On Thompson Sampling with Langevin Algorithms

A. Notation

Before presenting our proofs, we first include a table summarizing our notation.

’ Symbol

Meaning

set of arms in bandit environment

number of arms in the bandit environment |.A|

Time horizon

arm pulled at time ¢ by the algorithm A; € A

number of times arm a has been pulled by time ¢

reward from choosing arm A; at time ¢

parameters of likelihood functions such that, 6, € Ra

dimension of parameter space for arm a

parametric family of reward distributions for arm a

prior distribution over the parameters for arm a

probability measure associated with the posterior over the parameters of arm a
after n samples from arm a

probability measure associated with the (scaled) posterior over the parameters of arm a
after n samples from arm a

probability measure resulting from running the Langevin MCMC algorithm

described in Algorithm 2 which approximates ,uén)

probability measure resulting from an approximate sampling method

which approximates x{" [Ya)

true parameter value for arm a

sampled parameter for arm ¢ at time ¢ of the Thompson Sampling algorithm: 8, ; ~ ug")

mean of the reward distribution for arm a: 7, = E[X,|6%]

vector in R% such that 7, = a1 6*

(t)) estimate of mean of arm @ at round ¢: 7, (T, (t)) = X0,

norm of «y,

Strong log-concavity parameter of the family p, (x; 6) in 6 for all .

Strong log-concavity parameter of the true reward distribution p, (x; 6*) in .

Averaged log likelihood over the data points: F), ,(6,) = % o logpa(Xi, 04)

Lipschitz constant for the true reward distribution, and likelihood families p, (z; 6*) in x.

condition number of the likelihood family 1o = max (£, Lo ).

maxg g (0)

reflects the quality of the prior: B, = — @

We also define a few notations used within the approximate sampling Algorithm 2.

’ Symbol ‘ Meaning
N number of steps of the approximate sampling algorithm
h(™) step size of the approximate sampling algorithm after n samples from the arm
0;nm) MCMC sample generated within ¢-th iteration of Algorithm 2
Hip(n) measure of 6},
k batch-size of the stochastic gradient Langevin algorithm

B. Posterior Concentration Proof

To begin the proof of Theorem 1, we first prove that under our assumptions, the gradients of the population likelihood

function concentrates.
Proposition 2. If the prior distribution over 0, satisfies Assumption 3, then we have:

suleogﬂa(Ha)T(Oa —07) < gr—logma(0),
Rda
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where g% = maxgepra 10g 74 (6,).

Proof. Letlogm,(6,) = g(6,). From the concavity of g, we know that

Vg(0a)" (0o = 02) < 9(0a) — 9(07)

Since this holds for all # € R% , we take the supremum of both sides and get that:

sup Vg(0a)" (6 — 05) < g* — g(6})
Rda

O

Let log B, := g — logm,(6%). If the prior is centered on the correct value of 7, then log B, = 0. Our posterior
concentration rates will depend on B,.

Before proving the posterior concentration result we first show the empirical likelihood function at 87 is a sub-Gaussian
random variable:

Proposition 3. The random variable |V F, (07)|| is Lq/ -2 -sub-Gaussian:

Proof. Recall that the true density p,(x|67) is v4-strongly log-concave in x and that V log p,(2|07) is L,-Lipschitz in x.
Notice that Vg Fy, (6%) = 0 since ¢ is the point maximizing the population likelihood.

Let’s consider the random variable Z = Vg log p,(x|6%). Since E[Z] = Vo F,(0?), the random variable Z is centered.

We start by showing Z is a subgaussian random vector. Let v € Sy, be an arbitrary point in the d,—dimensional sphere and
define the function V : R% — R as V(z) = (Vg log pa(z|0%), v). This function is L,—Lipschitz. Indeed let z1, 2o € R%
be two arbitrary points in R%:

[V (z1) = V(22)| = [(Volog pa(1]07) — Vo log pa(z2]07), v)|
< [|Volog pa(21(0;) — Vo log pa(z2|6)2v]]2
= [|Vglogpa(z1]6;) — Vo log pa(z2]6y)l|2
< Lollz1 — 22|

The first inequality follows by Cauchy-Schwartz, the second inequality by the Lipschitz assumption on the gradients. After

a simple application of Proposition 2.18 in Ledoux (2001), we conclude that V() is subgaussian with parameter \%L

Since the projection of Z onto an arbitrary direction v of the unit sphere is subgaussian, with a parameter independent of
v, we conclude the random vector Z is subgaussian with the same parameter \%TL Consequently, the vector Vo F, ,,(67),
;57 is also subgaussian with parameter \/%LTQ

Lemma 1 of (Jin et al., 2019) implies it is norm subgaussian

being an average of n i.i.d. subgaussian vectors with parameter

Lq
g’

Since Vg F, ,(0}) is a subgaussian vector with parameter
Lg

Vnrg

5

with parameter

Given these results we now prove Theorem 1. For clarity, we restate the theorem below:

Theorem B.1. [ Suppose that Assumptions 1-3 hold, then given samples Xén) = Xu1, s Xa,n, the posterior distribution
satisfies, for § € (0,e~1/2):

2 da 32 | 8dukala
P, [7al <|9a — 02 > \/ ¢ ( +log B, + ( 4 Halala ) 1og(1/6))> < 0.
Ha MaN \ Ya v,

a a a
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Proof. The proof makes use of the techniques used to prove Theorem 1 in Mou et al. (2019): analyzing how a carefully
designed potential function evolves along trajectories of the s.d.e. By a careful accounting of terms and constants, however,
we are able to keep explicit constants and derive tighter bounds which hold for any finite number of samples. Throughout
the proof we drop the dependence on a and condition on the high-probability event, G, ,(d1), defined in Proposition 3,
which guarantees that the norm of the likelihood gradients concentrates with probability at least 1 — &;.

Consider the s.d.e.:
1

dB
\/ﬁ ts

1 1
dby = 5 Vo Fu(0r)dt + o~ Vo logm(0:))dt +

and the potential function given by:
1
V() = 5ello — 073,
for a choice of o > 0. The idea is that bounds on the p-th moments of V' (;) can be translated into bounds on the p-th

moments of V() where § ~ 1(™), due to the fact that lim; o, 6; = 6 ~ p(™). The square-root growth in p of these
moments will imply that ||§ — 6*||2 has subgaussian tails with a rate that we make explicit.

We begin by using Ito’s Lemma on V' (6;):

V(6,) =T1+ T2+ T3+ T4,

where:
1 [t t
as /* @ as * (12
leff/ e**(0 795,V9Fn(95)>d5+—/ e*?|0s — 0%||5ds
2 Jo 2 Jo
1 [t
T2=— [ e**(0s — 0", Vglogn(0,))ds
2n Jo
t
T3 = @ e**ds
2ny Jo
1 t
T4 =— e**(0s — 0", dBs
7 ( )
Let us first upper bound 7'1:
t a [t
T1=— / e (0% — 0,,VoF,(05))ds + 5/ e |0, — 0% ||3ds
0 0

I

|
N = N
C\“

t
(0% — 0, Vo Fo(02) — VoFy(0%))ds + %/ (|6, — 6 |2ds
0

1

t
- 7/ e (0% — 0, Vo F, (0%))ds
2 0

(2) _ t 1 t

2a m/ e‘”||93—9*|\§d.9—7/ €5 (6% — 0, Vo F(67))ds
2 0 2 0

) oo —m

(ii
<
- 2

t 1 t
| elo. =7 1Bas 5 [ el o) Va0 ds
0 0 —/_"_ ™

where in (¢) we use the strong-concavity property from Assumption 1-Local, and in (i¢) we use Cauchy-Shwartz.

Using Young’s inequality for products, where the constant is m, gives:

200 —m ! as * E(n)2 ! as
T1 < 1 /Oe 105 — 0% ||3ds + y /Oe ds
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Finally, choosing « = m /2 the first term on the RHS vanishes. Evaluating the integral in the second term on the RHS gives:
6(%)2 at
Ti< 55 (e*'—1) <

Given our assumption on the prior, our choice of o = 3+ and simple algebra, we can upper bound 72 and 7'3 as:

e(n)?

m?2

at

1/t log B log B
¢ (0, — 07, Vo logm(8,))ds < —o (e — 1) < —2

2an nm

T2

< eat

:%O

t
d e**ds < Le“t.

T3 = —
2ny Jo ynm

We proceed to bound T'4. Let’s start by defining:

t
M, = / (0, — 0%, dB,),
0

so that: M
T4= "1

3

Combining all the upper bounds of T'1, 72, T'3, and T4 we have that:

2
V<et><(€("§ ;o +1°gB>eat+Mt.
m ynm nm oD

To find a bound for the p—th moments of V', we upper bound the p-th moments of the supremum of M; where p > 1:

(1) » 3
E { sup |Mt|p] < (39)FE (M, M)} ]
0<t<T

2

T 2

= (8p):E (/ 62“8||939*§> ds
0

() 4 t * (12 r :

< p)sE | sup )0 0 HQJf e ds
0<t<T 0

y eaT_l
sweWM—Gﬁ(cy)>]

0<t<T
P
2

E [( sup eat||9t — 9*||§> 1
0<t<T

Inequality (¢) is a direct consequence of the Burkholder-Gundy-Davis inequality (Ren, 2008), (i) follows by pulling out the
supremum out of the integral, (#ii) holds because e®? — 1 < e*T'.

]

Now, let us look at the moments of V' (6;).

L 1
ok 2 d log B M,|\"17
E [( sup V(6‘t)> ] <E {( sup (e(ng + 4 08 )etxt+ | t|) ]
0<t<T o<t<T \ M ynm nm /An

2 d log B M, \?
<E { sup (g(ng + + o8 ) e + sup —' t|) ]
m ynm nm 0<t<T /I

=
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Via the Minkowski Inequality, and the fact ¢(n) is independent of ¢, we can expand the above as:

[, v

Since, from Proposition 1, we know that ¢(n) isa L d__sub-Gaussian vector, we know that:

nv

2
E e < <2Lv QdP)

Using our upper bound on the supremum of M, gives:

=
IN
S
QU

loc B aT 1 M p %
+ Og) eoT _|_672E [6(77/)21)] » L | [( sup | t) ]
ynm nm m

0<t<T VT

=Urp

(M)

P13 aTg ]2 aT\ 5
IEK sup V(at)) ] <o+ E0 g (87’6 > ©)
0<t<T vm?*n ~yan

We proceed by bounding the second term on the RHS of the expression above:
T % 217 (4 1 T\ P P
) (ameo-oi) | 225 (5F) <5 (ameto-og) |
sup e“'||9, — 6* <E + — | sup e*|l6, — O0*
() (s o012 5 () g (s el 01
1 1
(i) L 8peT P13 1 P15
Lowr](20) ]+ jr] (s o - 02) ]
ayn 2 0<t<T

1
(#ii) aT’\P1p» 1 P
< 16 E [(pe ) ] +-E {( sup e*(|6; — 9*||§> }
ayn 2 0<t<T

I

2
( sup 6, — e*n%)
0<t<T

5]
[
=

E

S

Inequality () follows from using Young’s inequality for products on the term inside the expectation with constant 2P 1,

inequality (%) is a consequence of Minkowski Inequality and (7i¢) because 2% < 2. We note now that the second term 1

on the right hand side above is exactly:
1 2k
-E {( sup V(Ht)) }
2 0<t<T

Plugging this into Equation 6 and rearranging gives:

1
1 Py 16 aT aT8dL2
“E|( sup V(#)) | <Ur+——p+ & »,
2 0<t<T ayn vm?n
which finally results in:
1
ks 2 [d 32 8dL?
E K sup V(F)t)) ] < — ( + log B + ( + >p> e, @)
0<t<T mn \7vy Y vm

Given this control on the moments of the supremum of V' (6;) (recall V/(6) = 1e**(|6 — 6*||3), we finally construct the
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bound on the moments of || — 6*|:

E[l0r —0°[") =B [e= "5 V(6r)8|”

@) paT
<E [e‘ 2 ( sup V(GQ)

0<t<T

(NS}

1
aT %
=e¢ 2 [E ( sup V(Gt)>
0<t<T
(i) _4 2 [d 16 4dL?
< e Y ( (+logB+(+ )p) eaT)
mn \ 7y ¥ vm
1
2 (d 16 4dL? 2
= (+logB+(+ )p)
mn \ vy ol vm

Inequality (7) follows from taking the supremum of V' (6;), inequality (i7) from plugging in the upper bound from Equation
7.

SIS
Nl=

[N

Taking the limit as 7" — oo and using Fatou’s Lemma, we therefore have that the moments of E[||§ — 9*||”ﬁ, with
probability at least 1 — §;, grow at a rate of VP

E[[l0 — 0*[[")7 < lim inf E[[l6r — 0*|"]7 (8)
T—o0
1
2 (d 16 4dL? 2
mn o\ 0 vm

To simplify notation, let D = (% + log B), and o = (E + @). Therefore we have:

v vm

E[[|6 — 6*|”]7 < (D +op) (10)

mn
The result (10), guarantees us that the norm of the uncentered random variable # — 0* has subgaussian tails. We make the
parameters explicit via Markov’s inequality:

Efllo — 6~[1"]

€P

2D +op)\

IN

P, (10— 07| > ¢

Choosing p = 2log 1/6 and letting

gives us our desired solution:

) % (d 32 8dL?
Pg’\‘lh(ln)['Ya] (0 - 0 ||2 > \/m <,7 +10gB + <,y + vm > log (1/5))) < 5

for § < e~0-5, O
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C. Introduction to the Langevin Algorithms

We refer to the stochastic process represented by the following stochastic differential equation as continuous-time Langevin
dynamics:

d6, = —VU(6,) dt + V2 dB,.
We have first encountered this continuous time Langevin dynamics in Eq. (2), where we have set U(f) =
—Ya (NEy o (0) +1og e (0)) = —Va D iy 108 o (24,i|0) — 7a log m4(8) to prove posterior concentration of u&n) [Va)-
One important feature of the Langevin dynamics is that its invariant distribution is proportional to e~V (?)
(n)
a

. We can

therefore also use it to generate samples distributed according to the unscaled posterior distribution pg °. Via letting
U®) = —> 1 1 10gpa (x4,:]0) — logm, (), we obtain a continuous time dynamics which generates trajectories that

converge towards the posterior distribution ug”) exponentially fast. To obtain an implementable algorithm, we apply

Euler-Maruyama discretization to the Langevin dynamics and arrive at the following ULA update:
Oy ~ N (eihm — RVU (), 2h<">1) .

Since VU(0) = — Y7 Vlogp, (%4,:|0) — V1og m,(0) in the above update rule, the computation complexity within
each iteration of the Langevin algorithm grows with the number of data being collected, n. To cope with the growing
number of terms in VU (), we take a stochastic gradient approach and define U (6) = — 15T Y eres Viogpa(zi|0) —

V log 7, (6), where S is a subset of the dataset {41, - , %4 }. For simplicity, we form S via subsampling uniformly

from {241, -, %qn}. Substituting the stochastic gradient VU for the full gradient VU in the above update rule results in
the SGLD algorithm.

D. Proofs for Approximate MCMC Sampling

In this Appendix we supply the proofs of concentration for approximate samples from both the ULA and SGLD MCMC
methods. We will quantify the computation complexity of generating samples which are distributed close enough to the
posterior. We restate the assumptions required of the likelihood for the MCMC sampling methods to converge.

Assumption 1-Uniform (Assumption on the family p,(X|6,): strengthened for approximate sampling). Assume that
log pa(2|04) is La-smooth and m,-strongly concave over the parameter 0,,:

~logpa (@10, — Vo log pu(al,) " (6 — 6,) + 5" 6 — 0] < ~logpa (@6
< —log pa(z]6,) — Velogpa(z|0.)" (6, —6,) + %Hﬁa — 0112, Vb,,0, € R% zcR.

Assumption 3 (Assumptions on the prior distribution). For every a € A assume that log 7, (6,,) is concave with L-Lipschitz
gradients for all §, € R%:

|Vo7a(0) — Vora(0)|| < La||0 — 0'|| V6,0 € R%

Assumption 4 (Joint Lipschitz smoothness of the family log p, (X |6, ): for SGLD). Assume a joint Lipschitz smoothness
condition, which strengthens Assumptions 1-Local and 2 to impose the Lipschitz smoothness on the entire bivariate function

log pa (; 0):
Vo log pa(z]6s) — Vologpa(a'|0.)|| < Lo |00 — 04| + LE ||z — 2'||, V64,0, € R% z,2’ € R.

‘We now begin by presenting the result for ULA.

D.1. Convergence of the unadjusted Langevin algorithm (ULA)

If function log p, (x; 8) satisfies the Lipschitz smoothness condition in Assumption 1-Local, then we can leverage gradient
based MCMC algorithms to generate samples with convergence guarantees in the p-Wasserstein distance. As stated in
Algorithm 2, we initialize ULA in the n-th round from the last iterate in the (n — 1)-th round.
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Theorem 5 (ULA Convergence). Assume that the likelihood log p,(x; 0) and prior 7, satisfy Assumption 1-Uniform and

1 2
Assumption 3. We take step size h("™) = B%W_Cii]m)z =0 (nL = ) and number of steps N = 640% =0 (x2)

in Algorithm 2. If the posterior distribution satisfy the concentration inequality that Eewugﬂ) [0 — 9*||7’]% < ﬁﬁ

then for any positive even integer p, we have convergence of the ULA algorithm in W, distance to the posterior (i :
W, (A8, 1) < 2D,¥D >\ [Zdup.

Proof of Theorem 5. We use induction to prove this theorem.

e For n = 1, we initialize at §, which is within a 4/ i"a -ball from the maximum of the target distribution, 91’; =
arg max p(0]z1), where p, (0|x1) o< pa(x1|0)7,(0) and negative log p, (0|x1) is m,-strongly convex and (L, + L, )-
Lipschitz smooth. Invoking Lemma 10, we obtain that for d,u((f) = pa(9|x1)d9 Wasserstein-p distance between the

target distribution and the point mass at its mode: W), (ugl), § (9;)) 5¢/7— dap Therefore, W), (ua ,0 (90)) <

Wy ( e ), 0 (9*)) + H00 — 9;; || <64/ %dap. We then invoke Lemma 6, with initial condition pg = ¢ (9;), to obtain
the convergence in the N-th iteration of Algorithm 2 after the first pull to arm a:

W (panor s 1) < (1= %h(”)w wr (6 (60) 1) 1o Lot La)” ;;pL“)p (dap)?’? (h(l))p/Q

a

where we have substituted in the strong convexity m,, for m and the Lipschitz smoothness (L, + L) for L. Plugging

My : mg 1 m;, _ D? 20 1 _
in the step size h(!) = @m < min 32(LatT.)? 102 (Lot l.)? m}, and number of steps N = == ;755 =
640 Lotz wr (D, ) = W (uvnor, ) < 2D,

e Assume that after the (n ) th pull and before the n-th pull to the arm a, the ULA algorithm guarantees that

Wy (ﬁ(n 1)7 M¢(z )>

that I, (A("), ug")) lD We first obtain from the assumed posterior concentration inequality:

(n + 1)-th pull, it is guaranteed

2
Wylu.8(67) < By o [I6 = 6"IP1F < =D, (an
Therefore, for n > 2,
Wy (15, 10 < Wy (i, 6 (0%)) + W, (0, 5.(6)) < %5.

We combine this bound with the induction hypothesis and obtain that
8 ~
W, ( (n) p(n— )) <W ( () (n— 1) W, ( n=1) pn= 1)) < °D
/J’a /J’a — p Ma + — \/’E

From Lemma 6, we know that for m = n - m, and L=n- L, + L, with initial condition py = ﬁ,(znfl), with accurate

gradient,

SN—

m P N L» p/2
Wy (uihw,ué”) < (1 - Sh(")) wy (ué"’”,ué")) +27 = (dap)” (h("))

If we take step size h(™) = L2 < min { 32’%2 T 2 o %} and number of steps taken in the ULA algorithm from
(n — 1)-th pull till n-th pull to be: N' > 20 &,

N s - ~
o . w o \"N e pr v o[ o\P/2 2D
Wp( M)l )> =Wp (ﬂﬁh(maﬂé )) < (1 - gh( )> JFQSPﬁ(dap)p/ (h( )> < RYPR (12)
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leading to the result that 1V, ( ), ug”)) < %IND

Since at least one round would have past from the (n — 1)-th pull to the n-th pull to arm «, taking number of steps in

eachround t tobe N = = h(ﬂ 640(L+7L) suffices.
Therefore, N = 64OM =0 (nLT%) O

D.2. Convergence of the stochastic gradient Langevin algorithm (SGLD)

If log p, (x; 0) satisfies a stronger joint Lipschitz smoothness condition in Assumption 4, similar guarantees can be obtained
for stochastic gradient MCMC algorithms.

Theorem 6 (SGLD Convergence). Assume that the family log p,(x; 0) and prior 7, satisfy Assumption 1-Uniform, As-

* )2
sumption 3, and Assumption 4. We take number of data samples in the stochastic gradient estimate k = 32554 = 32k2,

aVa
; _ 1 . — 1 — (LatsLa)”
step sice h") = 35—y = O (775 ) and number of steps N = 128042 5200
l ~
the posterior distribution satisfy the concentration inequality that EQNN(") (16 —6*[]P]» < ﬁD then for any positive

even integer p, we have convergence of the ULA algorithm in W, distance to the posterior u,(ln): W, (M((ln), M((zn)) < %f),

VD > ,/%dap.

Proof of Theorem 6. Similar to Theorem 5, we use induction to prove this theorem. After the first pull to arm a, we take the

2
(Lat+2La)
same 640T

=0 (ﬁg) in Algorithm 2. If

number of steps to converge to W/ (ugl), ufll)) <2 D,

Assume that after the (n — 1)-th pull and before the n-th pull to the arm a, the SGLD algorithm guarantees that
~(n—1 n—1 ~
W, (u& )l )) < =

that W, ( (n), ,u((zn)) < %f) Following the proof of Theorem 5, we combine the assumed posterior concentration

(n + 1)-th pull, it is guaranteed

inequality and the induction hypothesis to obtain:
n) n— n n— n—1) ~(n— 8 ~
W, (u& T 1)) < W, (Mé )l 1)) + W, (ué R 1)) < 7D

Denote function U as the negative log-posterior density over parameter . From Lemma 6, we know that for m = n - m,

and L =n- L, + L, with initial condition that pg = ,u((ln 2 , if the difference between the stochastic gradient VU and the

exact one VU is bounded as E {HVU(G) - Vﬁ( H ’0] < A,, then

W (piner 17 < (1 - th(”)> W”( (0, ) +25”;L (dap)”’? (n" )),,/2 L giste

mp’

We demonstrate in the following Lemma 5 that

A < o™ (VdapLy "
P ="Lp/2 VVa

Lemma 5. Denote U as the stochastic estimator of U. Then for stochastic gradient estimate with k data points,

nP/2 (\dapLi\"
kp/2 N

E [Hvﬁ(e) - VU(a)Hp 0] <2

*\ 2
If we take the number of samples in the stochastic gradient estimator k = 32@, then A, < % (n- ma)p /2
Mg Va P 32r/

(p-d )p/2 < 9—2— 5mpf’2 for any p > 2. Consequently, 221’*3% < in’?;.
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If we take step size h(") = L % < min { 32’%2 TR % Z—p} and number of steps taken in the SGLD algorithm from
(n — 1)-th pull till n-th pull to be: N' > = h(ln) ,
~ p-N T
n n n m. (n 87D 5 Lr p/2 n / 2p+3 AP
wp ( &, )):Wg(ﬂﬁhmwﬂé ))S 1 8h( )) s 2pﬁ(d ) (h( )) 2% =
_2Dr
= p/2’

leading to the result that 1V, ( (”)7 u&n)) < %IND Since at least one round would have past from the (n — 1)-th pull to the
40

n-th pull to arm a, taking number of steps in each round { to be N = = ﬁ suffices.
Therefore, N — 1280 X2+ 222" _ ¢ (&). 0
Proof of Lemma 5. We first develop the expression:
.
~ P 1 k
E {HVU(@) —vi(9) } —n’E |||= ;Vlogp zil62) - - 2:: log p(z;6.)
N\

3\?—‘

sl

j=1

ZVlogp x;6,) Vlogp(xj|9a)>

=1
‘We note that
1
Vlog p(z;0.) Zwogp zilfa) = — > (Viogp(w;[0a) — Viogp(xi[6a)) .
i=1 i#£j

By the joint Lipschitz smoothness Assumption 4, we know that V log p(x|6,) is a Lipschitz function of x:
IV 1og p(x]0a) — Vg p(xilba)ll < Ly |2 — @il -

On the other hand, the data = follows the true distribution p(x; 6*), which by Assumption 2 is v,-strongly log-concave.
Applying Theorem 3.16 in (Wainwright, 2019), we obtain that (V log p(x;|6,) — V log p(z;|6,)) is ?/I%-sub-Gaussian.
Leveraging the Azuma-Hoeffding inequality for martingale difference sequences (Wainwright, 2019), we obtain that sum of
the (n — 1) sub-Gaussian random variables:

(V log p(x;|60,,) ZVIogp 2|04 )>

=1

s L:—l}a@*z—sub—Gaussian. In the same vein, (Z?zl (230, Viegp(i|0a) — Vlogp(xj|9a))> is ;W_sub_

. . 2y/dok(n—1)L" .
Gaussian. We then invoke the #—sub—Gausmamty of

k n
1
> (nE Vlogp(xﬂa)—Vlogp(wjlea)>
j=1 i=1

and have

p
n

k p
2\/dok(n — 1)pL*
B §j< 3" Viog p(il6) v10gp<xj|ea)> §2< (n—Dp )
j=1 i=1

eny/v,
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Therefore,

p

]E[HVU( — VU0 ‘H ka i(ii log p(xi0a) Vlogp(wj@a))

np/2 VdapL: nP/? (\JdpL:
<25 (LR ) <2 (Y02 )

D.3. Convergence of (Stochastic Gradient) Langevin Algorithm within Each Round

In this section, we examine convergence of the (stochastic gradient) Langevin algorithm to the posterior distribution over
a-th arm at the n-th round. Since only the a-th arm and n-th round are considered, we drop these two indices in the notation
whenever suitable. We also define some notation that will only be used within this subsection. For example, we focus on the

6 parameter and denote the posterior measure dua (x 0) = dp*(0) = exp (—U(#)) dO as the target distribution.

’ Symbol ‘ Meaning ‘
w* posterior distribution, p
U potential (i.e., negative log posterior density)
07 minimum of the potential U (or mode of the posterior ;*)
04 interpolation between 0;;,n) and 0(; 1)), for t € [ih(™) (i 4 1)h™)]
Lt measure associated with 6,
0F an auxiliary stochastic process with initial distribution p* and follows dynamics (17)
m strong convexity of the potential U, nm,
L Lipschitz smoothness of the potential U, nL, + L,

We also formally define the Wasserstein-p distance used in the main text. Given a pair of distributions z and v on R%, a
coupling ~ is a joint distribution over the product space R? x R¢ that has ; and v as its marginal distributions. We let
I'(u, v) denote the space of all possible couplings of 4 and v. With this notation, the Wasserstein-p distance is given by

W)= nt eyl dye). (13)
YE (1,v) JRd xRd

We use the following (stochastic gradient) Langevin algorithm to generate approximate samples from the posterior distribu-
tion u((l )(9) at n-th round. For¢ =0,--- , T,

Oir1ynem ~ N (0ih("> - h(")Vﬁ(@hw»),?h(")I) ; (14)

where VU (0;1(ny) is a stochastic estimate of VU (6;},(»)). We prove in the following Lemma 6 the convergence of this
algorithm within n-th round.

Lemma 6. Assume that the potential U is m-strongly convex and L-Lipschitz smooth. Further assume that the p-th moment
between the true gradient and the stochastic one satisfies:

E H‘VU(&HLW)) - Vﬁ(eih(n))

p
0;nm) } < Ap.

m

Then at i-th step, for ;) following the (stochastic gradient) Langevin algorithm with h <

= 3212’
) o\ p/2 A
W8 (finem s 1) < (1 - gh( ’)) WP (1o, 1*) + 25pm (dp)?’* (h(")) + 2= (15)

Remark 2. When A, = 0, Lemma 6 provides convergence rate of the unadjusted Langevin algorithm (ULA) with the exact
gradient.
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Proof of Lemma 6. We first interpolate a continuous time stochastic process, 6;, between 6,, ) and 9(1‘ F1)h(m) - For
t e [ih™, (i + 1)),

46, = VU (6,3, )dt + V2d By, (16)

where B; is standard Brownian motion. This process connects 6;;,») and 6;,1), and approximates the following
stochastic differential equation which maintains the exact posterior distribution:

do; = VU (67)dt + V2dB;. (17)

For a 0} initialized from p* and following equation (17), §; will always have distribution p*.

We therefore design a coupling between the two processes: 6; and 6;, where 6, follows equation (16) (and thereby
interpolates Algorithm 2) and 6} initializes from p* and follows equation (17) (and thereby preserves p*). By studying the
difference between the two processes, we will obtain the convergence rate in terms of the Wasserstein-p distance.

*

Ty SO that for

For t = ih("™), we let 6;;,(n) to couple optimally with 6

(ez‘lL(")»e:h(n)) ~ " € Lopt (Mz’mn),/i:h(n)),

E [||0ine — 05 |I'] = WP (apo,p*). For t € [ih™, (i + 1)h(™], we choose a synchronous coupling
3 (04, 0710000, 0%, ) € T (126 (0e)0ipcr ), 17 (07 |0;4,n)) for the laws of 6, and 67. (A synchonous coupling simply
means that we use the same Brownian motion By in defining 0; and 6;.) We then obtain that for any pair (6;, 0;) ~ 7,

40, do; >

o — 6" _
dt

R CRRE
= plloy — 0772 (6, — 67, ~VU(61) + VU(67))
+ pllor = 071772 (00 = 07, VU (8) = VT (03 )

< —pin 6, = 07" +p 16 = 017" | VU 0:) = VT (G| (s)
< —pm||6; — 67" (19)
p1< pm > wqp L 1 ~ P

N (R e L Y/ R +77_HVU0 VU (0,0 (20)
ol Gy Lot ) (0) —~ VT (Bi0)
2(p—1)
pm . 2p—1 ~ P
S-5 16 — 07" + =1 HVU(et) = VU(Oiem)|| (21

where equation (20) follows from Young’s inequality.

Equivalently, we can obtain

deS1)0 = 0] _ om Y

9p—1 ~
- Bl HVU(Gt) — VU (0;,0)

By the fundamental theorem of calculus,

_pm(y; .y (n)
16, — 6717 < & F () (19000 — 07,0

p 2r-1 ! — P (4 g) ~ p
+W/< e ‘VU(GS)—VU(QZ-M”))H ds.  (22)
ih(n

Taking expectation on both sides, we obtain that
E (|6 — 07 "] = E [E [[16: — 0717 | Oarco, 050 ]]

< o~ B (t=ih ™) H|6ih<") — 0 Hp]

+ op—1 /t o B =) |:HVU(95) B Vﬁ(eih,w))Hp] &, o)

mP= i
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In the above expression, the integral and expectation are exchanged using Tonelli’s theorem, since
~ P
VU (0) = 90 00|

is positive measurable.

We further expand the expected error E [HVU(GS) —VU(B;0)

p:|:
B [||VU(6,) — VO 60| ]
=E [HVU(es) — VU (Bipn)) + VU (B0 ) — Vﬁ(eiw)Hp}

1 1 R .
< SE[I2(VU(8:) = VU Bo)) ] + 5E [H2 (VU(GM(")) _ VU(gm(n>)) H ]
= 2T E[[VU(6,) = VU B IP) + 2 E [E [| VUG 00) = VO Oipio) | |61 ]
<2TUIP R [[10s = O] + 2771 A, (24)

Plugging into equation (22), we have that

E[16: — 67 1”]

< B OINE 00—

"]

Lr t p
oty [ R OIR [, — ) ds + 27— i)
h(™) m

(25)

p m

We provide an upper bound for f;(n) e= 2 =R [||0s — 0,,m ||] ds in the following lemma.

(n)
Lemma 7. For h\™ < 32L2,

and fort € [ih(™ (i + 1)h(™)],

t
/ TR )16, — 6,0 |17 ds)

'h(n)

p+1 &P ) p/2+1 )
<P (6= ih ™) W i, w7 + - (6= ™) (@) 20— A, 6)

Applying this upper bound to equation (25), we obtain that for h("™) < and for ¢ € [ih("™), (i + 1)h(™)],

- 32L2’

* — 27 (¢_jp(™) * E2p n ptl *
Ef)0; — 07[|P] < e 2 (t=n ™) [[[€arcw _eih(”)H ] +2%~ Smp (t_lh( )) WP (tipenr, ")

Ir p/2+1 Ir
5p—3_ "~ _ (n) p/2 4p—4 _sp(m)\p+1 |
+ 2% (t ih ) (dp)""? + 27 = (b — iR A,
Ap

mp—1

~ P
< (1 — % (t — z’h("))) E [Heihm) - efhw

Lp
+2%78 —— (tfzh(”)> (dp)”/2+22p(t i) —L
m

+2%72(¢ — ip(M)

5 L P! \
p] + 2% 5% (t — ih! ')) WE (Winem s 1)

A,

mP—1 '

Recognizing that § (0, 6;) = ]E( (3 (64, 67 10:5,n 5 05,y )| is a coupling, we achieve the upper bound for

0122207, (n) ) ~
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W; (:u’ta:u’*):
W (e, 1) < B, 07)5 (100 = 07117

/\

)
(1 4 (t — i )) E(ew(n),e;(nowv* [Hevhw gzh(")
)

p+1
(t — b )> WE (pion, 1) + 2P~ 3mp

‘]

L2
5p—5_—
+2 oy

A
2p (¢ (n)
+ 2°P(t —ih'")—— o
m 7P p/2+1
< _ = . 5p—3 _ip(n) p/2
(1 8 ) (inem, 1°) + 2777 — (t ih ) (dp) 27
A
+2%(¢ zh(")) (28)

p/2+1 4P h(n)AP

l)h(”), the recurring bound reads
p/2 (1 (n) -
e (@07 (W)

Taking t = (i +
m P s LY
W (tgnynem s 17) < (1 - 8h(n)) WE (tipom s 1*) + 2P~ ~

We finish the proof by invoking the recursion ¢ times
o\ \ s LP
— o ht )) WE (11i—1ynom > 1) + 27 3% (dp)/* (h

/241 4P
<n>)” i hWA,

WE (ipem, 1) < (1

~ Pt
m *
< (1 — h(")) W (po, 12*)
P p/2+1 4P
_ (n) . 5p—3 p/2 (n)
+Z (1 h ) (2 5 dp)”? () p>
P r /
< (1 mh(")) W (o, p7) + 27 = (dp)*’? (h(”)) + 2% (29)
O
D.3.1. SUPPORTING PROOFS FOR LEMMA 6
Proof of Lemma 7. We use the update rule of ULA to develop fh(n) e 5 IR [||0, — O,pm ||P] ds:
t
/ TR ([0, — 00 |7 ds]
ih(")
t
— [ e ) (VU Oi) — (VU @) = VO 0i)) ) + V2B, — By
'lh n
t _
<P e [ FOCIR VUG ds
ih(n)
t _
gt [ OIB B, — By ) ds
ih(n)
t o N
422 2(¢ )y / e TR [HVU(QZ.M")) — VU (O30 H ]
h(n)
t
~ p
<227 (6 ih®)" BB ~ 65171+ 27271 [ B[IB.~ B )
ih(n)
(30)

p+1
+2272 (1= ih™)" A,
where 6}; is the fixed point of U. We then use the following lemma to simplify the above expression
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Lemma 8. The integrated p-th moment of the Brownian motion can be bounded as:

t p/2
d /2+1
/ E|Bs — By ||Pds < 2 (p> (t - ih("))p . (31)
ih(m) e

We also provide bound for the p-th moment of |6,y — 0;;].

Lemma 9. For 0, ~ fpm),

. _ Lo 107 [dp\*?
E e — 051" < 27 o) + g () @

Plugging the results into equation (30), we obtain that for h(") < 32”%2 ,and for t € [ih(™), (i + 1)h(™)],

.
/) e FEIE[]10, — ;0 |IP ds]
ih(n)

~ p+1 40P ~ p+l [ d p/2
< 2P73LP (t - ih(n)) WE (pinns 1) + ?L” (t — ih(")) (T;Z)

8 p/2 p/2+1
+ (6) (dp)p/Q (t — ’Lh(n)) + 2217*2(t _ ih(n))p+1 . Ap

p/2+1

. +1 8P
< 933P (t—m“"))p W (i 1) + = (t—z'h(n)) (dp)P/? +2272(t —ihM)PHIA,. (33)

O

Proof of Lemma 8. The Brownian motion term can be upper bounded by higher moments of a normal random variable:

t p/2+1
| BB~ Bucoll?ds < (= ™) EIB, = By = (¢~ in®)" B ol
ih(™)

where v is a standard d-dimensional normal random variable. We then invoke the v/d sub-Gaussianity of ||v|| and have
(assuming p to be an even integer):

| 1/12p / p p/2
E ||U||I) < Ldp/Q < € 27Tp(p/6) dp/2 <2 d£ )
2r/2 (p/2)! 20/2, /p(p/2e)P/2 e

O

Proof of Lemma 9. For the E[|6;;,») — 6" term, we note that any coupling of a distribution with a delta measure is their
product measure. Therefore, E ||6;;, ) — 077]|” relates to the p-Wasserstein distance between ;) and the delta measure at
the fixed point 67, § (67,):

E[[0ine = 051" = Wy (inen, 6 (07)) < (W (manemr, 1) + Wy (17,6 (077)))"

<
< 2PTNWE (i, 1) + 20T W (7, 6.(677)) -
We then bound W (1%, 6 (F;)) in the following lemma.

Lemma 10. Assume the posterior v* is m-strongly log-concave. Then for 0}; = arg max p*,

d P/2
W2 (1,6 (65)) < 5° (ﬂﬁj) . (34)
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Therefore,

o™ _ox|”

E’ ih(n)

~ 107 [ dp\P/?
1
2P W (pipeny s 1) + > (m) .
Proof of Lemma 10. We first decompose W), (1*, 0 (;;)) into two terms:
Wy (17,0 (677)) < Wy (17,0 (Bompa [6])) + 105 — Eonp [0]]] -

By the celebrate relation between mean and mode for 1-unimodal distributions (see, e.g., Basu and DasGupta, 1996, Theorem
7), we can first bound the difference between mean and mode:

(87 — Eompr [01)" £71 (07 — Egmper [0)) < 3.

where ¥ is the covariance matrix of p*. Therefore,

167 = Egm [0]]7 < (35)

e

We then bound W), (11*, 9 (Eg~ - [0])). Since the coupling between p* and the delta measure 6 (Eg~ .~ [6]) is their product
measure, we can directly obtain that the p-Wasserstein distance is the p-th moments of p*:

Wy (17,6 (Egyr [0])) = / 10 = B [6]]7 dpa™(6).

We invoke the Herbst argument (see, e.g., Ledoux, 1999) to obtain the p-th moment bound. We first note that for an
m-strongly log-concave distribution, it has a log Sobolev constant of 7. Then using the Herbst argument, we know that

x ~ p* is a sub-Gaussian random vector with parameter o2 = ﬁ:

2
/eAHT(a_EQN“*[O])d‘u*(Q) < 6%@, VHU” - 1.
Hence 0 is 24/ % norm-sub-Gaussian, which implies that

d
(B 10 = B [IPD? < 26100\ [2. -

Combining equations (35) and (36), we obtain the final result that

WE (1,6 (67)) <2e1/"\/> \f )
(2)”

Lemma 11. Assume that the likelihood log p, (x; 0), prior distribution, and true distributions satisfy Assumptions 1-3, and
that arm a has been chosen n = T, (t) times up to iteration t of the Thompson sampling algorithm. Further, assume that we

. . 1 B _ ‘e _ ( atila ) o Li
choose the stepsize step size h(™ = ﬁm =0 (%) and number of steps N = 640T =0 (mii)
in Algorithm 2 then for 65 € (0,e~/?):

O

. 36e Mqdg
Pea i ] <||9a7t — 0|2 > \/man (da +log B, +20log1/61 + 2 (oa + I8L. a) log 1/62)‘ n— 1) < 3.
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where Zy_1 = {||04.1—1 — 0%]| < C(n)} for:

18 1
C(n) = /nme (do + log B, + 20 log 1/6,)%
4d,L?

oc=16+ < and where 0, ;1 is the sample from the previous round of the Thompson sampling algorithm for arm a.

VaMmg '’

Proof. We begin as in the proof of Theorem 3, except that we now take o = dg
previous step of the algorithm:

where 0, ;1 is the sample from the

a,t—1"°

WE (oo, 1) < (1 - Zlh(")yi W2 (8001 1) + 8‘;; (dpy’? (n0)""

We first use the triangle inequality on the first term on the RHS:

Wy (600001, 157 ) < Wy (800,01 00;) + Wy (6(62), 7))

= 110 = Oa el ++W, (562, 1)

< C(n)+

=

D= ,/mla (da—l-logBa—l—ap)%.

Since:

where we have used the fact that || — 6, ;|| < C(n) by assumption, and the definition of D from the proof of Theorem 5:

186 1
C(n) =4/ — (dq +log B, + 20log1/61)?,
V mg

We can further develop this upper bound:
" D
WP (500,,’5—1 ) ILL((I )> S \/ﬁ + C(TL)

<8 (dg +log B, + 20 log1/6; +ap)%,

MeN

where to derive this result we have used the fact that \/2(z +y) > V= + /7.

Letting D = /m%ln (dq +log B, +20log1/61 + o*p)%, we see that our final result is:

8 _
D,

vn

Wp (§9a,t71 ) M((ln)) S

where D < D. Using the same choice of 2("™ and number of steps N as in the proof or Theorem 5 guarantees us that:

W (n) D 3
p ( 0 n ) < 2
p Hipn) s B — (\/ﬁ)

Further combining this with the triangle inequality, and the fact that D < D gives us that:
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LD 3D
f

=
e

Wy (tinn 0+ ) <

Now, since the sample returned by the Langevin algorithm is given by:
0o, =0N + Z, (37)

where 7 ~ N (O7 Lo —1 ), it remains to bound the distance between the approximate posterior fi A(”) of 6, and the
distribution of 0, »). Since 6, — 0 p,n) = Z, for any even integer p,

1/p

wg (A0 A0 bal) = it [l ol a0y | <E(IZ))

ver (" Al a))
4 QP/QF(LJ;) 1/p
<
~\ nlava VT
1/p
< d < p/2( )P/2>
- \/ nLaqYa 2

dp
nLqYa ’

where we have used upper bound of the Stirling type for the Gamma function I'(-) in the second last inequality.

Thus, we have, via the triangle inequality once again, that:

W, (ua”) Yal §ge ) < 3\1/35 + n[c,lffya

36 d 2
< dy + log B, + 20, log1/68 a = ,
e L A L G )

which, by the same derivation as in the proof of Theorem 1, gives us that:

N 36e Medy,
Pea,wﬁ&")[va] <||0a7t —0%2 > \/ma <d +log B, +20log1/6; + 2 <0a ISL. a> log 1/52)‘ n— 1) < b9.

for 65 € (0,e=1/?).. O

We remark that via an identical argument, the following Lemma holds as well:

Lemma 12. Assume that the family log p,(x;0) and the prior w, satisfy Assumptions 1-4 and that arm a has been

chosen n = T,(t) times up to iteration t of the Thompson sampling algorithm. If we take number of data samples
(Ly)?

MaVa’

Sl‘ep Size h(n) — %m = O (ﬁ%) a}’ld number OfStEPS

N = 1280(Ltn7L) =0 (i—%) in Algorithm 2, then for 65 € (0,e~1/2)::

a

in the stochastic gradient estimate k = 32

(l

. 36e Medg
Pea,wﬁfj‘)[vu] (HHW — 02 > \/m (d +log B, + 20 log1/6; + 2 (aa + I8L. a) log 1/52)‘ n— 1) < bs.,

where Zy_1 = {||04.t—1 — 0%|| < C(n)} for the parameters:

18 1 4d,L?
C(n) = © (do +1log B +20log1/61)%, o =16+ —2~2

nMme VgMg

and 0, 11 being the sample from the previous round of the Thompson sampling algorithm over arm a.
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E. Regret Proofs

We now present the proof of logarithmic regret of Thompson sampling under our assumptions with samples from the true
posterior and from the approximate sampling schemes discussed in Section 4. To provide the regret guarantees for Thompson
sampling with samples from the true posterior and from approximations to the posterior, we proceed as is common in regret
proofs for multi-armed bandits by upper-bounding the number of times a sub-optimal arm a € A is pulled up to time 7',
denoted T, (T). Without loss of generality we assume throughout this section that arm 1 is the optimal arm, and define the
filtration associated with a run of the algorithm as F; = {41, X1, Ao, Xo, ..., A, X4 }.

To upper bound the expected number of times a sub-optimal arm is pulled up to time 7', we first define the event
E,.(t) = {re(Ta(t)) > 71 — €} for some ¢ > 0. This captures the event that the mean calculated from the value of 6,
sampled from the posterior at time ¢ < T, 7, +(T,(t)), is greater than 7 — € (recall 7 is the optimal arm’s mean). Given
these events, we proceed to decompose the expected number of pulls of a sub-optimal arm a € A as:

(38)

T T
=E Z]IAt_aE Z]IAt_aEa t))
t=1 t=1

I I7

In Lemma 13 we upper bound ([), and then bound term (/]) in Lemmas 14.

We note that this proof follows a similar structure to that of the regret bound for Thompson sampling for Bernoulli bandits
and bounded rewards in (Agrawal and Goyal, 2012). However, to give the regret guarantees that incorporate the quality of
the priors as well as the potential errors and lack of independence resulting from the approximate sampling methods we
discuss in Section 4 the proof is more complex.

Lemma 13 (Bounding I). For a sub-optimal arm a € A, we have that:

I=E

<E

STI(A, = 0. BE(1)

-1 ]
> L]
s—1 Pi,s

where po s = P(rq.1(8) > 71 — €|Fi_1), for some € > 0.

Proof. To bound term I of (3), we first recall A; is the arm achieving the largest sample reward mean at round ¢. Further, we
define A} to be the arm achieving the maximum sample mean value among all the suboptimal arms:

A} = argmax r,(t, T, (t)).
a€A,a#l1

Since E [I(A; = a, ES(t))] = P (A; = a, E5(t)), we aim to bound P(A4; = a, E5(t)|Ft—1). We note that the following
inequality holds:
P(A; = a, Bg(4)|Fi-1) < P(A} = a, B ()| F-1) (P(ra (6, T1(t) < 71— €[ Fi-1))
=P(A} = a, EG(t)| Fim1) (1 — P(E: ()| Fi-1))- 39)
We also note that the term P(A} = a, E$(t)|F;—1) can be bounded as follows:
P(A; =1, BG(8)| Fio1) = P(A} = a, EG(1), Er (1) Fi-1)
=P(4; = a, EG(t)| Fem1)P(EL(E).| Fe—1) (40)

—~
N2

Inequality (i) holds because {A; = a, ES(t), F1(t)} C {A; = 1, ES(t), E1(¢t)}. The equality is a consequence of the
conditional independence of F(t) and { A} = a, E(t)} (conditioned on F;_1). ¢

%The conditional independence property holds for all of our sampling mechanisms because the sample distributions for the two distinct
arms (a, 1) are always conditionally independent on F;_1



On Thompson Sampling with Langevin Algorithms

Assuming P(E1(t)|F;_1) > 0 and’ putting inequalities 39 and 40 together gives the following upper bound for P(A; =
a. ()| Fio):

P(A; = a, BS(1)| Foo1) < P(Ar = 1, ES(4)| Fooa) (1 %P(El (t)lft-l)) .

(Er ()| Fi-1)

Letting P(E1(t)|Ft—1) := p1,1,(+) and noting that{A; = 1, E5 ()} € {A; = 1} :

1
P(At = Q,Eg(t)|ft_1) S P(At = 1|ft—1) < — 1) . (41)
pl,Tl(t)

Now, we use this to give an upper bound on the term of interest:

ﬁ\_/
1
[~

o~
Il
—

E[I(A¢ = a, E5(t)) ]:t—l]]

B

~
I
—

P(A; = a,Eg(t)|]:t1)]

(444) T 1

S E P(At:u]:tfl) < —1)
; P11 (¢)

@) . | o 1

=E|> E[I(4 = 1>|ft1]( - 1)
; P1,11(t)

® o [ 1

ZE ) 14 =1) ( - 1)
; P1,11(t)

(i) T-1

< E L -1
s—1 Pi,s

Here the equality (7) is a consequence of the tower property, and equality (i¢) by noting that E [I (A; = a, ES(t)) | Fi—1] =
P(A; = a, ES(t)|Fi—1). Inequality (7ii) follows by from Equation 41, and equality (iv) follows by definition. Finally,
equality (v) follows by the tower property and the last line each the fact that T (¢) = s and A; = 1 can only happen once
for every s = 1, ...,T. This completes the proof. O

Given the bound on (I) from (3), we now present the tighter of two bounds on (IT) which is used to provide regret
guarantees for Thompson sampling with exact samples from the posteriors.

Lemma 14 (Bounding II - exact posterior). For a sub-optimal arm a € A, we have that:

T

IT=E lz [(A; = a, E,(t))

t=1

T
1
<1+E Z]I(pa,s>T>

s=1

where po,s = P(rq,(s) > 71 — €| Fi_1), for some € > 0.
Proof. The upper bound for term I in (3) follows the exact same proof as in (Agrawal and Goyal, 2012), and we recreate it
for completeness below. Let 7 = {t : p, 1, (¢) > %}, then:

"In all the cases we consider, including approximate sampling schemes, this property holds. In that case, since the Gaussian noise in
the Langevin diffusion ensures all sets of the form (a, b) have nonzero probability mass.
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(42)

By definition, term [ in (42) satisfies:
ZH(At:a):ZH At =a,p T(t)>l <ZH pas>l
1o ta T)~ ’ T
teT teT s=1

To address term I in (42), we note that, by definition: E[I(E,(t))|F;—1] = Pa,1, +)- Therefore, using the definition of the
set of times 7, we can construct this simple upper bound:

E > I(E.0)| =E | Y EM(E() Eﬂ]
t¢T t¢T
=E lz pa,t‘|
t¢T
1
< J—
- T
t¢T
<1

Using the two upper bounds for terms I and 17 in (42) gives out desired result:

T
1
<1+E Z]I(pa,s>T>

s=1

T
E lz I(A; = a, Eq(t))

E.1. Regret of Exact Thompson Sampling

We now present two technical lemmas for use in the proof of the regret of exact Thompson sampling. The first technical
lemma, provides a lower bound on the probability of an arm begin optimistic in terms of the quality of the prior:

Lemma 15. Suppose the likelihood and reward distributions satisfy Assumptions 1-3, then for all n = 1,....,T and

E {1] < 64 /ﬂBl
Pin my

Proof. Throughout this proof we drop the dependence on the arm to simplify notation (unless necessary). We first analyze
|6* — 6,,]|* where 6, is the mode of the posterior of arm 1 after having received n samples from the arm which satisfies:

2
— imy
N = 8a L3

1
EVIogm(Hu) +VF ,(0,) =0
Given this definition, and letting 0 = 0, — 0* we have that:
N 1 - R
6T (VE,(0*) — VE,(6,)) — EQTVMgT((@u) =0TV F,(6%)
A m, A 1 log B,
01> < —|0]|> + — ||V F,(0%)]]? + —=——
m|ol" < S 1017 + 5 IVE(09)]" + —

161

IN

1 2log B
— [ VE (072 + 821
m mn
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Noting that |a (8% — 6,,)| < 1/ A2||8||?> we find that:

prs=Pr(a” (0—0,)>a” (0" —0,) —¢)

2A2%log B A2
> pPr|af(0—0,) > \/Ogl + S IVE.(09)]2 ]
nm m

=t

where we note that || F, (6*)|| in Proposition 1 is a 1-dimensional % subgaussian random variable.

Now, since we know that the posterior over 6 is y(n + 1) L-smooth and ymn-strongly log concave, with mode 6,,, we know

from e.g (Saumard and Wellner, 2014) Theorem 3.8 that the marginal density of a7 is M -smooth and 175" -strongly
log-concave.
Thus we have that:
Pr(a”(0-0,)>1t)> | ——Pr(Z>1)
—/ 7V (n+ 1)L =
A2
where Z ~ N ( 5 W)
Now using a lower bound on the cumulative density function of a Gaussian random variable, we find that, for o2 = %

+2

(o2 e—m . A
P L VAL
2r(n+ 1)L | 0.34 <« __A
~ Vr(nt+1)L
Thus we have that:
t2+02€§f t> ——A
N 2 R V1 : VAt
DPls nm L < —4
| 031 = VAL
t2
t 207
< 2r(n+1)L (5 +1)e t>\/m
nm 3 <
- \/v(n+1)L

Taking the expectation of both sides with respect to the samples X1, ..., X,,, letting x = L/m, and using the fact that
2l < 2 for n > 1 we find that:

) VR vE e\
E < 67k + 2¢/7mKE + 1] e2.2
Pi,s

g

nm
notation, this further simplifies:

Noting that \/M + A VE,(0)T|2 < A28 4 AT F, (9%)|], and letting Y = ||V F,(6%)| to simplify

1 A nt1
E { ] < 67k + 2v/7KE [<\/4w€10g By + Y) eQWlogBﬁ( Y
P1s mo
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Via Cauchy-Schwartz we can further develop this upper bound and find that:

1 AL g2 N i1y
E|: ] <6 /77”{_’_2 /77TI€627nlogBl ( /47’Yl€10gB1E[ ( +1) (n41)vLy, } Y2 [ ( +1) Lyz}>
Pi,s

Since Y is sub-Gaussian, Y2 is sub-exponential such that:

AL
E[e"] <e and E[v?] <2°
vn
for A < #. Therefore if :
I/m2
7T RdLs

Simplifying the bound further gives:

m vn

1 1)L dL?
E { ] < 67k + 2y/mre? 108 B <\/4fmlogBle+2 67(”2))
Pi,s

log By

log B,
e

< 6Tk + 2v/Tke 5

( +2V/e)

where we have used the fact that k, d > 1 and the fact that we can assume without loss of generality that L/ > 1. Thus,
this bound simplifies to:

! ' 1)L dL?
E { ] < 6/Tk + 2y/Tre? 1108 By ( Iyrlog Bre + 2 ey(qzt))
Pi,s

m vn
< 2\/7”&(31)% (\/ 10g2Ble + 7)

<47k (B1) T (\/logBl +4)
S 64\/ IiBl

where we used the fact that '/4(\/Togz + 4) < 8/ for > 1 and /7 < 2 to simplify our bound. O

The last technical lemma upper bounds the two terms defined in Lemma 1.

Lemma 16. Suppose the likelihood, true reward distributions, and priors satisfy Assumptions 1-3, then for v, = %.
T—1
1 L 8eA?

ZE[ 1}§64,/1B1[ ¢ ;(D1+40110g2)—‘+1 43)
s—1 Pi,s mAa

T

1 8eA?
S| (pae > 1) | < SREDa + 20, lon(T) @

s=1
Where for a € A, D, is given by:

8d2L3

256d,L3  8d,L?
DazlogBa—i—# g = a 4 a

m2v, m2v, Mg Vq
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Proof. We begin by showing that (43) holds. To do so, we first note that, by definition p; , satisfies:

Pi1,s —P(Tl t( )>7j 6|.7:t 1) (45)
=1- ( ()—7"1<—6‘./_‘.t 1) (46)
>1- (\Tl,t( s) — 71| > €| Fi-1) (47)
>1-P, 0 (||9 — 0| > i) (48)

where the last inequality follows from the fact that 1 ;(s) and 74 are A,-Lipschitz functions of 6 ~ ugs) and 6* respectively.

We then use the fact that the posterior distribution PQNH(S) satisfies the concentration bound from Theorem 1 for § €
1

(0, e71/2). Therefore, we have that:

€ 1 mne?
. _H* )< 2=
PHN#P <||6 ol > Al) - exp( 201 (ZeA% Dl)) ’ “9)

where we use the constant D and o7 defined in the proof of Theorem 1 to simplify notation. We remark that this bound is
not useful unless:

QeAl

D1
Thus, choosing € = (71 — 74)/2 = A, /2 and { as:

. "86‘42

AQ (Dl + 20’1 IOg 2)-‘

we proceed as follows:

where:

1 1 1 me?
— = — _— R < 71/2 >
25(5) 2exp( S0, <2€ %s>) <e Vs> ¢

and the first inequality follows from our choice of ¢ and the second by upper bounding the sum by an integral. To finish, we
write §(s) = exp(—c * s), and solve the integral to find that :

o 1 log2 — log (2e¢ — 1 log 2
/ —— —lds= -2 %8 (2¢ )+1<£+1
s=1 1 —50(s) c

plugging in for c gives:

8eA?
P } mA2 ——=201log2+1

L1 8614%
< 644/—B
- my {mAg

TilE[Pls }<ZE[

s=1 s=1

(D1 + 401 log 2)-‘ +1
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To show that (44) holds, we do a similar derivation as in (48):

) 1

;TlE {]I <pa,s > ;)} => E :11 (P(rw(s) — 7y >Ny — €| Fio) > T)}

s=1

= ZT:E :H P(ra,(s) —Ta > ﬁ\]—‘t,l) > 1)]

IN
(]
&=
=

IN
(]~
=
. e
/\?/\
/—
=
)
=
\
=
2
\Y
o k

Using the posterior concentration result from Theorem 1 we upper bound the number of pulls 72 of arm a such that for all
n>n:

ALY 1
LOOT (”9_9 > 2Aa> =7

Since the posterior for arm a after n pulls of arm a has the same form as in (49), and 1/7T < e~ 05

we can choose 7 as:

8e A2
n = (D, 20, log(T)).
n mAg (Dg + 20, Og( ))

This completes the proof.

Given these lemma’s the proof of Theorem 2 is straightforwards. For clarity, we restate the theorem below:

Vg mi

Theorem E.1. When the likelihood and true reward distributions satisfy Assumptions 1-3 and v, = g;—1% we have that the
expected regret after T' > 0 rounds of Thompson sampling with exact sampling satisfies:

C A2 C A2
E[R(T) <> — (log By + d2&} + dord log(T)) + /K1 B1 mlAl (1+1log By + d3r3) + A,

Where C'is a universal constant independent of problem-dependent parameters.

Proof. We invoke Lemmas 13 and 14, to find that:

E[T,(T)] < T_lE { L 1] +ZT:1E {]1 (1 — Pas > ;)] (50)

Now, invoking Lemma 16, we use the upper bounds for terms (/) and (1) in the regret decomposition and expanding D,
and D to give that:
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E[R(T)] <Y Se’f (log By + 8dar? (dg + 66log(T)))

a>1 Ma
512¢A2 ,
+ VB> eA; (1+log By + 8dy k3 (dy + 13210g(2))) + Aq
12¢

C 2
< Z mi‘l (log B, + d2k3 + dqkl log(T))

CA?
mlAla (141log By + dik?) + A,

+ k1B

E.2. Regret of Approximate Sampling

For the proof of Theorem 4, we proceed similarly as for the proof of Theorem 2, but require another intermediate lemma to
deal with the fact that the samples from the arms are no longer conditionally independent given the filtration (due to the fact
that we use the last sample as the initialization of the filtration). To do so, we first define the event:

Zo(T) = N5 Zass

1
18 4dL? B
Doy = {||9a,t 0 <y —= (da 1 log By + 2 (16+ > 10g1/51) }
nMmy VgMyg,

Lemma 17. Suppose the likelihood and reward distributions satisfy Assumptions 1-4, Then the regret of a Thompson
sampling algorithm with approximate sampling can be decomposed as:

where:

E[R(T)] < 30 AE

a>1

Tu(T) | Za(T) N Zo(T) | +2A, (51)

Proof. We begin by conditioning on the event Z,(T) N Z(T') for each a € A, where we note that by construction
pz =P(Z,(T) U Z1(T)°)) <P(Z1(T)¢) + P(Z,(T)¢) = 2T4,) (since via Lemma 3, the probability of each event in
Zo(T)¢ and Z1 (7)€ is less than 7).

Therefore, we must have that:

E[T,(T)] < E |Tu(T) | Zu(T) N Zy(T)| +E | Tu(T) | (Zo(T)° U Z4(T)) | pz

< E|T,(T) | Zo(T) N Z1(T)| + 2T65E

To(T) | (Za(T)° U Z1(T)°)

<E |Tu(T)| Za(T) N Z1(T) | + 26572,

where in the first line we use the fact that 1 — p < 1 and in the last line we used the fact that T,,(T") is trivially less than 7.
Choosing §; = 1/T2% < e~ /2 completes the proof. O

With this decomposition in hand, we can now proceed as in Lemma 15 to provide anti-concentration guarantees for the
approximate posteriors.
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Lemma 18. Suppose the likelihood and true reward distributions satisfy Assumptions 1-4: then if y1 = WM,

foralln =1,...,T all samples from the the (stochastic gradient) ULA method with the hyperparameters and runtime as
described in Theorem 3 satisfy:

E { ! } <21/
Pin

Proof. We begin by using the last step of our Langevin Dynamics and show that it exhibits the desired anti-concentration
properties. In particular, we know that 6; ; ~ N (61 np, %I ), such that:

p1,s = Pr(a’ (0 —01,84) > o’ (0% — 01,n0) —¢)

ZPT‘ ZZAH&LN;I—G*H

—_————
=t

where Z ~ N(0 I) by construction.

’ nL—y
. . . . . . 2
Now using a lower bound on the cumulative density function of a Gaussian random variable, we find that, for 02 = nAT’y:
2
ot —t? . A
PLs 1 ) eime > L~y
TV 2m 034 t< A
— /nLy
Thus we have that:
2
t s A
L el Grer > i
= A
P1,s 3 t < NI

Taking the expectation of both sides with respect to the samples X1, ..., X,,, we find that:

1
E [p ] < 3V2r + V2rE K\/nmuewh — 0. + 1) e”LVHeLN"_e*HZ}
1,s
< 3V2r + \/27mL7\/IE 161,50 — 04]12] \/E [enEA IO nn=0-117] 4 /27 [eL 161, w1 =611

Now, we remark that, from Theorems 5 and 6, we have that for both approximate sampling schemes:

18 8dL?
E[||91,Nh—9*||2] (d+10gB+32+ U )

Further, we note that ||6; yp, — 6*||? is a sub-exponential random variable. To see this, we analyze its moment generating
function:

21
R[en L0 vn=0" ] 1+ZE{ nly)'6s, th — 0. ]
7.
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Borrowing the notation from the proof of Theorem 1, we know that

2D  4dop\?
E [[162.3n — 0.]%7] <3< +p>
mn mn
where:
4dL?

D=d+logB and o=16+
vm

Plugging this in above gives:

o <2nL’yD+4nL'yai>i
2 mn
E[ev\lel,wrf)*ll <143 §
=1

1 8nLyot
1 7! nm

35

2 o

3 anzyp 3 8nLyeo ‘
< ZeTmno 4 = =

- 26 + 2 Z ( nm )

where, we have use the identities (z + y)* < 271 (2% + y*) fori > 1, and 4! > (i/e)’ to simplify the bound.

If v < 537, then we have that:

Efen L0 =017 < ; (7 +25)

which, together with the upper bound on  gives:

]E{pls]<3\ﬁ+ \/WWZLV(D+2)< +2)+ f( +75)

§3\/ﬂ+;< w(d+1ogB)+\/E>(d+llg§B+2)+ \/7( dtlog B +25)

20

where we used the sub-additivity of \/E, the fact that \/g < % sqrt2.5 < 2 and substituted in the values for o and D to
simplify the boung. Finally sincefl—i > 1, we find that o > max(4d, 1), allowing us to simplify the bound further to:

{plj<3\ﬁ+ —+1°g23(31/16+2)+ “vor (2B'° 4 25)

<18+ % (31/16 + BY15,/log B + log B + 231/8)

I

<18+ 12/V2VB < 27VB

where to simplify the bound we used the fact that /7 < 2 and I < 4v/B and that 18 + 12/+/2z < 27z for z > 1.

With this lemma in hand, we can now proceed as in Lemma 16 to finalize the proof of Theorem 4.
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Lemma 19. Suppose the likelihood, true reward distributions, and priors satisfy Assumptions 1-4, the samples are generated
from the sampling schemes described in Theorem 6 and Theorem 5, and vy, = =57 then:

144 A
Z]E{ - 1‘21 } <27\/B [ “C1(d, +1og By + 40y log T + 12dy0, 10g2)—‘ +1 (52)
pl s
s=1
T
. 1 144¢ A2
— < 22 a
> E [H( s > T) ‘ZG(T)} < A2 (dg + log B, 4 10d,0, log(T)), (53)

where D, s is the distribution of a sample from the approximate posterior [i, after s samples have been collected, and for
a € A, o, is given by:

4d,L?
a=16+ —+

mq Va

Proof. We begin by showing that (52) holds. To do so, we proceed identically as in the proof of Lemma 16 to note that, by
definition p; , satisfies:

]/3\ —P(T‘l t( ) > E‘ft 1) (54)
=1—P(r1(s) — 71 < —€|F—1) (55)
>1- (|7‘17t( ) — 7‘1| > €|-7:t—1) (56)
>1-Fy e <|¢9 -6 > ;) : (57

where the last inequality follows from the fact that 1 ;,(s) and 7, are A,-Lipschitz functions of 6 ~ ugs) and 0* respectively.

We then use the fact that conditioned on Z;(T'), the approximate posterior distribution P, ) satisfies the identical

concentration bounds from Lemmas 12 and Lemma 11. Substituting in the assumed value of 7, and simplifying, we have
that the distribution of the samples conditioned on Z; (T) satisfy:

_1> < (52.,
Equivalently, we have that:

€ 1 myne> _
P, -0 — | < - - D
g 1 (”9 1> Al) = “p( 6dror <36eA§ 1)) ! ©8)

where we define D, = d; + log B; + 40log T, to simplify notation. We remark that this bound is not useful unless:

N 36e
Pel t“’lﬁ )[’71] (||917t — 91 HQ > \/W (dl + log31 + 401 logT + 6di01 log 1/(52) Z,

Thus, choosing € = (71 — 7,)/2 = A, /2, we can choose / as:

) [144e43
a mA2

(Dl + 6d10’1 log 2)—‘

With this choice of ¢, we proceed exactly as in the proof of Lemma 16 to find that :
T-1 1
— 1’21(T)] < 27\/Bil + Z E {
Pi,s

144A
<27\/B { c D1+12d10110g2)—‘ +1,

M

s

s—1 |:p1 s
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where we used the upper bound from Lemma 18 to bound the first ¢ terms in the first inequality.

To show that (53) holds, we use a similar derivation as in (57):

d 1 d A 1
;]E |:]I (pa,s > T) ‘ZG(T)] < ZlE |:]I (PQNIJ«E;)["M] (He - Q*H > 2Aaa> > T) ‘Za(T):|

Since on the event Z,(T'), the posterior concentration result from Lemmas 12 and Lemma 11 holds, it remains to upper
bound the number of pulls 72 of arm a such that for all n > 7n:

o A 1
a1 (”9_9 I> 2Aa> =7

Since the posterior for arm a after n pulls of arm @ has the same form as in (49), we can choose 71 as:

~ 1446AZ _
= TAZ(DG + 6dg0, log(T)).
Using the fact that d, >> 1 to simplify the bound completes the proof. O

Putting the results of Lemmas 17 and 19 together gives us our final theorem:

Theorem E.2 (Regret of Thompson sampling with (stochastic gradient) Langevin algorithm). When the likelihood and true
reward distributions satisfy Assumptions 1-4: we have that the expected regret after T' > 0 rounds of Thompson sampling
with the (stochastic gradient) ULA method with the hyper-parameters and runtime as described in Lemmas 11 (and 12

Vami

. 1 . A
respectively), and vy, = 326 LavamaTAd,L3) — 0] (m) satisfies:

cA2
mll a

L OVBA}

mlAa

(dq + log Bq + d? k2 log T)
(1+log By + dikTlog T + dik}) + 3A,.

where C'is a universal constant that is independent of problem dependent parameters and ko, = Lq /.

Proof. To begin, we invoke Lemma 17, which shows that we only need to bound the number of times a suboptimal arm
a € A is chosen on the ‘nice’ event Z1(T) N Z,(T') where the gradient of the log likelihood has concentrated and the
approximate samples have been in high probability regions of the posteriors. We then invoke Lemmas 13 and 14, to find that:

E |T.(T) | Z(T) N Zo(T)| <141 (59)
T-1 T 1
+ZE[p —1‘21(T)} +ZE[H (1—pa,s >T> ‘Za(T)} (60)
Py 1,s s—1

) (I1)

Now, invoking Lemma 16, we use the upper bounds for terms (I) and (I7) in the regret decomposition, use our choice of
both §; and 83 = 1/T?, expanding D, and D1, and use the fact that [x] < x + 1 to give that:
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144¢ A2

4d,L?
(da + log B, + 10d, (16 + a) log(T))
malAq

VaMg

144 A? 4d,L?
+ 27\/31$ (1 +di; +logB; +4 (16 + 1a> (logT + 3d, logQ)) + 3A,.
mi1A, vimg

2
< Z CA, (da +log B, + dak2log T)

meA
a>1 a—a

Cv/Bi A2
4+ — =
mlAa

(1 +log By + dyx?log T + d%n%) + 3A,.

Using the fact that x, > 1 and that d; > 1 allows us to simplify to get our desired result.

F. Numerical Experiments

We empirically corroborate our theoretical results with numerical experiments of approximate Thompson sampling in
log-concave multi-armed bandit instances. We benchmark against both UCB and exact Thompson sampling across three
different multi-armed bandit instances, where in the first instance, the priors reflect correct ordering of the mean rewards for
all arms; in the second instance, the priors are agnostic of the ordering; in the third instance, the priors reflects the complete
opposite ordering. See Appendix G for details of the experimental settings.

As suggested in our theoretical analysis in Section 4, we use a constant number of steps for both ULA and SGLD (with
constant number of data points in the stochastic gradient evaluation) to generate samples from the approximate posteriors.
The regret of the three algorithms averaged across 100 runs is displayed in Figure 1, where we see approximate Thompson
sampling with samples generated by ULA and SGLD perform competitively against both exact Thompson sampling and
UCB across all three instances.

100

Regret

’ /
_l/ —— Exact Thompson Sampling
| I ~=-Approximate Thompson Sampling (ULA)
f / ~== Approximate Thompson Sampling (SGLD)
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200 O 25 50 7% 100 125 150 175 200
Iteration Iteration Iteration
a. Good Priors b. Uniform Priors c. Adversarial Priors

Figure 1. Performance of exact and approximate Thompson sampling vs UCB on Gaussian bandits with (a) “good priors” (priors reflecting
the correct ordering of the arms’ means), (b) the same priors on all the arms’ means, and (c) “bad priors” (priors reflecting the exact
opposite ordering of the arms’ means). The shaded regions represent the 95% confidence interval around the mean regret across 100 runs
of the algorithm.

We observe significant performance gains from the (approximate) Thompson sampling approach over the deterministic UCB
algorithm when the priors are suggestive or even non-informative of the appealing arms. When the priors are adversarial to
the algorithm, the UCB algorithm outperforms the Thompson sampling approach as expected. (This case corresponds to the
constant B, in the Theorems 2 and 4 being large). Also as the theory predicts, we observe little difference between the exact
and the approximate Thompson sampling methods in terms of the regret. If we zoom in and scrutinize further, we can see
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that SGLD slightly outperforms the exact Thompson sampling method in the adversarial prior case. This might be due to the
added stochasticity from the approximate sampling techniques, which improves the robustness against bad priors.

G. Details in the Numerical Experiments

We benchmark the effectiveness of approximate Thompson sampling against both UCB and exact Thompson sampling across
three different Gaussian multi-armed bandit instances with 10 arms. We remark that the use of Gaussian bandit instances is
due to the fact that the closed form for the posteriors allows for us to properly benchmark against exact Thompson sampling
and UCB, though our theory applies to a broader family of prior/likelihood pairs.

In all three instances we keep the reward distributions for each arm fixed such that their means are evenly spaced from 0 to
10 (1 = 1, 72 = 2, and so on), and their variances are all 1. In each instance we use different priors over the means of the
arms to analyze whether the approximate Thompson sampling algorithms preserve the performance of exact Thompson
sampling. In the first instance, the priors reflect the correct orderings of the means. We use Gaussian priors with variance 4,
and means evenly spaced between 5 and 10 such that E;, [X] = 5, and E,,[X] = 10. In the second instance, the prior for
each arm is a Gaussian with mean 7.5 and variance 4. Finally, the third instance is ‘adversarial’ in the sense that the priors
reflects the complete opposite ordering of the means. In particular, the priors are still Gaussians such that their means are
evenly spaced between 5 and 10 with variance 4, but this time E,, [X] = 10, and E. . [X] = 5.

As suggested in our theoretical analysis in Section 4, we use a constant number of steps for both ULA and SGLD to generate
samples from the approximate posteriors. In particular, for ULA, we take N = 100 and double that number for SGLD
N = 200. We also choose the stepsize for both algorithms to be 32%41&) For SGLD, we use a batch size of min(7,(t), 32).
Further, since d, = k., = 1 since this is a Gaussian family, we take the scaling to be v, = 1. The regret is calculated as
Zle T10 — 74, for the three algorithms and is averaged across 100 runs. Finally, for the implementation of UCB, we
used the time-horizon tuned UCB (Lattimore and Szepesviri, 2020) and the known variance, o2 of the arms in the upper
confidence bounds (to maintain a level playing field between algorithms):

402log 2T

UCB,(t) = TL@) ; Xal (A= a) |7



