Finite-Time Last-Iterate Convergence for Multi-Agent Learning in Games

A. Convergence under Imperfect Feedback with Absolute Random Noise

In this section, we analyze the convergence of OGD-based learning on A-cocercive games under imperfect feedback with
absolute random noise (4). We first establish that OGD under noisy feedback converges almost surely in last-iterate to the
set of Nash equilibria of a co-coercive game if o7 € (0, 5%) for some 0> < 400 and the finite-time O(1/+/T’) convergence
rate on (1/ T)E[ZtT:o €(x¢)] under properly diminishing step-size sequences. We also present a finite-time convergence rate
on E[e(xr)] if o7 satisfies certain conditions.

A.1. Almost Sure Last-Iterate Convergence
We start by developing a key iterative formula for E[e(x;)] in the following lemma.

Lemma A.1 Fix a \-cocoercive game G with a continuous action space, G = (N, X = Hf\; R™ {u; V), and let the set
of Nash equilibria, X*, be nonempty. Under the noisy model (2) with absolute random noise (4) and letting the OGD-based
learning run with a step-size sequence 1, € (0, \), the noisy OGD iterate x; satisfies

Ele(xi41)] < Ele(xi)] +

We are now ready to establish last-iterate convergence in a strong, almost sure sense. Note that the conditions imposed on
o2 and 7; are minimal.

Theorem A.2 Fix a A-cocoercive game G with a continuous action space, G = (N, X = Hivzl R™i, {uz}fvzl), and let
the set of Nash equilibria, X*, be nonempty. Consider the noisy model (2) with absolute random noise (4) satisfying
o2 € (0,02 for some 0 < +oco and letting the OGD-based learning run with a step-size sequence satisfying

) 00
D_m = Hoo ) m < oo
t=1 t=1

Then the noisy OGD iterate x; converges to X* almost surely.

A.2. Finite-Time Convergence Rate: Time-Average and Last-Iterate

For completeness, we characterize two types of rates: the time-average and last-iterate convergence rate, as formalized by
the following theorems.

Theorem A.3 Fix a A-cocoercive game G with a continuous action space, G = (N, X = Hfil R™, {u; }V.,), and let the
set of Nash equilibria, X*, be nonempty. Under the noisy model (2) with absolute random noise (4) satisfying o7 € (0,02
for some 0® < +00 and letting the OGD-based learning run with a step-size sequence 1; = c/+/t for some constant

¢ € (0, ), the noisy OGD iterate x; satisfies
T
1 log(T))
— | E E €(x =0 .
T+1< =0 (t)]> < VT

Inspired by Lemma A.1, we impose an intuitive condition on the variance of noisy process {o? };>0. More specifically, there
exists a function o : RT — R satisfying a(t) = o(1) and a(t) = £2(1/t) such that

%H (i(H 1)Ut2> = O(a(T)). (15)

t=0

Under this condition, the noisy iterate generated by the OGD-based learning achieves the finite-time last-iterate convergence
rate regardless of a sequence of possibly constant step-sizes 7; satisfying 0 <n < n; <7 < Aforallt > 1.

Theorem A.4 Fix a A-cocoercive game G with a continuous action space, G = (N, X = Hfil R™ {u;}Y), and let the
set of Nash equilibria, X*, be nonempty. Under the noisy model (2) with absolute random noise (4) satisfying Eq. (15) and
letting the OGD-based learning run with an nonincreasing step-size sequence satisfying 0 <n <n, <1 < Aforallt > 1,
the noisy OGD iterate x; satisfies

Ele(xr)] = O(a(T)).
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B. Proof of Lemma 3.1

Since X; = R™, we have

@i 642 — T3 eq |2
= @i — i+ 0(0i(Xe1) — vi(xe))
= @i — Tidl® 4 201 — i) | (0i(%er1) — vi(%e)) + 02 |vi(Xeq1) — vi(e)

I?

IZ.

Expanding the right-hand side of the above inequality and summing up the resulting inequality over ¢ € N yields that

sz = %1l = D l@iese — zopp | (16)
ieN
< Y (Iiegr = @iell® + nPllvi(xern) — vixo)lI” + 20(2i o1 — 2ia) T (vi(xer1) — vi(x2)))
ieN
=[x = e+ 20(xe1 = x6) T (V(xe41) = V(o)) 0P V(xer1) = V(x|
Since G is a A-cocoercive game, we have
Xi41 — X¢ ViXt4+1) — VIX¢ S —A|VIXi41) — VIXe .
( )T (v(xe41) = V(xe)) S =A[V(xer1) = V(%)
Plugging the above equation into Eq. (16) together with the condition 7 € (0, A] yields that
ez = X1 |* < Ixeen — x|
Using the update formula in Eq. (1), we have ||v(x¢4+1)]| < ||v(x:)]| for all £ > 0.
Then we proceed to bound 2;08 |v(x:)||%. Indeed, for any z; € X;, we have
(@i = @ipr1) T (@ipr1 — xig — noi(xe)) = 0.
Applying the equality a"b = (||a + b||? — ||a|* — ||b]|?)/2 yields that
1
(@i —ai) vilxe) = o= (leie = iga | + 2 = zignl® = llzi —2ie]?) -

2n

Summing up the resulting inequality over i € A yields that
(xt+1 — X)TV(Xt) = % (HXt - Xt+1H2 + [lx — Xt+1||2 —x- Xt||2) , VxedX.
Letting x = x* € X'*, we have
(xep1 —x") Tv(x) = % (e = x| + 1" = xpq1 [ =[x = xu[|?) - a7

Furthermore, we have
(41 = X*) TV(xe) = (x¢ = X)) TV (%) + (ko1 — %) TV (x0).
Since G is a A-cocoercive game and v(x*) = 0, we have
(k0 — %) vlxe) = (x—x") (vlxe) = v(x")) £ ~Alvix) = v(x)2 = —Allv(x)]*
By Young’s inequality we have

AIVE)I® | Ixes = x|
2 2\ '

(xe41 — x¢) V(%) <

Putting these pieces together yields that

[xep1 = xe* Allv(xa)]?

2\ 2

T

IA

(xp41 — X)) ' v(xe) (18)
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Plugging Eq. (18) into Eq. (17) together with the condition 7 € (0, ] yields that

" = xil12 = [1x* = x|

Avix)|]? <
[v(x:)]]® < ”

Summing up the above inequality over ¢t = 0, 1,2, ... and using the boundedness of X" yields that

= Jx* — xo|?
Slvix)? €
t=0 77)‘

Note that x* € X'* is chosen arbitrarily, we let x* = IIy«(X() and conclude the desired inequality.

C. Postponed Proofs in Section 4

In this section, we present the missing proofs in Section 4.

C.1. Proof of Lemma 4.1

Using the update formula of x; ;1 in Eq. (1), we have the following for any 2} € X"

[@is1 — 1> = l|@ie + mesaDigrr — zf]>.
which implies that
i — 2717 = llwie — 2f 11 + 02010000 1* + 2001 (wie — 27) Toi 41

Summing up the above inequality over i € N and rearranging yields that

i1 = %2 = [l = % + 20041 (%6 = X*) T 0epr + 174 [0 |12 (19)

Using Young’s inequality, we have
[xer — x*12 < ke — X2 4 207, 1 (€t 1P+ 2071 V() 1P + 2001 (ke — X°) T (V(x) + Ei41)-
Since x* € X* and G is a A-cocoercive game, we have v(x*) = 0 and
(xe =x") v(xe) = (x0 = x") T (v(xe) = v(x")) < =Av(xe) —v(x)[* = =Av(x)]*.
Putting these pieces yields the desired inequality.

C.2. Proof of Lemma 4.2

Using the same argument as in Lemma 4.1, we have

E[[[€41]1? | Fi

Ele(xe+1) | Fi] —e(xe) < 41

+(1—'X)Eﬂvawn—v@»W|ﬂk

Nt+1

Since the noisy model (2) is with relative random noise (4), we have E[||&;41]? | 7] < 7| v(x:)||%. Also, 1, € (0, A) for
all t > 1. Therefore, we conclude that
7|V (xe)[[*

E[G(Xt—H) ‘ -Ft] —e(x) < ANyt

Taking an expectation of both sides yields the desired inequality.
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C.3. Proof of Theorem 4.4

Using the same argument as in Theorem 4.3, we obtain that
Eflxerr —x*[1* [ F] < e = x7)* = 200 =7 = 7)1 [ v (o) |7 (20)
Taking an expectation of both sides of Eq. (20) and rearranging yields that

1
Ele(x)] < 20N =7 — )Mt

(Elllxe — x|*] = Efflxes — x*[|]) - 2D

Summing up the above inequality over ¢ = 0, 1, ..., T yields that

T T — e
S| = 3 (- 1) Xt

— 20— —717) 2\ —-7\—Tm)m

On the other hand, we have E[||x;+1 — x*[|?] < E[||x; — x*||?]. This implies that E[||x; — x*||?] < ||x¢ — x*||* for all
t > 1. Therefore, we conclude that

B|Y )| < Slmoxl buox? ZTI( 1)
ElX
=0 ' T 2A=n-mpm 2\ -7 —17) ary 77t+1 Nt
B £t %0 — x*|?
200 =7 —71)m 20X =7 = T)nr1
[|x0 — x*||?
(A=7—717)n e

This completes the proof.

C.4. Proof of Theorem 4.7

Since the step-size sequence {n; };>1 is decreasing and converges to zero, we define the first iconic time in our analysis as
follows,

tr = max{t >0 N1 > < +o0.

A
21+ 7)
First, we claim that E[||x; — ILy~ (x¢+)||] < D where D = maxj<i<¢~ E[||x; — Iy« (x¢+)||]. Indeed, it suffices to show
that E[||x; — ILy~ (x¢+)||] < E[||x¢+ — x= (x¢+)||] holds for ¢ > ¢*. By the definition of ¢*, we have 7,41 < A/(1 + 7) for
all t > t*. The desired inequality follows from Eq. (21) and the fact that E[e(x;)] > 0 for all ¢ > ¢*.

Furthermore, we derive an upper bound for the term ZtT:O ||v(x¢)||?. Using the update formula (cf. Eq. (1)) to obtain that

1
(x¢1 — x*) T (V(xe) + Eep1) = ﬂ (||Xt —xep ||P X = x| - |xF - xt||2) .

Recall that G is A-cocoercive and the noisy model is defined with relative random noise, we have
E[(x¢ —x*) T (v(xe) + &) | Fi] = Mlv(x)|>.
Using Young’s inequality, we have

AlvEoll? (1 + 7)E(xer — x* | F]
2 A '

El(xp+1 — x¢) " (v(xe) +&p1) | ) > —

Putting these pieces together and taking an expectation yields that

* 2 _ * 2
)\]E[HV(Xt)||2] <E ”X Xt” HX Xt+1|| :| +E |:<2(1+T) — 1> ||Xt _Xt+1||2:| . (22)

Ni+1 A Net1
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Recall that the step-size sequence {7 }+>1 is nonincreasing and ||x; — Iy~ (x¢+)|| < D, we let x* = ITx+ (x4+) in Eq. (22)

and obtain that
T 1 + 7' 1
SOAE[vex)IP] < E [ ] n ZE [( - ) e — xtﬂﬂ .
t=0 Me+1

To proceed, we define the second iconic time as

Nr+1

A
7 = t>0 t*.
1 ma"{ = |’7t“>4<1+7)p2+2(1+7)} -

It is clear that t; < 400 and 7:41 < A/(2 + 27) for all ¢ > ¢} which implies that (2 + 27)/A — 1/nt41 < 0. Assume T’
sufficiently large without loss of generality, we have

Nr+1

T

D? 21+T
SElvel] < B[]+ 2 ZE N
t=0

We also use Lemmas A.1 and A.2 from Bach & Levy (2019) to bound terms I and II. For convenience, we present these two
lemmas here:

Lemma C.1 For a sequence of numbers ag,ay, . ..,a, € [0,a] and b > 0, the following inequality holds:

n—1 n
b+ ai—vVb < Z“— < 22 i 3/a+3 b+zaz
i=0 b+ b a; ‘[ i=0

Bounding I: We derive from the definition of 7; and Jensen’s inequality that

T—1
1< D?|B+log(T+1)+ Y E
7=0

n&&ﬂwl

77]+1

Since E[||x; — T+ (x¢+ )
we have

|| < D forallt > 0 and the notion of A-cocercivity implies the notion of (1/\)-Lipschiz continuity,

(2 4+ 27)[|x¢ — M= (x¢+) |2 < (2 + 27)D?
A2 - A2 '

Xt —X 2
E[”+” ] < @+ 20E[v(x)|?] <
M1

Using the first inequality in Lemma C.1, we have

2 _ 27,2
I < D? B+log(T+1) +Z D7Elllxt = xe1l /i)

3 /B +108(T + 1) + S Ellx, — xa[12/n,]
t;
D2E —
< B+log(T+ 1)+ [l xt“” /]
t=0 \/ﬂ+log T + )+Z o Elllx; _Xj+1||2/77jz'+1]
- s — g2
+ Y DR {tgm}
t=t1 41 Nit1
D2E[||x; — 2 /2
< D2/ TosTFT +§: lixe = o1 l2/n41]
3 /B4 1os(T + 1)+ Sy Elllx; — x4 (/7]
T
+ Y 2+ 20) D El[v(x) |2 23)

t=ti+1
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Since 7,41 < A/[4(1 + 7)D?] for all t > ¢}, we have

- ~ AE[ AE(lv (x| P
> @+27) D Ellv(x)|?] < Z (24)
t=t7+1 t=t7+1
Using the second inequality in Lemma 3.5, we have
t1
D?E[|[x; — Xe41/1*/1741] 25)
=0 \/B+log(T + 1) + S0 Elllx — x4 12/2,]
tr—1
4 + 471)D? 3DV2 + 271 3 X — X112
( ) + +3,|B+1og(T+1)+ Y E lIx; = x5 . sl®)
B+ log(T + 1) A = M1
By the definition of n;, we have
S g [ =X
B+log(T+1)+ > E lwf“] (26)
j=0 Mj+1
4(1 D? 4+ 2(1
< og@+1) < 2ADD F2A47) | AT,
Mty+1 A
Putting Eq. (24)-(26) together yields that
4 +41)D? D+\/2+2 12(1 D? 1
I < D*/B+log(T+1)+ (4 +47) 3DV2 + 27 (I1+7)D*+6(1+71)
A2y/B +log(T + 1) A A
T
AR[[[v(xo)|1%]
log(T —_—
ogT+1)+ Y. 5
t=t7+1

Bounding II: Recalling that

E[th—XtHT < (24 27)D?

2 2 )
N1 A

andn; < 1/p forall t > 1, we have
(2 + 27)D?

E |:||Xf - Xt—‘,—le} = )\252 ’

Putting these pieces together yields that

.

2(1+7 L 4(1 4 7)2D%*t;

el DI RS I e
t=0

Therefore, we have

T

AE[[[v () 1%] 2 (4+47)D?
. < D +log(T+ 1)+ +/log(T+1) +
; 5 < D*VB+log(T+ 1)+ Vieg(T +1) + TR
+3D\/2+2T N 120+ 7)D*+6(1+7) 4(1+7)2°D%*;
A A A3 32

By the definition, we have t; < +oc is uniformly bounded. To this end, we conclude that ZtT:o E[|lv(x:)[]?] < C1 +
Cy+/log(T + 1), where C > 0 and C5 > 0 are universal constants.
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Finally, we proceed to bound the term e(x7). Without loss of generality, we can start the sequence at a later index ¢} since
t} < 4o00. This implies that ;11 < A\/2(1 + 7). Using the last equation in the proof of Lemma 4.2, we have

Sleor)] < *EZQEHW&)T'

77]+1
Summing up the above inequality over ¢t = ¢7, ..., T+ yields
T T—1T-1 v(x;)|?
(T —t; + DE[e(x7)] < Y Ele(x4)] Z >k [ J ]
t=t% t=t* j=t Mj+1

Since {7 };>0 is an nonincreasing sequence, we have

SEaes] () e

Using Eq. (20) and 71 < A/2(1 + 7) for all ¢ > tf, we have

E“w&w]<Epw—fwwmﬂ—ﬂ2}

= 2
Mj+1 M5+1

Note that {n: }+>0 is an nonnegative and nonincreasing sequence and E[||x;+1 — x*||?] < D?. Putting these pieces together
yields that

T-1

HW&)T {Dw ) d “&—mﬂw]
E | ——F— E D I E|l—————
g;; { Mj+1 : % : o Og(T)Jr; it
T
< 2</5+1og( ) +2(1+7) Y E[v(x)ll? )
t=0
= O(log(T)).

Therefore, we conclude that

Ele(xr)] <

sy Ele(xt)] ObgT+U<PJ

f C>0.
T—ti+1 AT -1 +1) ;Tt> orsome & >

This completes the proof.

D. Postponed Proofs in Section A

In this section, we present the missing proofs in Section A.

D.1. Proof of Lemma A.1

By the definition of €(x), we have

(1) —e(x) = [IV(xep)|P = V)P = (v(xe1) = v(x) T (V(xe41) + v(x2))
= 2(V(xp41) = v(xe) V(%) F [[V(%e11) = V()2

Using the update formula in Eq. (1), it holds that v(x;) = 771;11 (%441 — x¢) — &+1. Therefore, we have

€(xey1) —€(xt) = 2 ((V(Xt+1) - V(Xt))T(XtH —x¢) — (V(Xe41) — V(xt))Tft+1) + [Iv(xt41) — V(Xt)||2-
Tt+1
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Since G is a A-cocoercive game, we have
(V(xep1) = v(xe) T (Keg1 — %) < =Av(xeg1) — vi(xe)]|.
Using Young’s inequality, we have

Al[v(xeq1) — v(x)|]? n €412
2 22

—(v(x¢41) — V(Xt))T£t+1 <

Putting these pieces together yields that

2 A
dmﬂww@os'§“'+(r—)W@Hn—w&W? @)
Tlt+1 Mt+1

Taking an expectation of Eq. (27) conditioned on F; yields that

EllGl? 17 () )

Ele(x Fi] —e(x) <
[e(xe41) | Fi] — e(xt) A+t M1

< VElIvGin) ~ vix) P 7.

Since the noisy model (2) is with absolute random noise (4), we have E[||&41]|% | F¢] < 7. Also, i, € (0, \) forall t > 1.
Therefore, we conclude that )

gt

Ele(x¢41) | Fi] — e(xt) < Mot

Taking the expectation of both sides yields the desired inequality.

D.2. Proof of Theorem A.2

Recalling Eq. (11) (cf. Lemma 4.1), we take the expectation of both sides conditioned on F; to obtain

Elllxer1—x*[1? | Fe] < llxe—x* 1> = (2A=20e40)me41 1V (%) 124207 B[ €411 | Fol+2me1 Bl (ke —x*) T€eqr | Fol-

2

Since the noisy model (2) is with absolute random noise (4) satisfying o7 € (0,02] for some 02 < +o0o, we have

E[(x; — x*) "¢ 41 | F¢] = 0 and E[||&;41]|? | F:] < o2. Therefore, we have
Efl[xe+1 — x| | F] < llxe = x[* = 2A = 2nee)nea [ v (o) [P + 204107
Since Zfi 1 n? < oo, we have 1, — 0 as t — +o0o. Without loss of generality, we assume 7; < \ for all £. Then we have
Efl[xe+1 — x| | 7] < llxe — x| + 2074102, (28)

We let M; = ||x; — x*[|2 + 202(>] ot 17]2) and obtain that M, is an nonnegative supermartingale. Then Doob’s martingale
convergence theorem shows that M,, converges to an nonnegative and integrable random variable almost surely. Let
Moo = limy_, 4 oo My, it suffices to show that M, = 0 almost surely.

We first claim that every neighborhood U of X™ is recurrent: there exists a subsequence x;, of x; such that x;, — X’*
almost surely. Equivalently, there exists a Nash equilibria x* € X'* such that ||x;, — x*||* — 0 almost surely. To this end,
we can define M, with such Nash equilibria. Since )~ n? < oo, we have > >t 77]2 — 0 as t — +o0 and the following
statement holds almost surely:
lim M;, = lim |x;, —x*||*> = 0.
k—+o00 b k—4o00 H b H

Since the whole sequence converges to M, almost surely, we conclude that M, = 0 almost surely.

Proof of the recurrence claim: Let U be a neighborhood of X* and assume to the contrary that, x; ¢ U for sufficiently
large ¢ with positive probability. By starting the sequence at a later index if necessary and noting that >~ n? < oo,
we may assume that x; ¢ U and n; < \/2 for all ¢ without loss of generality. Thus, there exists some ¢ > 0 such that
|v(x:)||? > cforall t. As aresult, for all x* € X*, we let ;11 = (x; — x*) &4 and have

%41 — x* 1> < llxe = x| = Aemear + 201041 + 2074 16|
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Summing up the above inequality over ¢ = 0,1, ..., T together with §; = Z;Zl n; yields that

S e n S ntlléd?

29
0141 07141 @9

xr1 = x"[1* < [lxo = x"[|* = A1 + 20711

2

Since the noisy model (2) is with absolute random noise (4) satisfying o7 € (0,0?] for some 02 < +o00, we have

E[tpt+1 | F¢] = 0. Furthermore, we obtain by taking the expectation of both sides of Eq. (28) that
Eflxer1 — x7|°] < Elllxe — x|°] + 20y, 0%,
and the following inequality holds true for all £ > 1:
Eflx; = x*|*] < [[xo — x"[|* +20% Y 07 < +oc.
j=1

Since [|x; — x*||? > 0, we have ||x; — x*||? < +oc almost surely. Therefore, E[||[¢;41]|? | Fi] < o?||x: — x*||? < +o0.
Then the law of large numbers for martingale differences yields that 95i1 (22'11 1) — 0 almost surely (Hall & Heyde,
2014, Theorem 2.18). Furthermore, let R; = Z;Zl 12 [1€;1I%, then Ry is a submartingale and

t e}
E[R < 02217]2- <0’2an2- < +o0.
j=1 j=1

From Doob’s martingale convergence theorem, R; converges to some random, finite value almost surely (Hall & Heyde,
2014, Theorem 2.5). Putting these pieces together with Eq. (29) yields that ||x; — x*||?> ~ —Acry — —oo almost surely, a
contradiction. Therefore, we conclude that every neighborhood of X'* is recurrent.

D.3. Proof of Theorem A.3
Since 1y = c/\/f forallt > 1, we have n; — 0 and n; < cfor all ¢ > 1. This implies that
A1 =i > (A= ¢)nesr. (30)
Plugging Eq. (30) into Eq. (11) (cf. Lemma 4.1) yields that
eesn =12 < flxe = %12 = 200 = e[V (xe) 1P + 201 (ke = X7) &r + 207 [[€ 1.

Using the same argument as in Theorem A.2, we have

Efllxe4r —x* [ Fe] < llxe =% = 200 = ) [IV(xe)I* + 20y 1 0*. 31
Taking the expectation of both sides of Eq. (31) and rearranging yields that

2
Tt+10
A—c

1
Ele(x)] < 20\ — &)1

Summing up the above inequality over ¢ = 0, 1,...,T and using n; = ¢/+/T + 1 yields that

, . T+1
o —x*[? L L) Elx—x o
Ze(xt)] < M+Z( _) 2(A —¢) +)\C<§nt>.

=0 =1 N\ T

(Elllee — x| = Efflxers — x"[|7]) +

E

On the other hand, we have
Elllxi11 — x| < E[llx: —x*[|*] + 207,107

This implies that the following inequality holds for all t > 1:

t
E[||x; — x*||?] < |x0 — x*||* 4 20> an < Ixo — x*||* + 202c log(t + 1).
j=1
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Therefore, we conclude that

= T T+1
[|x0 — x* H2—|—20202 log(T + 1) ( ) ||Xo—x*||2
E E €(x < E -~ )+
|J-O ( t)] 2(>‘ - C Ne4+1 un 2()\ — 6)771 —c Z Mt

A

t=1
VT + 1(||xo — x*||? + 20%c? log(T + 1)) n [ xo — x*||? n oleVT +1
2¢(\—¢) 2¢(\—¢) A—c

= O(VT+Tlog(T+1)).

IN

This completes the proof.

D.4. Proof of Theorem A.4

Using Lemma A.1, we have

1 [T=1 52 =
J 2
Bleber)] < BleGal) +3 | 3 o7 | < Blebel + 3 | 2]
Summing up the above inequality over t = 0,1, ..., T yields that

T 1 T—-1T-1 02. T 1 T-1
(T +1) < ) Ele(x +3 | < Z]E[e(x,s)]JrA— (Z(tﬂ)af).

t=0 t=0 j=t 1+l t=0 1

On the other hand, the derivation in Theorem A.3 implies that

T T T+1
[ x0 — x*[|? 1 LY Efflx: —x*|?] 1 2
E de)] < 72(2\_@771 +Z("7t+1 _7715) 20 —7) +)\—ﬁ (me)

+=0 t=1 t=1
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On the other hand, we have
Elllxt11 — x*|1%] < E[llx: —x*[|*] + 207,107

This implies that the following inequality holds for all ¢ > 1:
t
Ellxe —x"|°] < [lxo —x|* +27% | Yo7

Therefore, we conclude that
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Putting these pieces together yields that

1 T 1 T-1
El(xr)] < 7 ZE[E(XQHA( <t+1>ot>]
t=0 — t=0
1 [lIxo—x7|* (1 7 7\ (=
< T+1( o= ()5 (Z}““W
MY 0(a(n)

This completes the proof.



