Proving the Lottery Ticket Hypothesis: Pruning is All You Need

A. Proofs of Section 2

We prove the theorem in a general manner, where we assume that each vector w* is s-sparse, that is, it only has s non-zero
coordinates. To prove Thm. 2.3 we assign s = d.

We start by showing that the function x — ax; can be approximated by prunning a two-layer network:

Lemma A.l. Let s € [d], and fix some scalar o € [—%, %] index i € [d], and some ¢,5 > 0. Let w™) ... w*) ¢ RY

chosen randomly from U ([—1,1]%), and u®, ... ,u*) € [—1, 1] chosen randomly from U ([—1,1]). Then, for k > ;% log(%),
w.p at least 1 — § there exists a binary mask b, ... . b*) € {0,1}, such that g(x) = > uDa((w?) © b9, 2)) satisfies
l9(x) — axi| < 2¢, for ||z]|x < 1. Furthermore, we have 1690 < 2 and max; |[bW) || < 1.

Proof. 1f |a| < e then choosing b(!) = - .. = b(k) = (0,...,0) gives the required. Assume || > ¢, and assume w.l.0.g that
a > 0. Fix some j € [k']. Note that:
() - ) : € e ¢
P[mif —a <eAu® -1 Se} :P[W —a ge}IP’Du(])—l\ §e} -.2=%,

&
1

and similarly P [ wl(j) +al <enfuld) 41| < 6] < &-. Therefore, we have:

) ; 2\" ke? 0
P[ﬂj €k stlw? —al <enul) -1 < e} = <1 - 4) < exp (—4) < 7
where we used the assumption that & > ;% 1og(%), and similarly:

N

P8 e W] stlwd +al <enfu?+1]<e| <

Therefore, using the union bound, w.p at least 1 — ¢ there exist j,j’ such that \wl(j) —a| < eu¥ — 1| < €and
(7 ("
—1,b

|w£j ) +al <e, \u(j/) + 1] < e and since |a| > € we get j # j'. Now, setting b; ;. /=1, and the rest to zero, we

get that:
g(z) = u(j)a(ng)xi) + u(j,)o(ng )xq;)
(

We will use the fact that o(a) — o(—a) = a for every a € R. If z; > 0, we get that g(x) = u(j)wij)xi and therefore:

l9(2) = ai] = Jail[uw? o < [uPw? —wjol + [uPa — a] < [uOw) ~ a] + [l ~ || < 2
In a similar fashion, we get that for x; < 0 we have |g(z) — ax;| = |xi||u(j/)w£j/) — a| < 2¢, which gives the required.
Since we have |6 o = 1, ||bY")||o = 1 and [|6U") ||y = O for every j # j, j', the mask achieves the required. O

Using the previous result, we can show that a linear function = — (w*, ) can be implemented by pruning a two layer
network:

Lemma A.2. Let s € [d], and fix some w* € [— 4 with ||w*||lo < s, and some €,5 > 0. Let w™ ... w*) € R?

11
V5 VAl
2
chosen randomly from U([—1,1]%), and u € [—1,1]* chosen randomly from U ([—1,1]F). Then, for k > s - PSS log(%)—‘,
w.p at least 1 — § there exists a binary mask b, ... . b*) € {0,1}, such that g(x) = Zle wio((w® @ b9, 2)) satisfies
lg(z) — (w*, x)| < ¢ for ||z||w < 1. Furthermore, we have Y, ||b®||o < 2s and max; ||b™||o < 1.

Proof. We assume k = s - [1232 log( %S)—‘ (otherwise, mask excessive neurons), and let k' := % With slight abuse

of notation, we denote w() 1= wUHkKD () = g4 and bOF) = pUTKD Let T := {i € [d] : w} # 0}.
By the assumption on w* we have |I| < s, and we assume w.l.o.g. that I C [s]. Fix some i € [s], and denote
9i(x) =3, uD g ((w) © b9) ). Let € = 5 and 0’ = g, then from Lemma A.1, with probability at least 1 — ¢’
there exists a binary mask (1), ... b(:*) € {0, 1} with 32 166 [lo < 2 such that |g; () — wya;| < 2¢' = < for every
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x € R? with ||z]|oc < 1. Now, using the union bound we get that with probability at least 1 — d, the above holds for all

i € [s], and so:
l9(@) = {w™,2)[ =1 D gilw) = D wf $1\<Zlgl —wiw| <€

i€[s] i€[s]

Furthermore, we have 3°, 1 Y- [|b"7)[jg < 25 and max; ; [|[b7)[|g < 1, by the result of Lemma A.1. O

Now, we can show that a network with a single neuron can be approximated by prunning a three-layer network:

Lemma A.3. Let s € [d], and fix some w* € [—7 7] with |[w*||p < s, some v* € [—1,1] and some €,§ > 0. Let
w .. wk) € R chosen randomly from U ([—1,1]%), u™ ... u*2) € [~1,1]* chosen randomly from U ([—1,1]F1),
and v € [—1,1]%2 chosen randomly from U([—1,1]%2). Then, for ky > s - [6‘:—32 log(%)—‘ ke > 2log(2), wp at least

1 — & there exists a binary mask bV, ... b*) € {0,139, b € {0,1}*2, such that g(z) = 2;1 biviJ(Zfl 1 u; )0(<w(j) ©

bU), x))) satisfies |g(x) —v*o((w*, z))| < ¢ for ||z||o < 1. Furthermore, we have > 16D lo < 25 and max; [|b]|g < 1.

Proof. Let ¢ = §, and note that for every i € [ka] we have P [|v; — v*| < €] > ¢'. Therefore, the probability that for
some i € [ko] it holds that [v; — v*| < € is at least 1 — (1 — €)% > 1 —e7F2¢ > 1 — ¢, where we use the fact that
ka > % log(%). Now, assume this holds for i € [ks]. Let b; = 1{j = i}, and so:

k1
9(@) = vioQ_wPo((w? 0, 2))
j=1
Then, from Lemma A.2, with probability at least 1 — & there exists b1, ..., b*1) s.t. for every ||z]|oc < L:

k1
> ulo (W o b9, z) — (w*,a))| < €
j=1

And therefore, for every ||z||2 < 1:

l9(x) — v o ((w", z))]

k1
< Joil o3 al o (w0 D) 2)) — o ((w*, 2)))| + [v; — v*| o ((w*, 2))|
j=1
k1
< Joil |3 ul o ((w o b)) — (w*, 2))| + |v; — v*] [lw?||[J2]] < 2¢' = e
j=1

O

Finally, we show that pruning a three-layer network can approximate a network with n neurons, since it is only a sum of
networks with 1 neuron, as analyzed in the previous lemma:

Lemma Ad. Let s € [d], and fix some wV*, ... w™* € [-1,1]% with |w®P*||q < s, v* € [~1,1]" and let f(z) =
S vro((w®* z)). Fix some €,6 > 0. Letw( ) ., w®) € RY chosen randomly from U ([—1,1]%), uV ... uk2) €
-1 1]’“1 chosen randomly from U([ 1,1)k), andv € [~1,1)*2 chosen randomly from U ([—1,1]*2). Then, for ki > ns -

{648 u log(4”5)_‘, ko > 22 log(2%), wp at least 16 there exists a binary mask b, bk e 0,13 bW L bk ¢
{0,1Y%1, b € {0,1}*2, such that g(z) = Zfil Bivia(zg;l l;gi)u§i)a(<w(j) © b)) satisfies |g(z) — f(x)| < e for
[zl < 1. Furthermore, we have 3 ; 6@l < 25 and max; [|b)]|g < 1.

Proof. Denote kj = Kk, = % and assume k7, k5 € N (otherwise mask exceeding neurons). With slight abuse of
(7+iks) (j+iks)

notation, we denote w (1) 1= UTk11) 4, (6:3) .= ( i, ,...,u(Hl)k,),v( 6I) = Vj4ik;, and similarly plisd) .= pli+kii)
1

n’



Proving the Lottery Ticket Hypothesis: Pruning is All You Need

plid) = (Bgizriké), . ,58:?,%,3) and b(i9) = i)j-mk;- Define for every i € [n]:
gi(z) = Z g(i,j)v(i,j)a(z El(i,j)ul(id)a.“b(i,l) 0wl 1))
J l
Now, by setting Bl(ﬁkii) = 1{ik] <1< (i+1)k}} we getthat g(x) = Y .-, g:(x). Now, from Lemma A.3 we get that
with probability at least 1 — £ we have |gi(z) — vio((w®*, z))| < £ forevery ||z||2 < 1. Using the union bound, we get
that with probability at least 1 — 4, for [|z[|z < 1 we have [g(z) — f(z)| < D7, |gi(2) — v;’“a((w(i)*,x>)| <e O

Proof. of Theorem 2.3.
From Lemma A.4 with s = d. O

In a similar fashion, we can prove a result for deep networks. We start by showing that a single layer can be approximated
by pruning:

Lemma A.5. Let s € [d], and fix some wM)* ... w™* ¢ [—%, ﬁ]d with |w*||g < s and let F : R — R"
such that F(z); = o((w* z)). Fix some ¢,6 > 0. Let w™",... w®) € R chosen randomly from U([—1,1]%) and
u®, . u™ € [<1,1]F chosen randomly from U([—1,1]F). Then, for k > ns - [16:22” log(%)], w.p at least 1 — 0
there exists a binary mask bV, ... b®) e {0,1}4, b1 ... b(™ € {0,1}*, b € {0,1}¥, such that for G : R* — R"
with G(z); = o(X5_, B ul o ((w) © b, 2))) we have ||G(z) — F(z)l|2 < € for |2]lss < 1. Furthermore, we have

5, 169]lo < 2sm and 3, 169 lo < 2sn.

Proof. Denote k' = % and assume k' € N (otherwise mask exceeding neurons). With slight abuse of notation, we denote

w9 = TR p(d) .= p(+k9) and we denote 4(?) := (ugz)” e ,ugirl)k,). Define for every i € [n]:

gi(x) = Z@;i)g“b(i,j) 0w, 1))
J
Now, by setting l;l(j+k,1i) = 1{ik} <1< (i + 1)k} } we get that G(z); = o(g;(z)). Now, from Lemma A.2 with ¢’ = v

and &' = £, since k > s- “SS; log(%)—‘ we get that with probability at least 1 — £ we have |g;(z) — (wV*, z)| < —= for

every ||z|loo < 1. Using the union bound, we get that with probability at least 1 — 4, for |||/ < 1 we have:

IG(2) = F(x)Il5 =) _(0(gi(2)) — o ((w®",2)))* < Z(gi(x) — (W) < é

i

Notice that Lemma A.2 also gives Y ; [[b("9)[|o < 2s and so Y i) 3= [[b9)]|g < 2sn. Since we can set l;;i) = 0 for every
i, j with b)) = 0, we get the same bound on 3, |6 . O

Using the above, we can show that a deep network can be approximated by pruning. We show this result with the assumption
that each neuron in the network has only s non-zero weights. To get a similar result without this assumption, as is stated in
Thm. 2.1, we can simply choose s to be its maximal value - either d for the first layer of n for intermediate layers.

Theorem A.6. (formal statement of Thm. 2.1, when s = max{n,d}). Let s,n € N, and fix some wm WO such

that W* € [—ﬁ, ﬁ]‘“”, W@ Wb ¢ [—ﬁ, ﬁ]"xn and WW* ¢ | —|n>x1. Assume that for every

o
i € [I] we have |[W®* ||y < 1 and max; ||Wj(i)|\0 < 5. Denote F(z) = c(WWD*z) fori < land FO (z) = W*g,
and let F(x) := FO o...0 FM(x). Fix some ¢,6 € (0,1). Lee WO ... WO W UD such that W) is chosen
randomly from U ([—1,1]9F), W@ . WO is chosen randomly from U([—1,1]"*F), UM ... U=V chosen from

U([~1,1)**™) and UD chosen from U([—1,1]*). Then, for k > ns - [6455# log(zg‘*l)—‘, w.p. at least 1 — § there exist

B q binary mask for W9 with matching dimensions, and B g binary mask for U with matching dimensions, s.t.:

|G(z) = F(z)] <€ for[lz]2 <1
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Where we denote G = GDo...0oGW, with GO () := ¢(B® o U(i)agB(i) o WWx)) for every i < 1 and GV (x) :=
BW o UDg(BW o WWg). Furthermore, we have | B™ ||g < 2sn and | B ||q < 2sn.

Proof. Fix some ¢ < [. From A.5, with probability at least 1 — % there exists a choice for B(Y), B(®) such that for every
2] <1 wehave |[F@(z) — G (z)2 < . Note that we want to show that every layer is well approximated given the
output of the previous layer, which can slightly deviate from the output of the original network. So, we need to relax the
condition of Lemma A.5 to ||z||c < 2 in order to allow these small deviations from the target network.

Notice that if |||/ < 2, from homogeneity of G(?), F(*) to positive scalars we get that:

169 (@) ~ FO@)l> = 2169 (52) ~ FOGa)ls < &
Similarly, from Lemma A.2, with probability at least 1 — ¢ it holds that |F O (z) —GW® (z)| < § forevery z with [|2|o < 2.
Assume that all the above holds, and using the union bound this happens with probability at least 1 —J. Notice that for every x
we have | P (z)||l2 < [W Ozl < [|[WO*|2]jz]l2 < [l2]|2, and so [FDo- -0 FD (z)[|s < [FEVo- -0 FD ()], <
-+ < ||#||2. Fix some z with ||z||2 < 1 and denote () = F) o ... 0 F(D(z) and () = G o ... 0 GM)(z). Now, we
will show that H:c(i) —3® l2 < ’TE for every i < [, by induction on ¢. The case 7 = 0 is trivial, and assume the above holds
for i — 1. Notice that in this case we have |21, < [|£0D]|lo < |20~V |o 4+ |20~ — 20|, < 2. Therefore:

29 = 9]z = GO @0-D) = FO (@),

< |GO@D) = FOGEE) | + [ FO@0) = FO @),
< 7 IO 2Dl < 54 WO o26D — 2V < T
From the above, we get that |F (z) — G(xz)| = ||z — 205 <e. O

B. Proofs of Section 3

First we will need the following lemma, which intuitively shows a generalization bound over linear predictors, where each
coordinate of each sample is pruned with equal probability and independently.

Lemma B.1. Let k > 0, and vV, ... v®) ¢ [~1,1]% Let ©Y) be Bernoulli random variables such that for each j, with
probability € we have 0(j) = %v(j), and with probability 1 — € we have ?\9) = 0. Then we have w.p > 1 — § that:

1l %Z@(j)’@ - zlczk:@(”v@ < % (3\/&+1og (;))

i=1 i=1 ¢

Proof. Note that for each j € [k] we have that E [6())] = v(9), thus for every vector z € R%, also E [% Z?lem, Z>i| =

% Z?Zl <v(7 ), z). Hence, using a standard argument about Rademacher complexity (see (29) Lemma 26.2) we have that:

k k
Eso, om0 | sup % Z(ﬁ(j)7 z) — % Z@(j)a z)
zi||z||I<L j=1 j=1
D) k 4 ]
§7Eﬁ(1)7.__7@(k>]E£1’m’gk sup ij<f)(]) —’U(]),Z> 3)
k zillell<L S
where £1,. .., & are standard Rademacher random variables. Set 7() = $(9) — ¢(9) using Cauchy-Schwartz we can bound

Eq. (3) by:

k

k
2 (i 2L N7
EE'Z}U),...,T)(k)]Efla..-,fk ||bu”p l|2]| - Zgjv(ﬂ) < ; Esor... 500 Eer. 6 Zgﬂ,(a) ' (4)
z:||z||<L .
= j=1

j=1
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Next, we can use Jensen’s inequality on Eq. (4) to bound it

p=
k k
2L (i 2L -
T B, awBe, g ijv(]) <7 (Boo,ewBe, g, ijvm
i=1 :
ko k k ]
2L T 2L
S| Bow e Be e, ZZ&@U(”TU(]) = 7| Bow, e Z |[50)]|2
i=1 j=1 =1 |

Finally, using the fact that |5 || < |60 |2 + [[o@)[|2 < FH{[oD]|2 + ||0)]|? < 2¢ we have that:

k
2L i, 3L\Vd
? Ef;(l),_“ﬂj(k) zz:l ||'U(J)||2 < 6\/%

In order to prove the lemma we will use McDiarmid’s inequality to get guarantees with high probability. Note that for every
I € [K], by taking 0() instead of ©(") we have for every z with ||z|| < L that:

1 1 L
,E 5(9) _ = E () _ (30 < =
kA <’U 7Z> k_ <U 3Z> <'U ?Z> — €

(00,2) = (10, 2)]| <

x| =

k k
1 . 1 . LVd —2t2e%k
P sup Z E <1§(J),z>—E g (v(”,z> > 3 f—t—t < exp (—6 ) ,

lzl<e |k = = ck L?
og(3)
setting the rh.s to §, and t = r o we have w.p > 1 — § that

O

Next, we show the main argument, which states that by pruning a neurons from a large enough 2-layer neural network, it
can approximate any other 2-layer neural network for which the weights in the first layer are the same, and the weights in
the second layer are bounded.

o 2kq 414
Lemma B.2. Let ki € Nand €,5, M > 0 and assume that o is L-Lipschitz with o(0) < L. Let ko > w, and

foreveryi € [k1], j € [k2] initialize w(]) ~ D for any distribution D with P (|Jw;|| < 1) =1 andu ~U([-1,1]). Let
v k) € RF with ||o9)|| o < M for every § € [ks), and define fU) () = Zfllvm ((wfj),x)) Then there

exist b ... b*2) € {0, 1} such that for the functions §) () = Zf;l b(j) u( ) (( (J) >> w.p > 1 — 6 we have:

ko

sup %Z 59 (x kMZf(]

willzl|<1 | k2 =

where ¢c1 = —SkgL
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Proof. Denote € = 57, and for j € [ko] denote o) = Lo, so we have [0V < 1. Let bgj) =
1 {’uﬁ” — 179 )‘ <€ }, note that the bl(.j )_s are i.i.d Bernoulli random variables with IP [bgj ) = 1} = %
b)) by
Set the following vectors: () = % : , 0l = % : , and denote the function z() : R¢ — R with
2 )
D) =0 ((ng)7 x>) Now, the functions () (x) can be written as fU)(x) = (v0), 2()()), we denote
ke ki ko ‘
i(@) = 323 0l () = 3200 © .0 )
j=1 i=1 =1
o k2 kb ko
i(x) =5 Zzbm () ( ) Z ), 20 (¢
j=1i=1 =1

Our goal is to bound the following, when the supremum is taken over ||z|| < 1:

k‘Q k2
Ao — — L N 0 ()] = sup | L a(z) — — ()
sup | =4(2) = 707 ; fP(@)| = sup | =g(@) = =7 ; f9 (@)
1 & 1 &
=sup| - Z@(])v @) (z)) — = Z<{)(])’Z(J)(x)>
x 2 j=1 2 j=1
s ‘ ' L ‘ 1 ke ko
< sup (@@, 20)(z)) — . Z@(])’Z(])(x» +sup |~ Z o), 20 (g Z @, 20 (z
T 2 =1 2 j=1 T 2 j=1 —

&)
where ¢c; = 2 = BleL. We will now bound each expression in Eq. (5) with high probability. For the first expression, we
first bound:

1 & 1 & 1 &
blip P Z@() @) () P Z@(J) 20 (z)) _Sgp :Z< @) — 50D 20 (z))
Jj=1 Jj=1 Jj=1
1 & «
< Y ; gp (@) — W 20 (g))

Fix i € [k;1] and set XZ-(j) == sup,

(ﬁz(-j) - ﬁi(j)> zfj)(x)‘ and note that for every x with ||z|| < 1 we have that

sup,,

zgj ) (x)’ < 2L. For the random variables X i(j ) we get:

° Xi(j)g U

— o]

OIS
E {Xi(j)] <2'L

We now use Hoeffding’s inequality to get that:

ko 2
1 ) , tko
Ej:EIXi 22€L+t §exp 8L2 .
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8log( <
Replacing the r.h.s with d; and setting t = ¢'L, we get that if ko > gﬁ%” then wp 1 — 6;:
1 . : .
— sup ‘ (111(-]) — ﬁg”) . zl(j)(x)‘ < 3€'L.
k2 T

Setting §; = and applying union bound fori =1,...,k; we getthatwp > 1 — 5 we have:

2k’

(@9 — ), Z(j)(x»‘ < 3kie'L. (6)

1 &2
— su
k2 Jz:; zp

For the second expression in Eq. (5) we first note that for all j € [k2] we have max,, |, <1 |29) (x)|| < 2L+/k;. Hence we
can bound the second expression

kz kz

sup ki S (69, 20 () — k%zw(j)’ 20)(2)

T 2 =1

k2

< 3 %Z@(j)’@ _ kiz<@<j>7z>

SERML:| || <2LvET |2 d=1 2 j=1
Using Lemma B.1 on the above term, w.p > 1 — § we have that:
1A, 1o, 2L\/F 2
> = 0,2y = =" (@), )| < L3y 4 log ( = 7
ko ko 4 e'\ko 1)
z€RF1:||z||<2LVEk1 Jj=1 Jj=1

56L4 K4 2
Combining Eq. (6) with Eq. (7), applying union bound and taking ko > %, we can now use the bound in Eq. (5)

to getwp > 1 — d:

su
P k2
O
We are now ready to prove the main theorem:
4 4 4
Proof of Thm. 3.2. Setm = 256 10g(% 64)C L 10§§3 ) and initialize a 2-layer neural network with width k£ := m - n and

initialization as described in the theorem, denote g(x) = >_"" i1 > u(J )0(( l(j ), x)) as this network. By the assumption
of the theorem, for each j € [m] w.p > 1 — § there exists a vector v) with ||[v")| . < C such that the function
FO () = @) o((w (J) x)) satisfy that Lp (f(j)) < e. Let Z; be the random variable such that Z; = 0 if there exists

i=1 z
a vector () that satisfies the above, and Z; = 1 otherwise. the random variables Z; are i.i.d since we initialize each w(] )
iid,and P(Z; = 1) =6, E[Z;] = 6. Denote Z = ZF Zj, then E[Z] = md. We use Hoeffding’s inequality on Z to get
that:

1
P (mZ >0+ t) < exp(—2mt?) .

(1
Replacing the r.h.s with ¢ and setting ¢ = § we get that if m > 10;225) then w.p > 1 — § we have that Z < 24. In particular,
2n \ 4, 474
there are at least my = w indices (denote them w.l.o.g j = 1,...,mg) such that for every j € [my] there

exists a vector v/) with ||v() ||, < C such that the function fU)(z) = 37" (]) o((w, z)) satisfy that Lp (f9)) <e

zlz
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We now use Lemma B.2 with §, & and o pmo) o get that w.p > 1 — ¢ that there exists a neuron-subnetwork g(x)
and constant ¢’ > 0 such that:
1 €
.- )
sup |c'g(x) — )| < 5 (8)
z:||z|| <1 mOC ; c
Setc = C' - ¢, the loss of ¢g(x) can be bounded by:
LD(Cg) :E(x,y)ND [(Cg(l‘) - y)Q]
2 2
L S0 LS 0
5y — — — J _
< By || i) = - jz_;f D@) | |+ 2 || ;f (x) —y ©)

We will bound each term of the above expression. Using Eq. (8) we have:

2 2
. | _ 1N
Ey~p | | cd(z) — oo Zf(”(x) < sup | cg(x) — o Z ()
j=1 z:||z]| <1 j=1
2
1 — €
<C- su dg(z) — — @ (2 <C. -—== 10
= a7 mcj;f W) =Gz 1o
For the second term in Eq. (9) we have that:
2
1 & 1 & 2
E(r y)~D _ Z f(])(.’f) -y S _ ZE(z,y)ND |:<f(])(1') - y) :|
=1 A
<lZLD (f(j)) < (11)
S <
j=1
re-scaling e finishes the proof. O

C. Proofs of section 3.1

We first show that a finite dataset, under mild assumptions on the data, can be approximated using a random features model.
The proof of the following lemma is exactly the same as the proof of Lemma 3.1 in (9).

Lemma C.1. Let§ > 0, z1,...,Tm € RY and let H be the m x m matrix with:

H;j =By [o((w, z:))o((w, 25))]

64m? log? ( %)

Assume that Apin(H) = X > 0, then for k > = , w.p > 1 — 6 over sampling of w1, ..., wy we have that

)\min(lfl) > %)\ where:

iy =3 0w, @) ((w, o))

=1

Using the lemma above, and under the assumptions made on the data, w.h.p a two-layer network of size O (T—;) can overfit
the data:

Proposition C.2. Let § > 0, z1,...,2,, € R¥ and y1,...,ym € {£1}. Assume that \yin(H) = X\ > 0, and o is
L-Lipschitz then for k > % w.p 1 — & over sampling of w1, . .., wy, there is u € R* with ||u]|s < 4;—;" such
that for every j = 1,...,m we have Zle wio((ws, x;5)) = y;
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Proof. Set X to be the k x m matrix defined by X; ; = o({w;, z;)). By our assumption and the choice of k, w.p > 1 — 4§
we have that H = X " X is invertible, and has a minimal eigenvalue of at least %A. Define u = y(X T X)™1X T, itis easy
to see that uX = y, furthermore:

Julloe = (X TX) X o < 251Xl

< 4 mmax o((w,z)) < ALm
= <o i
3\ wa ’ - 3\

O

For the second variation of Thm. 3.4 we consider functions from the class of functions F<. Here we use Theorem 3.3 from
(36):

Theorem C.3. Let f(z) = ¢y f g(w)o((w, x))dw where o : R — R is L-Lipschitz on [—1, 1] with 0(0) < L,

e[z’

d
and cq = (@) a normalization term. Assume that max || <1|g9(w)| < C for a constant C. Then for every § > 0 if

—

d
) %} , w.p > 1 — 0 there is a function of the form

Wy, ..., Wy are drawn i.i.d from the uniform distribution on [

S

E ul wl )

where |u;| < %for every 1 < i <k, such that:

fla) - )| < 2 <4+ 2log (;))

To prove the main theorem, we use the same argument as in the proof of Thm. 3.2, that pruning neurons can approximate
random features models. Here the size of the target random features model depends on the complexity of the target (either a
finite dataset or RKHS function).

sup
x

Proof of Thm. 3.4. Although the proof for the two variations of the theorem are similar, for clarity and ease of notations we
will prove them separately.

64m? log? ( )
)\7

1. (Finite dataset) Let €, > 0. Fix §; = % , and fix some j € [kz]. Take k; > from Proposition C.2
< 4Lm

w.p > 1 — &, we get the following: There exists some vU) € RFt with |[v0)| o, <
fD(z) =0 oo ((wl(j), x>) and forevery I = 1,...,m, we have fU)(z;) = ;. Using union bound over all

such that for the function
i=1 "1
choices of j, we get that wp > 1 — g the above hold for every j € [kao].

810L3m*kt log( 251 . .
Denote M := 2&m ¢/ = & = 32 and let ky > i 4Og( ) . Using Lemma B.2 with v ..., v(*2) and ¢
)

3
., bk2) such that for the functions §) () = 325 59 . ulV o (<w£j), l‘>) we get:

we have that there exist b

k2

k2
1N 50) 1 ) /
sup |— » gY(x)— f9(2)| <e (12)
wllz|<1 | K2 Zl ko M ;

where ¢; = 81L Denote §(z) = 252:1 gY)(z) and set ¢ = 4 — 3?/“\1622’" Using Eq. (12) we have that for every
l=1,....m

- aM . 1 )
lcg(z1) — yi| = }{Tg(xz) s S P (@)| < M <e
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) 128L2C2 log? (m)
2. Lete, 6 > 0. Fix 61 = 2k , and fix some j € [ky]. Take ky > 6— from Thm. C3 wp > 1 — §;

we get the following: There exists some vU) € R*! with [[v()||,, < H < 1 such that for the function f)(z) :=
Zfl 1 vi(j)a ((ng), m)) we have sup,,| ., <1 | f9(x) — f(z)| < &. Using union bound over all choices of j, we get
that wp > 1 — é the above hold for every j € [ks].

474 2kq
Let ky > % using Lemma B.2 with v, ... v(2) and § we have that there exist b(!), ..., b(*2) such

that for the functions §) (z) = Zf;l bgj) . uz(.j)a <<wl(j)’ x)) we get:
sup a ig(i)(x) _ 1 Zf(j)(x) < € (13)
z:||z|| <1 ko =1 ko M . 2

where ¢; = #8L Denote §(z) = 252:1 gV (z) and set ¢ = = Sle . Using Eq. (13) we have that:

sup [eg(z) — f(z)|

z:||z||<1

< e - LY i) + me (@] <5+5

< sup |—gr)—— x sup <-4 -=c¢€
z:|z|| <1 ) ko i=1 z:||z|| <1 2 2



