Supplementary Material for Paper:
Moniqua: Modulo Quantized Communication in Decentralized SGD

A. Overview

This supplementary material contains proof to all the theoretical results. It is organized as follows: In Section B, we analyze
how to work with Modulo and quantization, as proofs to Lemma 1 and Lemma 2 in the paper. In Section C, we provably
explain why using shared randomness in communication with stochastic rounding can improve performance. In Section D,
we illustrate why directly quantizing communication in D-PSGD fails to converge asymptotically, as a proof to Theorem 1.
In Section E, we introduce some useful tools of modeling communication as a Markov Chain for the rest of the proof (part
of the intuition is illustrated in the paper). We recommend to go through this before getting into Section F to H. Finally we
will provide proof to Theorem 2 to 5 from Section F to H.

B. Modulo Operation with Quantization
Proof to Lemma 1.

Proof. Rewrite x and y as

r=Nga+r,, —

N2
IN
<
8
A\

NN

y=Nya+ry,—

IN
-

<
A

where N, N, € Z then,

LHS = (r, —r,) mod a
RHS = ((N, — Ny)a +r, —r,) mod a = (r, — r,) mod a = LHS

Thus we complete the proof. O

Proof to Lemma 2.

Proof. We start from
By Os (Bo mod 1) By (Be mod 1) +x = ByOs (Be mod 1) By (159 mod 1) +r—y+vy

If By is sufficiently large such that By > 260 + 26 By > 2|x — y| 4+ 25 By, we could put a "mod By" to the first four terms as
follows:

ByOs (Bgm0d1> By <Bgm0d1) +rz—-—y+vy

<BOQ§ (BH mod 1) By (B mod 1) +x— y) mod By +y

0

temm 1 ( By Qs (=~ mod 1) — By [ — mod 1 mod By —y mod By | mod By + y
Bg BG

fenmma l { {BeQa <B mod 1) mod By — (Be <B mod 1> ) mod Be} mod By — y mod BO} mod By +y
0 0



Supplementary Material

Note that the term (B@ (— mod 1) ) mod By = 0, then we can proceed as:

{ |:BgQ5 <39 mod 1) mod By — (B(,» (Be mod 1) ) mod B(,] mod By — y mod Bg} mod By + ¥y

<B9Q5 <30 mod 1> mod By — y mod Bg) mod By +y

(BQQ[)' (Be mod 1) ) mod By + y

By moving z to the right side we obtain

‘(BQQ(; (B mod 1> > mod By +y — x| =

0

‘BeQa (Be mod 1> By (B mod 1)‘ < 6By

0

That completes the proof. O

C. Shared Randomness

In this section, we provide a theoretical explanation why using shared randomness in the stochastic rounding is able to
improve the performance. Without the loss of generality, in the following analysis, we let the quantization step associated
with stochastic rounding quantizer Qs be ¢ = 1. For any z € R quantized using Qs, let z; = z — | z], the variance of
quantization error can be expressed as

E|Qs(2) — 2? = (1 — zp)(=25)* + 25 (1 — zf)? = 27 (1 — 2f) (1)

Note that in Moniqua, the term asssociate with quantization error is

E H(qk,j - -’Ek,j) - (qk,i - wk,i)HQ
We now show for Vz,y € R
E[(Qs(x) — ) = (Qs(y) =) =E|Qs(y — 2) = (y — 2)*
With out the loss of generality, let x — |z| <y — |y|. Letzy = 2 — |z| and yy = y — |y, then
|z +u] =|z] and |y+ u] = |y|,with probability [y] —y

|t +u| =[x] and |y+ u|= [y],with probability = — |z]
|z +u] =|z] and |y+ u] = [y],withprobability ([z] —z)— ([y] —y)

Then we have

E|(Qs(x) —2) — (Qs(y) —y)I*
T 2
“E|(6]5+u]—2) - (5[5 +u] =)
=yl =) (l=) — =) = (ly] —9)* + (= = [=)(([z] — =) — ([y] —v))*
+ (([2] —2) = (Ty] =) (=] —2) = ([y] —y))?
=(L—yp) (s —yp)® + (@)@ —yp) + (yr —zp)(yy —ay — 1)
=(L—yy+ap)ys —2p)* + (yr —xp)(ys —p — 1)
=(L—yy +a5)(ys —xy)
=E[Qs(y — z) — (y — x)/”

The last equality holds due to equation 1. Next, for V£, y € R? let

A=y—=x
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r=09s;(A)— A
And let r;, denote h-th entry of r, let Aj, denote h-th entry of A. We obtain
r, =Qs5(Ap) — Ay
(Rl ned o

-5+ L%J , otherwise

)79t L pesgq
—q, otherwise

where

Ah Ah
_ _ | =h 1
q= 5 \‘ 5 que[oa ]

Based on that, we have

E[r7] <6*((—q+1)%q+ (—q)*(1 — q))
=6%q(1—q)
<6%*min{q,1 — ¢}

Zh

Since min{q,1 — ¢} < ’ "k |, we have

Ay

E[rj] <4 < 0|Ay

Summing over the index h yields,
2
E|rll; < SE|A[, < VASE A,

Pushing back « and r, we have
E||Qs(y —x) — (y — @)|° < VAOE ||y — z| = VdSE ||z — y||

Putting it back we have

E|(Qs(x) —z) — (Qs(y) — y)l|” < VASE |z — ]|

Now we can see that the error term is bounded by the distance of two quantized tensor, which, in decentralized training,
refers to the distance between two models on adjacent workers. In such a way, the error bound can be reduced since the
workers are getting close to each other.

D. Why Naive Quantization Fails in D-PSGD (Proof to Theorem 1)
The update rule of naive quantization on D-PSGD is
T = ThiWi+ Y Qo(@r )Wy — awdp, = xri+ » (Qs(@n;) — @) Wi — andy,
j=1,j#i j=1,j#i
where o is allowed to vary with any policy. Let
Xip=[xp1,  ,Trn] € Réxn
Q= | > Wi (Qs(@rj) — 1), Y Win (Qs(@n;) — Tpn) | € RO
i1 j#n
G = [Gr 2 Gkn] €RTT
by rewritting the update rule, we obtain

X1 = Xp +Q — Gy
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LetY, = X —x*1", and considering the fact that Vf(x) = & — §1/2 = & — *, we can rewrite the update rule as

Y;H_lei =Y.e; +Qre; —arYe; + o (ék — Gk> e

where (ék — Gk) denotes variance in the gradient sampling.

Suppose that by using the update rule of naive quantization, worker ¢ converges to *. Then there must exist a / such that
vk > K,
2 52
< 907
8(1+¢?)

Next we show that this assumption lets us derive a contradiction. Firstly, considering the property of linear quantizer,

E|Y el <E|Y el @)

5?2 .
7 SEIQs(@r,) — I” < 2B (|Qs (@) — @iil® + 2B ||y — 7|

As a result

2 02 ¢ &
EHQ&(‘BIH) - CCkz” > § - 8(1 =+ ¢2) - 8(1 + ¢2)

Since Qj is unbiased, that means E[Qs(x) — «] = 0, then we have

E | Qe
2

=E Z Wi (Qs(xk,j) — Thi)

J#i
= Z W AEN(Qs(g,5) — wk,i)||2 + Z E((Qs(Tr,m) — ki) Wi, (Qs(kn) — Tii) Whi)
JEN; m#NF£i
26" > E(Qs(xiy) —zei) P+ D E((Qs(@him) — Thi) Wini, (Qs(@kn) — ki) W)
JEN; m#nF#i
2> EQs(@n,) — @kl
JEN;
¢252
251+ )

where step () holds due to unbiased quantizer. Putting it back to the update rule, we obtain

E|Y el

—E H (Yk. T+ — ap Y + ag (ék - Gk)) el

* ~ 2
(:)E ||(]. — ak)YkeiHQ +E ”leiHQ +E Hak (Gk — Gk> e

>E || Qe
262
s ¢
8(1+ ¢?)
where cross terms in the (x) step are all 0 due to the unbiased quantizer and unbiased sampling of the gradient. Her we

obtain the contradictory that 8(1 - ¢z) <El|zp1 —x || . That being said, for Vk, 1

8(1+<z>z
* (12 2 ¢262
R — . >__ 7 -

Thus we complete the proof.
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E. A Markov Chain Analysis on the Communication

To better understand how the parallel workers reach consensus over a communication matrix, in this section we use theory
from the analysis of Markov Chains to obtain some useful lemmas for proof of Moniqua on D-PSGD and AD-PSGD.

Since the communication matrix W is doubly stochastic (each row and column sum to 1), it has the same structure as the
transition matrix of a Markov Chain with % as its the stationary distribution (W% = %) Now let ¢.,ix and d(t) denote the
mixing time and maximal distance between initial state and stationary distribution as defined in Markov Chain theory.'

E.1. D-PSGD

In D-PSGD, the communication matrix is fixed during the training. That makes it perfectly aligned with the structure of a
Markov Chain. As a result, we obtain the following lemma:

(-5

Proof. For Vx € R?, let u € R? be such a vector that every entry of w is the positive entry of 2 and 0 otherwise. Let
v € R? be such a vector that every entry of v is the absolute value of negative entry of = and 0 otherwise. The setting above
means £ = © — v. For example,

Lemma E.1.
<2. Q*LﬁJ
1

x=1[2,-1]"

u=1[2,0]"
v=1[0,1]"
And we have
T
wt <I— 1) T
n 1
117
=||w? <I) (u —v)
n 1
117 117
< ||\t <I)u +wa (I>v
n 1 n 1
1 1
w2 e|we T
1 u n 1 1 v n 1
<2(1Tu+1Tv)d(t)
<2d(t) |||,

Considering the definition of L1-norm, we have

v -t)

According to a well-known results on the theory of Markov Chains,? d(lt,ix) < 27! holds for any non-negative integer I, so

we have -
11 t |t
‘Wt<I—> <2d(t)<2d( ~tmix><2dq Jtmix><2-2 7]

n

That completes the proof. O

1

mix

1

"Here we are using notation from Chapter 4.5 of Markov Chains and Mixing Times (Levin 2009), available at https://pages.
uoregon.edu/dlevin/MARKOV/markovmixing.pdf
2 Again, see Markov Chains and Mixing Times for more details.


https://pages.uoregon.edu/dlevin/MARKOV/markovmixing.pdf
https://pages.uoregon.edu/dlevin/MARKOV/markovmixing.pdf
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Additionally, based on standard results in the theory of reversible Markov Chains, we also have*

1 1 log(4n)
tmixglog(1.1>1p§ lfp
4 n

E.2. AD-PSGD

Note that unlike D-PSGD, here W, can be different at each update step and usually each individually have spectral radius
p =1, so we can’t expect to get a bound in terms of a bound on the spectral gap as we did in Theorems 2 and 3. Instead,
we require the following condition, which is inspired by the literature on Markov chain Monte Carlo methods: for some
constant t,,;x (here ¢, is the same as t,,;x in the paper) and for any £ and any non-negative vector p € R< such that

17 g = 1, it must hold that
t .
mix 1
(H Wk+i> n— -
n

i=1

1
< —.
-2

1
We call this constant ,,,; because it is effectively the mixing time of the time-inhomogeneous Markov chain with transition
probability matrix W, at time k. Note that this condition is more general than those used in previous work on AD-PSGD
because it does not require that the W, are sampled independently or in an unbiased manner. Based on the above analysis,
we can prove the following lemma, which is analogous to the lemma used in the synchronous case.

Lemma E.2. For any k > 0 and for any b > a > 0, there exists tix such that
117
1w (- 1)

Proof. Note that for any & € R?, and let u and v be two vectors having same definition as in Lemma E.1 with respect to z,

then we have for any k
tmix T
11
I Woe <I n) @

q=1

b—a+1J

<2.2_L tmix

1

1

mix 1T
- HWM( )
tmix T
11
H Wik <I - )

1

tmix 11T
S H Wq+k (I - ) v
1
I!llX 1 T II\IX B 1
H Wq+k +1 H Wq+k
1
1
5(1Tu +17v)
1
5 lzlly

Considering the definition of the induced ¢; operator norm, we have
.
oy o I e (1)
[IWeer (I-—
n
g=1

= [P
As a result, from the submultiplicativity of the matrix induced norm, we obtain

o)

3Detailed analysis and proofs of this result can be found in chapter 12.2 of Markov Chains and Mixing Times.

L <

DN =

1

1
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fiv (1)

t
ke 117
[iiw. .. (I o)

1

(f—”T)\l

where ¢, = (b — a + 1) mod t,,;x. Note that

i)

tmix
NI W -sa <I - )
1

q=

1

b a+1
t

mix

Putting it back we obtain

b—a+1

<22_[ tmix J

q=a 1

That completes the proof.

Note that in the analysis of Moniqua on AD-PSGD (Section H), we will use this lemma as an assumption.

F. Moniqua on D-PSGD (Proof to Theorem 2 and 3)
F.1. Notations
For convenience, we adopt the following notation
X =[®r1, Tem), Xp=[&r1,  Thon)
ék = [gk,h'" ’gk,n] ) Gy = [Qk,p"' 7gk,n]
X = X%,VX eRY" Q= (X — X)) (W —1T)
where g;, ; denotes gradient computed via the whole dataset D; and @y ;

From a local view, the update rule on worker ¢ at iteration k can be written as

Tiy1,i ¢ T + E (Brj — i) Wi — gy

JEN;

which is equivalent to
n n
Thi1,; = Zwk,jwji — gy, + Z (Bk,j — Tr,j) — (Bryi — Tri)) Wi

with a more compact notation, this can be expressed as:

Xpp1 = Xp+ Xp(W = I) — .Gy = X W — .Gy + (X — X3)(W — 1)

F.2. Proof to Theorem 2.

Proof. From Lemma F.4 we have

K-1 o 252 = 2L ~ 24 LN~
S | VX <4EF(0) —Ef7) + Un > o} Z aT=p2 i
k=0 k=0 "= S

sr2 A

e > B
n(l—p)? kZ:O r

3)

“4)
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p)

Note that
2
K-l K1 n n Lemma F.1,F.3 K1
akEHQkH% = Z akZ]E Z((i’k’j —(Ek]) (il)kl L z)) Wﬂ < 4 Z ak(SQngnd
k=0 =0 =1 |[j=1 k=0
By using Lemma F.3 and by assigning § = o7 log(llg;’)w(l ooy e obtain
K-1 K-1
G?.dn .
2 00
> R [l < 7 > o}
=0 @ k=0
Pushing it back we obtain
K—1 1 K- 279 K- 279 K—
< 12 80 L 24g L?
3 k[0S <ams0) -2y + 2L S o s SO0 S o AL S
k=0 k= k= R
8G2.dL? X
+ 1-ppC? Ok
@ k=0

8a?L? (02 + 3¢?) N 8a2G% dL?
(1-p)?

2aL 2,
g
(1-p)?

That completes the proof.

F.3. Proof to Corollary 1
Proof. When o, = «a, Cy, =1 = 1, and we have
O _ *
ORI
n

1= — 2 _ A4
LY m v < VO

, we have

—r 1), 40 - )
K3

(

By set =1
y setting o cIK3t+oy/Etor’
K—
& 8(f(0) — f*)L | 40(f(0)
E||V < +
;3’|f K Uik
8L%c>n N 24265 8G2 dnL?
(1—p)2(0?K +4nL?) " (1— p2K3  (1— p)2(02K + 4nL?)
a’n L G?.dn
02K +n

°_, s,
02K +n

1
57 + 2
K nK K53

That completes the proof of Corollary 1

F.4. Lemma for Moniqua on D-PSGD
Tt jlloo < 01, Vi, j holds at iteration t, then

Lemma F.1. [f|z;;

0:, based on the algorithm, we obtain
mod 1) — wm) mod By, + x¢;

:126

Proof. Let By,
. x
Ty = (Bet s (Bg
t

) By, < * mod 1) + Xy

o Lemma 2
ti = DB, Qs (
By,
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We start from
n n
S (@rg—@eg) = @ri— o)) Wil <D Wil[(@, — 1) — (@i — @) o
s P

oo

3

n
<> Wiill@e — gl + > Wil — @l
j=1 j=1

On the first hand, due to Lemma 2 we obtain

|Z¢,; — @15l o, < By,

R Lt,i
. i g , B < 6B
H(E@ $t7 ||oo H 0 Qé <BGt o ) Ot (B@t )Hoo - o

Putting it back, we obtain

on the other hand,

46
1-26

Z By — X)) — (B — ) Wyi|| < 20Bg, = 04

oo

which completes the proof.

Lemma F.2. For any X, € R*™", we have

k—1 2 k—1 2
11T k—t—1 k—t—1 X

t=0

Proof.

IN

IN

That completes the proof.

1—np

Lemma F.3. In any iteration k > 0, and for any two worker i and j, when 6 = 8CZnTog(Ton)+2(1=p) W have:
2003, G oo Cyn log(16m
IXi(e: - e, < Z2CLet 0l g,

Proof. We use mathematical induction to prove this:

I. When k& = 0, ||X0(67; — ej)Hoo =0< 90,Vi7j
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IL. Suppose || X ;(e; — e;)||, < 04, Vt < k, Vi, j, we obtain

ath + Qt Wk t(

M;r

| X ky1(e; —

t=0

E

t=

k
k— k—
<SGl [WE e = e+ D19 W (e e)|
0 t=0

—€j)

(oo}

1

Lemnél F.1 k e Wk_t k 0 Wk f
- °°H (ei_ej)Hl 1,252 t _ej)Hl
Aot t 450k Gt k—t H
< ) R Zt .
ak+1Go° Z akJrl ||W 6])”1 + 1— 26 — Hk W (el e]) 1
46C 0 ~—
cor1GoCan 30 [Wes — )], + 200 St wie, — )
t=0 =
For any ¢ > 0, on one hand
1
W' e el < VW e el < Vi [Whe v [whe, - 1 < v
where the last step holds due to the diagonalizability of W. On the other hand,
HW —e; Hl < 1TWteZ + lTWtel = 1Tez + lTej =2
As a result
0" [Wies — )], < min{2vn(np)", 2}
Let Ty = {%&p@-‘, so that \/n(np)T® < 1, then we have
o0 TO 1
Do [Whei—e)ll, = > 0" [Wiei —ej), + Z n'[[We: — e,
t=0 t=0 t=Tp
To—1
<32 2yt
t=0 t=0
log(y/n -‘ =
<2 + 2 np
[ log(1p) ; ") (e’
21lo 2
2osVh) 5, 2
1—np 1—mnp
Slog(16n)
L—mnp
As a result, we have
kt1GocConlog(16n 46C, log(l6n
X (es — e, < HeriGocCanlopitn) Logl16m) 5
1—np 1—-26 1—mnp
. 1—
with & = Scinlog(1677)p+2(1—np) ’
ap11GooCanlog(16n)  40C, log(1l6n) 20pGeCanlog(16n)
[ Xrt1(ei —ej)ll < - — —or 1 . —
1—np 1-26 1-mnp 1—np
<ak+1GooCanlog(16n) 46C, log(16n) 2ap+1CanGeCanlog(16n)
- 1—np 1-20 1-np L—np
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< 205 +1G 0o Con log(16n)
- L—mnp

= Ok+1

Combining I and II, we complete the proof.

Lemma F.4. The running average of the gradient norm has the following bound:

K-1 o, K-l K- 24§2L =
> | VAXR)|” <4Ef(0) —Ef) Z (1-p)? Zai
i k=0 k= k=0
sr? A
b 2 kB I
k=0

Proof. Let 1 denote a n-dimensional vector with all the entries be 1. And we have
— - 1 = . 1 =
Xi+1 = (XkW — o, Gy, “"Qk)ﬁ =X, — oG, + (Xk —Xk)(W —I)ﬁ =X, — oGy

And by Taylor Expansion, we have

Ef(Xi1) = Bf <(X W = axGrt ”“1>

And for the last term, we have

2

EHZEHZZZE D i1 Gk
k n
- 2
) Z?:1 9r,i — Z?:1 9k.,i I Z?:1 9.
n n
-E Z?:l 9ii— 21;1 gk,z H Zz 19k, IE < E?:l i — Z?:l ki i E?:1 gk,i>
n n n
_r Do i — Do gk,i o H Zizl gk,i
n n
n n 2
Assumption 3 1 - 2 Z‘:l gk,‘
= *2Z]EH91“*91“H +]EHI -
n? < n
Aﬁ%ungllonS i +EHZZ 1gkz

Putting it back, we obtain

2 2 n 2
Oka 2 OZkL i=1 gk’i

o° +

Ef(Xi) < Bf(X) — arB(VF(X0), Gi) +

kLZ

_ — 2L _ _
= Ef(Xy) - S5 |[Ci|” - SRV + Fio® + TEVIX) - G

where the last step comes from 2{a,b) = ||a||? + ||b]|* = ||a — b||* And

Vfi (W) — Vfi(xr,i)

2

E|VIX0 -Gl <1 > E
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2 " n
Aqsum<pllon 1 L Zilzl mk:,i'

E — Lk

n
i=1

2SN —
= =SB Xk -zl
n 1=1

n

by Lipschitz assumption, we obtain

o —apL
2

2 2 n
kL 2 OékL

E[[Gill* + FEIVIED| < BFXw) ~Ef(Kpw) + 50" + 5= S B[ X — 2
i=1

summing over from £ = 0 to K — 1 on both sides, we have

K—1 o, Kl o, o o o2 Kl
Z(ak*aiL)EHGkH + ZakE|Wf(Xk)|| SQ(Ef(XO)*Ef(XK))JFT Zai
k=0 k=0 k=0

2 K—1 n
OuE [ X — ]
k=0 i=1
From Lemma F.5, we have
K—1 o, Ko o
> (o = o DE[[Gx[" + ) aulE [ V(X))
k=0 k=0
L K o K— n
<2(Ef(X0) - Ef (X)) Z ZZ o | X - ]|
k=0 k=0 i=1
— = = 12< = 2L
<2Ef(Xo) —Ef(Xk)) Z Za 1 Z T Z ||V S (X))
k= k=
+ o 2 o |91
Rearrange the terms, we have
K—1 K—1 K—1 K-
— (2 202%L 8022 24¢2 L2
E||VF(X)|~ <4Ef(0) —Ef*) + 2y ——— P P
> B VI <4BS0) Ef)+ T2 o+l 3 ol (1_p)2kz:;ak
8L2 — 9
+ m kz_;O akE”QkHF
and that completes the proof
Lemma F.5.
2l - o 40212 A 12212 & 1212
Y S K-l S St S et 2 S ke 9K
412 A )
_— E ||
ST O Bl
Proof.
K—1

OkE[[ X~ i

[

>
Il
o
~
Il
—
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K—1 n 1 2
= ZakE Xk ( — 61‘)
, n
k=0 i=1
K—-1 n 1 2
= Zak]E (Xk_lwfaGk_l Jrﬂk_l) ( ei)
k=1 i=1 "
) OK—l n k—1 2
moé_ OékE Z (—O&th + Qt) ( — Wk_t_lez>
k=1 i=1 t=0
K-1 n -1 K-1 n k—1 1 2
<Y oY E Zatat ( ke )‘ Y wY e ( _wk—t—lei)
k=1 i=1 0 n k=1 i=1 t=0 n
K- k—1 117 K—1 ||k-1 17
=2 Z R ath ( - Wk 1) +2Y E|D < W’“t1>
k=1 F k=1 |[t=0 " F
Lemma F.2 K21 k-1 ? K-l k-1 ?
23" oy ( Pt HGtH ) 123 (Z ptIE |QtF>
F
k=1 t=0 k=1 t=0
Lemma F.7 Kl 2
1_ T Z ak]EHGkH T L Bl
k=0
Lemma F.6 K-1 n K-1 K—-1 L 5
< . <n02 Zak—i—SLQ Oék]EHXk—$sz + 3n¢? ai+3n2aiE||Vf(Xk)|| )
( k=0 i=1 k=0 k=0
Y R
1—p7 & "
Rearrange the terms, we have
K—1 602 L K—1 6z K1 K—1
Zak<1 Go}L? )ZEHXk |’ < 2Zag+ L T Ea 2ZazE||fok)y|
k=0 k=0 ( p) k=0 (
K—1
2 2
t T B [|Q% |7
1=r* =
Letl— (61‘“ E > 1, we have
1R 40202 = 12212 1202 & - 2
n Z ’<?EHX’C "B’“H 2 Zai_k 2 rt 2 ZaiEHVf(Xk)H
n = (1—=p)? = (1—=p)* = (1-p? &
AL2 !
That completes the proof. O
Lemma F.6.
K—1 K—1 n K—1 K—1 )
3 ojE HckH < no Z af +3L2 3 Y B X — @l + 30 Y af 430 Y ofE || V(X))
= =0 i=1 k=0 k=0
Proof. From the property of Frobenius norm, we have
_ 2 n _ 9
2|6, = Bl
i=1
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Since

E Hgk,iHQ =E ||gy.,; — gk,iH2 +E Hgk,iH2
=02 + 3E |V fi(wrs) — VAW +3E | VA(Xx) - VX + 3B || V(X))
<0? + 317K || X, — p||” + 362 + 3B || V(X))

Summing from k = 0 to K — 1, we obtain

K—1 2
5 ine
k=0 F
K-1 n )
=> wZE 1.
k=0 i
K-1 n K-1 n K-1 n o 9
<> o} Zo— +3L2 Z akZEHXk P43 a3y Y E|VAXL)
k=0 k=0 =1 k=0 =1 k=0  i=1
K-1 K-1 n K-1 K-1
=no? oy + 312 Z ZaiEka —a:k7iH2+3n§2 oy +3n Z aiEHVf(Yk)’f
k=0 k=0 i=1 k=0 k=0
That completes the proof. O

Lemma F.7. Given 0 < p < 1 and T, a positive integer. Also given non-negative sequences {a.}7°, and {b;}72, with
{a:}$2, being non-increasing, the following inequalities holds:

k t . T k

Zat <Z Pi LTSJ bs> Si Zasbs
t=1 s=1 l=p=

k t 2 72 k
Zat ZP_ \‘t;Tsts §72 Zasbg
t=1 s=1 (1 o p) s=1

Proof. Firstly,

k t k T—1 oo k
5= (Zp Lf;Jm) 5 D ITALIID SIS 3 SYLEpiy Sy
t=1 s=1 s=1 t=s s=1 t=0 m=0 s=1

further we have
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That completes the proof. O
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F.5. Proof to Theorem 3.

Proof. Let p denote the spectral gap of matrix W, it is straightforward to know that p = vp + (1 — 7). we first use
mathematical induction to prove at iteration Yk < K, for any worker i and j, with probability (1 — €)*

~ 2alog(16n)G

Xile;,—ei)lle <0
IXk(e: ;) S

2
where v = > — .
1=r (1176;55)2 = 15(;14 : log( %)

L Whenk =0, || Xo(e; —e;)]| =0<6
IL. Suppose || X ;(e; — e;)|| ., < 0 holds for V¢ < k, then for k 4 1 we have

1Xisi(es = el = || (KW — 0G50 (e = e))

oo

k
XO::() Z (—Ozét + ’}/Qt) Wkit(ei — 6j)
0

-
|

oo

k
< aéth_t(ei —e;)|| + Z ’yQth_t(ei —€j)
t=0 o) t=0 oo
We bound these two terms seperately. First from Lemma F.3 we know that
— ||t log(16n)  log(16n
S [ en], < FFES < ST ®
— 1 -p  11-p)
then we have for the first term,
G- k = k—t
ZaGtW " (ei —€) SZHaGt HW ’_/(ei—ej)H
t=0 o  t=0 L,oo !

<0G 3 [Wer - e
o ; (ei —€;) L
alog(16n)Geo

(1 —p)

o =kt . .
Next, we bound the second term. Suppose the infinity norm of the term Zf:() QW (e; — e;) is taken at coordinate h,
then we have

k
e <Z Qth_t(ei - ej)> ‘
t=0
k

> en (QtW’H(ei - ej))‘

t=0

k
——k—t

E YW (e; —ej)

t=0

=y
oo

=

Let

t

w=Y el (W (e~ ey)

m=0

from the induction hypothesis we know that {u; };<y, is a martingale sequence. Note that,
T =5t
lug — 1| = ey ( QW (e; — €5)

< Hﬂk—tWt(ei - ej)

‘ (e}
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FEquation 5 . 4
|9l o min{2y/p", 2}
<25 B min{2v/np", 2}

where By = 2 1=55 0, then by using Azuma’s inequality we obtain

P [ i e; (Qth_t(ei — ej)>
t=0

Here we use the induction hypothesis. Similar as before, Let Ty = [‘ log@-‘ , so that np?70 < 1, then we have

1—

2
>a| <exp| — T a
80283 3o min{2y/np", 2}

a2
< _
=P ( 3262B2 Y2, min{np*, 1})

2log(p)
To—1
Zmln{np = Z min{np*, 1} + Z min{np*, 1}
=T,
To—1

< Z 1+ Zn72t+2TU

“log)] L 9=, or,
[rea] S

t=0
log(n)
<=1+
-7 1-7p°

—_

log(4n)
1-p°
_ log(4n)
Y1 =p)(2=7(1-p))

<

Putting it back, we obtain

|

In other words, with probability 1 — €,

k

Z e,;r (Qth_t(ei — ej)>

t=0

a*y(1=p)(2—~(1 - p))
> CL‘| <exp <_ 325233 ]og(4n) )

(ei —€j)

oo

2log(4 1
< 5B, 32log(4n)y log ()
(1-p)(2—7(1-p)) €
Combine them together, we obtain

)L <Olosln)Goe RIS 10g ( 1
[ X r+1(ei e])”oo < ~1—-p) +6B9\/(1_p)(2_7(1_p))1 g(e)

alog(16n)Gs 20 32log(4n)y 1
<) *1_25‘% —p)(z—vu—p))k’g(e)

Lety = 2
1652 _ 32log(4n) 1
L=ptaesz ~1-s log(;)

alog(16n)Gs 1
e GOV T | Zg <
X ki1(es — el < Y0 +29_9

Combining I and II, we complete the proof.
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We proceed to obtain the convergence rate. From Theorem 2 we have with o, = «

K-1

K-1

1 — 2 _AEf(0)—Ef*) 2ac’L 8a?0c?L? 24a3¢?L* 8 L2

=N E|VIX)| < E (O
Kk-zzo IVA(XR)" < e Tt e T Ao T )2KZ [Bte N[

Note that with probability (1 — €)%

2

K—1 , , K—-1 n n R Lemma F.1 1652’)/2 2
> E|vulf =~ DB (@ —wny) — (Bri — hi) Wi < me dnk
k=0 k=0 i=1 Jj=1
Fitin § = % we obtain
K-1

640262 log®(16n) G2
E [y % < " dn K
Z:;) || k”F (1 _ 25)2(1 _ p)

Let £ denote the event that the bound 6 holds for all 0 < ¢ < T — 1, then,

K—1 1 K-—1 o 9 K-—1
T 2 BIVS I = | X ISR 2] 2) + | e 3 EIVICRRIF e | P2
k=0

4(f(0) — f*) 2oL , 8a*L?(o? +3§) 8L2 )
< E ||y
STk TR T T TS Tk —pp k; IS el

+G2d(1—(1-¢ef)

_AF(0) — ) L2l 8a2L? (0% 4 3¢?) N 5120262 L2 log?(16n)G2 . d
S n 21— p)? (1= p)*(1 - 20)?
+G2d(1—(1—¢ef)

Assign € = K2 and set o = m we have
K-1 2 2 2 2, 54 2 2 6 4 2
1 — .2 o 1 ¢36%log®(n)log” (K o°nd*log®(n)log” (K nd® log™(n) log” (K
LS viE)) < L1 gg()g() ‘ g()g(4) 2‘g()g(g
K vnK K K35(1—26)4 (02K +n)(1 —29) (02K +n)(1 —29)
That completes the proof O

G. Moniqua on D? (Proof to Theorem 4)
G.1. Setting
We first show the pseudo code in Algorithm 1.

D? makes the following assumptions (1-4), and we add the additional assumption (5):

1. Lipschitzian Gradient: All the function f; have L-Lipschitzian gradients.

2. Communication Matrix: Communication matrix W is a symmetric doubly stochastic matrix. Let the eigenvalues of
W eR™™be A > -+ > \,. Weassume Ay < 1, A, > —3

3. Bounded Variance:

~ 2
Ee~p, |Vfil@:&) = Vi) <o vi

where V f; (z; &) denotes gradient sample on worker ¢ computed via data sample &;.

4. Initialization: All the models are initialized by the same parameters: xo ; = o, V¢ and with out the loss of generality
rog = 0.

5. Gradient magnitude: The norm of a sampled gradient is bounded by H 9ii Hoo < G for some constant G,
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Algorithm 1 Moniqua with Variance Reduction on worker ¢
Require: initial point ¢ ; = ¢, step size c, the discrepency bound By, communication matrix W, number of iterations
K, neighbor list of worker 7: N;, quantizer Qs
1: fork=0,1,2,--- K —1do

2:  Randomly sample data &, ; from local memory

3:  Compute a local stochastic gradient based on &, ; and current weight Ty, ;: g ki
4: if k = 0 then

5: Update local weight: Ty 14 Thi — agy

6: else

7: Update local weight: @, 1 ; <= 2@k — Tp—1,i — agy; + g1,

8: endif _—

9:  Send modulo-ed model to neighbors: Qprii Qs ( ’gf mod 1)
10:  Compute local biased term &, 41, as

Zp1;= qk+%7iB9 —Tpply mod By —‘y—iL‘kJr%’i

11:  Recover model received from worker j as:

~

Byt = (QryyjBo — Ty ;) mod By + 1,

12:  Average with neighboring workers: Tj1; < Tyt ZjeM (a‘:k+%7j — &y, 1 )W
13: end for

14: return X = 2 37 wp;

G.2. Proof to Theorem 4
Proof. From a local view, define x _; = §_; = 0, the update rule of Moniqua on D? on worker i in iteration & can be
written as

Tpil,; = 2%p,; — Tk—1,0 — agk,i + O@k—l,i

n n
Tpi1i = E x 1 Wi+ E ((wk+%,j —®pp1 ) = (Bpp1— 5'3k+§,i)) Wi
Jj=1 Jj=1

For a more compact expression,

XkJr% =2X, — X1 —aé’k—l—aék,l
Xk‘-‘rl :Xk-‘r%W_'_(Xk-i-% —Xk_;'_%)(W—I)

Define

Q= (Xppy — Xjp)(W - I)

%
Since W is symmetric, it can be diagonalized as W = PAP ", where the i-th column of P and A are W’s i-th eigenvector
and eigenvalue, respectively. And we obtain
X1 =2X,PAP" — X, _1PAP" — aG,PAP" +aG,_PAPT +Q,
and
X1 P =2X,PA — X;,_1PA — aGLPA + aGj_ PA + QP

Denote Y, = X P, H(X ;&) = G P, and denote Yy.i» Pii and 7 ; as the i-th column of Y, Hy and Q P,
respectively. Then we have

Yir1,i = Ni(2Yki — Yo, — @l + ahi_1:) + Tiy
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From Lemma G.5 (Constants Cq, Cy, C3 andn Cy are defined in the Lemma G.1. Constants D¢ and D, are defined in
Lemma G.5) we get

3C1a2L2 Co 4u\ 1 KZ‘1 e 1KZ‘1 - 2
2(f(0) = f*)  aL , 301@2L2(02+<3) Ca 5 5.9 Co 4 5,4 C3L? (6Din +8 2 2 ~2
<t = 4+ 6— L 3—— L G2.d
- aK + n o+ C4K * C4a 7 + TLC4a 7 + 04 6D27’L+1 @ &
Leta = ——L— we have
o/ K/n+2L

1 — 2
LS g vl
k=0

2/(0) =) , al ,  3C1a*L*(o® + )

2 2
<= - C + 6%@202L2 + 3%a402L4 + (ggiz i f) Céf G2 do?
_A(0) - L N 20(f(0) — f*+ L/2) 3C1L* (02 + @)n 6CyL%0%n
- K vVnK C4(0?K? +4nl?K)  Cy(0?K +4nL?)

N 3Cyno? L2 N <6D1n + 8) * 3G dL*n
Cy(0*K? + 16n2L*) 6Dsn+1/) Cy(c2K +4nlL?)
<1 L (0 +¢2)n a’n a’n G?.dn
~K  /nK 02K2+nK o02K+n o0*K?2+4+n?2 o2K+n
1 o o’n G?.dn

?—'_ vVnKk + 02K+n+ 02K +n
That completes the proof. O

G.3. Lemma for D?
Lemma G.1. Define

+

2| s 2o
D, = n )
L maX{'“|+1—|un| T W

D ma { 2 2 }
f— X ;

? 1—[oa]’ VT =
Un = An — VA2 = Ay

Let 6 = and we have for Vi, j

1
12nDo+2°
"mk+%(ei - ej)Hoc <0 =(6Din+8)aGu

Proof. We use mathematical induction to prove this:

I. When k& = 0,

HXO+%(ei - ej)H = H—aéo(ei - e]—)H <a HGOHI le: —ejll; <2aGs < (6D1n 4+ 8)aGx

II. Suppose for k > 0, Vt < k, we have HXtJr%(ei - ej)H < (6D1n + 8)aG, then for Vi, j

[ X kr1(ei =€)l

1 1
<l e+ e
oo oo
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1 0 0 0 1 0 0 0
0 0 O 0 0 0 O 0
=X 1 PP e; — X1 P 0 0 0l PTe;| +||Xy1PPTe;— X P |0 00 0l PTe,
0 0 0 - 0 0 O 0
0 0 0 0 0 O 0
0 1 0 0 0 1 0 0
<||Xpap |V 01 Ol 1P el + | Xpa P |0 O 1 0Ll 1P el
0 0 O 1 1 00 0 ... 1
;00 1,00
0 0 O 0
01 0 0
<2vn|[Xpp P |0 01 0
000 1,
From the update rule, we have
Y1 = Ni(2Yp; — Yp—1,i — Chii +ahp_13) +7ri = N2y — Yp_1,:) + NiBy + T
where3), ; = —ahy ; + ahy_1 ;, for all y; with —3 < A; < 0, from Lemma G.3 we have
k41 k41 k k—s+1 k—s+1
U, U, — V.
Yir1,i = Y1, (Zu—v> + Z (NiBs i +Tsi)— — Uz‘
7 o—1 7 7
where u; = \; + /A7 — \; and v; = \; — /A7 — \;, we obtain
k: s+1 ,U,{c—s-&-l k s+1 ,Ul_e—s-i-l
el < vl Al [ 5 [
Since "
untl — gt U (%) —v
1 7 g |vz|n < ‘,U’L|TL
U; — V5 U; — Uy
We obtain

k k
Hyk+1,iHDo < H’!JUHDO vil* + |\l Z Hﬂs,iHOO vg * 7% + Z [7s,ill oo Jvg
s=1

s=1

For (3, ;, we have
Hﬁs,ium = [|—ahpi + ahp_14| < 2a(]|h,;

<2a(
<204/nGoso

o+ [Pk—1,illo0)
1)

For r, ;, we have
I7killoo = (1 Peil oo < [l o | Peslls < 2v/ndBe

when \; < 0, we have

k k
HykJrl,iH < ||111 @H Jvil ¥ + [ Ad] Z Hﬂs,z‘Hw vg 7% + Z 7s.ill oo Jvg|F~*
s=1 s=1

oo
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k k
< ||y1»iHoo |Un‘k + [An] Z ||/Bs,iHoo |Un‘k_s + Z ||7"8-,iHoo |”n|k_s

s=1

<av/nG oo [vp|* + 201G o |\ |Z|Un\k S+2f§BQZ|vn|k s
20/NG o | An| +2\f51'3¢9

< G
<avnGoolvn| + o] T

where v, = A, — /A2 — \,.

On the other hand, when 0 < \; < 1, from Lemma G.3 we have

Ypi1,Sin @i = :L/U)\2 sin[(t + 1)éi] + A ZBSZ i sm [(B+1—s5)p;] +ZT“ 7 sin[(k + 1 — s)¢;]
s=1

By taking norm, we get

k
k k—s
Yni1all o Isindil = [y ]| AZ [sin[(E 4+ )il + A E 1854l X = [ sin[(k + 1 = s)¢i]|
s=1

k
+ Z 75,3l oo
s=1

< lyrall L A2+ 20vmGods STAS +20m0Bs SN2
=1 s=1

QCV\/HGOO)\Q + 2\/’)753(;
V1—2A2

A7 [[sin](k +1— 5)6]]

< ayvnGooy/ Az +

Since |sin ¢;| > +/1 — Ag, putting it back, we get

X2 200/nGao)s + 2y/n0By

||yk+1,i|| < a/nGo

1— )Xo 1— X
So there exists Dy, Do
2| A Ao 2o
Dy = " ,
L maX{|U|+1—|un| - 1-n

2 2
Dy = :
o e

such that
sl < DroviG + DovisBy

Putting it back we have Vi, j
HX;H_l(ei — ej)Hoo < DianG o + Dand By

As a result
HXkJrlJrl(ei - ej)H

—H 2Xk+1 kaaGk_HJraGk)( 763)H

o0

oo

<2 Xusi(ei = e))llog + 1 Xnlei =€)l +a||Gust || llei—ejlly +al|Gu llei—ejll,

<3(D1anGs + DandBy) + 4aG
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<(6D1n + 8)aG

The last step is because § = m

Combining I and II we complete the proof.

Lemma G.2. By defining

3 3
< ‘ma"{l— oa? (1 —w}

O — ma { 3\2 3\3 }
= X 5
? (T =fon])?" (1 = VA2)2(1 = A2)
Cs = max{ 3 5 }
’ (1= val)?" (1 =V A2)2(1 = A2)
we have
n K o 9
(1-12050°L%) Y Y B[ Xy —
i=1 k=1
<3C10”no? + 3C1a°nst + 3C1a*nE |V £(0)|| + 6Coano? K + 3Cya*0? L? K
Kol K-1
+3Ca*nL? Y E|[Gil* + 05 Y E
k=1 k=1
Proof.

2

G 2 - 1
> % - = X | X (e )
=1 =1 n

|
Jeo-2)
n

2
- HX;CPPT - kalvlTH
P

F

0 0 0 0
0 1 0 0
Lemn;i G4 XkP 0 0 1 0
0 0 0 1

P
n

= lunall”
i=2

From the update rule, we obtain,

Yi+1,i = )‘i(zyk,i — Y1, — hy + ahy_1) + g = /\i(ka,i - yk—l,i) + XiBy; + Tk
where), ; = —ahy ;i + ahy_1, for all y, with —% < \; <0, from Lemma G.3 we have

k+1 k+1 k—s+1 _ Ul_vfs+1

k
U, u;
Yi+1,0 = Y14 (M) +; Aﬁsri—mz L uiivz
where u; = A\; + /A? — \; and v; = \; — \/A? — \;, we obtain
R+l R+l
o <3 (_) c0 (Sl
1 K3
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k s+1 Uf_S—H

;

(Z [

U; — Vg
Since "
un+1 _ Un+1 Uj (ﬁ) — V;
% 7 n Vi n
< fuil" | ————| < |uil
U; — Uy U; — U;
We obtain

2 2 E 2
Hyk+1,iH2 <3 ||y11H2 |Uz‘|2t + 3>\12 <Z ||IB‘3’LH |Uvi|ks> +3 (Z |75l |Uz‘ks>
s=1

s=1
Summing over from k = 0tot = K — 1, we obtain

K-1 , & ,
D Mwrsrall™ =3 Nyl
k=0 k=1
LKl K—1 K-1 / k
Blyrall” D il +3AF Y (ZHﬂszH il "~ 9) +3 <Z|Tm‘|| |Uz‘|k_s>
k=0
K-

2

k=1 \s=1 b1 —
3|y’ g2 KL S
<29 i |
ST e 2 18l e 2 Il
3HyuH - 2 3 = ,
<29 2.3 |
Tl |’Un‘2 \U [)? ]; Hﬁ’”” T (1= vnl)? — [

where v, = A, — /A2 — A

On the other hand, when 0 < \; < 1, from Lemma G.3 we have

k—s
Ypy1,Sin¢; = y“)\"’ sin[(t + 1)éi] + A Z,@“)\f sin[(k+1—3s)¢ —I—Zr“ 22 sin[(k 41— s)¢]

And we have

2

k k—s
Hyk+1,iH2 sin® ¢; < 3 HyuHQ A sin?[(t + 1)¢;] + 302 (Z 185,12 > sin[(k 41— 5)¢i}>

s=1

k A\
<3|y | A+ 302 <Z||:Bsz”)‘ ) +3<Z”'r8,i|>‘i2>
s=1

Summing from k£ = 0 to K — 1, we have

K—1 K

S il sin? 65 = 3 flys|*sin® o

k=0 k=1

K—1 K-1/ k . -1 2
=17 WPV 2% (Zuﬂsyiuv ) +3 Z (Z Il ™ )
=1 =

-1

k
+3<Z|T“”/\ sin[(k+ 1 —s)¢p >

k=0 k=1

3|14 3)\2 -
el S e S S e

k=1 k=

=
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Since sin® ¢; =1 — \;, we have

K-1 K-1

BT " ; .
ZHysz < Toa? T aovaa T 2 I8l Ty X el

Hyl,iH 3\3 -1 3 K-1 ,

= (]. — )\2)2 + (1 — \/)\») (1 _ )\2 Pt H'Bk 7/” + \/E)Q(l _ )\2) Z ||rk)7i||

So there exists C1, Cs, C5

3 3
“ max{l —JoP’ @ —w}

322 302
2= m“{u a2’ (1= VAa)2(1 - m}

3 3
= ma"{u ~oal)? (1= V0)2(1 - A2>}

K ) ) K-1 , K—1
Z lyrill” < Cr |yl + Ca Z 18r.ill” + Cs Z 5.l
k=1 k=1 k=1

By taking expectation we have

K ) , K—1 , K—1
ZEHyk’LH < ClEHyLiH + Co ZEHﬂsz +Cs Z]E||r;“||2
k=1 k=1 k=1

We next analyze Sy ;:

D E[8eal”
i=2

n
=0? > E|lhgi — il

=2

n - - 2
:OZQ ZE HC—;’;CIDGZ — Gk,lPei
=2

n _ _ 2
<a*3 E HGkPei — G,_,Pe,
1=1

-~ - 2
§a2EHGkP— Gk,lPHF

Lemma G.4

~ ~ 2
2wslen -G,

n 2
:oz2 E E Heri — Gk_lei
=1

<3a? Z E Hékei — Gre;
i=1

2 n . 2
+ 3042 ZE Hkalei — kalei
i=1
+30 Y E|Gre; — Gi_1eil®
i=1

<6a*no? + 3a? ZE |Gre; — Gr_res|?

i=1
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n
<60’no’ +30°L* Y Ry — xo1il”
=1

n 2
<6a’no? + 3a%L? ZE HY;CPTei Y, 1Pe;
i=1

22 272 T T||?
<6a“nc” 4+ 3a”L“E ||Y P Y. 1P -

Lemma G.4
< 60%no? + 302 L*E||Y ) — Y|

<6a’no? + 30’ L* ZE ||ykz - ykfl,iH2

i=1
Putting it back, we have
n K )
ZEHysz
i=2 k=1
n K-—1 ) K—-1 n
§01E|‘Y1|\%+C2Z ZEHBIHH +Cs Z E||rs.q|)?
i=2 k=1 k=1 i=2
K—1 n ) K—-1 n
<CLE HYlH?y + Cy Z <6a2na'2 + 3022 Z]E Hy,m — yk._u” ) + C5 Z ZE Hrk,iHQ
k=1 i=1 k=1 i=2
Lemma G.4 2 9 9 9 2K71 n 2 K-l 2
CLE|[Y 1] + 6C20’no” K +3C50” L Y " N "Ellys, — || +Cs Y B9
k=1 i=1 k=1

Since

2
Ellyp1 — Yp_1.]| =E|XiPer — Xi_1Per|* =E[| X v1 — Xi_qv1|?
[ SR I
k\/ﬁ k*l\/ﬁ

o & = |2 o 15 112 202 o 1 112
<na’E |Gy — Gi| +na’E |G’ < na* %+ na’E||Gi |

= = nE[[ Xy~ Kyt |* = no?E | G|

=a20? + na’E ||§k H2

Putting it back, and we obtain

n K 9
i=2 k=1
K—1 )
<C{E ||Y1||?: + 6C50’nc?K + 3Csa*0? L2 K + 3Csa*nL? Z E Héku
k=1
K—-1 n ) K-1
+3C5a%L? Z ZE Yk = Y1l +Cs Z E ||| 7
k=1 i=2 k=1
K-1
<CE Y 1]} +6C2a’no’K + 3C2at0? LK +3Cha’*nL? 3 E||Gyl|”
k=1
K—1 n K-1

+ 600 L? Z ZIE (Hyk1||2 + ||yk—1,i||2) + 3 Z E HQk“?«“

k=1 i=2 k=1
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K-1

<C:E ||Y1||?¢ + 6C20*nc? K + 3Cyatc? L2 K + 3Cya*nl? Z E Hék"Q
k=1
K—-1 n ) K—-1
+ 120502 L? E |y +Cs > E Q%5
k=1 i=2 k=1
Rearrange the terms, we get
n K 5
(1-12C20°L%) > > E |y
=2 k=1
K-1 9 K—-1
<CE||Y ||} + 6C20°n0”K + 3Coa0® LK +3C2a’nL? > RB|Gr|” +Cs Y E[Qll3
k=1 k=1
K—-1 9 K—-1
<CiE|| X[} + 6Coa’no’ K + 3C2a0? LK + 3C2a'nL? > E|[Gi|” +C5 Y E[ull%
k=1 k=1

Considering
2 o [l A& |1
E X1} = o’ |G|
N ~ 2
=a ZE HGO,i —Goi+Go,; —Vf(O)+ Vf(O)H
=1
n _ 2 n n
<323 E HGW — Gou| +30>Y E|Gos — VFO)? + 30> S E[V£(0)|?

i=1 i=1 i=1
< 3a”no? + 3a’ng + 3a’nE |V £(0)|

We finally get
n K 9
(1-— 126’2&2L2) Z ZE ||ysz
i=2 k=1
n K
=(1-12C0°L%) Y ST E || Xy - @
i=1 k=1
<3C,a’no? + 30104271(3 +3C1a*nR ||V £(0)|| + 6C2a*no’ K + 3C0*d’ L’ K
K—1 K—1
+3Catnl? Y E|GH* + Cs Y Bl
k=1 k=1

That completes the proof.

Lemma G.3. Given p € (—%,0) U (0,1), for any two sequence {a;}32,, {b:}2, and {c,;}{2, that satisfying

ap = by = 0,
a1 =p 2ar —ap—1) + by —biog + e, VE> 1
we have .
uttl — pttl ut—s+1 _ yt—st1
= - 7 by — bs_ )| ——— ), vt >0
at41 a1< w—1v >+;( 1+C)< w—v >
where

u=p+\p*-—pv=p—+/p*—p
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Moreover, if 0 < p < 1, we have

¢ sin[(t+ 1)¢)]

¢

t—s sin[(t — s + 1)¢)
— 2 —_— -
Gt1 = a1p sin @

+ Z(be - bs—l + Cs)p 2 Sin¢

s=1

where

¢ = arccos (/p)

Proof. whent > 1, we have
Qi1 = 2pa; — paz—1 +by — b1 + ¢

u=p+Vp?—pv=p—+/p*—p

since,

we obtain
A1 —uay = (@ — uap—1)v + by — b1 + ¢4

Recursively we have

app1 —uar = (ap —uap_1)v+ b — b1 + ¢

= (at—1 — uat,2)1)2 + (be—1 —bio+c—1)v+ b — b1 +
t

= (ay — uag)v' + Z(bs —bs_1+cs)v'®

s=1
t

=aqvt 4+ Z(bs — by + o)t

s=1

Dividing both sides by u!*!, we have

t
a a
Bt _ Byt (awt £ 3 by — b+ cs>v”>
s=1
. t—1
- uij +ut (alvtl + Z(bs — b1+ Cs)”t15>
s=1
t
I O S
s=1

t k
a1 —k-1 k k—s
= — bs - b87 S
u+,§1u (alv +E ( 1+ ¢s)v )

s=1

Multiplying both sides by uf*!

t k
ar11 = aju’ + Zut*k <a1vk + Z(bs —bs_1+ cs)vts>

k=1 s=1
t t ok
o (G ) e G
= ayu’ Z (g)k +ut Zt:i:(bs —bs—1 +c5)v7° (%)k
k=0 s=1 k=s

t s t—s—1
s1— (%
= a1u 1’U> =+ ut S:1<bs — bsfl + Cs)’U—S (%) ]FU)Z

uttl ottt t ut=s+l _ gt—s+1
=a () + Z(bs —bs_1+cy)—m———

u—7v
s=1
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Note that when 0 < p < 1, both u and v are complex numbers, we have

u=/pe'®,v=/pe”

where ¢ = arccos ,/p. And under this context, we have

esinf(t + 1)¢]

i t=s sin[(t — s + 1))
G+ = AP sin ¢ ~ sing

+ Z(bs - bsfl + Cs)p 2 Singb

s=1

That completes the proof.

Lemma G.4. For any matrix X € RVN*" we have

n n

2 2 2
> 1 Xw* <D 1 Xwil® = 1 X |17
i=2 i=1

n 2 2
So[xpre| = |xP| - X1
F
i=1
Proof.
S X ewoil? < S IX il = [ X P2 = Tr(X PPTXT) = Tr(X X)) = | Xi||%
i=2 i=1
And similarly,

2 2
- HXPTHF = Tr(XPTPX]) = Tr(X,X]) = | X|>%

3 HXPT e
i=1
That completes the proof.

Lemma G.5. [fwe run Algorithm 1 for K iterations the following inequality holds:

3C1a%L2 C RSP S — 2
(1 - 104) E||Vf(0)] + (1 —aL - 3Cia4L4> % ; E(Gel”+ kZ:O E V(X5

SQ(f(O)I; ) +%02+ 3010212(;2+§02) +6%a202L2+3%a402L4
e} n 4 4 nly

CsL? (6Dyn+8 2a2G2 p

Cy 6Don + 1 o

where

3 3
@ ‘m“{l— ENENE —w}
3)2 3A2 }

(1= fon)?" (1= VA2)2(1 = A2)

Cy = max{

Cy = max{ 3 3 }
° (1= Jval)?” (1= VA2)2(1 = A2)
Cy=1-12050%L2

Proof. Since

— ~ ~ 1 - 1
Xk+1 = (QXk—Xk_l—OéGk‘FOéGk—l)WE‘F(Xk_,_% _X/H‘%)(W_I)E

= 2Yk — Y}c,1 — OéEk + aak,1
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and we have
YkJrl —Xp=Xp— Xp-1— aék + OéG"kfl
ko
= Yl — Yo - &Z(Gt - Gt—l)
t=1

= —aék
Note that the update of the averaged model is exactly the same as D-PSGD, thus we can reuse the result from D-PSGD for
D? as follows:

l—al "= =2 1 — 2 20f(0) = f) oL /S >
7 D EIGH + 5 XEIVIE| < ===+ met e Y Y B[ X |
k=0 k=0 k=0 i=1
From Lemma G.2 we obatin
l—aL=d o 14 — 2
D_E[GH + 2 D E[VAX)]
k=0 k=0
2(f(0)—f") oL 2, 3C1a*L*(0® + 6§ +E[Vf(0 )H) & o202 L2 Cy Pyt
SR +Tf OiF o e
0 K—
L S 3 A
k=1 k=1
Rearrange the terms, we get
3C,a2 L2 Cy 1 s 2, 18~ — 2
(1 - 04) E[IV/(0)]| + (1 —al - 3C4a4L4) e ; E|Gil|" + kZ:O E[|V (X5

2(£(0) = f*) oL , 3Cia®L*(0* +¢§)  .Co 5 55 Co 4 5y, CsL? S 2
<— 4+ — 6— L*+3—— L —_— E|Q
SEE o Gk +65, 000 L + 3t L+ Fo k§:1 121

Similar to the case in D-PSGD, we have

2
K—-1 n

Z E HQkHF = Z Z ( Zyi1 wk:-‘r%,j) - (ik+%7i - $k+%,i)> Wi
k=0 i=1 ||j=1
LemmaFl4 — Xn:(s 6D1’I’L+8 2 2G2 dnK
— 6Don+1) & 7"
Putting it back, we obtain
301&2112 CQ 474 1 K — 12 P
1-—— JE||Vf(0 l—alL—-3=—a"L* | = E||G VX
o R (R e PO SR g V5%
2f(0)— f*) aL , 3C1a2L%0%+<2)  Cy 5 5.5 o Cs 4 o, C3L? (6Din+8\> , ,
< s s 2 6— L“+3— L G d
- aK + n ot 4K + 0401 7 + TLC4O( o + Cy 6Don + 1
That completes the proof. O

H. Moniqua on AD-PSGD (Proof to Theorem 5)
H.1. Definition and Notation

In the original analysis of AD-PSGD, to better capture the nature of workers computing at different speed, the objective
function is expressed as

x) = Zpifi(m)
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Algorithm 2 Moniqua with Asynchronous Communication
Require: initial point x( ; = ¢, step size «, the discrepency bound By, number of iterations K, quantization function O,
initial random seed
1: fork=0,1,2,--- K —1do
2:  worker 7 is updating the gradient while during this iteration the global communication behaviour is written in the
form of W .
3:  Compute a local stochastic gradient with model delayed by 7x: g5, ;.

4: Send modulo-ed model to one randomly selected neighbor ji: qy, ;, + Qs ( 2% mod 1)
Compute local biased term &, ;, as:

Zk,iy = Qi Bo — Tk,i, mod By + xp iy,
6:  Randomly select one neighbor jj; and recover its model as:

Zk j, = (Qk ;, Bo — ®g.i,) mod By + xp ;
7:  Average with neighboring workers: @y ;,  xj;, + Zje/\/i (Zrjp — i )W ja
8:  Update the local weight with local gradient: ®y.11,i, < Tk,i), — WGg_r, 4\

9: end forﬁ
10: return X i = %L S Tk,

where p; is a parameter denoting the speed of i-th worker gradient updates. In the rest of the proof, we denote p = max;{p; }

For simplicity, we also define the following terms

VE(Xy) =n[pigy1, s Pngy.n] € R
Vﬁ(Xk) =N I:plng7 e ’p”gk,n] c Rdxn

ék = [ 7gk,ik?"']

Gk’ = [ 7gk,ik7"']

T b
AZ — i _ H w,
q=a
H.2. Setting

The pseudo code can be found in Algorithm 2. We makes the following assumptions:

1. Lipschitzian Gradient: All the function f; have L-Lipschitzian gradients.

2. Communication Matrix *: The communication matrix W, is doubly stochastic for any & > 0 and for any b > a > 0,
there exists ¢,;x such that

tmix

11T H b a+1J

3. Bounded Variance:

fi(z; &) — Vfi(w)HQ < 0% Vi

Egm’\‘Dq,
2 .
Einfi, oy [V filz) = V()" < 2,V
where V f, (x; &;) denotes gradient sample on worker ¢ computed via data sample &;.

“Please refer to Section E for more details
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4. Bounded Staleness: There exists 7" such that 7, < T, Vk

5. Gradient magnitude: The norm of a sampled gradient is bounded by H 9k Hoo < G for some constant G .

H.3. Proof to Theorem 5.

Proof. We start from
K—1

1 = — 2 2oL\ 1 — 2
& LEIVIEOP + (1-225) £ Y B|vF)|
k=0

k=

0
12a.L3 K1 1
) & X X (1 o)

2

LemrzaHAQn(f(O) — f*) n ((72 + GCQ)OZL 4 <2L2

- aK n
0 =1
212 = H(Xk—XM,n 2
K n
k=0
2
Lemma 1520 (f(0) — f*) | (02 +6¢2)aL | 20°T%(02 +6¢*)L2  4a°T?L> = || &
p: (f(0) f)+( ) N ( ) N E[S pgr
akK n n2 n2K . k>
k=0 1=1
12013 244272\ 1 " & 1 2
2
+ (2L + n + n2 > ? — ;pZE HXk_.,-k <7’L — 6i>

n 2

Zplgk Tkt
i=

Lemms #320(f(0) — f*) | (0® +66%)al | 20°T2(o” +6¢)17  4a’T°L = 115:
- aK n n? n2K
2

| 1280782, 12 p = ||
P | (0 4 667) Z > Pigh ra| +Gd
k= i=1
where A} =1 — 192pa®t2, L? as defined in Lemma H.3.
Rearrange the terms, we get
K-
2 0) — f* 2 6 2 L 2 2T2 2 6 2 L2
LS e s < U@ | (Bl 20T 4 65)
prs aK n n?
128pa?t? L2 o 128a%t2, 9
22O Tmix ™ ¢ d
+ i (0% +66%) + 1 G2,
By setting o« = 2L+K—(U2+6§2)
KZ E VX <t 4 YO L6 Pl (0”607 0t God
k: 2 NK VE (02 + 6g2)K +4L2 " (02 4+ 62)K + 4L2
~K VK (U2+6§)K+1 (a2+6§)K+1

H.4. Lemma for Moniqua on AD-PSGD

Lemma H.1. )

02 1 n ,
w2 > piE||gr_r il VR > 0.
=1

= 1
=6nns
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Proof.
2 n ~ 2
= 1 gk—Tk,i
E HGk_Tkn < ;piE T
n ~ 2 n
Gk—71i ~ Gk—11,i 9k—74i 2
D e P
=1 i=1
2 n
o 1 2
<2+ pElgi ol
i=1
Lemma H.2.
n 9 n 1 2 n 2
S piE [lgx | < 12223 piE HXk (n - ei> L6624 2B || pigie | VR0
i=1 i=1 i=1
Proof.
ZPiE lgs—roill” = ZPiE Jk—rpi — Zpigk—'rk.,i + Zpigk—'rk,i
i=1 i=1 i=1 i=1
< QZPiE ki — Zpigk—frk’i + 2ZPiE Zpigk—rk,i
=1 i=1 i=1 i=1
=23 piE|Giri = Y PiGkri| +2B(Dpigir
i=1 i=1 i=1
And
n n 2
D DiE|Grri = > PiGrr
i=1 i=1
2

<3 Zpi]E Gk —rei — Vfi(fkfr,@)HQ +3 ZPJE
i=1 i=1

n
i=1

vfi(fk*ﬂ«) - ijvfj(fk*ﬂc)
j=1

2

n n
> piGiri— D 0V (X k)

i=1 j=1

2

<37 ZPiE Hwkfrk,i . (. H2 +3 ZPiE Vi Xg—r) — ijvfj(ykfrk)

i=1 P g
2
n n o
+ 3k Zpigk—mi - ijvfj(Xk—Tk)
=1 j=1
n 1 2 n o o
Sy ZEHX’“” (n - e") £33 D [ VAi(K e r) — VI (Ko
=1 i=1

+33 pElgr v, — Vi)

j=1

- 1
<6L?) piE "Xk_Tk (n - ei)

i=1

2
+ 3¢2
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That completes the proof.

Lemma H.3. Let A; = 1 — 192pa?t2. L2,

mix

2

K—-1 n 2 32042t2 K-1 n
mix 2 2 2
> niE ka - (n - ei) <= | (07 + 6P +2p Y E Zpigk_m,i + G dK
k=0 i=1 k=0 i=1
Proof.
n 2
1
> piE|| Xy ( - 6:)
i=1
n B 1 2
:ZPiE (Xk—lwk—l —aGr_1—ry_, + Qk—l) (n - ez’>
i=1
X n k—1 2
=0
0= Zpi ( aGt T + Qt> At+1 €;
i t=0
e 2
<QZP1 ZaGt Tt t+1lel +22p1 ZQ At+1el
t=0
Now for the first term, we have
n k—1 2 k—1 2
2> piE Afle|| <2p0®E (> Gin Af
i=1 = t=0 F
k-1 2
<2pa’E < Gy, ‘ Af+11H>
t=0 F
k-1 2
cames (5. ]
_pa]E(Z Gir, » A
t=0
k=1 k—t—1 ?
<8pa’E < G| 2 les J)
t=0 F
Now we replace k with k — 7, that is
k—T1—1

k—r—t—1

n 1 2 k—7p—1 2 n
ZPZEHXIC_TIC <n 61>H < 8p0é2]E < Z F2_[ tmix J) +2ZPZE
1=1 t=0 =1

Summing from & = 0 to K — 1 on both sides, we obtain

K-1 n 1
Z ZI%E HXk—T,C <n - 67:>

..

k—1,— 1
> QAL e
=0

2

k=0 =1
2
2K—1 k—1r—1 5 7{k77k7t’1J
<gpa® S E( S HGt_T,, 97—
k=0 t=0 B
n K-1 |[k—Tr—1 2

k—1r—1
> AL e

+ 22]72‘ Z E
i=1 k=0
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2

K—-1 k—T1—1 _ hr—t—1
§8pa2ZE< > |G, Fz‘[tmixJ>

k=0 t=0
n K-1 k—7r—1 2
k—7—1
2 Y El S oAk, ||ezv||1>
=1 k=0 t=0
2
K-1 k—m—1 - k-7 —t—1
§8pa22E< > ||Gir, o2 [~ J)
k=0 t=0
n K—-1 k—1—1 br i1 2
+ 8 sz E Z [ tmix J
=1 k=0 t=0
2
K—1 k?—Tk—l n
Lemma H.6 - | k—Tp—t— 1
S 8pa2 E ( Gt—‘f't » 2 { tmix ) 32t12nlx sz Z E ||Qk||1 P
k=0 t=0 i=1
K-1  fk-m—1 pE——— 2
<8pa® S E ’Gt_n L2 Ul rasaBlaid i
k=0 t=0
Lemma H.6 K-l 9 9
< 32pa’2, Y E HGk . + 12802 B2dt2,, K
k=0

Note that for the first term, we have

K-1

- 2
efe
k=0 F
K—-1 )

]EHgk Tkﬂk”
k=0
K—-1

E Hgk—ﬂc,ik = k-, H2 + Z E ||gk—7'lc7ik H2

2 2

K-—1
2 E

k=0

1
<(0® +66%)K + 1207 > Z HX,c . (n - ei>

Putting these two terms back, we obtain

i9k—11,

K—-1 n

e (3o

k=0 i=1

2

K—-1 n

1
<32pa’t? | (0% + 662K + 1212 Z Zpl HX;c - < — e,-)
k=0 i=1

2 K-—1
2 E

+1280° BZdt? . K
Rearrange the terms, we obtain

K—-1 n

1
(1—192pa’t5,, L%) > D " piE ka_m (n — ei>

k=0 i=1

2

K-1 2
<32pa’th | (07 +61)K +2 ) E

k=0

n

> PiGrri

=1

+ 12862 Bat2 K

n
E DiGk—ry.i
i=1

2



Supplementary Material

2

K—-1 n
L H7
82022, | (07 + 62K + 20 S B\ pigis, |+ GRdK
k=0 |li=1
Let Ay = 1 —192pa?t? . L?, we obtain
K-1 n 1 2 39422 K-1 n 2
ZPZE HXk‘rk ( - ei) STHHX (0'2 + 6§2)pK + 2p Z E Zpigk*‘l'k,i + GgodK
k=0 i=1 " 1 k=0 |li=1
Lemma H.4.
K-1 K-1
1 2 2L\ 1 2
=Y E|VIX)| +(1- =) = Y E|VF(Xi—r,)|
K n K
k=0 k=0
20(/(0) = f) | 287 N || Xk = Xio)1 |?
- aK K n
k=0
(g2, 12007 L K‘lz”: ellx 1\, (e*+6%)aL
n K — Z.lel k—T1p n € n

Proof. We start from (X, 1) Since
— 1 ~ 1 —= — —=
Xk+1 = XkaE + (Xk — Xk)(Wk — I)ﬁ — OéGk—Tk =Xi— CMC-}’]C_A,-,C

Then from Taylor Expansion, we have

Ef(X5s1)
=Ef (Yk - aék—m)

— _ - a2L —_ 2
<Ef(Xk) ~ aB(VS(X1), Gror) + “5-E |G,

T~ — 2 T~
:Ef(fk) — aE(Vf(Yk),ék,T,J — a]E(Vf(Yk), Gk)*‘l'k — Gk77k> + %E HGkiTk ’

= S A
—Ef(Xy) — SE(VS(X), VE(Xj ) + - Hk

<Ef (X)) = SE(VF(X0), VF(Xi-r,)

2 2 2

a’L 9k—1pi
zEH k>

+ 2 ;le Y

2 n ~
a“L gk}—Tk i gk—Tk ik
“ o) > )
9 § Di H n

=1

— « — — a?Lo?  o?L &
<Ef(X4) = —E(VA(X), VE(Xkr)) + — 5+ 5 > piEllgy sl
=1

“Ef(Xe) + 5B ||VF(Kn) - VF(X k)| I I

27 2 27 1
oLo oL 9
+27n2 + oz ;piE”gkf'rk,i”

— B[V - B[ VF(X)-r)

Rearrange these terms, we can get

o - 2 « — 2
S BV + 5 B[ VE(X k)|
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_ _ Iy — — 2

<Ef(Xy) —Ef(Xkt1) + %E |Vf(Xk) = VE(X k)|
a?Lo? a2l <& 9

+ TonZ + oz ;MEHQk—W,iH

Summing over k£ = 0 to K — 1 on both sides, we can get

1 K—1 1 K-—1 9
?ZEHVJ‘ x| + = 2 E[VE(Xir)]
k=0 k=0
on * 1 K1 B L L K—-1 n
< 20O T | LS v p(Ke) - VP X))+ 22+ 2L N S Bl
k=0

k=0 i=1
For E}i{:_ol E HVf(Yk) - VF(X;C,T,C)HQ, we have

K-1

S E|VAX) - VE(Xk )|
k=0

— K-1
<2 Y E|VIXR) - VX)) +2 Y E|VFXior) — VE(X1or)|”
k=0 k=0

n 2

K-1
=2 Z E(VH(Xk) = VEXher)| +2 Y B> 00 (VK kor) = 911 i)
k=0

k=0 =1
K—-1 L L 9 K-1 n L 9
<2 RB|VAXR) = VI k)| 42D B pi V(X kr) = Grory |
k=0 k=0 =1
K—-1 ch K—1 n 2
2 Tl« 2 = 5.
<2L kz H +2L kzo lszHXk - (n )

Putting it back, we have

K-1 1 K-1 9
= LS RV = = 2 E|VE(X5r)
k=0 k=0
. K—1 2
2n(f(0) — f*) | 2L? (X — Xpr)1
<————+ — E
aK K n
2 K1 n 2 K-1 n
1 aLa aL
E N me (n—ei) F 2SS piElge,l
k=0 i=1 k=0 i=1
Lemma H.22n(f(0) — f*)  2L2 "~ _ |[(Xk — Xp_n)1]”
< — 0+ E|l——7"7"—
aK K n
k=0
2 K—1 n 2 2
1 aLo
S WMV LENEEDIR
k=0 i=1
I 1 = ’
2
—|—nK 2 12L ;pl HAX;.c - (n—€i> + 662 + 21 ;ngk Thyi

2

aK

n

_20(f(0) — f7) , 202 Ki]E H (Xi — Xpr,)1
K

k=0
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2

1203\ 1 & 1
o (0 20E) & E w1 o)

k=0 i=1

2
(02 + 662)aL 2aL -
+ n nKk Z E ~
Note that
2
i9k—1 i :EHVF(X’f—Tk)HQ
Moving it to the left side, we finally get
K-1 K—1
1 — 2 2aL\ 1 — 2
= kZ:O E||V (X + (1 - n) = k;) E||VF(X)—r)||
an(f(0) = f*) 2L || (X = Xpn )1
= aK + K kzo E n

K ‘ n
k=0 ¢

1203\ 1 & 1 2 2 1 6c2)al
+<2L2+ a > piEka_m (e) 4 (F+6c%)al
n n
=1

That completes the proof.
Lemma H.5. Forall k > 0, we have

gr2 K1 2

K
k=0

202T2(02 4+ 6¢2)[2  24L%a?T? 34 & 1
§ (J < ) + Di HXk Tk ( ei)

1
EH(Xk = Xk-n)

2

n? n?K :
k=0 i=1
4027212 = || & ’
n2K E Zplgk Th 0
Z

Proof. From Lemma H.4, we know the fact

— 1 N 1 = — =
Xpp1 = kakﬁ + (X — Xp)(Wy — I)E —aGy_7, = X — aGp_q,

As a result
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n 2
Zpigk—t,i

2T202K a2T T " 1 2
< 2 ) L 2
S ) 3] £E) ZplEka«n el> 46428 |
k=0 t=1 1=1 i=1
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?T202K a2 2 K— 1 2 n
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2
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And we get
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K Pt n
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That completes the proof.

Lemma H.6. Given non-negative sequences {a.}32, {b+}52, and {1:}{2, and a positive number T that satisfying

with 0 < p < 1,we have
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Proof.
k k t—m¢ . . k k .
Se=3 =3 S LT, < 3O el 0y, _ 3 el |55 )
t=1 t=1 s=1 t=1 s=1 s=1t=s
k k—Tr—s k Tk k T—1 oo k k
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k t—7¢ t—T1y k t—m¢ T—1 oo
t—Ti—s t—Tp—r t-Ty—s m
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t=1 s=1 r=1 t=1 s=1 r=0 m=0
k o t—Ti—s Using Sk, (2 _ p)T2 k
056<722pt T be < 5 be
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Lemma H.7. for Vi, j and Vk > 0, we have
[ Xk(e: —ej)ll,, <8 =16tmixaGu
Proof. We use mathmatical induction to prove this.
I. First, for £ = 0, we have
[ X k(e —ej)ll, =0<60=16tmixaGu
II. Suppose for k& > 0, we have || X ;(e; — e;)| . < 0, Vt < k, then we have

[ X kr1(ei =€)l

1 1
<[ e+ e G =)
o0

117 117
<o (1= 55| et e (2= 55)

117
=2 X - —

leslly
1,00
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1,00
k T
2|3 (~aGir, + ) < I w. _11>
t=0 qg=t+1 1,00
~ - 117
<2} (<G v, + ) < 1 w. )
t=0 g=t+1 1o
k 117
<22Hfac:t_7,+nt ‘ H W, —
t=0

k
<4(aGo +26By) Y 27 L0/ tmix]
t=0

<4(aGo + 26By) Z 27"
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Putin§ = m, we obtain

HXk—&-l(ei — 6j)H2 < 8(04GOO + ZéBg)tmix = 8tmix G oo + 8tmix @G oo = 16t mixaGoo

Combining I and II and we complete the proof.



