Nearly Linear Row Sampling Algorithm for Quantile Regression

A. Additional Background
A.1. Rademacher Process

We need the following classical results regarding comparison of Rademacher processes.

Lemma A.1 (Proposition 1 in (Ledoux & Talagrand, 1989)). Let F' : [0,00) — [0,00) be convex and increasing. Let
01,...,0p be a Rademacher sequence. Then for any bounded subset T' C R™ it holds that
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Lemma A.2 (Contraction Principle, Theorem 4.4 in (Ledoux & Talagrand, 1989)). Let F' : [0, 00) — [0, 00) be convex. Let
01,...,0, be a Rademacher sequence. Then for any finite sequence (x;) and any real numbers (o) such that |o;| < 1 for

every 1, it holds that
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The next one is a consequence of the contraction principle (see, e.g., Theorem 4.12 in (Ledoux & Talagrand, 1991)).
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Lemma A.3. Let F : [0,00) — [0, 00) be convex and increasing. Suppose that f(x), g(x) are nonnegative functions such
that |f(z) — f(y)| < L|g(x) — g(y)| for all z,y € R. Let o1,. .., 0, be a Rademacher sequence. Then for any bounded

subset T' C R"™ it holds that
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A.2. Convex Optimization

We recall some results in convex optimization.

Definition A.1. A function f : R? — R is G-Lipschitz if for any x,y € RY,
[f(@) = f(y)l < Gllz = yll2.

We need the following result in (Allen-Zhu, 2017).

Theorem A.4 (Corollary 3.7 in (Allen-Zhu, 2017)). For a given function f(z) = L 3" | f;(2), let 2* = argmin, cpa f(2).
If each f; : R* — R is convex and \/G-Lipschitz, then there is an algorithm that receives an initial solution xo € R%, and
outputs a solution x € R? satisfying E[f(x)] — f(x*) in

o <mog fxo) = f(*) | VnGllro - x*n)
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stochastic subgradient iterations.

B. Missing Proofs
B.1. Proof of Theorem 2.3

Proof. By Lemma 2.4 in (Cohen & Peng, 2015), to calculate approximate /1 Lewis weights of rows of a matrix A, it suffices
to calculate approximate leverage scores of rows of matrices of the form W A, for O(logn) different diagonal matrices
W e R™.

When A is the edge-vertex incidence matrix of a graph G, W A is the edge-vertex incidence matrix of a reweighted graph
G'. In this case, leverage scores of rows of W A are the effective resistances of G’ (cf. (Drineas & Mahoney, 2010)), which
can be computed in O(m) time using the algorithm in (Spielman & Srivastava, 2011). O
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B.2. Proof of Theorem 3.1

Proof of Theorem 3.1. Suppose that i1, s, ..., iy are the indices of {ey, ..., €,, } randomly chosen in the construction of
S. Since ¢(at) = ag(t) for a > 0, for each coordinate of Az, we have
Eo((Ao)) —Eo =30 Loty B = Loan
p’Lk 1k’ : p N N
and

N
E¢(Ar) = S E¢((Aa)i) = ¢(Ax).
k=1

We just assume that p; > C,e~2w; log N for now and shall rescale ¢ in the end. The ¢; Lewis weight sampling result
in (Cohen & Peng, 2015) implies that with probability at least 1 — 1/ poly(N) (over i1,...,in),

||Xa:H1 < 1| Az, Vz e R @)
We shall condition on this event in the rest of the proof.

Our goal is to derive a tail inequality for

N

¢(<Aik:7$>) —1l.

sup ‘(ﬁ(gx) - 1’ = sup
1 Piy,

z:p(Az)=1 z:p(Az)=1

We shall look at a higher moment of the deviation and apply Markov’s inequality. To this end, we investigate

14
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where i = (i1,42,...,iN).

A standard symmetrization argument gives that
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where 0 = (01,02, ...,0N) is a Rademacher sequence. It follows that
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where the penultimate inequality follows from Lemma A.1.

For now, condition on the choices of i1, 4, ...,%y. By Lemma B.1 in (Cohen & Peng, 2015), there exists a matrix A’ of
O(d?) rows such that
|A'z|l, < C1|Az|:, Yz €RY, (10)

and the Lewis weights of A’ are O(1/d). Append A’ to the matrix A, obtaining a new matrix A” of N’ = N + O(d2) rows,
and it is a direct consequence of the contraction principle (Lemma A.2) that

N
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k=1

<Aikax>

Diy,
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since the sum on the right-hand side has more terms.

Furthermore, it can be proved that the Lewis weights of A” are all O(¢2/log N') (see (Cohen & Peng, 2015)). In this case,
for an appropriate choice of N (and thus N'), it is implicitly shown in the proof of Theorem 2.3 in (Cohen & Peng, 2015)
that
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for some ¢ = ©(log N’). The next step is to relate the right-hand side of (11) to the left-hand side of (12). Note that

147zl = | Az|ls + || Az|lx
< Cil|Azly + Cof|Azfly (by (7) and (10))
< (C1 + Co)Bg(Ax)
and thus
’ , ‘
N
sup Zak )| < (C1+Cy)*BY  sup ZUM v x)
B(Az)=1 ;.24 lA72l=1 |21
Taking expectation over ¢ on both sides, we obtain using (12) that
L
Z (€1 + Co)B) —
sup op{Ay, )| < 1+ Oy _
’ Azl =1 |23 poly(N)
Taking expectation over 41, . .., ¢ on both sides subject to the conditioning (7) and combining with (8), (9) and (11), we
obtain that .
€
M < C3(ChaB)' ———
< C5(CyaB) poly (V)

The result follows from Markov’s inequality with a rescaling of € by a factor of 1/(CsaB). O

B.3. Proof of Theorem 1.1

Proof. Recall that p,(z) = —7x if 2 < 0 and p,(z) = x if x > 0. We can rewrite p,(z) = (1 + 7)|z|/2 + (1 — 7)z/2.
Also p,(z) < ||z||1/7, and thus we can take B = 1/7 in Theorem 3.1. By Theorem 2.2, we can obtain {w; }_;, such that
with probability 1 — 1/ poly(d), for all i € [n], w; < w; < 2w;, where {w;}_; are the ¢; Lewis weights of A. Now we
invoke the row sampling algorithm in Theorem 3.1 and the fact in Lemma 2.1 to finish the proof. O

B.4. Proof of Lemma 4.1
Proof. By Theorem 1.1, with probability at least 0.9, for all z € R,

(1 - g) pr(Az —b) < p,(Az —b) < (1 + g) pr(Ax — ).
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Let z°P* = argmingpa pr(Az — b), we have

pr(Az* —b) = p,(AR™'T — b)

<7 ! /ng(AR z—1b)

< ii;g’” (AR~ (Rz") — ) (By Equation (6))
_ 1 +ng7(ﬁx°pt ~ )

< 1+ 61/3_)(81/; £/9) pr (Az®Pt — b)

< (1+2)pr (AP — 1), -

B.5. Proof of Lemma 4.2

We need the following claim in our proof.

Claim 1. For a matrix A € R"*? and a vector y € R",

1

.
< =

14 yll2 < —p-(y) max [|Ai2.

Proof. Observe that 3.7, |y;| < Zp-(y). It follows that

1
< ZlyzlllA 2 < max |1 4i]l2 Zlyzl < —pe(y) max [ 4i]l2. m
2 i=1 i=1

ATyl =

Now we are ready to prove Lemma 4.2.

Proof. By Lemma 30 in (Durfee et al., 2018), with probability at least 0.9, the leverage score of each row of [ﬁ, E] satisfies
7:([4,0]) = O(d/N). We condition on this event in the remaining part of the proof. By Lemma 2 in (Cohen et al., 2015),

ri([Ab) = min__ a3,
[Aﬁb]Tx:([A»b])i

and B
7i(A) = min_ |23,

ATz=A;

which implies TZ(Z) < T"([‘Z’ Z]) Thus, TZ(Z) = O(d/N). Since AR~! = Q has orthonormal columns, for each row Q;
of @,
1Qill3 = 7i(A) = O(d/N).

Here we used the standard fact of the relation between leverage scores and the QR decomposition. See Definition 2.6
in (Woodruff, 2014) for details.

Let f(z) = pr (AR 'z — b), we can write

Zp,r (AR™? Zfz

where fi(z) = N - p-(((AR71);,2) — b;). Let g;(z) = ((AR™1);,x) — by, then

IVgi(@)]l2 < I(AR7V)ill2 = |Qill = O(\/d/N),
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which implies that each g;(x) is O(y/d/N)-Lipschitz. Observe that p(-) is 1-Lipschitz, it follows that f;(x) = Np,(g:(x))
is O(v Nd)-Lipschitz.

By Claim 1, we have

(
(AR™1)Tb — zopt|,
(

= [I(AR™Y)T (b — (AR })zort)|
d ~ L —
<\ - pr (AR aort —b).

Finally, for any vector y € RYN . we have
7llyllz < 7llyll < pr () < Nyl < VN|yllo.
Since ERil = @ has orthonormal columns, z¢ = (AR™1)Tb is the optimal solution to min, g | AR™1a¢ — b||2. Thus,
we have |AR 'xg — b||2 < [|[AR™12°Pt — b||5. Therefore,
pr(AR 29 — b) < VN| AR 'z — b2
< VN ARzt — b

N ~ — .
<\ Zgpr (AR aovt —b).

B.6. Proof of Lemma 4.3

Proof. The initial solution g = (AR)Tb can be calculated in O(Nd) time. We condition on the event in Lemma 4.2.
By Theorem A.4, with probability at least 0.9, after

_ f( oDt VN2 - 1/2 /5
e (Nlog fzo) — J@7) | VIdlzo ”2> :O(Nlogg];‘L = ) =9 (f%z)

e flaort) e flaort) et

stochastic subgradient iterations, we can find a solution Z such that
E {pT(ZR_lx —b) — m]iRrb pr(AR 'z — E)] <¢e/30- p, (AR 'z —b).
S

By Markov’s inequality, with probability at least 0.9, we have
p-(ART'T—b) < (1+¢/3) - min p-(AR 'z — b).
rzeR
Furthermore, each stochastic subgradient can be calculated in O(d) time, since

7 -sign((A;, z) — b;) - A; otherwise '

where we choose a subgradient V f;(z) = 0 at the nondifferentiable points z. O

B.7. Proof of Theorem 4.4

Proof. Finding the QR decomposition of the concatenated matrix [A, Z] can be done in O(d* /(272)) time (see Lemma 33
in (Durfee et al., 2018)). By Lemma 4.3, we can obtain Z such that p, (AR™Z — b) < (1 +¢/3) - min, cga pr (AR 1z —b)
in O(d25 /(72¢2)) time and succeeds with probability at least 0.8. By Lemma 4.1, with probability at least 0.9, the obtained
solution z* € RY satisfies p, (Az* — b) < (1 + &) mingepa p- (Az — b). We complete the proof of the theorem by taking a
union bound over the two events mentioned above. O
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B.8. Proof of Lemma 5.1

Proof. By permuting the columns we may assume without loss of generality that 1 < zo < --- < x,. Suppose that
a =21 < x, = b, otherwise Az = 0 and the desired inequality holds automatically.

Let I = {i € [n] : (Az); > 0}. Letu = ;s A;and v = . ;A — > .57 Ais then po(Az) = (u,z) and
p1(Azx) = (v,z) forallx € P, where P = {z € [a,b]" :a =21 < x93 < --- < x, = b} is a polytope.

Observe that p1 (Az) # 0 on P and thus the function f(x) = (u,x)/(v, x) attains its minimum value A on the compact set
P. Suppose that (u, z*) = A(v, z*) for some z* € P. We claim that z* is also the minimizer of (v — Av, z) on P. Indeed,
if (u — Av,2") < (u— Av,z*) for some 2’ € P, then (u,2’)/(v, ) < A, contradicting the minimality of x’.

Now, since x* is a minimizer of (u — Av, z) on the polytope P, it must be some vertex of P, that is, there exists & such that
ri=---=x;=aandxj , = =2z, =b LetS = {x1,..., 7}, then

po(Az”) w(S,V\ 5) S 1

p1(Az*)  w(S,V\S)+w(V\S,S8) =~ a+l’

where the last step follows from the definition of the a-balanced graph. We complete the proof by noticing that

po(Ax) _ po(Az®) 1
p1(Az) = pi(Az*) T at+1

B.9. Proof of Corollary 5.2

Proof. Observe that po(z) = 1|2|+ 2. Moreover, by Lemma 5.1, we have || Bz||; < (1+a)po(Bz) forall 2z € R". Now
we invoke Theorem 3.1 with a = b = $ and B = « + 1, which states that with probability at least 1 — 1/ poly(n), for all
x €R™, (1 —¢)po(Bx) < po(B'z) < (1+ €)po(Bx). Moreover, the rows of B’ are reweighted rows of B, which implies
B’ is the edge-vertex matrix of a graph G’, whose edges are reweighted edges of G. The running time of Algorithm 2

directly follows from Theorem 2.3. O

C. Proof of Theorem 6.1

Similar to the proof of Theorem 3.1 and below we shall only highlight the changes. Instead of the comparison result of
Lemma A.1, we shall use Lemma A.3.

Note that we have here that
E¢" (Ax) = ¢(Ax)

and want to upper bound

~ ‘
w A
M :=E |sup o x)—l
S z#0 ¢(Ax)
Again by a standard symmetrization argument,
Y o((Ax)) 4 Y g((Ana))|
M =E |[sup -1 <2°E sup20k$ ,
S | z+£0 P} p2k¢(A$) 40 | x40 b1 p2k¢(Ax)
where o01,09,... is a Rademacher sequence and 1,2, ... are the indices of the rows chosen randomly during the

construction of S.
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Invoking Lemma A.3 we have for fixed i1, 72, . . . that

N
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The problem is thus reduced to the analysis of £, Lewis weight sampling and it has been proved implicitly in (Cohen &

Peng, 2015) that
Z o zk, | 015)6
pt = Doly(N)’

[(Aiy, 2)[P
Pi [ Az|;

)[

sup
4o lAz|l,=1

2 (2L\" (Cie)' _ (CaL/y-e)
M =2 (7) poly(N)S poly (V)

The result follows from Markov’s inequality with a rescaling of & by a factor of 7/(CaL).

and hence




