where the last equation is again by Lemma 26, and the first inequality is according to d,’* (s) > (1 —~) - u(s) (cf. Eq. (63)).
According to Lemmas 7 and 14, V™ (1) is 8/(1 — ~)®-smooth, and H(y, 7g) is (4 + 81log A) /(1 — ~)?-smooth. Therefore,
V™o () = V™ (1) + 7 - H(u, mp) is f-smooth with 8 = (8 + 7(4 4+ 8log A)) /(1 — 7)3. Denote 6; = V™= () — V™ (u).
3
And note n = %. We have,
Op1 — 0y = V™o () — V™ot (1)
3 (1—9)? v (u)
~— 16+ 7(8+ 16log A) 00,

2

(by Lemma 18)

2

(1—7)° 2r . o - .
= 16+ 7(8+16logAd) S ~minp(s) - minm, (als)| ||| [V () =V ‘(N)}
: i
(by Lemma 15)
1 - 4 . . 2 dﬂ-: < T,
(1-7)* : o 2 a -
= (8/r+4+8logA)-S -msln,u(s)- ig%bﬂmt@b) o 00
According to Lemma 16, ¢ = inf;>; min, , 7, (a|s) > 0 is independent with ¢. We have,
6 < [1— (1-)° -min pu(s) - c- dZ: h -
b= (8/7 +4+8logA)-S s [ -t
.1
1—7)* : dy <
< exp _(8/7'—|—(4+é:1)0gA)~S-Insmu('s)'C. :L R
=1
1-7)" : dy .
< — . e -1\%.5
SO TR A BlogA) 5 nAas) e = (E=1) o
=1
(1—)* . dy 1+ 7log A
< _ . c- St — .
SO TR A Blog A) 5 nas) e = (t-1) 11—~

where the last inequality is according to Eq. (86). Therefore we have the final result,

e b IR LRt 0)

I

1—v

1 1+7logA HlH

S ep{C- G-} (-7 ||u



On the Global Convergence Rates of Softmax Policy Gradient Methods

where

= (1-7)" -min pu(s) - c-
(8/7+4+8logA)-S s

is independent with ¢. O

A.2.4. PROOFS FOR TWO-STAGE AND DECAYING ENTROPY REGULARIZATION

Theorem 7 (Two-stage). Denote A = 7(a*) — maxq,- r(a) > 0. Using Update 2 for t; € O(e!/™ - log (T£1)) iterations
and then Update 1 for t5 > 1 iterations, we have,

(7" —me,) 7 < 5/(C? - o),

where t = ¢1 + ¢, and C' € [1/K,1).

Proof. In particular, using Update 2 with y < 1/7 for the following number of iterations,

1 1+ 4/E 47|61 | + DVE
t1:~K-exp{4||91||oo\/?}-exp{m}log( (7llf1lloo + )\/>> +1
TN T

A
GO(el/T-bg (TZI>>,

we have,

1 1+4vK 4(7]|01]|0e + VK
t112n~K~eXp{4|91||oo\/E}~eXp{TLT\F}Jog( (7110100 + )\F)

T A
1 4(7)61]l00 + DVE
m-K'exp{l/T}«exp{4(||91||ooJrl/T)\/E}-log( l 1”A ) )
1 1 4(rl|0 VK
>—.>log < (71101l + )\/>> (c is from Lemma 13)
™ ¢ A
Therefore we have,
4(7)|01||oo + VK
log< (7]l A+ )\ﬁ> <rnece(t—1)
t1—1
<7 Y [minmg, (a)] (by Lemma 13)
s=1
2(7101]|c0 + VK
<log (Tl + DVE , (by Lemma 12)
1t [I2
which is equivalent to,
76, —7)"1 A
Gl = 700, —r = CPe 2] < 5
Then we have, for all a,
r(a) (76, —7r)'1 ro (10, —7)T1
Ht(a)— L S et—*— L -1
! T T T TK 9
_oa\T
= - T9t1 r— (Tetl T) ! 1 S év
K 5 27
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which implies,

. r(a*) A (70, — T)Tl
> - —
0, (a”) 2 — 5+ - ., and
A T
01, (a) < r(a) +—+ (70 — 1) forall a # a*
T 2T TK

Then we have, for all a # a*,

9t1 ((L*) - 9t1 (a)

v

=

S
*
~—
>
A/

=
—

2
~—
g
~——

I

\

\

\
Vv
j=)

which means 7p, (a*) > g, (a). Now we turn off the regularization and use Update 1 for £ > 1 iterations. According to
similar arguments as in Theorem 3, we have,

(ﬂ-* - ﬂ-et)TT < 5/(02 : t2)a
where t = t1 + to,and C € [1/K, 1). O

Theorem 8 (Decaying entropy regularization). Using Update 3 with 7, = % fort > 2, where « > 0, and n, = 1/74, we
have, forallt > 1,

logt 2(71]|61]|oe + DVE
exp { 421 [ming o, (a)] o

K
(m* — W@t)TT‘ < 4t

Proof. Denote 7}, = softmax(r/7;) as the softmax optimal policy at time ¢. We have,

(7% —mg,) ' r = (" —m;) T r+ (x}, —mg,) 7. (90)

“decaying” “tracking”
“decaying” part. Note a* is the optimal action. Denote A(a) = r(a*) — r(a), and A = min, .+ A(a). We have,

(r =) Tr =37 (@) - r(a”) = Yo m (@) - r(@) = 3 7 (a) - Ala)

a#a*
r(a)
Ea#a* e - A(CI,)
- r(a’)
Za’ e
1 r(a) r(a’) r(a*) r(a)
S r(a*) r(a) ! z : et - A(a) (Za’ € Tt Z e Tt + maXa;éa* e )
€ "t 4+ MaXgAer € Tt ata*
i r(a)
1 et -Aa) r@*)  r(a)
o . —_— . T T
= T@n (a) E (a®) (a) e +ert
€ "t 4 MaXgAqr € Tt |aar €7 + e
1 r(a) A( )
e Tt a ) r(a) . .
< == o E e ) -(e Tt xe (by Holder’s inequality)
e "t + maxg Tt aa* € Tt F et aa

r(a)
5 A 5 A 1 K-1 K

<

IA

(a*) A(a) A = A A
ata* € 7t +e Tt atar € 7t +1 ata* €7t +1 1+em et
Using the decaying temperature 7, = f(‘)'gAt ,fort > 2, where o > 0, we have,
(m* — ﬂi{/)Tr < oD

- 1/’
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“tracking” part. Using Update 3, we have,

O —7)"1 6, —r)'1 0, —r)'1 Oppq — 1) 7
Teg10p01 — 17 — (re410e41 — 1) 1=7b —r — 7(Tt ) 1+ (Te410p 41 — Te04) + (726 — 1) — (Te410041 =
K K K
0, —r) 71 0, — 7110,41) 1
=70, — 1 — % 147 - H(mp,)(r — 1 logmg, ) + (e, Tt;(l t1) -1 (by Update 3)

(Ttet — ’I’)T].

K'l)'

(Id — 74n; - H(me,)) (wt —r— 1)
(b —r)"1

:(Id—H(ﬂ"gt)) (Ttﬁt—r— K

Therefore we have,

O —7)"1
Tt+10t+1 —-7r— (Tt+1 tJ}l( 7’) -1 = H(Id — H(’/TGt)) <Tt9t -7 —
2
0, —r)'1
< (1 - minﬂgt(a)) N7l —r — (=) 1 1
a K 5
0, —r)"1
< exp{—minw(;f(a)} N7y —r — Gibi=r) 1. 1] .
a ’ K 9
Then we have,
(r, —mg,) v < |73, — ma, |,
<6, — r_ M 1 ’
Tt K o

1 (Ttet*T)T]_
< —. 0, —p ——- 7 .1
= 7 TtV — T K ,

1 . T160—1 —7)T1
< P ~exp{—maln7r9t71(a)}~ Te—10i—1 — 1 — (7i1 tll( )

1 = (116, — 7)1
< —. _ i . 0, — _Ll
< exp{ ;[malnwes(a)]} Ty —r -

1 t—1
< = ~eXp{ - Z [minﬂgs(a)]} - 2(71 101 ]| o + 1)\/}

Tt — a

log ¢ 27|61l + DVE

exp { 217} fming mo, (@)} oA

A.3. Proofs for Section 5 (Does Entropy Regularization Really Help?)

A.3.1. PROOFS FOR THE BANDIT CASE

(H(mp,)1 = H(mp,) 1 = 0, cf. Eq. (66))

(e =1/
(T,ﬂt — T')T]. ) 1)
K 2
(by Lemma 23)
(92)

(by Holder’s inequality, and ||7||oo < 1)

(by Lemma 24)
(lzlloo < llzll2)

.1 (by Eq. (92))

2

2

(by Eq. (67))

O

Lemma 17 (Reversed Lojasiewicz). Take any r € [0, 1]%. Denote A = 7(a*) — max,4,+ r(a) > 0. Then,

dw(;r T
db

< V2
- A

(7 — Ty

2
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Proof. Note a* is the optimal action. Denote A(a) = r(a*) — r(a), and A = mingq+ A(a).

(r* — 7T9)T7" = Zﬂe(a) -r(a*) — Zﬂe(a) ria
=Y mla)-r(a*) = > mola) r(a)

aF#a* aFa*

= Z mo(a) - A(a)

a#a*

> Z mo(a) - A.

a#a*
On the other hand,
0<r(a*) —mgr=(n*—mp) 1= Z mo(a) - Aa) < Z mg(a) -1 = Z mo(a).
a#a* a#a* a#a*

Therefore the ¢; norm of gradient can be upper bounded as

SIS

T(T’I“ 2
’ ddi) me(a*)? - [r(a*) — 77;7"} + Z [779(@)2 “(r(a) — 77;7")2}
2 a#a*

IN
Y
]

S

&
+
]
E}
&
[\v}
e

by [[zfl2 < [l2/[1)

IA
(]
3
S
_|_
(]
3
&

aFa* aFa*
=v2- ) mo(a)
aF#a*
Combining the results, we have
dﬂ';r V2 V2 . T
.= S5 s Do :

Theorem 9 (Lower bound). Take any r € [0, 1]%. For large enough ¢ > 1, using Update 1 with learning rate n; € (0, 1],

drg, .
Proof. Denote 6; = (7% —mp,) 7 > 0. Let 0,1 = 0; +1; - Z—;:T, and 7y, , = softmax(6;,1) be the next policy after
one step gradient update. We have,

d7rT
0y — 01 = (Mo, — To,) " < 9t> + < 0, 041 — 9t> 93)
) ks
S1 18e11 — 0215 + < 0, s Ore1 — 9t> (by Lemma 2)
2
57’]2 dm T dmg v
- <4t - ”t> d;t (by Br1 = b0+ 10 —35)
9 1
< 3 AT - 62, (by 1 € (0, 1] and by Lemma 17)
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According to convergence result Theorem 2 we have §; > 0, 6 — 0 as ¢ — oo. We prove that for all large enough ¢ > 1,
o0 < % - 0441 by contradiction. Suppose §; > % -~ 0pg1-

1

9 2
5t+125t_§'§'6t
1 1 /1 2
> 50 Ot — g ‘XD (90 . 6t+1> (since f(z) = x — ax? is increasing for all x < ﬁ and a > 0)
10 50 1
:§.§t+17§.A2 : t2+17 O4)

which implies ;41 > %—g for large enough ¢ > 1. This is a contradiction with §; — 0 as t — oo. Now we have
(St < % . 5t+1- Divide both sides of 5t — 5t+1 < % . é . (5? by 5t . 5t+1’

1 1 9 1 Ot 9 1 10 )
I G TG
Sep1 6 T 2 A2 Gpyq T2 2.9 A2
Summing up from 7 (some large enough time) to 73 + ¢, we have
1 1 5
-—— <= (t-1)<— -t
5T1+t (ST1 - A2 ( ) - A2

Since T is a finite time, 7, > 1/C for some constant C' > 0. Rearranging, we have

1
(W* — Tor +t)TT:5T1+t > 1 5 > 5 > 5 .
e ROt H Ot & (Tt

o1y

By abusing notation ¢ := T + ¢t and C' < ﬁ, we have

(n* —mg,) 7 >

for all large enough ¢ > 1. O

A.3.2. PROOFS FOR GENERAL MDPs
Theorem 10 (Lower bound). Take any MDP. For large enough ¢ > 1, using Algorithm 1 with n; € (0, 1],

(1-7)° (A)?

* _ Tl'gt >
V() = V7o () = 137 ,

where A* = mingeg qza+(5)1Q*(5,a%(s)) — Q*(s,a)} > 0 is the optimal value gap of the MDP, and a*(s) =
arg max, 7*(als) is the action that the optimal policy selects under state s.

Proof. Suppose Algorithm 1 can converge faster than O(1/t) for general MDPs, then it can converge faster than O(1/t) for
any one-state MDPs, which are special cases of general MDPs. This is a contradiction with Theorem 9.

The above one-sentence argument implies a §2(1/¢) rate lower bound. To calculate the constant in the lower bound, we need
results similar to Lemma 17. According to the reversed Lojasiewicz inequality of Lemma 28,

L V2
s 1—nv A

T

00,

where §; = V* () — V™ (u) > 0. Let 0,41 = 0, + 1y - %;i(“), and 7y, ., (+|s) = softmax(6;11(s,-)), Vs € S be the
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next policy after one step gradient update. Using similar calculations as in Eq. (93),

s T oV ™oy oV ™o
O — 01 = V™0t () — V70 (p) — <T9t(u)79t+1 - 9t> + <T9t(“)79t+1 — 9t>
4 2, /OV™ (1)
< Tp H9t+1_9t”2+<670t,9t+1—9t> (by Lemma 7)

dn? v (u)||? V™o
= (a2 ) | ™ Oy b = Ot H D
10 1,
< .~ .5
STy @A

According to Theorem 4, we have é; > 0, 0 — 0 as t — oo. Using similar arguments as in Eq. (94), we can show that for
all large enough ¢ > 1, 6, < 1 - §,,1. Divide both sides of §, — 6,11 < (lii%o . ﬁ 02 by 6t - 641,

2

(by n: € (0, 1] and by Lemma 28)

1 _l< 10 ) 1 . Oy < 10 ) 1 .E_ 11
Or1 O~ (T—=79)° (A*)2 Gy — (1—7)° (A%)2 10 (1—7)%- (A%

Using similar calculations as in the proof of Theorem 9, we have,
Vi) = V7™ (p) = 6 >
for all large enough ¢ > 1. O

A.3.3. PROOFS FOR THE NON-UNIFORM LOJASIEWICZ DEGREE

Proposition 4. Let r € [0, 1]% be arbitrary and consider 6 + E,, [r(a)]. The non-uniform Lojasiewicz degree of this
map with constant C(0) = mg(a™) is zero.

Proof. 'We prove by contradiction. Suppose the Lojasiewicz degree of E, ., [r(a)] can be larger than 0. Then there exists
& > 0, such that,

Consider the following example, 7 = (0.6,0.4,0.2) T, 7 = (1 — 3¢,2¢, ¢) " with small number ¢ > 0.

-
dmy 7

Ll =) [ - o) ]

2

(7" —mg) "r =r(a*) — 7w r = 0.6 — (0.6 —0.8¢) = 0.8 - €.
According to the reversed Lojasiewicz inequality of Lemma 17,

‘ _ V2 V2

drg 15

ToTll < Lt —mp) r= = (" —mp) r < == (n* =) ' r =0.6€
A 2

Also note that mp(a*) = 1 — 3¢ > 1/4. Then for £ € (0, 1], we have

dé

2

2

dwg r
db

1
<06-c=7-3-08c<ma") 3-08-c=C(6)-3-08c

2

Next, since € > 0 can be very small,

where the second inequality is by (0.8 - €)¢ < 1/3 for small € > 0 since £ > 0. This is a contradiction with the assumption.
Therefore the Lojasiewicz degree & cannot be larger than 0. O

-
dmy

201l < C)-3-08-e=C(0)-3-(0.8€)°-(0.8-¢)' ¢ <C(0)-(0.8-¢)' ¢ =C(0) (v — we)Tr]l’g,

2
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Proposition 5. Fix 7 > 0. With C(0) = v/27 - min, mg(a), the Lojasiewicz degree of 6 — E,.r, [r(a) — 7logmg(a)] is
at least 1/2.

Proof. Denote g = E .+ [7(a) — Tlog m*(a)] — Eqr, [r(a) — Tlog mg(a)] as the soft sub-optimality. We have,
* g7, 0 g P y

do= E [r(a)—7logmi(a)]— E [r(a)—7logni(a)]— E [rlogn)(a)— Tlogmy(a)]

an~Tx a~Tg

a~Tg
= 7log Z exp{r(a)/7} — 7log Z exp{r(a)/7} + 7 - Dkvr(mgl||7}) (since 7} = softmax(r/T))
=7 Dxw(mol77)
—0T1 |
g%- :—9—””[().100 (by Lemma 27)
1 (r—76)T1 2
=5 |- 70 — 7 N (95)
Next, the entropy regularized policy gradient w.r.t. 6 is
d{m] (r —7logm
{7 { 70 e} _ H(mg)(r — 7logmg)
H(my) (r — 70+ TlogZexp{H(a)} . 1)
= H(my) (r — 70)
—76)"1
= H(mp) <r—7’9—(1“;;_)-1),
where the last two equations are by H(mp)1 = 0 as shown in Lemma 22. Then we have,
d{m] (r — Tlogmg)} (r—r60)T1
=||H - —— 1
e R L
—70)"1
> minmy(a) - ||[r — 76 — % -1 (by Lemma 23)
@ 2
—70)"1
> mainm(a) Alr—710 — % : IHOO
> minmg(a) - V21 - \/5 (by Eq. (95))
a
2
= V27 - minmy(a) - ( E [r(a) —7logn;i(a)] = E [r(a) - TlOg’ﬂ'g(Cl)]) ,
a an~Tk a~Ty
which means the Lojasiewicz degree of B, [r(a) — 7log mg(a)] is 1/2 and C'() = V27 - min, 7 (a). O

B. Miscellaneous Extra Supporting Results

Lemma 18 (Ascent lemma for smooth function). Let f : R — R be a 3-smooth function, § € R? and ' = 0 + 5 - %.
We have,

2

)L [|o5®)
1)~ 10 < 55| 208

2
Proof. According to the definition of smoothness, we have,

1) 500~ (2500~ 0) < 7 1o ol
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which implies,

£(0) ~ 10 < <3f( Lo o)+ 0 a3
e
5| . -
Lemma 19 (First performance difference lemma (Kakade & Langford, 2002)). For any policies w and 7',
V™ (p) = V7 (p) = ﬁ Y5 (s)D " (w'(als) — w(als)) - Q" (s, a)
= 7 S ) S els) A7)

Proof. According to the definition of value function,

VT (s) = V7(s) = Z (als) - Q™ (s,a) = > w(als) - Q" (s,a)

*Z (Q” 5.0) = @7(00) + 3 (el (o) - Q" (5,0

_Z ) — w(als)) - Q" (s, a +727r (als) ZP I3, a) { w’(sf)_VW(S/)}

- 1i7 A d’s"<5’>Z< '(d']s') = m(d']s") - Q"(s',a)

= 1i Zﬂ (@Q7(s,a") — V()

= 1i7 dr'( Zw CA™(S,d). .

Lemma 20 (Second performance difference lemma). For any policies m and 7',

V() = V() = 7 T30 3 (#lals) = wlals) - Q (s.).

S a

Proof. According to the definition of value function,
V™ (s) = V(s >=Z ' (als) - Q" (s, a>—Z (als) - Q7(s,a)
_Z )-Q™ (s,a) +Z (a]s) (Q” (s,a) — Q”(s,a))
fZ als)) - Q" (s.a HZ (o) 3P () V) V)]

1 Tl I Nt 7w
=1, di(s) Y (' (d]s") = m(a']s") - Q7 (s', ). O

s’ a’

Lemma 21 (Value sub-optimality lemma). For any policy ,

V*(p) - Zd” Z (als) — m(als)) - Q" (s, ).
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Proof. According to the second performance difference lemma of Lemma 20, the result immediately holds. O

Lemma 22 (Spectrum of H matrix). Let 7 € A(A). Denote H(r) = diag(w) — wn'. Let
r(1) < 7(2) <o < w(K).

Denote the eigenvalues of H(r) as

Then we have,

Proof. According to Golub (1973, Section 5),

(1) — 77w < A\ < 7w(1),
(i —1) < X\ <m(i), 1 =2,3,..., K.

We show A\; = 0. Note
H(m)1 = (diag(n) —nr )1=m—7=0-1.

Thus 1 is an eigenvector of H () which corresponds to eigenvalue 0. Furthermore, for any vector 2 € R,

z'H(m)z = E [z(a)?] — ( E [m(a)])2 = Vargr[z(a)] >0,

which means all the eigenvalues of H (7) are non-negative. O

Lemma 23. Let 7 € A(A). Denote H(r) = diag(m) — nmw . For any vector x € RX,

1 k!
H(Id—H(ﬂ')) (aj— xKl) ) < (l—mainﬂ'(a)) |l — %-1 J
T T
1 1
HH(’IT) (az—xK-l) ) Zmainﬁ(a)~ x—%-l )
Proof. x can be written as linear combination of eigenvectors of H (),
m:a1~\/—g+agvg+~~+a;<v1(
AL R
= —" agv2 + -+ agvk.
K 202 KVK
Since H () is symmetric, {\/%7 Vay. ..,V K} are orthonormal. The last equation is because the representation is unique,
and
T+ 1 rT1
G =T —= = —.
VK VK
Denote
, |
r=x—— -1=asvs+ - +agvg.
We have
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On the other hand,
(Id — H(7))x" = az(1 — A)ve + -+ + ax (1 — A\g)vk
Therefore
11— Bl = (a3(1— Ao+ + % (1 — Ag)?)
< ((a3+-+a¥k)- (1—/\2)2)%
= (1= A2) - [l2']]2
< (1= minm(a)) - '],

where the first inequality is by 0 < 7(1) < Ay < -+ < Ag < 7(K) < 1, and the last inequality is according to
A2 > m(1) = min, 7(a), and both are shown in Lemma 22. Similarly,

N

|H (m)a'||2 = (a3A3 + -+ + af M)
> ((a3+--+ak) A3)
=X - ||2']|2

> minn(a) - [|z']|2. O
a

N

Lemma 24. Let my = softmax(0) and mg: = softmax(0’). Then for any constant ¢ € R,

Imo — mplly < 16" =6 —c- 1]

Proof. This results improves the results of |19 — 7/ ||, < 2- |0 — 6'||  in Xiao et al. (2019, Lemma 5). According to the
¢1 norm strong convexity of negative entropy over probabilistic simplex, i.e., for any policies m, 7/,

1
T logn > logn + (r— ') log 7’ +3 - —7TH17
we have (letting ™ = 7y, and 7’ = mg/),
1 2
DKL('ITGH']TQ/) = 7T;— 10g’/T9 — ’]Tg/—r logmg/ — (’/Tg — 7r9/)T IOgTﬁg/ Z 5 . ||7T9 — Wé”l y
which is the Pinsker’s inequality. Then we have,

o — myll, < /2~ Dxw(mall7er)

1
<\/2~2-|9/—9—c-1|§o (by Lemma 27)
=6'—0—c-1]. O
Lemma 25 (Soft performance difference lemma). For any policies m and 7',
_ . 1 ~
V7o) = V() = 7 2o (5)- [Z (v'(als) = n(als)) - [Q (5,0) — Tlog ' (als)]| + 7 DKL<w<-|s>w’<~|s>>] .

S a

Proof. According to the definition of soft value function,

V™ () = V7 (s) = Y w'(als) - [ @ (5,a) — Tlogw(als)] > wlals) |07 (s,0) ~ Tlog n(als)|

a

= Z ) —7(als)) - [Q’T (s,a) — Tlog ' (als } —|—Z (als) { (s,a) — Tlogn (a|s) — Q™ (s, a) +Tlog7r(a|s)}
=2 (n'(als) = w(als))- Q7 (5.0) = Tlog ' (als)] + Dy (x(fs) (¢ )+ 2 wlals) 3 Pls'ls ) V() = V()]
1

= T dr (s’ - lz (n'(d|s") — mw(a']s")) - [Q”,(S’7a’) — Tlogﬂ"(a'|s/)} +7- DKL(W(-|SI)|W/(-|S/))] . O
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Lemma 26 (Soft sub-optimality lemma). For any policy m,

1
=1

S

VT (p) = V7 (p) [d} (s) - 7+ Dxw(w(c]s) w7 (-]s)].

Proof. According to Nachum et al. (2017, Theorem 1), ¥(s, a),
Tlog i (als) = Q™ (s,a) — V™ (s). (96)

According to the soft performance difference lemma of Lemma 25,

VT (s) V() = o d:<s’>‘[2<wi<a’|s’>w(a'|s’>>'[@”¢<s’,a'>Tlogw:<a'|s’>}+T~DKL<w<~s'>||wi<.|s’>>

B! s a’
-1 >3- [Z (w3(a|s') = w(a|s) - V7 () 4 7 DKL<w<.|s'>|w:<'|s’>>] (by Eg. (96)
- = DA (0= 1) V) 7 Dia )l (')
~ = D) 7 Dl ) =

s/

Lemma 27 (KL-Logit inequality). Let my = softmax(6) and mg: = softmax(6'). Then for any constant ¢ € R,

1
D (mo|mor) < 5 16 =0 — e 1|15,
In particular, let ¢ = %, we have
1 o -0T1 |
DKL(']T9||7T9/) < 5 . ‘ 0 —0— % -1 N

Proof. According to the ¢; norm strong convexity of negative entropy over probabilistic simplex, i.e., for any policies 7, 7/,
1
7 Tlogn’ > n logm + (n' — )T logm + 3 |7 — |12,
we have (letting m = 7y, and ' = 7y/),
Dy, (mgl|mer) = 7T;— log g — mgr | log mgr — (mp — 7T9/)T log Ty
1 2
< (7‘(‘9 — 779/)T log g — 5 . ||7'&'9 — 7T9/H1 — (71'9 — 7'1'9/)T log g/

1
= (7‘(’9 — ﬂ'g/)T (logm — 10gﬂ'9/) — 5 . ||7T9 — 71'9/”%

= (g — o) " [0 -0 — <logZexp{0(a)} - logZexp{G’(a)}> . 1] - % mo — mor||?

1
= (mo — 7o) (0 —0) — 3 7o — 770/“?

1
= (mg—mp) (0 —0 —c-1)— 5 llmo - Tor||3 (since (19 — mg) T¢- 1 = 0 holds Ve € R)
1
<00 —c 1l Imo —7orlly = 5 - lmo — Tor||3 (by Hélder’s inequality)

1
<5 lo—0—c1).

. . . . 2
where the last inequality is according to ax — bx? < > Va,b > 0. O
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Lemma 28 (Reversed Lojasiewicz). Denote A*(s) = Q*(s,a*(s)) — maxq.e-(s) Q" (s,a) > 0 as the optimal value gap
of state s, where a*(s) is the action that the optimal policy selects under state s, and A* = minges A*(s) > 0 as the
optimal value gap of the MDP. Then we have,

oV ()
6

Proof. Denote A*(s,a) = Q*(s,a*(s)) — Q*(s,a), and A*(s) = min,q«(s) A*(s, a). We have,

V(0 = V0 = 1 YA () 3 (7 als) — ma(als) - Q" (s (by Lemma 21)
:ﬁZdﬂ"(s)- Zm als) Zm als) - Q*(s,a)
= @) | Y mlals) Qs at) — Y molals)- @ (s.a)
v s La#a*(s) a#a*(s)
e AN I MBI
s La#a*(s)
2 7 ) X wlal)| 56

Since Q™ (s,a) € [0,1/(1 — )], and V™ (s) € [0,1/(1 — ~)], we have |A™ (s, a)| € [0,1/(1 — ~)]. Also,

|A™ (s, a"(s))| = |Q@7 (s, a” Zm als) - Q™ (s, a)

S wolals) - [Q (5.0 (5)) — Q7 (s.0)]

aFa*(s)
< Z mo(als) - |Q™ (s,a™(s)) — Q™ (s, a)| (by the triangle inequality)
a#a*(s)
1
< 1—~ Z mo(als). (because Q™ (s,a) € [0,1/(1 —7)])

a#a*(s)
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Therefore the /5 norm of gradient can be upper bounded as

Nl

ovm (| _ 1 i 6 ()2 2. Ao 2
1 2
= |2 [ mela s AT (s ()P Y molals)? AT (s,
-
L s a#a*(s)
- , 3
1 Uyl 2 1 2 1 —
S 1 — . Zdu (8) ' 1- (1 _7)2 ) Z 779(&|3) + Z 7'('9(0,‘3) : (1 _,y)g
i s aFa*(s) aFa*(s)
273
1
< S > d@e? 2| S mlals) (by [lzl2 < [|=[l1)
(1 - ’7) s a#a*(s)
1
< — \@ Zdze(s) . Z 7T9(a|5) . (by HIHQ < ||SC||1)
(1 - ,Y) s aa*(s)
Combining the results, we have
V™ (1) 1 1
VS —— o .
1 V2 o1 ,
- . R ™ . - A*
& Ty )| B el
1 2 1
< . \C c—— ) dre(s) - Z mo(als)| - A*(s) (by A* < A*(s) holds for all s)
1—v A* 1—x - artar(s)
1 V2
< . (v — Ve .
<R V- V) =

C. Sub-optimality Guarantees for Other Entropy-Based RL Methods

Some interesting insight worth mentioning in the proof of Lemma 15 is that the intermediate results provide sub-optimality
guarantees for existing entropy regularized RL methods. In particular, Egs. (82) and (83) provides policy improvement
guarantee for Soft Actor-Critic (Haarnoja et al., 2018, SAC), and Eqs. (84) and (85) provide sub-optimality guarantees for
Patch Consistency Learning (Nachum et al., 2017, PCL).

Remark 6 (Soft policy improvement inequality). In Haarnoja et al. (2018, Eq. (4) and Lemma 2), the policy is updated by
Yaexp{Q™(s,a)} )’

which is exactly the KL divergence in Eq. (83), with T¢(+|s) defined in Eq. (82). The soft policy improvement inequality of
Eq. (83) guarantees that if the soft policy improvement is small, then the sub-optimality is small.

Remark 7 (Path inconsistency inequality). In Nachum et al. (2017, Theorems I and 3), it is shown that

7g,,, = argmin Dgr, (m;(-|s)

o

o (i) soft optimal policy T} satisfies the consistency conditions Egs. (25) and (26);

e (ii) for any policy 7 that satisfies the consistency conditions, i.e., if Vs, a,

m(als) = exp {(Q”(s7 a) — f/”(s))/T} , and V7(s) = TlogZexp {Q”(s,a)/T},
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then m = w7}, and VT = Vs,

However, Nachum et al. (2017) does not show if the consistency is violated during learning, how the violation is related to
the sub-optimality. To see why Lemma 15 provides insight, define the following “path inconsistency”,

r(s,a) + ’yZP(S/|S, a)V™(s') = V™ (s) — Tlogm(als) = Q" (s,a) — V™(s) — 7 log m(als), 97)

s/

which captures the violation of consistency conditions during learning. Note that for softmax policy my(-|s) =
softmax(0(s, -)), the rh.s. of Eq. (97) can be written in vector form as

Q™ (s,") —V™(s)-1—7logmy(-|s) = Q™ (s,-) — V™ (s) -1 —716(s,-) + TlogZexp{G(s,a)} - 1.

Denote cy(s) = w —log >, exp{f(s,a)}, and using Lemma 27 in the proof of Lemma 15, in particular, Eq. (84),
- 2
— 1 Qﬂg (5? ) L ™ 2
Dic (mo(1)IRoC1s) < 3 -|| L) s ) —eo(s) 1| = g 070 ) — V0 (9) -1 - rlogmo(cle)
Using the above results in Eq. (85),
3 1 1

V7 () = V() Z\/d” [ @y vt 1 - rrogm

.

+727’ (s']s, ) V™ (s') = Tlog mg(als) — V™ (s)],

ﬁ*ﬁr'ﬁ'
Z\/d” - max

7r9
du

d”

(98)

where (square of) ‘7‘(5, a) +v3, P(s'|s,a)V™ (s") — 7log mg(als) — V™ (s)’ is exactly the (one-step) path inconsis-
tency objective used in PCL (Nachum et al., 2017, Eq. (14)). Therefore, minimizing path inconsistency guarantees small
sub-optimality. The path inconsistency inequality of Eq. (98) implies path consistency of Nachum et al. (2017).

D. Simulation Results

To verify the convergence rates in the main paper, we conducted experiments on one-state MDPs, which have K actions,
with randomly generated reward r € [0, 1]¥, and randomly initialized policy 7, .

D.1. Softmax Policy Gradient

K =20, r € [0,1]¥ is randomly generated, and 7y, is randomly initialized. Softmax policy gradient, i.e., Update 1 is used
with learning rate n = 2/5 and T' = 3 x 10°. As shown in Fig. 2(a), the sub-optimality §; = (7* — m;t)T r approaches 0.
Subfigures (b) and (c) show log d; as a function of logt. As logt increases, the slope is approaching —1, indicating that
log §; = —logt + C, which is equivalent to 6; = C’/t. Subfigure (d) shows 7, (¢*) as a function of ¢.

045 0 -11.72

11725

-11.73

11.735

-11.74

-11.745

-11.75

B -11.755 0
0 500 1000 1500 2000 0 2 4 6 8 10 12 14 12575 1258 12585 1259 12595 126 12605 1261 12615 0 500 1000 1500 2000

(a) 6 = (x* —79) 7 (b) (c) slope ~ —1.0005 (d)

Figure 2. Softmax policy gradient, Update 1.
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D.2. Entropy Regularized Softmax Policy Gradient

K =20,r € [0,1]%

and 7y, are the same as above. Entropy regularized softmax policy gradient, i.e., Update 2 is

used with temperature 7 = 0. 2 learning rate n = 2/5 and 7' = 5 x 10*. As shown in Fig. 3(a), the soft sub-optimality
T (r — 7log mg, ) approaches 0. Subfigure (b) shows log 5; as a function of ¢. As t increases,

515—777—

T (r—rlog:) —m,

the curve approaches a straight line, indicating that log §; =
Subfigure (c) shows (; as defined in Lemma 11 as a function of ¢, which verifies Lemma 12. Subfigure (d) shows min, 7y, (a)
as a function of ¢. As ¢ increases, min, 7y, (a) approaches constant values, which verifies Lemma 13.

igt

—C -t 4+ C5, which is equivalent to 5,5

——

C} /[ exp{C] - t}.

x10°

24

[ 500 1000 tisoo 2000 2500 3000

(a) & = " (r — rlogn2) — 79, T (r — 7logms,)

t T x10*
V(10 —1)'1
(¢) G :Tg,,,‘,%.l

Figure 3. Entropy regularized softmax policy gradient, Update 2.

D.3. “Bad” Initializations for Softmax Policy Gradient (PG)

As illustrated in Fig. 1, “bad” initializations lead to attraction toward sub-optimal corners and slowly escaping for softmax
policy gradient. Fig. 4 shows one example with K = 5. Softmax policy gradient takes about 8 x 106 iterations around a
sub-optimal corner. While with entropy regularization (7 = 0.2), the convergence is significantly faster.

1

20
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30

35

0 1000 2000 3000 4000 5000

(a) Softmax policy gradient.

2 a4 6 8 10
%108

t
(b) Softmax policy gradient.

0 1000 2000 3000 4000 5000

(c) Entropy regularized softmax PG.

Figure 4. Bad initialization for softmax policy gradient.

D.4. Decaying Entropy Regularization

We run entropy regularized policy gradient with decaying temperature 7, =

lgt

o 1000 2000 3000 4000 5000

(d) Entropy regularized softmax PG.

A fort > 2, i.e., Update 3. Fig. 5 shows one

example with K = 10 and different c values. The actual rate is O (=¥ ), and the partial rate in Theorem 8 is O (7= )

6 8
logt
(a) a = 2.0, slope =~ —0.5.

6 8
logt
(b) a = 1.0, slope ~ —0.9999.

2 4 6 8 10 12 14
logt

(¢) @ = 0.8, slope ~ —1.2516.

Figure 5. Decaying entropy regularization, Update 3.
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(d) @ = 0.5, slope ~ —1.9222.



