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Appendix
A. Proof of Theorem 3.1: Computational Lower Bound

For fixed parameter # > 0 and a given graph G = (V, F), we denote the vector encoding G as 8 = (6..) € R? with 6, = 6
fore € E(G) and 6. = 0 otherwise. For an edge set S, we denote its encoding vector similarly as 8. Moreover, we use Py
and [ to denote the probability measure and expectation of ferromagnetic Ising model with no edges, and Pg, [Eg to denote
the probability measure and expectation with encoding vector 0.

For statistical query oracle, for any S € £ and any ¢ € Q, when |Eg[q(X)] — Eo[g(X)]| is larger than the statstical
deviation of the oracle, it would be possible to tell 85 from 6y. Based on this intuition, we define

Clq) = {8 € € : [Es[q(X)] — Eola(X)]| = 74,5},
where 7, g is defined in (3) with expectations taken under Pg. The following lemma from (Fan et al., 2018) states that when
T -sup,eq,, [C(q)| < |&], there would be an oracle that none of the 7" rounds can distirbutish Pg from P.

Lemma A.1. For any algorithm </ that queries the oracle v for at most T' rounds, if T' - sup ¢, IC(q)
exists a statistical oracle r defined in definition 2.1 s.t.

lirginfRn({Oo}, {0s}see, ,0,T) > 1

By the above lemma, it suffices to show that 7" - sup,c o, |C(q)|/|€| is asyptotically smaller than 1. To bound the term
|C(q)]|, we split it to the following two sets

C*(g) ={S €& : Es[q(X)] — Eolg(X)] > 74,5}

C™(q) = {S € £ : Es[q(X)] — Eolg(X)] < —74,5}-
Then we have an upper bound for sup,cg_, [C*(¢)|, which is also presented in (Fan et al., 2018):

Lemma A.2. For any query function q, we have

1 dPg dPg: 2log(T/€)
E@E, 2 B [dPo P, (X)] R VI

S,5'eCt(q)

Therefore it remains to upper bound the likelihood ratio Eg [% ‘2;50' (X )} , for which we have the following lemma.

Lemma A.3. For edge sets S and S" with |V (S)|,|V(S")| < s, if the parameter § > 0 satisfies 6 < 1/(4s), we have an
upper bound for the likelihood ratio

dP, dP,

(X):| < exp (3‘V575/ |292)7
where Pg, Ps: is the corresponding simple zero-field Ising probability measure with parameter 0 for S and S’.

Proof of Lemma A.3. Recall that V(S) denotes the vertex set of edge set S. In problems that interest us, we assume
Go ={(V,2},and |V (S)| = sforall s € €. Let Zy, Zg(0) and Zg/ () denote the partition function for Py, Pg and Pg/,
respectively. Therefore the likelihood ratio is

dPg dIP Z2
|:MP§ dIPj X:| _ZSZS/ Eo CXp< Z OuvTu Ty + Z estxs$t>
(u,v)es (s,t)es’
Z2
ZSZS’ Eg exp ( Z 200Xy Ty + Z QStxsmt).

(u,v)ESNS’ (s,t)eSAS’
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For simplicity, we reparametrize as ft,, With f,, = 20y, if (u,v) € S NS’ and py, = 64, otherwise. Therefore by
definition of Zg and Zg-,

dPg dP, 72

X E A’U/'U urv

{dIPO B, )] ZsZg OeXp( > Tul )
(u,v)eSUS’

) Boex ( S pcsus Awte)
Eo €xp (Z(?L,?))ES euvx“x”)EO €xp (Z(u,v)es’ 0“‘“‘%“1.”) '

We first look at the term E [exp (Z(w))e g qumuxv)} for general 6 and S. Using Taylor expansion of exponential
function we know

[exp( 3 Guvxuzvﬂ :1+E0{§:;‘< 3 Huxuz>k]

(u,v)€S k=1 " (u,v)es

Here the crossterms are

_1 k kims), my ns k!
( Z Guvxuxv) k! Z Oy Ouo, 2" - 2 HIE(s\kl

(u,v)eS 21515” ki=k
k ks (s)|
_ Oc; aelE(S)\ ni n
= Z k'...ﬁl‘l ...l'ss,
SIEE g, 1 ( \E(S)O‘

where n,, = Zv,ej:(u,v)e B(s) k; 1s the total times that z,, appears in the correlation terms ..
Note that under PPy, all vertices x; are independent of each other and have expectation zero. Therefore Eg[z]* - - - 27¢] =1
if all n;’s are even, and Eg [x? --xy°] = 0 otherwise. Let vector k = (ki, ...,k g(s)|) denote the vector of powers for
each 0, in term 6% .. QUL‘?,(SS)' in a given order. Define K to be the set of vectors

K:{(kl,...,k;E(S))‘ Z k; isevenforallueV(S)}7

vie;=(u,v)EE(S)

which correspond to terms with nonzero expectations. Therefore

gkl gifus(sn
(m)es e b Rt

Each term of the form 9’;}1)1 OH'LLQS” corresponds to a graph where there could be multiple edges between any pair of
vertices. Note that the graph with no edges also belong to this set. For k € [, it corresponds to a graph where each node has

even degree.

For clarity we define some notations. We call a graph where there are multiple edges between pairs of vertices as a general
praph, and denote the set of general graphs over edge set .S as Gg. We call a graph where there is at most one edge between
each pair of nodes as simple graph, and denote the set of simple graphs over edge set S as Ss.

We reduce a general graph Gtoa simple graph G by canceling the edge (u, v) if it appears for even times and preserve
it otherwise. Therefore we have a mapping f : Gg — Sg. Given Ge Gs, f (é) € Sg is called its simple version. Vice
versa, G is the general version of f (é) Clearly, for a general graph, its simple version is deterministic but a simple graph
have infinitely many general versions. Also note that if v € E(Gg) has even degree, after the mapping f, it still has even
degree, and likewise for those vertices with odd degree. For a graph G € Gg, we denote its preimage as f~*(G), which is
an infinite set. The vector k, after the mapping, is in fact modulus 2 for each element.

Now return to our analysis. Each k € K corresponds to a general graph, where we do not distinguish k from the general
graph, and since f does not change the parity of vertex degree, after the mapping the corresponding k still belongs to /C. For
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brevity we define the subset of Sg that each vertex has even degree to be Dg, then

gr1E®) gk grIE®)

ClE(S e e\ p(s
Eo exp< E wauxv) E'k ,,kI(H,}: E: k’1|.”]§‘(>|"
(u,0)€S ek ! |E(S GEDs keGs, f(k)=G |E(S)|*

For each G € Dg, all its general versions k € Gg can be obtained by adding even amounts of edges between each pair of
nodes. Therefore

mlen( ¥ o= & T (Sarem) 1 (X))

(u,v)eS GeDs e;€E(G) e;€ES\E(G) “1;=0

which, by Taylor expansion can be written as

Eolexp< > 9uxux>1 =y ( I simh(6w) ] cosh(@uv)>

(u,v)€S GeDs  (u,w)EE(G) (u,v)eS\E(G)
—< H cosh(0y, ) ( Z H tanh(ﬁw,)>.
(u,v)EE(S) GeDs (uw)EE(G

Plugging the above result into the likelihood we get

{cﬂpsd}% ] _ [T (u.)esus cosh(Auo) an
dP, dP, (H(u,v>es cosh(ew)) (H(u,wey cosh(é’uv))
" > ceng, o Huwyea tanh(Auy) . as)
(ZGEDS H (u,0)EE(G) tanh(¢ uv)) (ZGeDS/ H (uw)EE(G) tanh(&uv))
In our setting where 6,,,, = 6 > 0, Equation (17) is actually
[T (w0)esusr cosh(Auw) _ cosh(20y,) (2 (e’ +e729) S0l
(H(u v)ES cosh(f uv)) (H(u v)eS’ COSh(Huv)) - (u,v)I;ISmS' cosh(6u0)? <€20 e 2) .
And since €?? + e72 = 2 + 402 + O(6*), we have
20 , ,—20 2 4
ngeJr e—t; +)2 B 11222 18224; < 1426 < exp(26).
Therefore
Hewmesus cohOw) < exp (2SN 510%) < exp (Vs,sr6%) (19)

(H(u,v)ES COSh(euv)) (H(u,v)ES’ COSh(guv))

It remains to bound the second term in Equation (18). We obtain an upper bound by deleting edges in .S U S’ and then bound
the remaining term for the case S U S’ = &. Before dealing with Equation (18), we first consider the general case

ws) = > [[ tenh(rw) = > W(G), (20)

GEDs (u,w)EG GeDs

where for a simple graph G with edge parameter (A,,) we define its weight as W(G) = [, ,)ep(c) tanh(Auy). For
brevity, denote t,,, := tanh(\,, ).

We are interested in how Equation (20) would change if we delete (or inversely add) an edge in S. Suppose we add an edge
(u,v) into S where u, v € V(S). Denote S = S U {(u,v)}. Then

WES) =W(S)+ Y. W(G)=W(S)+ > W(Q).
GeDz\Ds GeDg,(u,v)EE(G)
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Thus it remains to upper bound the new components: the sum of weights of those simple graphs containing the edge (u, v).
To properly categorize the simple graphs in D g\DS, note that for any simple graph G with even vertex degrees, it can be
separated into the union of several cycles. The separation may be not unique, but for all G e Dg with (u,v) € G, the edge
(u,v) must be contained in some cycle C of length [ + 2, I > 1. The cycle can be represented by a sequence of vertices
C = (u,v,uy,...,u;) with no repetition. If we cancel all edges in cycle C from G, we would end up with a graph G € Dg,
since the edge (u, v) is deleted, and the degree of all vertices are still even. We further look at the cycle C. In fact, it consists
of edge (u,v) and a path P = {(u,v), (v,uy), ..., (w_1,u), (u;,u)} connecting u and v, where all edges in P belongs to
S. We denote the set of all paths connecting u and v in S as Py, (S), and denote W (P) = ], p t.. In this way, we obtain
a map

m : D(S)\D(S) = D(S) X Pun(S) : G+ (G, P),

where @ is obtained from G by deleting a cycle C' = (u, v) U P. The cycle to be deleted may be not unique, but we can fix
it for each G € D(S)\D(S) beforehand. In this way, for each G € D(S)\D(S), we have

WG =W(G) ] te=tuw WG ]]te=tuw WGW(P),

e€cE(C) ecP

where C is the canceled cycle and m(G) € Dg. Moreover, the map m is injective, since when given G € D(S5)\D(S) and
C € Puy(9), the preimage (&) is obviously determined. Since all parameters for the edges are nonnegative,

Yoo W@ =tu Yoo Wm(G) - W(ms(G))

GeDg,(uv)EE(G) GeDg,(uv)EE(G)
<tw- (W@ > W)
G€EDs PEP,,(S)
—tw W) (Y W),
PEP,L.(S)
Hence _
W(S)SW(S)(lthuv 3 W(P)). @1
PEPuy(S)

We proceed to bound the summation in Equation (21). Note that (u, v) ¢ S, so the length of any path in P,,, (.S) is at least 2.
Suppose 0 < t,,, < t for some fixed ¢ and any (u,v) € S, then

> w(Pp) :i > W (P) < f: > th = f:NM(S,l) -t
PePL,(S) 1=2 PPy (S),|P|=l 1=2 PP, (S),|P|=l 1=2

Here N, (S,1) = |[{P € Puy(S) : P is of length [}| the number of paths connecting v and v in S with length [.

We upper bound Equation (21) by comparing the sequence N, (5, ) to a geometric sequence. Suppose there exists some
yp (S), Bun(S) such that t - B, (S) < ¢ for some ¢ < 1, then

Nuv(Svl) < Oém,(S) . Buu(s)l
for all [ > 2, then we have

Qlyv uv ’t?
W@ w1 5 w) wis(1+ 50
pen ) uv

We could choose ay,, (S) and (,,,(S) to be a uniform value over all S. Specifically, a path in .S of length [ consist of
consecutive edges connecting u, v and (I — 1) other distinct vertices in V' (.S). Therefore we have N, (S,1) < |V (S)|'~1.
Therefore we could fix a,, (S) = 1/|V(S)] and B, (S) = |V (S)]. Hence if ¢ - |V (S)| < ¢1 < 1, we will have

uu () Bun (8)*t?
1- Bu'u(S)t

W(S) <w(s)(1+ V(S)IE

L= [V(S)[t

) < W(S) (1 + ) <W(S)(1+ ct?), (22)
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where ¢ > 0 is a constant.

Based on Equation (22), we could upper bound Equation (18) as follows. At each time, we delete an edge e = (u, v) with
u,v € Vg g, then if for all w,v € V(S) N V(S’), tanh(A,,) < tandt¢-|S US| < ¢ forsome 0 < ¢; < 1, we have

Yoo I tanh(u.) =W(SUS) S WS AS) - (14 ct?) S5,
G€Dgysr (uw)EG

for some constant ¢ > 0. Here S A S’ denotes the set obtained from S U S’ by deleting all aforementioned edges. In this
way, S A S’ contains no edge with vertices all in Vg g.

It is obvious that the number of such edges (u, v) with u,v € Vg g is less than Vg s/|?/2, therefore

Z H tanh(Ayy) < W(S A ') exp(c[Vs.s |*t2).

G€eDgy 5 (uw)EG

For brevity we denote S := S\ S and 5" := $’\S. Since deleting an edge reduces the summation of the weights of all its
simple graph with even node degrees, we have

ZGeDsus/ [T (u,vyec tanh(Xuy)
(ZGEDS [wver@ tanh(auv)) (EGeDS/ i vere tanh(@uv))

W(S A S W(SU S
< % -exp(c|Vs s [*t?) = % -exp(c|Vs, s |*t2). (23)
W(S) - W(S") W(S) - W(S")
In our case, we can choose ¢t = tanh(26) < 26 for 0 < 6§ < 1/(4s). Then we could set ¢; = 1/2 and ¢ = 1. Thus it
W(SUS")

remains to bound the term for disjoint S and S’. We consider the general case for SN S’ = @.

W(S)W(S")
For future use, for edge sets S, S with SN S’ = @ and {(u,v) € SU S'|u,v € V(S)NV(S)} = @, we denote
D(S,5") =D(SUS’) and the set
F(S,8") :={G € D(5,5") | G contains no cycle C C SorC C S},
with @ € F(S,S’) and
H(S,8") = {G =€y C; are cyeles, € < Sor ¢y € S},
J

with @ € H(S,S’). This means that for all possible loops in G € F(S, S’) (since the way we separate loops in G may be
not unique), they can not consist merely of edges in .S or S’. And for G € H(S,S’), G can be decomposed into the union of
cyclesin S orin ', i.e. forany G € H(S,.S’), it can be decomposed as G = G; U G5 where Gy € D(S) and G2 € Dy .
It corresponds to a mapping

m' : H(S,S") — D(S) x D(). (24)
Clearly m/ is bijection. Also, recall that for any simple graph G with even vertex degrees, it can be decomposed into the
union of several cycles C1, . . ., C,. with no overlapping edges in a certain way. For G € D(S U S’), we decompose it into

as many loops in H(S, S’) as possible. Therefore G = G; U G5 where G; N G2 = &, meanwhile G; € F(S,S’) and
Gy € H(S,S’). In this way we obtain a mapping

m” :D(S,S") — F(S,S5) x H(S,5") (25)
if we prefix the way we decompose a certain G. It is obvious that m”’ is injective.
Since S N S’ = @, we have Ay, = 0y, for all (u,v) € S US". Therefore for brevity we denote

R(S,S") = SLE) Ygens.sn W(G)
WSS W) (L genis W) (Zaens) W(G))

> G=G1UG2€D(S,5"), W(G1)W(Ga)
G1EF(S,8"),G2€H(S,5")

(Seenis W) (Seeps) W(@)
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where LI denotes nonoverlapping union. Clearly the sum over the weights W (G1)W (G2) where G = G U G4 € D(S,S”)
with G1 € F(S,S"), Gy € H(S,S’) is bounded by the sum of W (G1)W (G2) of all pairs Gy € F(S,S5"), G2 € H(S,S").
Therefore

2 G1eF(5,5") W(Gl)) (ZGzeH(s,s/) W(G2)>
(Zeens W) (Soenis) W(G)
(Zererss) WED) (Leaencs.sn W' (Go) )W ' (Ga)))
(Zeens WG) (Saenis) W(G))

Here the second term in the numerator, the summation of the products of the weights of two graphs m’(G2)1 and m'(G2)a
can be bounded by the product of the summations of all such graph weights, i.e.

s S,)<(zclef(s,qu<G1>) (Soenis (@) (Saens) WG)) S we.

(ZGED(S’) W(G)> (ZGGD(S’) W(G)) GeF(5,5")

Note that in this way, Go = @ € F(S5,5") with W(Gy) = 1. So it remains to bound Equation (26).

R(S,5") < (

Before dealing with Equation (26), we first look at some properties of elements in F(.5,S"). For clarity, we call a cycle
CwithCNS # gand C NS # & amixed loop, and denote the set of all such cycle as M(S,S"). Note that for
M € M(S,S’), we can separate it into several paths in either .S or .S, with the endpoints of each path belonging to Vs s-.
It means

M = (UJPJS) U (Uj PJS/)7

where PJS € Puv(S) and PJ-SI € Pup(S") with u,v € Vg g . Since there are no edges (u, v) such that u,v € Vg g, all PJS

and P]S " are of length [ > 2. We pick out the endpoints of these paths sequentially as {u1,...,u,} C Vg g/, where the path
connecting u; and uy belongs to S.

Each mixed cycle M can be cut into two paths connecting u; and ue with length > 2. Therefore, for each graph
F =UM; € F(S,8") with cycles M;’s having no overlapping edges, each mixed cycle M can be cut into two paths in
the aforementioned way. On the other side, given u,v € Vg g/, forany ' € F (S, S"), there can be at most one mixed cycle
in F' that is cut off at u, v, since otherwise there would be two non-overlapping paths in S that connects « and v that forms a
cycle in S. This contradicts with the fact that there is no cycle contained entirely in .S. Therefore

> wm= > II woy
FeF(S,5") FeF(S,S’) F=UM;
= > ( I1 W(le)W(Pﬂ)), 27)
FeF(S,5") F=UM;
M;=Pj1UPj2

where the weight of each mixed cycle M; is decomposed as the product of the weights of two sub-paths, where P, Pj2 €

Puo(S A 8.

Similar to former arguments, the right-handed summation in Equation (27) of the products of two sub-paths can be bounded
by the product of summations of such sub-paths, i.e.

S W) < I1 [1+( >Soowe)- (X W(PQ))},

FeF(S,5") (u,0)EVs g1 X Vg g1 P1EP.,(SAS”) Py€Pyy (SAS”)

where the upper bound is obtained by considering all graphs in (.S, .S”) that contain a mixed cycle which cuts at u, v. And
the 1 in the product corresponds to the case when no mixed cycle cuts at u, v. Similar to previous statements, since paths
P € Pyy(S A S’) are of length at least 2 since there is no edge with both nodes in S NS, if t;; <t forall (¢,5) € SA S,
we have
YT W(P) < aun(S A S)Bu(S A S (28)
PLEP,, (SAS")
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Still in our case of S A 5’, we can choose parameters in Equation (28) to be 8, (SAS’) = 2s > |SA S| and B, = 1/(2s).
Therefore if 0 < ¢ < 1/(4s), we will have

> w1 [1+(auv(SAS')'@w(SAS’)t?)z]

_ /
FeF(S,8) (4,0)EVg g/ X Vg g1 1= Bu(S A5

2 t2 2 ‘Vs,s" /2 12
_{1 n (15/—2) } < [1 4825512 <exp ([Vs,00[242). (29)

Combining Equations (23), (26), (29), we have that if < 1/(4s), we have

ZGEDsusl H(u v)EG tanh(Ayy)

< exp (2|Vs,s?6%) . (30)
(ZGEDS [T(u,v)e B (c) tanh(® uv)) (ZGEDS/ e vyer@ tanh(aw))
Then combining Equations (19) and (30), we have that
dPg dP’y 219
—= X)) < /=0
0| < e (s ).
which completes the proof. O

By Lemma A.3, since exp(z) < 1+ 2z for x < 1/2 and 3|Vs s/|?0% < 35202 < 1/2, we have

{dIP’S dP’;

X)| < 1%6%) <1 /262,
P, d]P’o( )} < exp (3|Vs,s/[?0%) < 1+6[Vs,s|

Then by Lemma A.2, we have

6]Vs, 5/\ 62 sup

2log(T/€) < 1 Z

3n C*(q)]2 > OVss . @D

S'eCt(q)

IC+( )|

S,5'eCt(q)

Forj =0,...,sand S € £, define m; = [{S" € £ : [V(S,8")] = s — j}|. Then we have Y} 7_m; = [€] > [CT(q)|-
Then there exists integer [T (g) > 1 s.t.

" (q) 1t (g)-1
Z m; > [CH)l = Y my. (32)
=0
For clarity, we define
*(g)-1

+—‘C+ Z m;.

Note that h(j) := 6(s — j)?6? is a decreasing function of j, and that the term Ysrect(q) Vs, 5?62 is the sum of
my + -+ + My+ (g)—1 + M terms, which m; terms equal h(j). Therefore from Equation (31)

T (q)—1 4 /. . IT(q)—1 7 /-
210g(T/§) _ 3,8 ") -my + h(I* (@) -t S50 R my
1 (q)—1 — = 1+ (g)—1
3n Zj:(g) mj + mT Zj:((?) m;
By definition of the vertex overlap ratio ¢, for i < j we have m;¢(? — m;¢* < 0 and h(i) — h(j) > 0. Therefore

> (mld —mCH[G) - h(j)] < 0. (33)

1<i<j<it(g)—1



Computational-Statistical Tradeoffs in Inferring Combinatorial Structures of Ising Model

Hence we have

St hG) - my S RG) -0 S hG) - ¢

1+ (q)— = [ = -
Zj:(oq) 1 m; Zj:(g) Ci Z]:((;I) 1 ¢—(s=)
Note that ¢ > ¢!/ for d large enough and some constant ¢ < 1. Therefore for z = (~! < ¢~1/2, we have
Z Z (i 4+ 2)z' < 28%(s — 1 + 3)2x° 711,
i=s—I1+1 =1
where ¢ = \/¢/(y/c — 1). Combining Equations (33), (34), (35) we obtain
2log(T
2log(T/¢) _ 1283(s — I+ (q) + 3)262.
3n
Therefore for d large enough, we have
log(T'/€)
— It (g) > =221
s~ U0 2 g,
On the other hand, by the definition of C*(¢) in Equation (32),
1 (q) *(q) ls—it
L cr@lge
sup [CT(q)| < ng < my - ZCJ Sl_g~_1||§2CC 5=t @l |g).
q€EQw =0
Combining Equations (36) and (37) we have
. log(T'/€)
+ <e- . _ . ( .
s (CH @) < e el exp | ~10g0)- (1 T )
Similarly, for C~(gq) we have
_ log(T'/¢)
qzupd IC™(g)] <c- || exp {—log(o : ( 186302, —3) :
Therefore
sup,eo,, [C(O)| _ log(T'/¢)
7. 2PaeQy T 9z oxp |1 T—( 7—)-1 .
€] = cerexb ) fog 18¢36%n 3) - log¢
Then for polynomial computational budget with 7" < d” for some fixed n > 0, we have
supeg,, [C(9)] . log(T/§)
T- Tg"‘ < exp | log(2¢) + nlogd — < ST 3) -log C|.
Let k = [(n+ 1) v 3]71(18¢%) /2. Under the condition that
log ¢ log(1/£)
R k)
~ logd+log¢
for d large enough, we have
; log(T'/¢)
indicating that T - sup,co_ [C(q)I/IE] < 1. Then by Lemma A, there exists an oracle r

lim inf,, oo

R.({60},{0s}sce, o7, 0, T) > 1, which completes the proof of the theorem.

(34)

(35)

(36)

(37

S.t.
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B. Proof of Computational Upper Bounds

In this section we prove the computational upper bounds for different property testing problems provided in Section 3.2.
They are all attained by the correlation query functions and test function in Equations (9) and (10).

B.1. Proof of Theorem 3.2: General Computational Upper Bound

In this section we prove the general computational upper bound provided in Theorem 3.2. The computational upper bound
for perfect matching in Corollay 3.4 is just an application of it. We also use the Bernstein-type bound the deviation of the
returned query functions ¢, = EX; Xj,.

Since by FKG inequality in (Alon & Spencer, 2004) or Griffiths second inequality in (Griffiths, 1967), pruning edges reduces
the correlation, for § > 0 and all pairs (u,v) € E(G) with 1 < u < v < d, the correlation is larger than that of a single

edge, i.e.

0 -0
e’ —e
@0~ tanh(f)

and the variance of correlation for all pairs (u,v) with 1 <u < v < d,

E[X,X,] >

Var(X, X,) = 1 — (E[X,X,])? < 1.

Therefore by the concentration property of the oracle computational model, with probability at least 1 — 2¢,

max_ |que(X) — E[X,X,]| < max {;n log (d(d —1 ) \/2 log (d(d —1) ) } (38)

1<u<v<d 2& n 2¢

where the variance terms are substituted with an upper bound 1. Therefore under Hy, since log(d)/n = o(1), with

probability at least 1 — 2¢&,
2 d(d—-1)
< — .
| <unsd du(X) < \/n log( 2¢ )

Then according to the test given by Equation (10), we have

sup Po[ts = 1] < 2¢.
0¢eCo

On the other hand, under H; with some S € C;, we know that with probability at least 1 — 2¢, for (j, k) € E(S), we have

00 250050 00012 ) s (51) 2 s (157,

2€ 2€
since for sufficiently small z, tanh(z) > x/2. Therefore

sup Pg[yp = 0] < 2¢, sup Pg[yp = 1] + sup Pg[p = 0] < 4¢,
0ecCq 0eCy 0cCy

which completes the proof.

B.2. Proof of Theorem 3.3: Computational Upper Bound for Clique Detection

In this section we prove the computational upper bound for clique detection problem provided in Theorem 3.3. We first
define some notations. In s-clique detection problem, each S € C; is a graph of s-clique, i.e. V(S) C [d], V(S) = s,
|S| = s(s—1)/2, which corresponds to parameter vector 8g = (,.) where . = 0 if e € S and 6. = 0 otherwise. Therefore
the probability measure Pg is the same for all S € C; up to a permutation of vertices. We can define the expected correlation
as

EQ(S,@) = Ps[Xij], (j, k‘) e s.

Therefore Var(g;; (X)) = 1 — Ex(s,6)? if (j,) is an edge in an s-clique. Our proof for Theorem 3.3 depend on the following
lemmas.
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Lemma B.1. For S € C;y an s-clique, we have

1. Theg ks = k)Che 24

Es(s,0) = Zk L 5(5 — 1)Che— 2GR0 (39)
Proof. For s-clique S, without loss of generality we assume S = [s], then by symmetry
Es(s,0) =P[X; X, = 1] - P[X,; X}, = —1]
=1 -2P[X; X} = -1 =1—-4P[X; =1, X} = —1],
where
BIX; = 1, X, = 1] = 2 nmln=o1 0P O s Tote) (40)

er{:tl}d exp (¢ Z(U,U)GS TyLy)

For the numerator in Equation (40), it consists of all terms such that x; = 1, x; = —1. We categorize them by the number
of vertices u € [s]\{J, k} that take value of 1. If there are m vertices other than j, k equals 1, the exponential term is

exp {5 (mm 1)+ (5 = m -2 - m -3 -2) |.

Therefore

Z eXp(G xumq,)z§C’:l_Qexp{g(m(m—1)—|—(s—m—2)(s—m—3)—2>}.

xe{£1}4, (u,v)€S m=0
mjzl,mszl

Categorizing terms in the denominator in Equation (40), we have
z exp (9 Z xuxq,) ZCkexp{ ( (m 1)+(sm)(sm2)2m(sm))}.
xe{t1}4 (u,v)eS m=0
Plugging them into Equation (40), we obtain the desired formula. O
Lemma B.2. For Es(s,0) defined before with 6 > 0, we have E(s,6) > 6.

Proof. By FKG inequality, for simple zero-field ferromagnetic Ising model, deleting an edge reduces the correlation
Es[X;X]. Therefore the correlation under s-clique is larger than that of 2-clique for s > 2

26—20 1— 6_29

> =1-4- =
Ex(s,0) 2 E5(2,0) 2(1+2e20+1) 14e20 =

O

Moreover, when the graph is an s-clique, due to the high density of edges, a better lower bound for correlation Es (s, 6) is
provided by the following lemma.

Lemma B.3. For each § € (0,1/2), there exists some constant ¢ = ¢(§) > 0 such that for all § > c¢/s, we have
EQ(S, 0) 2 362

Proof. Consider the formula in Equation (39), we have

Ek 0 ( k)Ck ~2k(s—k)0 Zk 0 E(Z ]f)Ck —2k(s—k)0
Zk 0S Ck ~2k(s—k)o - Ek:() C’f —2k(s—k)0

For ¢ € (0,1/2), when |k/s — 1/2| > §, we have

k(s —k) —2k(s—k)0 S 1 1 k_—2k(s—k)0
(s—k)0 L L : (s—k
5(571)086 _5—1(2 6)(2—1_6)056 ’

EQ(S,H) =1-
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and when |k/s — 1/2| < 4,

Z k(s — k) Cke2k(s=K)0 < 95 .

S s/2 1 1 2
ss—1) O e (=205 +0)(5 —9)5%),

4(s —1 2

where
CLS/ 2] _

(Ehr- (3D
By Stirling’s approximation, there exists constants ¢y, ¢ s.t.

sl = Q( 27rs(z)s),

where © = {(y) means there exists some constants ¢, ¢y > 0 s.t. c1y < « < coy. Therefore

Cyng(ﬁﬁﬂﬁs)zg<2s)

2m 5 (52)° Vors
Therefore
205 > exp (25 +8)(5 — )50) = U e exp (slog2 — 2(+ — 6%)%)
4(s—1) °° 2 2 \V2rs 4 '

If & > ¢/s for some sufficiently large constant ¢ > 0, we have

Z k(s — k) Che2k=R0 0 (5 — 00).

Pt s(s—1)
Therefore
Sy Mo Bk Dy MERCR e, Mot et
S 5(s — 1)Che2k(—k)0 - Sy g Che2k(—H)F T S Che2k(—k)0
1
< — 6%+ 0(1). (41)
Plugging Equation (41) into Equation (39) we have
Es(s,0) > 46% + o(1) > 3462 (42)

for sufficiently large s.

O

With the above lemmas in hand, we turn to the proof of Theorem 3.3. Under the oracle computational model, the size of
query space is 7(Q.z) = log (g) Also the bound of query function can be taken to be M = 1. Therefore with probability at
least 1 — 2¢, the realizations returned by the oracle satisfies

|95 (X) = Elgjx(X)]] = g;r(X) — Es[X; Xi]| < 74(s,0),

uniformly for all 1 < j < k < d, where

74(s,0) :max{;nlog (d(cggl)),\/i log (d(d2g1))} (43)

Here the variance terms are substituted with their common upper bound 1. Then under Hy where Gy = (V, @), we have
Eo[X;Xk] =0forall1 < j < k < d. Therefore with probablity at least 1 — 2¢, it holds that

—T4(8,0) < min gj5(X) < max g, (X) < 74(s,0).
itk ik
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In our setting where log(d)/n = o(1), this means that

sup Po[yp = 1] < 2¢.
0¢cCo

On the other hand, under H; with some S € C; and corresponding probability measure Pg, we know for (j,k) ¢ S,
E[X; X)) =0and for (j, k) € S, E[X;X%] = Es(s,8) > 0. Therefore

min g, (X) < 74(s,0), maxgq;p(X) > Ea(s,0) —14(s,0),
J#k j#k

hence with probability at least 1 — 2, it holds that

1 (X) — min gjx(X) > Ea(s,0) — 2 :
max gk (X) —min gjx(X) > Ea(s, 0) — 274(s, 0)

Therefore as long as
EQ(Sv 9) - 27—‘1(8’ 9) 2 2Tq($, 0);

we would have supgcc, Po[t) = 0] < 2£. By Equation (43), we have

) < {3 s (U5 2) 2 () ()

for sufficiently large (s, d, n) since log(d)/n = o(1). Therefore it suffices to prove that under the conditions in Theorem
3.3, we have Es(s, 6) > 471,(s,0).

On one hand, when

6> 4\/i log (d(d2g 1))

for some constant ¢ > 0, we have

Ey(s,0) > 0 > 4ﬁ log (d(dQ;l)) = 47,(5,0). (44)

On the other hand, we fix some ¢ > 0 and suppose 6 > ¢/s for ¢ = ¢(§) > 0 as in Lemma B.3, we have

Esy(s,0) > 362 > 47,(s,0), (45)
for sufficiently large s, since 74(s,0) — 0 as d — oo in our setting. Combining Equations (44) and (45), we complete the
proof of Theorem 3.3.
B.3. Proof of Theorem 3.4: Computational Upper Bound for Nearest Neighbor Graph Detection

In this section we prove the computational upper bound for s/4-nearest neighbor graph detection in Theorem 3.4. It is
attained by the query functions in Equation (9) and the test function in Equation (10).

By the Bernstein-type bound of deviation provided by oracle model, with probability at least 1 — 2&,
g5 (X) = Elgju(X)]] = g1 (X) — Es[X; Xi]| < 7

uniformly for all 1 < 57 < k < d, where

T, = max {32” log <d(d2g1)), \/i log <d(d2gl)> }, (46)

where we substitute the variance of ¢;;(X), which may be different for pairs (7, k), with their common upper bound 1.
Therefore by the same statements as in the proof of computational upper bound for s-clique detection, when log(d)/n = o(1)
we have supgcc, Polt) = 1] < 2€.
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On the other hand, for simplicity we assume s/4 is integer. Then in a s/4-nearest neighbor graph, if two vertices are within
(s/4) distance along the circle, they are connected by an edge. Therefore there exists at least an (s/4)-clique. Since deleting
edges reduces the correlation, for (u,v) € E(G), we have

Es[XuXy] > Ea(s/4,0),

where Fs(s, 0) is the correlation for an edge in an s-clique. Therefore by Lemma B.3, when 6 > ¢/s for some sufficiently
large constant ¢, we have
(X)) > —
1§rgr'1<al§gd%k( )z e

with constant ¢ and 7, defined in Equation (46). Therefore as s — oo, for sufficiently large s, we have

sup Pg[tp = 0] < 2¢,
0cCy

thus completing the proof.

C. Proof of Theorem 3.5: Information Upper Bounds

In this section we prove the general information upper bound in Theorem 3.5 attained by the query functions and test
in Equation (14) and Equation (15) for structures containing ~y - s> edges for some constant v > 0. Before bounding
key elements in our proof, we first introduce some quantities and notations based on s-clique case. Suppose G is an
s-clique with V(G) C [d], V(G) = s, |E(G)| = s(s — 1)/2. Or equivalently we represent G as G C [d] with |G| = s,
E(G)={(,j)|i,j € S,i # j}. The probability measure is the same for all subsets of [d] with size s up to a permutation
of vertices. We defined 4-correlation in an s-clique as

E4(8,9) = ]Pg[XithXiinA, (47)

where {i1,...,i4} C G,

{i1,.- -, i4}’ = 4. Recall Es(s,0) denotes the correlation for a pair of nodes in s-clique.

We return to any subset S C [d] with |S| = s in a graph G where |V (G)| = s, E(G) > v - s%. For query function
as(X) = (1 Xics xi)z with S, under H; we have

1 2 1 1 1
E = - N =4 = X.]> =
clas(X))] EG(SZ%) 5+5..Z 'EG[XlX‘]}_ 3’
icS 1,J€S,1#£]
and
1 4 2 1 4 2 1
Varelas (X)) = Ea | (5 3 )| = (Bolas(¥)” < Ea[ (53 2)"] - (Bolas()” - 5
icS ieS
Moreover, for S € C; exactly the subset with the desired structure,
1 5 1 1 1
Eglgs(X)] =Ea(= Y w:)*=-+- Y Eg[XiXj]> - +2yEs(s,6).
s © S s . S
€S i,JES,i#]
We consider the term
4 S
Ec [(sz) } = Y EalXiXuXiXi)]
€S 11,82,13,04a=1
=s+3s(s — 1)+ Y Ba[X?X;Xi] +4> Eg[XPX;]+24 > Eg[X:X; X X)]
ij .k i#j ig.kl
distinct distinct
=352 — 25+ 5(s — 1)(65 — 8) Fa(s,0) + s(s — 1)(s — 2)(s — 3) E4(s,0),
where the first s represents those i1, . . ., i4 are identical, and the 3s(s — 1) represents those i1, . . ., i4 that take two distinct

values, with two each value. By Griffiths second inequality in (Griffiths, 1967), increasing any paramter 6,,, increases
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multiple-node correlation. Therefore E¢[X;X:] < Es(s,6) and Eq[X; X; X X;] < E4(s,0) for 4-pairs (3, §, k, I) where
1,7, k, 1 are distinct. Hence the variances for all g (X) are bounded by
1 4 6 2
Varglgs(X)] = B[ (5 Y- 21)"| = (Bolas(X)))? < Eu(s,0) + - Ea(s,0) + .
i€S

Then by the concentration property of oracle computational model, with probability at least 1 — 2¢,

X) = Eglgs(X)]| < 7.(s,6).
s&ﬁ%:s'qs( ) — Eglas(X)]| < 7y(s,0)

e a0

d 6 2 d
<c-max {Z log (g), \/2 - [Ea(s,0) + ;EQ(S,@) + 5—2] -log (85)},

Here

for some constant ¢ > 0, where the variance terms in the Bernstein-type concentration of oracle computational model is
substituted by their common upper bound.

Under Hy, all vertices are independent and have expectation zero, hence Varg[gs(X)] = 2(s—1)/s% and Eg[qs(X)] = 1/s,
we have

s d 1 d
74(5,0) < c- max{n log (;f)’ — log (sf)}
Therefore our test satisfies
sup Pa[th = 1] < 2¢.

0eCo

On the other hand, under H; with § > 0, with probability at least 1 — 2&, uniformly for all S C [d], |S| = s, we have
qs(X) < Eglgs(X)] + 74(s, 0), thus

X)>E X)) — 9).
SCﬁﬁg\zsqs( )_ SeCy [qs( )] Tq(sv )

Therefore to prove supgcc, Po[t) = 0] < 2¢, it suffices to prove
1
EG[QS(X)] - g - Tq(S, 9) > r(nv da S, 6)
for S € Cy, when 0 satisfies the conditions in Theorem 3.5. Thus to show

sup Po[y) = 0] < 2¢,

0eCq
it suffices to show
S d s 6 2 d
YE>(s,0) > 274(s,0) = 2¢ - max {n log (E), \/n - [E4(s,0) + ;Ez(s, 0) + 5—2] -log <¥) }, (48)
and
Es(s,0) > 2r(n,d, s, &) = 2c- max 1o (i) 2 i10 (i) (49)
2\9, = y Uy o,y - n g 55 ) ns g 55 .

Since Es(s,0) > 6 by Lemma B.2, when 0 satisfies the conditions in Theorem 3.5, Equation (49) and the first part of
Equation (48) are satisfied. So it remains to verify

s 6 2 d
Es(s,0) > c- \/n - [Ea(s,0) + ;Ez(s,&) + sz] -log (E),
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for some constant ¢, 1.€.

. d 6 2
Ea(s,0)? > %log(sg) [Ex(s,0) + 2 Ea(s,0) + 5.
Hence it suffices to show
c d
Ex(s,0) = —log (g)’ (50)
Es(s,0) > c\/ log ( dg)E4(s 0), (51
Ey(s,0) = c i —log (Sdg) (52)

for some sufficiently large constant ¢ > 0. Here Equations (50) and (52) are naturally satisfied by the conditions since
E5(s,0) > 0. For Equation (51), which is equivalent to

Ey(s,0)2 _c-s d
= > log(—), 53
Ey(s,0) = n Og(s§) (>3)
for some constant ¢ > 0. To bound the term in 53, we introduce some lemmas regarding Ey(s, 6).
Lemma C.1. For the aforementioned Ey(s,0) and s > 4, we have
o1 Aok, |:e(2k2_2ks+12k+18—63)9} . Aok |:e(2k2—2ks—5k+2—23)9:| "
s,0)=1-8- - -8 ( .
! iy Clexp (= 2k(s — k)0) S0 Clexp (= 2k(s — k)f)
Proof of Lemma C.1. By definition, we have
Ei(s,0) =Ps[X1 X0 X35Xy = 1] — Po[X1 X0 X3Xy = —1] =1 — 2Ps[ X1 X X3X4 = —1].
Note that when X7 X5 X3X, = —1, there are 3 vertices taking value 1 and one vertex —1, or 3 vertices taking value —1 and

one 1. Therefore

S en( X )1 ¥ exp<(z ZEAETIED SEEE () S |

TiwaxzTa=—1 (u,v)€S r1=x2=x3=1, u,v)€S T1=r2=w3=-—1, (u,v)€S
I4:71 I4:1

where

S en( X o) :k_ S e X o)

T1=x2=23=1, (u,v)eS 0 mi=z2=z3=1l,24=-1, (u,v)eS
xra=—1 k remaining vertices take value 1
Z yexp ((2k% + s2/2 — 2ks + 12k + 18 — 135/2)0), (55)
and similarly we get
S exp ( > 9%%) Z 4 exp ((2k% + s%/2 — 2ks — Bk + 2 — 55/2)0). (56)
Ty =T2=w3=—1, (u,v)€S
ra=1
Plugging in Equations (55) and (56), we get the desired formula. O

With this formula in hand, we provide an upper bound for F,(s, #) specified by the following lemma.
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Lemma C.2. For s > 4 and 0 > 0, it always holds that E,(s,0) < Ts6.
Proof of Lemma C.2. Since e” > 1 + x, we have

Aok, [exp ((2k2 — 2ks + 12k + 18 — 65)6)] Aok, [exp ((2k2 — 2ks — Bk + 2 — 25)9)]
S h_oClexp (—2k(s — k)0) N > h_oClexp (—2k(s — k)0)

2 2
> g 005};) b1+ (2K — 2ks + 12k + 18 — 65)0 + 1 + (2k> — 2ks — 5k + 2 — 25)6)]

=27 [2°77 + (60 — 21s) - 2°7° - 6] .
Therefore

Ey(s,0) <1—-8-27°[2°7% 4 (60 — 21s) - 2°7° - 0] < —(25s — 60)0 < 7s0),

=

which completes the proof. O

We return to our proof of Theorem 3.5. By Lemma C.2 as well as Fs(s,0) > 6, we have

:7£> C.Slog(i

2 2
EQ(S,@) N 0 > )7
n s&

Ey(s,0) ~ 7s0

c-s

since 6 > n2 1og(5%) by the assumptions. This completes the proof of Theorem 3.5.

D. Proof of Theorem 3.6: Information Lower Bound for Perfect Matching

To provide an information lower bound for perfect matching, we introduce a sharper upper bound on the total variation of
testing empty graph against perfect matching graphs with s vertices. We borrow some statements in Section 8.3.2 from
(Daskalakis et al., 2016).

Lemma D.1. Assume s is even. For perfect matching problem, we define Cy = {(V, @)} with corresponding probability
measure Py, and C; = {G = (V,E) : |V| = s,|E| = s/2,G is a perfect matching }. Denote P§" to be the probability
measure that draws n samples from Py, and @?n the probability measure corresponding to selecting some q from Cq
uniformly at random and then drawing n samples from q. Then we have

Qn

202, (PE™, BE™) < n log B [ L0
TV\:0 »+1 — g P;@" ?@m .
1

Furthermore we have

9snb* o ( 3/2 )
4 s\ exp (3nf? —log(3/2)) /"

n wON
Qd%V(P? apl )S

Proof of Lemma D.1. See Section 8.3.2 in (Daskalakis et al., 2016). O
Then if . ‘

0< —AN- 57

SN (57)

for some sufficiently small constant ¢, then the total variance is upper bounded by a sufficiently small constant, therefore no
algorithm can distinguish between the two hypotheses with probability larger than some small constant.



