Optimal Randomized First-Order Methods for Least-Squares Problems

A. Proof of main results

For a polynomial P and a measure (resp. density) p, we will denote p[P] := [, P(z)u(z)du(z) (resp. p[P] :=
J P( x)dx). For a density u, we stress the fact that p[x] and p(z) refer to different quantities.

A.1. Proof of Theorem 1
We recall that ITg(z) =1, IIy (z) =1 + by« and for ¢ > 2,
Ht(x) = (at + btx) Htfl(l') + (]. — at)Ht,g(x) . (36)

First, we claim that for any ¢t > 0, A; = Ht(C’gl) Ay, and we show it by induction. Since IIy(z) = 1, we have that
Ao = o (Cg5') - Ao. Since z1 =20 + b1 Hg 'V f(x0), subtracting z* and multiplying by U " A the latter equation, we
obtain that A; = IT (Cgl) - Ag. Suppose that for some ¢ > 2, the induction claim holds for t — 1 and ¢ — 2. Subtracting
2* and multiplying by U T A the update formula (11), we obtain that

A=A 1+ (1—a) (Ao — Apq) + 5,051 Ay
= (ar +bCg A1 + (1 — a)) Ao
= ((ar + b:CgHM—1 (C51) + (1 — ar)—2(C5 1)) Ag
= Ht(CS )A0>

where we used the induction hypothesis for ¢ —1 and t—2 in the third equality, and the recursion formula (36) in the last
equality. Consequently, using Lemma 2.1, we obtain that

EHAtHQ /b 2(y—1
i = [ I ) du\) =L
n—00 EHA()H2 a t( ) ot

A.2. Proof of Theorem 2

We have already argued that {x;} is asymptotically optimal. It remains to prove that £ Lt = =pt.

Set A\, (z) = 7'y, (z). Let {IL;} be an orthogonal basis with respect to y, such that IT;(0) = 1 and deg(Il;) = ¢. From
Lemma 2.3, we have L7, , = (1 — p)A,[II7], so that it suffices to show that A, [IT7] = (1 — p)~"p’. On the other hand, in
the proof of Lemma 2.4 in Appendix B.4, we establish that there exists a sequence of polynomials {7} }+>1 such that for
anyt > land k,¢ > 1,

t
= ZApr | Ti(x

,_.

where 0 = 1 if k = /, and 0 otherwise. Using the latter properties, it follows that
t
M [I2] = -2 Z AT+ AT A [T7]
= H:,l_/
t
= A[1] = Z )‘P[T]]z
j=1
t—1
_ Y N
P =0
1—-p’
and, in the third equality, we used the standard i 1nverse moment formula \,[1]= [ 27!y, (z)dx=(1 — p)~'. Consequently,

we obtain the claimed formula, thatis, £, , = = pt.
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A.3. Proof of Theorem 3

According to Lemma 2.5, the support of F}, is included within the interval (0, 1). Therefore, we fix z € (0, 1) and we
consider the complex number z = x + ¢y, where y > 0. Our goal is to compute the quantity

1
lim —|I .
i —jtm(my (7)) |
If the above limit exists, then Fj, is differentiable at x and its derivative is equal to this limit (Silverstein & Choi, 1995).
Note that the absolute value is not necessary, since Im(my,(z)) is positive on C*. But it will avoid to specify explicitly the
branch cut of the square-root considered later in this proof, and thus additional technicalities.

From Lemma 2.5, it holds that

_2y-1 {—v R(z)
Zyma(z) = 1—=2 +z(1—z) _z(l—z)' 37

where R(2) = /(Y + & —2+2)2 +4(z — 1)(1 — 7)(1 — €), and the branch cut of the square-root is chosen such that
myp, > 0on CT, my < 0onC™ (the complex numbers with negative imaginary parts), and m; > 0 on R_ (the negative
real numbers). Further, we have

1 (1 —2) +y* +iy(2z — 1) 1 1—xz+iy

2(1—2)  (2(1 —z) +y2)2 +y2(2x — 1)’ 1—2z (1—x)2+9y2’

from which we deduce that the imaginary parts of the first two terms in the expansion (37) of 2ymy,(z) are given by

Im(%— 1) __(@y—1)y

1—2 (1—x2)2+942’
w77 (€—1Cx—1)y
(1=2)) (az(l—x)+y?)?+9? (2 —1)*
Since x € (0, 1), the limits y — 0T of the two above quantities exist and are equal to 0. Hence, provided it exists, we have
: : R(z)
lim 2~(I =1 Im{ ——— ] . 38
Jim 2ty ()] =t [t 7)) 68)

We introduce the function f(z)=(z —a — )2 +4(z — 1)aB wherea =1 — £ and 3 = 1 — 7, so that R(z) =+/f(z). We
have f(z) = X +iY where

X=(@—-a-p8)?%*—y*+4(x—1)ap,
Y=2xz—-—a-F+2ab)y.

Thus, the absolute values of the real and imaginary parts of R(z) are given by

%\/\/erx,
IIm(R(2))| = %\/\/XQ +Y2o X,

[Re(R(2))] =

and they have respective limits

lim [Re(R(2))] = Vp(2)] - 1(p(z) > 0),

y—0+

lim [Im(R(2))| = V/|e(2)] - 1(p(z) <0),

y—0+
where ¢(z) : = (z — a — 3)? + 4(z — 1)a3. Further, we have

Im ( R(z) > _ y(2z — DRe(R(2)) + (z(1 — x) + y*)Im(R(2))
2(1—2) 9(@,y)

)
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where g(z,y) = (z(1 — z) + y*)* + y*(2z — 1)?. Note that lim,_,o+ g(z,y) = 2*(1 — x)?, which is non-zero since
x € (0,1). Then, we obtain

lim
y—0t

Im<zR(z) )‘ _ VIp@)[1(p(x) < 0)

(z—1) (1l —1x) ’

Using (38), it follows that for any = € (0,1), lim, o+ + |[Im(my,(z))| exists. This implies that F}, admits a density over
(0,1), given by

1 V/(An =) (= M)y

fh(x):ﬁ 20— 2) )

where we used the fact that () = (x — Ap) (2 — Ap), and we recall that the edge eigenvalues Ay, and \p, are given by

wi= (VI 7E - VT 6n)
A= (VI e+ VT —0n)

Using the fact that F}, is supported within the interval (0, 1), we have recovered the whole density of the limiting spectral
distribution F}, of the matrix U ' ST SU.

A.4. Proof of Theorem 5

We have already argued that {z;} is asymptotically optimal. It remains to show that £ it = 8 fy))t pr.

Using (25), we have

L P3(t d
Fuit = (I—T’ypérnlzalr[lx]/ x—c o

= min /P2 _r MT( )dx.
(1—77PeR (X]

For z € [, 3], it holds that

B8 T «

B—c z—c a-—c’

and consequently, we can lower and upper bound L7, , as follows,

B B
e B min / P%(t) pr () de < L}, ; < T % hin / P2(t) pr () dz.
(1=7)y B — ¢ PerV[x] x WP (1= 7)Y a— ¢ PerY[X] x

From Lemma 2.3, we know that L (1 —7) minpegorx] ff P2(t)“*T(w) dz. Thus,

prst

cT I} cT «@
— L <L} S —m——— — L,
(1—7)2y B—c¢ Hrt It S (1= 7)2y a— ¢ Hot

From Theorem 2, we know that ﬁ:,.t = rt. Thus, we obtain that
- ot
’Cj; wit ~ T -
A simple calculation gives that 7 = % p, which yields the claimed result. As for the Gaussian case, an exact calculation of

%,.+ is actually possible. But, after investigation, the resulting expression is lengthy and fairly difficult to simplify, whereas
we are primarily interested in the scaling in terms of the iteration number ¢.
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B. Proofs of intermediate results

B.1. Proof of Lemma 2.1
Suppose that {z;} is generated by a first-order method (6). Fix ¢ > 1, then there exists ag ¢, . . . , a—1 ¢ such that
t—1
ve=x1+ » o Hg AT (A —b). (39)
3=0

Multiplying both sides of (39) by U T A, subtracting U " Az* and using the normal equation AT Az* = ATb, we find that
t—1

Ap=NM1+ ) a;C5'A; . (40)
j=0

First, we aim to show that there exists a polynomial p; € R? [X] such that A; = p; (C’gl) Ag. We proceed by induction

over t > 0. For t=0, the claim is true. Suppose that for some ¢ > 1, it holds that A; = p; (Cgl) Ao withp; € R? [X] for
j=0,...,t — 1. Then, we have from (40) that

t—1
Ay =pt—1(C§1)Ao+2aj¢C§1pj(C§1)Ao (41)
=0
t—1
= | p-1(C5") + D aiaCs'pi(C5Y) | Ao (42)
=0

We set p(x) = pt_l(z)JrZ;;é a;1xp;(z). Itholds that p, (0) = p;—1(0)+0 = 1, and deg(p;) < ¢ since deg(pi—1) < t—1
and deg(zp;(z)) < j+1<tforj =0,...,t — 1. Then, from (42), we have A; = p; (C’gl) Ay, which concludes the
induction.

Second, we aim to show that lim,,_, o M = [ p% (A7) du(N), where p is the 1.s.d. of C for S an m x n Gaussian
E[[[Ao]l?] R

or SRHT embedding. The Gaussian case is straightforward to prove, by using the rotational invariance of the Gaussian
distribution. The SRHT case is more involved, and we leverage tools from free probability theory.

B.1.1. THE GAUSSIAN CASE

Let S be an m x n random matrix with i.i.d. entries A'(0, 1/m). Then, by rotational invariance, SU is an m x d matrix
with i.i.d. entries NV'(0, 1/m). Write the eigenvalue decomposition Cs = VXV T where V is a d x d orthogonal matrix, and
3} a diagonal matrix with positive entries Ay, ..., Aq. A standard result states that V' and ¥ are independent matrices, and V'
is Haar-distributed.

Fixt > 0, and let p; € R(t) [X] such that A; = p; (C < 1) Ag. Taking the squared norm and the expectation, we obtain that
E [|AP] = E[Agp; (Cs ") Ao]
=E[AgVp; (7)) VA .
Using the independence of 3, V and A and writing V' = [v1, ..., v4], we further obtain that
E[|A*] =E[AgVE [p} (£71)] V7T A]

d
= E[(v, A0)*] E[p7 (A )]
i=1
Since each v; is uniformly distributed on the unit sphere, we have that E [(v; A¢)?] = JE||Ag [|%, so that
d
> Y
i=1

1
:EHAOHQgtrace]E[pf(C’gl)] )

1 2
E [”AtHQ] = E]EHAOH E
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Dividing both sides of the above equation by E||A||* and taking the limit d — oo, we obtain the claimed result,

E[[l80lf?]

B.1.2. THE SRHT CASE

The SRHT does not satisfy rotational invariance as the Gaussian distribution (or Haar matrices), and we need to use a
different approach for this proof, based on asymptotically liberating sequences of unitary matrices (Anderson & Farrell,

2014).

Let S be an m x n SRHT embedding. We denote by p the 1.s.d. of the matrix C's. Following the same first steps as for the
Gaussian case, we have that

E [|A¢)?] = Etrace [pf (Cg') AoAg | = Etrace [p (Cg') So] , (43)

where ¥ : = EAgA] . Writing p?(z) = 3_;_, axz?¥, it follows that

t
E (A =3 ax Etrace [C525) . (44)
k=0
Introducing the matrix i]o = tracfi%o/d’ we further obtain
(1A ! .
||At Zak —[E trace [ ’“20} . 45)
0

We use the following result, whose proof leverages some notions from free probability theory. We defer the proof to
Appendix B.2.

Lemma 1. [t holds that for any k > 0
1 1
lim EE trace [C %ZO} = lim dE trace §2k] = / AR (N) . (46)
R

n—oo n—roo

Combining (45) and the result of Lemma 1, it follows that

(A
o Ef1Ad?]

A2k dpu( / A dp(N), 47
’HOOEHAoH Z / (A F(ATY) du(y) 47

which is the claimed result.

B.2. Proof of Lemma 1

We introduce a few needed concepts from free probability that will be used in this proof. We refer the reader to (Voiculescu
et al., 1992; Hiai & Petz, 2006; Nica & Speicher, 2006; Anderson et al., 2010) for an extensive introduction to this field.
Consider the algebra A,, of n x n random matrices. For X,, € A,,, we define the linear functional 7, (X,,): = %E [trace X, ].
Then, we say that a family {X,, 1, ..., X, 1} of random matrices in A,, is asymprotically free if forevery i € {1,...,I},

X,,.; has a limiting spectral distribution, and if 7,, (H;ﬂ:l P (Xn,i; — 7 (Pj(Xn,, )))) — 0 almost surely for any positive
integer m, any polynomials P, ..., P,, and any indices i1, ...,%, € {1,...,I} with i1 #ia, ..., lm_1Fimn.

Let S be an n x n SRHT embedding (we consider the SRHT before discarding its zero rows). By definition, we can
write S = BHW, where B is an n X n matrix with i.i.d. Bernoulli entries on the diagonal, with success probability m/n,

H = H,, is the n-th Walsh-Hadamard matrix. The matrix W is an n X n bi-signed permutation, i.e., W = D P, where D is
a diagonal matrix with i.i.d. random signs, and P is an n X n uniformly random permutation matrix.

We aim to show that for any k£ > 0,

lim 7 (C’S_kio) = lim 74 (C5*) . (48)

— 00



Optimal Randomized First-Order Methods for Least-Squares Problems

We reduce the problem of proving (48) to the following, which is more simple to treat. The proof of this reduction is
deferred to Appendix D.1.

Lemma 2. Suppose that for any k > 0, we have
. ks . k
Jim 7y (CE) = Jim 7 (C5) - (49)
Then, the claim (48) is true for any k > 0.
Thus, we aim to show (49) for all £ > 0.
It holds that
Cs=U"S"SU=(U"W"HB)(BHWU)
=U'"W'HB*HWU
=U'WT'HBHWU,

where we used B2 = B in the fourth equality. Further, we have the following equality in distribution, whose proof is
deferred to Appendix B.3.

Lemma 3. Ir holds that
UTWTHBHWU L UTWTHWBW T HWU . (50)
Consequently,

Cs LUTWTHWBWTHWU . (51)

Letk >0.Wehave W'W =1,,U'U = I;, B2 = B, H> = H and Td(io) = 1. Using (50), we find

T4 (cgio) - Td<(UTWTHWBWTHWU)k§;0) - % T (X1 (Y X)F) (52)

where we introduced the matrices X1 := WUSoU W T, Xo := WUU W and Y : = HWBW T H. These matrices
satisfy the following collection of properties, whose proof is deferred to Appendix D.2.

Lemma 4. It holds that X, X5 = XoX; = X1, X3 = X5, Y2 =Y,
lim 7, (X1) = lim 7, (X2) , (53)
noo noo

and the sets of matrices { X1, X2} and {Y'} are asymprotically free.

Further, for any k > 1, we have

lim (X1 (Y Xo)F) = lim T (X2 (Y X2)F). (54)

Now, observe that
Tn(Xo(YX2)F) = 7, WUUTW T (HWBW THWUU "W T)¥)
= %Td((UTWTHWBWTHWU)k)

d
= ETd(Cg) )

where we used the commutativity of the trace in the second equality, and the equality in distribution (50) for the third
equality. Consequently,

lim 7, (X; (Y X5)%) = y Jim Ta(CF). (55)

n—oo

Combining the above equality (55) with equality (52), we obtain the claimed result (49).
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B.3. Proof of Lemma 3
Note that both B and D are diagonal matrices whose diagonal entries are i.i.d. random variables, and P is a permutation
matrix. Define B = PBPT and D = PTDP, then B £ B, D £ D,
DP=PD, P'D=DPT. (56)
It follows that
U'WTHWBW "HWU =U"P"DHDPBP" DHDPU
=U'"P'"DHPDBDP"HDPU
=U'"P"DH,PBD*P"H,DPU
=U'"P"DH,PBP"H,DPU
=U"P"DH,BH,DPU
U'P"DH,BH,DPU,

[l

where the second equation follows from (56), the third equation holds because D and B are diagonal so they commute,
while the fourth equation holds because D? = I,,.

B.4. Proof of Lemma 2.4 — Alternative construction of the polynomials {IT; }

We recall that for a polynomial P and a measure (resp. density) ., we will denote pu[P] : = [, P(z)p(z)dp(z) (resp. pu[P] :
= [z P(x)p(x)dx). Thus, for a density s, the reader should be aware that y[x] and p(x) refer to different quantities.

We present an alternative construction of the orthogonal family {IIj, } with respect to p,,, explicitly based on the Chebyshev
polynomials of the second kind. This explicit construction allows us to leverage several properties of the polynomials {IT;, }
which are useful to perform calculations and prove Lemma 2.4, as well as Theorem 2.

We introduce the shifted Chebyshev polynomials of the second kind, which are defined by the recurrence

x— (1+p) z— (14p)

— Qru(r) = —F—— Qr(z) — Qr-1(z). (57)
NG +1(2) W7 () ()

A standard result states that the polynomials (), are orthonormal with respect to the measure v(x)da : = xp,(z)dz. We set

Iy(z) = 1,and for k > 1,

Qo(r) =1, Qi(z)=

k
() =1 (17 aQuoi(2). (58)

j=1
For instance, we have I, (z) = 1 — z and Iy (z) = 1 — (2 + p)z + 22.
We aim to show that {ﬁk} is an orthogonal family with respect to y,, and then, that ﬁk = II,.

First, we show that the polynomials ﬁk form an orthonormal family with respect to u, such that deg(ﬁk) =k and
I1,(0) = 1. For k > 1, we define the polynomial Ty (z) = #Qy_1 (z) and the measure Ao(x) =27 p,(x). We have that
M [T Ty) = vp|Qr—1Qe—1] = 6e, so that the T}, are orthonormal with respect to A,. Since deg(Qr—1)=%k—1, we have
deg(Ty,) =k. We also have T}, (0) = 0 - Q,_1(0)=0.

Second, we show that /1,[Qr] = (—1)k\/ﬁk , which will immediately imply that
MolTi] = Aolr@Qu—1(0)] = 1 Q] = ()" (59)

We denote uy, : = 11, [Q]. The measure 1, is a probability measure, so that uo = 1. Further, we have

ba— -1l = bx x)dr
u1ﬂp[Q1]/x(l\/ﬁ+p)U/I($)dx ! P“‘\f;ﬁﬂp( )d.
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The first moment /1, [x] is equal to 1, so that u; = —,/p. From the recurrence relationship (57), we obtain uk+1 = fl%uk -
k
ug—1. The characteristic equation 22 + 1\?% +1 = 0 has roots —1/,/p and —/p. Therefore, u (—1)* VP

for some «, 5 € R. Using the initial values uy and u1, we find « = 0 and § = 1. This yields the clauned formula for uy.

Then, using the definition (58), we have

k

O =1-> (-1 2Qp- () (60)
j=1
k
=1-> AJ[Tk] Ti(2). (61)
j=1
Hence, recognizing the Gram-Schmidt orthogonalization of the constant polynomial 1 with respect to {77, ..., Ty}, we
deduce that the family {II;, T3, ..., T} is orthogonal with respect to \,, and is a basis of R;[X]. Consider now the
variational problem
. 2
min )\, (x)dx. 62
Jmin [ (©2)

Let p € RY[X] and decompose p as p:aoﬁk+2§:1 a;Tg. Using p(0) =1, I, (0)=1and T;(0)=0, we get that oy must
be equal to 1. Then,

k
[P@n de= [T o+ 23" a; [Tu@T @) do
k
+ /(Z a;Tj(z))* M, (z) dz .

The cross-term is equal to 0 by orthogonality of the family {H;.37 Ti,...,T)}. The third-term is non-negative, and equal
to 0 if and only if p = Hk Therefore, the minimizer of the varlatlonal problem (62) is exactly Hk On the other hand,
applying Lemma 2.2 with v =x A, = ,,, we know that the solution of each of the problems (62) (for varying k) is unique,

and the solutions form an orthogonal family with respect to A, («)dz =1, (x)dz. Thus, we obtain that the family {ﬁk} is
orthogonal with respect to fi,.

Finally, we show that the sequence {ﬁk} satisfies the recurrence relationship (15). Observe that

oIl (z —x—Z)\ ) = — A\, [Th|zT (z Z)\

k
=x—2%— Z Mol T5)2 T ()

j=2
Multiplying (57) by 2 and using the definition Ty (x) = ©Qx—1 (), we find that for k > 2

2 Ty() = Vb (Tj-1(x) + Tysa (2) + (1 + p)Ty(a)
Using the above decomposition of 2T (), it obtain Z;‘L:Q Ao (Tj)aT;(x) = s1 + s2 + s3, where

k k
5112V YoM T) T (@) = Y (1P A Ty (e)
k+1

(1) Ty ()

=3
kr1(z) =1+ Ti(z) — V/pTa(x)
pi1(x) —1+x—22+(1+p)a

I
= =5
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the second term is so : = \/52522 M Tj—1 () = Zfzg(—l)j_l\/ﬁjTj_l(a:) :p<ﬁk_1(a:) - 1) and the third term is

sg:=(1+ P)Z?:Q M| Tj1T5(z)=—(1+p) (ﬁk(x)—1+x). Consequently,

ka(x):mfxzfslfSQ—s;g
—z—2? —Ipi(2) +1—z42% — (14 p)z — p (M1 (2)—1) + (1 + p) [y (z)—1+2)
= *ﬁk+1(9€> - Pﬁk—l(z) +(1+ P)ﬁk(x),

which is the claimed recurrence. We deduce that ﬁk = IIj, and that the family {II; } is orthogonal with respect to .

C. Description of numerical experiments

Numerical simulations are run in Python with the numerical linear algebra module NumPy and the scientific computation
module SciPy, on a machine with 256Gb of memory.

To generate an m x n Haar matrix Sj,, we sample an m x n matrix G with i.i.d. Gaussian entries N (0, 1), and we set Sy,
to be its m x m matrix of right singular vectors. To generate an m x n SRHT matrix, we follow the description given in
Section 1. The plots correspond to one trial for each embedding.

C.1. Figure 1

We set n = 8192, d = 1640 and m € {1720,3280,4915}. We generate the plots of 1, and f; , by discretizing their
respective supports with step size le—5.

C.2. Figures 2 and 3

We generate an n x d Gaussian matrix G with i.i.d. entries, and we compute its left singular matrix U and right singular
matrix V. Then, we set A = ULV T, where ¥ is a d x d diagonal matrix with entries X, = 0.987 for j = 1,...,d.
We generate a vector b using a planted model b = Axp, + ﬁ/\/’ (0, 1), and ap ~ %/\/ (0, I4). Note that, although the
performance of the algorithms do not depend on the data A and b, we choose a standard statistical model to generate the
data, and a data matrix with a very large condition number.

Algorithms 1 and 2 are implemented following their pseudo-code description. We use small perturbations of the algorithmic
parameters by setting al = (1 + 6)a; and b = (1 — §)b; with § = 0.01 — where a; and b; correspond to the parameters as
described in Theorem 1. Similarly, for the Heavy-ball method with fixed SRHT embeddings and parameters derived based
on our new asymptotitc edge eigenvalues ("SRHT (edge eig.)”), we use instead the slightly perturbed edge eigenvalues
A = (1—8)\, and A2 = (1 + &)Ap, with § = 0.01. These small perturbations of the parameters are necessary in practice
due to the finite-sample approximations. For the Heavy-ball method with fixed SRHT embeddings based on the bounds
of Tropp (2011) ("SRHT (baseline)”), we use the parameters prescribed in (Lacotte & Pilanci, 2019). For the Heavy-ball
method with refreshed SRHT embeddings ("SRHT (refreshed)”), we use the parameters prescribed in (Lacotte et al., 2020).
For each algorithm, results are averaged over 20 independent trials (using the same data A and b).

D. Proofs of auxiliary results
D.1. Proof of Lemma 2
Suppose that (49) holds. Let £ > 0. We have

k
e

CsF=Ua—Ua—Cs)F =D Ta—Cs) | , (63)

Jj=0

where the series expansion (I; — (I; — Cg))~! = Z;C:o(ld — Cs)7 holds almost surely, due to the fact that C's has

N
spectrum within (0, 1) almost surely. There exist coefficients {a,} such that (E;io al ) =", aex’, and such that the
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sum is absolutely convergent, i.e., >_,_ |ae||z|* < +o0, for any z € (0, 1). Consequently,
Cs* = aC§ (64)
=0

Then, by absolute convergence of Y, a2z’ and using the fact that ||Cs||2 < 1, we can exchange the operator 74 and the
infinite sum, so that

Td(Cgk) =174 (Z agCé) = ZaéTd(Cg) . (65)
=0 =0

and writing the latter as a series in C's, we obtain the claimed result. Due to the fact that sup, limg 74 (Cfg) < 1, and using
again the absolute convergence of >_, a2’ for |z| < 1, it follows that

(oo}
li —ky _ li Y
dinolo Td(CS ) dgrgogaﬂd(Cs) (66)
_ ; 0
= Z ay dlirgo 74(C5) (67)
£=0
= Z Qy hm Td (Cgio) . (68)
d—o0
£=0
Using the same arguments, we find that
: 05 _ 1 —k$
ez—; a dli{I;O Td (CS EO) o dll{go Td (CS ZO) ’ ©9)
and we conclude that
s (Cg’“io) = 74(C5%) (70)

D.2. Proof of Lemma 4
‘We have

X1 X, =WUSU " WWUUTWT = WUS,U W =X,
where we used in the second equality U "WTWU = 1,. Similarly, we obtain X, X; = X;.
We have

Y?=(HWBW' 'H)HWBW' 'H)=HWBW 'H=Y
where we used in the second equality BWTHHW B = B.
We have
X2=wuUu'wWwuu'w' =wuu'w' =X,
where we used in the second equality U T W TWU = 1.
Further, it holds that
lim 7, (X1) = vgggm(io) =7 = lim7,(X5),.

We show asymptotic freeness. Note that the matrices UU ', B and 3 have L.s.d. compactly supported. For the latter,
this directly follows from our initial assumption that the condition number of the matrix U " AE[zqx] JATU + U Tbb"U
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remains bounded. Then, applying Corollary 3.2 from (Anderson & Farrell, 2014) with the set of asymptotically liberating
matrices {IWW, HW}, we immediately obtain asymptotic freeness of { X7, X5} and {Y'}.

It remains to show that for any k£ > 0,

lim 7, (X1 (Y X2)%) = lim 7,(X2(Y X2)"). (71)
n—oo n—00
For the rest of this proof, we use the more compact notations a := X1, b :=Y,c:= Xy and ¢ = lim,,_,o 7. We
show (71) by induction over k& > 0. For k = 0, the claim is true because ¢(a) = ¢(c) as shown above. Fix k > 1 and
suppose that the claim is true for j = 0, ...,k — 1. By asymptotic freeness, we have
k
o ((a = (@) (b - pB)(c - p(e)") =0. (72)

We expand the left-hand side of the above equation as

o((a— e(@) (b~ o b))c ~ o))"
= @(a(bc)k) + Z @(ab61652b53 2 (=D)LL (—gp(c))1*52k)

517...,52k E{O,l}
(81,5000,021)#(1,...,1)

= ¢(a(de)*) + Z (—p(b))* =" ... (—go(c))l_‘s%ga(ab‘slc‘S2 e 0‘52’“) .
81,...,02,€{0,1}
(81yeees821 ) (Lyeen 1)

For binary exponents (d1, ... ,d2;) # (1,...,1), the product of non-commutative matrices b°*c>26% . . . ¢?2* must have a
sub-product of the form bb or cc. Using the fact that b> = b and ¢? = c, it follows that there exists some integer ¢ such that
0</¢<k,and

pored2p%s 2 = (be)t .

Using the induction hypothesis, we have

c,o(ab‘slc‘s2 . .052’“) = o(a(be)®) = p(c(be)’) = ap(cb61052 . .052") .

Consequently, we get

o((a=p@)((b = o) e = w())")
= a3 (e ) T (el )
61,~..,52k€{0,1}
(015000,02k)#(1,...,1)

On the other hand, using asymptotic freeness again, we have

0= ¢((e=e@) (- e®)c—¢)")

= @(c(bc)k) + Z <p(cb61652b53 O (=D)LL (—gp(c))lf‘s?’“>
517...,52k€{0,1}
(61,ee5625)7(1,.00,1)
Combining the two above sets of equalities, we obtain

p(abe)*) = ¢(c(bo))

which concludes the induction, and the proof.



