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Abstract

We present a unified framework based on primal-
dual stochastic mirror descent for approximately
solving infinite-horizon Markov decision pro-
cesses (MDPs) given a generative model. When
applied to an average-reward MDP with A
total actions and mixing time bound %,;x our
method computes an e-optimal policy with an
expected O(t2 . Atore~2) samples from the state-
transition matrix, removing the ergodicity depen-
dence of prior art. When applied to a y-discounted
MDP with A;; total actions our method com-
putes an e-optimal policy with an expected O((1—
v) "4 Aot~ 2) samples, improving over previous
primal-dual methods and matching the state-of-
the-art up to a (1 —)~! factor. Both methods are
model-free, update state values and policies simul-
taneously, and run in time linear in the number of
samples taken. We achieve these results through a
more general stochastic mirror descent framework
for solving bilinear saddle-point problems with
simplex and box domains and we demonstrate the
flexibility of this framework by providing further
applications to constrained MDPs.

1 Introduction

Markov decision processes (MDPs) are a fundamental math-
ematical abstraction for sequential decision making under
uncertainty and they serve as a basic modeling tool in rein-
forcement learning (RL) and stochastic control (Bertsekas
& Tsitsiklis, 1995; Puterman, 2014; Sutton & Barto, 2018).
Two prominent classes of MDPs are discounted MDPs
(DMDPs) and average-reward MDPs (AMDPs). Each have
been studied extensively; DMDPs have a number of nice
theoretical properties including reward convergence and op-
erator monotonicity (Bertsekas et al., 1995) and AMDPs are
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applicable to optimal control, learning automata, and vari-
ous real-world reinforcement learning settings (Mahadevan,
1996; Auer & Ortner, 2007; Ouyang et al., 2017).

In this paper we consider the prevalent computational learn-
ing problem of finding an approximately optimal policy of
an MDP given only restricted access to the model. In par-
ticular, we consider the problem of computing an e-optimal
policy, i.e. a policy with an additive e error in expected
cumulative reward over infinite horizon, under the standard
assumption of a generative model (Kearns & Singh, 1999;
Kakade et al., 2003), which allows one to sample from state-
transitions given the current state-action pair. This problem
is well-studied and there are multiple known upper and
lower bounds on its sample complexity (Azar et al., 2012;
Wang, 2017a; Sidford et al., 2018a; Wainwright, 2019).

In this work, we provide a unified framework based on
primal-dual stochastic mirror descent (SMD) for learning
an e-optimal policies for both AMDPs and DMDPs with a
generative model. We show that this framework achieves
sublinear running times for solving dense bilinear saddle-
point problems with simplex and box domains, and (as a
special case) £, regression (Sherman, 2017; Sidford & Tian,
2018). As far as we are aware, this is the first such sub-linear
running time for this problem. We achieve our results by
applying this framework to saddle-point representations of
AMDPs and DMDPs and proving that approximate equilib-
ria yield approximately optimal policies.

Our MDP algorithms have sample complexity linear in the
total number of possible actions, denoted by A. For
an AMDP with bounded mixing time %, for all poli-
cies, we prove a sample complexity of O (2, Ayore2) L,
which removes the ergodicity condition of prior art (Wang,
2017b) (which can in the worst-case be unbounded). For
DMDP with discount factor -y, we prove a sample com-
plexity of O((1 — ) ~*Aote~2), improving over the best-
known achievable sample complexity by primal-dual meth-
ods (Wang, 2017a) and matching the state-of-the-art (Sid-
ford et al., 2018a; Wainwright, 2019) and lower bound (Azar
etal.,, 2012) up toa (1 —~)~? factor.

!"Throughout the paper we use O to hide poly-logarithmic fac-
tors in Atot, tmix, 1/(1 — ), 1 /€, and the number of states of the
MDP.
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We hope our method serves as a building block towards a
more unified understanding the complexity of MDPs and
RL. By providing a general SMD-based framework which is
provably efficient for solving multiple prominent classes of
MDPs we hope this paper may lead to a better understanding
and broader application of the traditional convex optimiza-
tion toolkit to modern RL. As a preliminary demonstration
of flexibility of our framework, we show that it extends to
yield new results for approximately optimizing constrained
MDPs and hope it may find further utility.

1.1 Problem Setup

Throughout the paper we denote an MDP instance by a tuple
M = (S, A,P,r,v) with components defined as follows:

¢ S - a finite set of states where each i € S is called a
state of the MDP, in tradition this is also denoted as s.

* A = Ujig[s)A; - afinite set of actions that is a collec-
tion of sets of actions A; for states i € S. We overload
notation slightly and let (i, a;) € A denote an action
a; at state i. Aoy = |A| == ), s |Ai| denotes the
total number of state-action pairs.

P - the collection of state-to-state transition probabil-
ities where P == {p;;(a;)|i,j € S,a; € A;} and
pi;(a;) denotes the probability of transition to state j
when taking action a; at state 7.

¢ r - the vector of state-action transitional rewards where
r € [0,1]4, 7, ,, is the instant reward received when
taking action a; at state i € S.?

* v - the discount factor of MDP, by which one down-
weights the reward in the next future step. When v €
(0,1), we call the instance a discounted MDP (DMDP)
and when v = 1, we call the instance an average-
reward MDP (AMDP).

We use P € R4*S as the state-transition matrix where its
(4, a;)-th row corresponds to the transition probability from
state i € S where a; € A; to state j. Correspondingly we
use I as the matrix with a;-th row corresponding to e;, for
alli € S,a; € A;.

Now, the model operates as follows: when at state ¢, one
can pick an action a; from the given action set .A;. This
generates a reward r; ,,. Also based on the transition model
with probability p;;(a;), it transits to state j and the process
repeats. Our goal is to compute a random policy which deter-
mines which actions to take at each state. A random policy
is a collection of probability distributions 7 = {7; };cs,
where 7; € A% is a vector in the |.A4;|-dimensional simplex

The assumption that r only depends on state action pair 7, a;
is a common practice (Sidford et al., 2018a).

with 7;(a;) denoting the probability of taking a; € A; at
action j. One can extend 7r; to the set of A“ by filling in Os
on entries corresponding to other states j # 4, and denote
IT € RS*4 as the concatenated policy matrix with i-th row
being the extended A;. We denote P™ as the trasitional
probability matrix of the MDP when using policy , thus
we have P7(i,j) = >, ¢ 4. mi(ai)pij(a;) = 11 - P for
all i, 7 € S, where - in the right-hand side (RHS) denotes
matrix-matrix multiplication. Further, we let r™ denote
corresponding average reward under policy 7 defined as
r™ := II - r, where - in RHS denotes matrix-vector multi-
plication. We overload notation and still use I to denote
the standard identity matrix if computing with regards to
probability transition matrix TI™ € RS>,

Given an MDP instance M := (S, A, P, r,~) and an initial
distribution over states q € A®, we are interested in find-
ing the optimal 7* among all policy 7 that maximizes the
following cumulative reward v™ of the MDP:

¥ :=arg maxv" where
s
o i1
E™ | > A iy 6 lin ~al i.e., DMDPs
o7 = t=1

T
lim E7 Lzl Tiyap i1 ~ q:| , i.e., AMDPs.

T—o0

Here {i1,a1,i2, a9, - i, at} are state-action transitions
generated by the MDP under policy 7. For the DMDP case,
it also holds by definition that 7™ := q ' (I — yP™) " !r™.

For the AMDP case (i.e. when v = 1), we also define
v™ as the stationary distribution under policy 7 satisfying
v™ = (P™) Tv™. To ensure the value of 9™ is well-defined,
we restrict our attention to a subgroup which we call mixing
AMDP satisfying the following mixing assumption:

Assumption A. An AMDP instance is mixing if t,,ix, de-
fined as follows, is bounded by 1/2, i.e.

tmix ‘= Max |arg min max ||(P”T)tq —vT1| < %
™ t>1 dq€AS

The mixing condition assumes for arbitrary policy 7 and ar-
bitrary initial state, the resulting Markov chain leads toward
a distribution close enough to its stationary distribution ™
starting from any initial state 7 in O(¢,ix) time steps. This
assumption implies the the uniqueness of the stationary dis-
tribution, makes v™ above well-defined with the equivalent
o™ = (v™)Tr™, governing the complexity of our mixing
AMDP algorithm, and is key for the results we prove (The-
orem 1). Further, the assumption is equivalent as in Wang
(2017b), up to constant factors.

By nature of the definition of mixing AMDP, we note that
the value of a strategy 7 is independent of initial distribution
q and only dependent of the eventual stationary distribution
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as long as the AMDP is mixing, which also implies v™ is
always well-defined. For this reason, sometimes we also
omit ¢; ~ q in the corresponding definition of v™.

We call a policy 7 an e-(approximate) optimal policy for the
MDP problem, if it satisfies 7™ > ©* — €.> We call a policy
an expected e-(approximate) optimal policy if it satisfies the
condition in expectation, i.e. Ev™ > v* — €. The goal of
paper is to develop efficient algorithms that find (expected)
e-approximate policy for the given MDP instance assuming
access to a generative model.

1.2 Main Results

The main result of the paper is a unified framework based on
randomized primal-dual stochastic mirror descent (SMD)
that with high probability finds an (expected) e-optimal
policy with some sample complexity guarantee. Formally
we provide two algorithms (see Algorithm 1 for both cases)
with the following guarantees respectively.

Theorem 1. Given a mixing AMDP tuple M =
(S, A,P,r), let ¢ € (0,1), one can construct an ex-
pected e-optimal policy ©¢ from the decomposition (see
Section 5) of output pu° of Algorithm 1 with sample complex-
ity O (tfnixAtote_z log(Atot)).

Theorem 2. Given a DMDP tuple M = (S, A, P,r,~)
with discount factor v € (0,1), let ¢ € (0,1), one can
construct an expected e-optimal policy 7€ from the decom-
position (see Section 5) of output p¢ of Algorithm 1 with
sample complexity O ((1 — )4 Aore 2 log(Atot)).

We remark that for both problems, the algorithm also gives
with high probability an e-optimal policy at the cost of an
extra log(1/0) factor to the sample complexity through a
reduction from high-probability to expected optimal policy
(see Wang (2017b) for more details). Note that we only
get randomized policies, and we leave the question of get-
ting directly deterministic policies ass an interesting open
direction.

Table 1 gives a comparison of sample complexity be-
tween our methods and prior methods* for computing an
e-approximate policy in DMDPs and AMDPs given a gener-
ative model.

As a generalization, we show how to solve constrained
average-reward MDPs (cf. (Altman, 1999), a gener-
alization of average-reward MDP) using the primal-
dual stochastic mirror descent framework in Section 6.
We build an algorithm that solves the constrained
problem (13) to e-accuracy within sample complexity

3Hereinafter, we use superscript * and ™ interchangeably.

“Most methods assume a uniform action set .A for each of the
|S| states, but can also be generalizedd to the non-uniform case
parameterized by Asot.

Algorithm 1 SMD for mixing AMDP / DMDPs
1: Input: MDP tuple M = (S, U;es.4;, P, r,7), initial
(Vo, to) € B3y, x A,
2: Output: An expected e-approximate solution (v¢, )
for problem (5).
3. Parameter: Step-size 0¥, n*, number of iterations 7',
accuracy level e.
4: fort=1,...,T do
5: [/ v gradient estimation
6 Sample (i, ;) ~ [ili.a,s J ~ pij(ai). i’ ~ qu
mixing

€; —¢€;

(I—v)ey +ve; —e;
8: /I u gradient estimation

9:  Sample (i, a;) ~ 51—, j ~ pij(ai)

10:  Set 95—1 = {AtOt(vi — v ri7ai)ei7l1i

Aot (Ui —YV; — Tz',ai)ez',ai
11: /] Stochastic mirror descent steps (11 as projection)
122 vy < Tlgs (vie1 —n"g{_1)
130 py < TMaa(py_y 0 exp(—=n"g;y))
14: end for
15: Return (v, 1) <= 7 35,1y (Ves )

7. Setgl_ | =
Ji-1 discounted

mixing

discounted

O((t2,;, + K)D?Aqore 2 log(Atot)), where K and D? are
number and size of the constraints. To the best of our
knowledge this is the first sample complexity results for
constrained MDPs given by a generative model.

As a byproduct, the framework we build in Section 3 also
gives a stochastic algorithms (see Algorithm 2) that finds
an expected e-approximate solution of ¢,,-¢; bilinear mini-
max problems of form mine(_y,1j» maxyeam y ' Mx +
b x —cTy to e-additive accuracy with runtime O(((m +
n) HMHi<> +n|b||? +m ||c||io)e*2) given ¢, sampler of
iterate y, and /; samplers based on the input entries of
M, b and c (see Corollary 1 for details). Consequently, it
solves (box constrained) ¢, regression problems of form
minye—1 4] [[Mx — ¢||, to e-additive accuracy within
runtime O(((m + n) ||M||ic +m ||c||io)e’2) given sim-
ilar sampling access (see Remark 1 for details and Table 3
for comparison with previous results).

1.3 Technique Overview

We adopt the idea of formulating the MDP problem as a
bilinear saddle point problem in light of linear duality, fol-
lowing the line of randomized model-free primal-dual 7
learning studied in Wang (2017a;b). This formulation re-
lates MDP to solving bilinear saddle point problems with
box and simplex domains, which falls into well-studied gen-
eralizations of convex optimization (Nemirovski, 2004a;
Carmon et al., 2019).
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Type Method Sample Complexity
mixing AMDP Primal-Dual Method (Wang, 2017b) 9) ~(thfmxAmtﬁ)
Our method (Theorem 1) O (t2i Avore?)
Empirical QVI (Azar et al., 2012) O ((1 - fy)fsAtote*z)
Primal-Dual Method (Wang, 2017a) O ((1—7)7%S|2Agore2)
Primal-Dual Method (Wang, 2017a) O (' (1 =) Agore?)
Variance-reduced QVI (Sidford et al., 2018a) O (1 —~) " Agore™?)
DMDP Empirical MDP + Blackbox (Agarwal et al., 2020) O ((1 — ) 3 Asope2)
Variance-reduced Q-learning (Wainwright, 2019) O ((1 — 7)_3At0te_2)
Our method (Theorem 2) O (1 =) *Agore™?)

Table 1. Comparison of sample complexity to get e-optimal policy among stochastic methods (complete version see Appendix A).
Here S denotes state space, Aot denotes number of state-action pair, tmix is mixing time for mixing AMDP, and ~y is discount factor for
DMDP. Parameter 7 shows up whenever the designed algorithm requires additional ergodic condition for MDP, i.e. there exists some
distribution q and 7 > 0 satisfying \/1/7q < v™ < v/7q, V policy 7 and its induced stationary distribution /" .

We study the efficiency of standard stochastic mirror de-
scent (SMD) for this bilinear saddle point problem where
the minimization (primal) variables are constrained to in a
rescaled box domain and the maximization (dual) variables
are constrained to lie in the simplex. We use the idea of
local-norm variance bounds emerging in Shalev-Shwartz
et al. (2012); Carmon et al. (2019), to design and analyze ef-
ficient stochastic estimators for the gradient of this problem
that have low-variance under the corresponding local norms.
We provide a new analytical way to bound the quality of an
approximately-optimal policy constructed from the approx-
imately optimal solution of bilinear saddle point problem,
which utilizes the influence of the dual constraints under
minimax optimality. Compared with prior work, we elim-
inate the assumption of ergodicity through extending the
primal space by a constant size. Putting all these together,
we prove a simple and natural SMD algorithm which solves
both mixing AMDP and DMDP problems efficiently, with
clear dependence on hardness parameters like mixing time
tmix or discount factor ~.

1.4 Related Work

1.4.1 ON SOLVING MDP

Within the tremendous body of study on MDPs, and more
generally reinforcement learning, stands the well-studied
classic problem of computational efficiency (i.e. iteration
number, runtime, etc.) of finding optimal policy, given the
entire MDP instance as an input. Traditional deterministic
methods for the problems are value iteration, policy itera-
tion, and linear programming. (Bertsekas et al., 1995; Ye,
2011), which find an approximately optimal policy to high-
accuracy but have superlinear runtime in the usually high

problem dimension Q(|S| - Aot ).

To avoid the necessity of knowing the whole problem in-
stance and having superlinear runtime dependence, more
recently, researchers have designed stochastic algorithms
assuming only a generative model that samples from state-
transitions (Kakade et al., 2003). Azar et al. (2012) proved
a lower bound of Q((1 — )3 Aote2) while also giving a
Q-value-iteration algorithm with a higher guaranteed sam-
ple complexity. This was recently improved in Sidford et al.
(2018b) using variance-reduction ideas, and was further im-
proved to match(up to logarithmic factors) lower bound in
(Sidford et al., 2018a) using a type of variance-reduced ran-
domized value iteration. Soon later in Wainwright (2019), a
variance-reduced ()-learning method also achieves nearly
tight sample complexity for the discounted case. In Agar-
wal et al. (2020) the authors use a non-algorithmic approach
that shows O((1 — ) 3Aote~2) samples suffice. On the
other hand, Wang (2017a) designed a randomized primal-
dual method, an instance of SMD with slightly different
sampling distribution and form of update for the estima-
tors, which has superlinear sample complexity guarantee
unless additional ergodicity assumptions are made. Whether
such randomized primal-dual methods necessarily incur this
higher computational cost is unclear and a key motivation
for our work.

While a few methods match (up to logarithmic factors)
the lower bound shown for sample complexity for solving
DMDP (Sidford et al., 2018a; Wainwright, 2019), it is un-
clear how and if one can design a similar method for average-
reward MDP and get the optimal sample complexity depen-
dence. The only related work under average-reward MDP
setting uses primal-dual 7-learning (Wang, 2017b), follow-
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ing the stochastic primal-dual method in (Wang, 2017a).
Being also a variant of SMD methods, their algorithm has a
different domain setup, different update forms, and a more
ad-hoc analysis compared with ours. The sample complexity
of their method is O(72t2. Ao~ ?), which still requires
an additional bound on the ergodicity parameter, 7 > 0, and
depends on this parameter polynomially.

This mismatch of the theoretical efficiency of SMD meth-
ods as opposed to value iteration and Q-learning in solving
DMDPs and the dependence of ergodicity when solving
AMDPs with SMD methods motivated our study of a gen-
eral SMD framework that could provably efficiently solve
both problem instances. Table 1 includes a complete com-
parison between our results and the prior art for both cases.

1.4.2 ON /., REGRESSION AND BILINEAR SADDLE
POINT PROBLESM

Our framework gives a stochastic method for solving ¢,
regression, which is a core problem in both combinatorics
and continuous optimization due to its connection with max-
imum flow and linear programming (Lee & Sidford, 2014;
2015). Classic methods build on solving a smooth approx-
imations of the problem (Nesterov, 2005) or finding the
right regularizers and algorithms for its correspondingly
primal-dual minimax problem (Nemirovski, 2004b; Nes-
terov, 2007). These methods have recently been improved
to O(nnz |[M||_ €™ ') using a joint regularizer with nice
area-convexity properties in Sherman (2017) or using accel-
erated coordinate method with a matching runtime bound in
sparse-column case in Sidford & Tian (2018) .

In comparison to all the state-of-the-art, for dense input data
matrix our method gives the first algorithm with sublinear
runtime dependence O(m + n) instead of O(nnz). For com-
pleteness we include a comparison of runtimes for methods
mentioned above in Appendix B (see Table 3).

Our sublinear method for ¢, -regression is closely related
to a line of work on obtaining efficient stochastic meth-
ods for approximately solving matrix games, i.e. bilinear
saddle point problems (Grigoriadis & Khachiyan, 1995;
Clarkson et al., 2012; Palaniappan & Bach, 2016), and, in
particular, a recent line of work by the authors and collabo-
rators (Carmon et al., 2019; 2020) that explores the benefit
of careful sampling and variance reduction in matrix games.
In Carmon et al. (2019) we provide a framework to analyze
variance-reduced SMD under local norms to obtain better
complexity bounds for different domain setups, i.e. ¢1-¢1,
£1-£5, and ¢5-f5 where ¢ corresponds to the simplex and {5
corresponds to the Euclidean ball. In Carmon et al. (2020)
we study the improved sublinear and variance-reduced coor-
dinate methods for these domain setups utilizing the desgn
of optimal gradient estimators. This paper adapts the lo-
cal norm analysis and coordinate-wise gradient estimator

design in Carmon et al. (2019; 2020) to obtain our SMD
algorithm and analysis for ¢1-¢., games.

2 Preliminaries

First, we introduce several known tools for studying MDPs.

2.1 Bellman Equation.

For mixing AMDP, v* is the optimal average reward if and
only if there exists a vector v* = (v});cs satisfying its
corresponding Bellman equation (Bertsekas et al., 1995)

Zpij(ai)vj"f'ri,ai WVieS. (1)
JjES

When considering a mixing AMDP as in the paper, the exis-
tence of solution to the above equation can be guaranteed.
However, it is important to note that one cannot guarantee
the uniqueness of the optimal v*. In fact, for each optimal
solution v*, v* 4 c1 is also an optimal solution.

For DMDP, one can show that at optimal policy 7*, each
state ¢ € S can be assigned an optimal cost-to-go value v}
satisfying the following Bellman equation (Bertsekas et al.,
1995)

vf = max ;Svpij(ai)v;+r,;,ai VieS. ()
J

When v € (0,1), it is straightforward to guarantee the
existence and uniqueness of the optimal solution v* =
(vf)ies to the system.

2.2 Linear Programming (LP) Formulation.

We can further write the above Bellman equations equiva-
lently as the following primal or dual linear programming
problems. We define the domain as BS, = m - [—1,1]°
where B stands for box, and A™ = {A € R" A; >
0,2 ie[m Ai = 1} for standard n-dimension simplex.

For mixing AMDP case, the linear programming formu-
lation leveraging matrix notation is (with (P), (D) repre-
senting (equivalently) the primal form and the dual form
respectively)

P min v
subject to 7-1+I—-P)v—r >0,
(D) max Tr )
HEAA #
subjectto  (I—P)"p=0.

The optimal values of both systems are the optimal expected
cumulative reward v* under optimal policy 7*, thus here-
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inafter we use 7* and 7" interchangeably. Given the op-
timal dual solution p*, one can without loss of generality
impose the constraint of (I” p*, v*) = 0 to ensure unique-
ness of the primal problem (P).

For DMDP case, the equivalent linear programming is

(P) min (1-a'v
VEIBEM
subjectto (I —4P)v —r >0, @
D T
D) féi)ix pr
subject to I-P) p=(1-7).

Given a fixed initial distribution q, the optimal values of
both systems are a (1 — ) factor of the optimal expected
cumulative reward , i.e. (1 — )7* under optimal policy 7*.

2.3 Minimax Formulation.

By standard linear duality, we can recast the problem for-
mulation in Section 2.2 using the method of Lagrangian
multipliers, as bilinear saddle-point (minimax) problems.
For AMDPs the minimax formulation is

min ma v,V, 1), 5
on, max f(0,v, 1) (5)
where f(0,v,pu) =v+p' (=0-1+ (P —I)v+r)

—uT (P —Tjv+1)
For DMDPs the minimax formulation is

min max \% 6
i %qu( 1), (6)

where fq(v, ) = (1—)q v+ u' (WP —I)v +r).

Note in both cases we have added the constriant of v € BS, ;.
The M is different for each case, and will be specified in
Section 4 to ensure that v* € BY,. As a result, constraining
the bilinear saddle point problem on a restriced domain
for primal variables will not affect the optimality of the
original optimal solution due to it global optimality, but will
considerably save work for the algorithm by considering a
smaller domain.

For each problem we define the duality gap of the min-
imax problem min,cps max,ea4 f(V,p) at a given
pair of feasible solution (v,u) as Gap(v,u) =
max,, e A4 f(V7 1 ) ming, cps f(V/, H)-

2M
An e-approximate solution of the minimax problem is a pair
of feasible solution (v¢, u¢) € BS,, x A4 with its duality
gap bounded by ¢, i.e. Gap(ve, u€) < e. An expected e-
approximate solution is one satisfying EGap(ve, u¢) < e.

SiTu* represents the stationary distribution over states given
optimal policy ™ constructed from optimal dual variable p*.

3 Stochastic Mirror Descent Framework

In this section, we consider the following ¢.,-¢; bilinear
games as an abstraction of the MDP minimax problems of
interest. Such games are induced by one player minimizing
over the box domain ({,) and the other maximizing over
the simplex domain (¢1) a bilinear objective:

min max f(x,y) =y Mx+b'x—c'y, (7)
x€EBy yeA™

We study the efficiency of coordinate stochastic mirror de-
scent algorithms onto this /,,-¢; minimax problem. The
analysis follows from extending a fine-grained analysis of
mirror descent with Bregman divergence using local norm
arguments in Shalev-Shwartz et al. (2012); Carmon et al.
(2019) to the fo.-¢1 domain. We defer all proofs in this
section to Appendix C.

At a given iterate (x,y) € By x A™, our algorithm com-
putes an estimate of the gradients for both sides defined
as  ¢(x,y) = M'y + b € R" (z-gradient, or ¢¥);
¢ (x,y) = —Mx + ¢ € R™ (y-gradient, or ¢¥).

The norm we use to measure these gradients are induced by
Bregman divergence, a natural extension of Euclidean norm.

. o 1 s
For our analysis we choose to use Ve(x') = 5 [|[x —x||3

and V,,(y') == Zle[m] Yi 1og( ) (KL- dlvergence) which
are also common practice (Wang, 2017a;b; Nesterov, 2005)
catering to the geometry of each domain, and induce the
dual norms on the gradients in form ||g*|| = || gx||2 =

\ 2jen 95 2 (standard £5-norm)for x side, and Hng , =

2 ielm) yi(g))? (a weighted £2-norm) for y side.

To describe the properties of estimators needed for our al-
gorithm, we introduce the following definition of bounded
estimator as follows.

Definition 1 (Bounded Estimator). Given the following
properties on mean, scale and variance of an estimator:
(i) unbiasedness: Eg = g;

(ii) bounded maximum entry: ||g|| ., < c with probability 1;
(iii) bounded second-moment: E ||§||> < v

we call § a (c,v, ||||)-bounded estimator if satisfying (i)
and (iii), call it and a (c,v, |-||'s )-bounded estimator if
besides (i) and (it), it also satisfies (iii) with local norm
[y forally € A™.

Now we give Algorithm 2, our general algorithmic frame-
work for solving (7) given efficient bounded estimators for
the gradient. Its theoretical guarantees are given in The-
orem 3 which bounds the number of iterations needed to
obtain expected e-approximate solution.

Theorem 3. Given an {..-{1 game, i.e. (7), and desired
accuracy €, a (v*,||||,)-bounded estimator G , and a

(M vY )-bounded estimator §¥, Algorithm 2 with
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Algorithm 2 SMD for /,-¢; game

1: Input: Desired accuracy €, primal domain size
b, (v*, ||-||,)-bounded estimator g*, (22, v, ||| o )-
bounded estimator g¥

2: Output: An expected e-approximate solution (x€,y€)
for problem (7).

3: Parameter: Step-size %, 1", total iteration number 7.

4. fort=0,...,T —1do

5. Get g~ estimator for g%, ¥ estimator for g¥

6:  Update x;41 < arg min(n*g*(xs, y:), x) + Vi, (%)

x€EBy

7. Update y;1 < arg Znin@?yﬁy(xt, yi),y) + Vy. (y)
yeEA™

8: end for
9: Return (x¢,y¢) < % ZtE[T] (X¢,¥t)

_€_

» 1 €
choice of parameters 1, < 10 My < 7oy oulputs an ex-

pected e-approximate optimal solution within any iteration
810gn1}

2
number T > max{%, o
i y

Sketch of Proof For simplicity we only include a proof
sketch here and defer the complete proof details to Ap-
pendix C.2.

Regret bounds with local norms. The core statement is a
standard regret bound using local norms (see Lemma 10 and
Lemma 11) which summing together gives the following
guarantee (let g%, g/ denote 7*(x¢,y+t), ¥ (Xt, yt))

oG xe—x)+ Y (@ yi—y)
te[T] te[T]
- - (3)
x > 71§13 > llgyls,
SVX%X( ) 4 =0 ; + Vy%y()’) + =0 5

Note one needs the bounded maximum entry condition for
g” as the condition to use Lemma 11.

Domain size. The domain size can be bounded as
maxxepy Vxo (x) < 2nb?, maxyeam Vy, (y) < logm by
definition of their corresponding Bregman divergences.
Second-moment bounds. This is given through the bounded
second-moment properties of estimators directly.
Ghost-iterate analysis.® In order to substitute §*, ¥ with
g%, g¥ for LHS of Eq. (8), one can apply the regret bounds
again to ghost iterates generated by taking gradient step with
g = g — g coupled with each iteration. The additional terms
coming from this extra regret bounds are in expectation 0
through conditional expectation computation.

Optimal tradeoff. One pick 1, n,, T accordingly to get the
desired guarantee as stated in Theorem 3. O

SFor standard SMD on convex problems this step is unnec-
essary. One can directly use conditional expectation by fixing
x = x*. However, for saddle-point problems, the same technique
only gives maxx,y E[regret] < e. The ghost iterates analysis is
standard (Nemirovski, 2004a; Carmon et al., 2019) and necessary
to get a bound in terms of E maxx y [regret] < e instead.

Now we design gradient estimators assuming certain sam-
pling oracles to ensure good bounded properties.

When x € BT, this leads to the theoretical guarantee as
stated formally in Corollary 1. We defer design of estima-
tors and all proofs to Appendix C.3 and simply state the
theoretical runtime guarantee of Algorithm 2 here.

Corollary 1. Given an {.-{1 game (7) with domains x €

Ty €A™ ee(0,1)and M| +|cll,, = Q1). Ifone
has all sampling oracles needed’, Algorithm 2 with certain
gradient estimators (see (19) and (20)) finds an expected
e-approximate solution in runtime (equivalent as sample
complexity here) O([(n + mlogm) ||MH§<> + n|b||? +
mlogm [lc],] - 2.

Finally, we remark that one can also use Algorithm 2 to
solve /., -regression, i.e. the problem of finding x* =
arg minyegr |[Mx — c|| by simply writing it in equiva-

lent minimax form of minyepy maxyeam yT(Mx —c)
where M := [M; —M} and ¢ == [c; —c].

Remark 1. Algorithm 2  produces an  ex-
pected  e-approximate  solution  x°© satisfying
E|Mx® —c|,, < [[Mx*—c| + € within runtime

O ([om+m) IMIZ, 4+ m el ] - 2).

4 Gradient Estimators for Mixing AMDP
and DMDP

Specifically, both MDP problems induced by solving mixing
or DMDP are in minimax form of (7) if we let y <— p with
m = Aiot, X < v withn = |S| and b + 2M with M
chosen to be M = 3t ., for mixing AMDP and M = ﬁ
for DMDP so that v* € BY,; we defer readers to proofs of
Lemma 6 and 9 for a complete argument on it.

In this section, we give a cleaner way to construct gradient
estimators with desired properties for mixing and discounted
cases utilizing problem structure and the generative model
at hand. Such a gradient estimator samples state-action pair
for v-side using a dynamic distribution induced by g, while
sampling state-action pair for p-side using a uniform distri-
bution. We defer all proofs in this section to Appendix D.

4.1 Mixing AMDPs

For the mixing case, we set M = 3t,i, to guarantee v* €
BS,,.® This follows immediately from a lemma that relates

"Note all the sampling oracles needed are essentially ¢; sam-
plers proportional to the matrix / vector entries, and an ¢, sampler
induced by y € A™.

¥Note the one can show ||v*|| . < M and the extra coefficient
2 in box size 2M is to ensure a stronger condition on dual con-
straints for approximate solutions, which can be seen more clearly
in proof of Lemma 6
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matrix norm of interest to the mixing property of MDP,
which we defer readers to Appendix D.1 for details.

Given domain setups, now we describe formally the gradient
estimators used in Algorithm 1 and their properties.

For the v-side, we consider the following gradient estimator

Sample (%, a;) ~ [f]ia,, 7 ~ Pij(ai).

9
Set §¥(v, ) = e; —e;. ®

This is a bounded gradient estimator for the box domain.

Lemma 1. §" as in (9) is a (2, ||-||,)-bounded estimator.

For the p-side, we consider the following gradient estimator

Sample (i,a;) ~ 1/Aor, J ~ pij(ai)-

10
Set §" (v, ) = Aot (Vi — YV — Ti.a,)€ia,- (10)

This is a bounded gradient estimator for the simplex domain.

Lemma 2. §* defined in (10)is a ((2M + 1) Ao, 9(M? +
1)Agot, ||| aa)-bounded estimator.

Theorem 3 together with guarantees of designed gradient
estimators in Lemma 1, 2 and choice of M = 3t,,;x gives
Corollary 4.

Corollary 2. Given mixing AMDP tuple M = (S, A, P,r)
with desired accuracy € € (0, 1), Algorithm 1 with param-
eter choice n¥ = O(e), n* = O(et 2 Aoy ") outputs an
expected e-approximate solution to mixing minimax prob-
lem (5) with sample complexity O(t2; Aiore=210g(Asor))-

The proof follows immediately by noticing each iteration
costs O(1) sample generation, thus directly transferring the
total iteration number to sample complexity.

4.2 DMDPs

Here, we pick M = (1 — )™}, with the guarantee that
v* € BS), following from Lemma 15 we state and prove in
Appendix D.1.

For discounted case one construct gradient estimators in
a similar way. For the v-side, we consider the following
gradient estimator

-/

Sample (Z7 ai) ~ [N‘]i,aﬂj ~ ng (ai)vz ~ gy

11
Set (v, ) = (- y)ew +7e5 —es. 0

Lemma 3. ¢ asin (11)isa (2, |||,)-bounded estimator.

For the p-side, we consider the following gradient estimator

,7 ~ piila;).
wor pig(as) (12)

Set g (v, 1) = Aot (Vi — YVj — T4, )€i 0,

Sample (i, a;) ~ A

Lemmad4. §* defined in (12)isa ((2M +1)Asor, 9(M? +
1)Agot, ||| aa)-bounded estimator.

Theorem 3 together with guarantees of gradient estimators
in use in Lemma 3, 4 and choice of M = (1 — v)~! gives
Corollary 3.

Corollary 3. Given DMDP tuple M = (S, A, P,r,7)
with desired accuracy ¢ € (0,1), Algorithm 1
outputs an expected e-approximate solution to dis-
counted minimax problem (6) with sample complexity

O((1 —9) 2 Asore 2 log(Ator))-

S From Optimal Solution to Optimal Policy

In this section, we relate the quality of an approximate
solution to minimax problem to the quality of approximate
policy one can construct from it, for both cases. To do that,
we show that the enlarged primal space (size 2M instead
of M) allows one to bound the quality of dual variables p°
better. We defer all proofs of this section to Appendix E.

5.1 Mixing AMDPs

Now we proceed to show how to convert an e-approximate
solution of (5) to an ©(e)-approximate policy for (3).

First we introduce a lemma that relates the dual variable p*
with optimal cost-to-go values v* and expected reward v*.

Lemma 5. If (v€, u°) is an expected e-approximate optimal
solution to mixing AMDP minimax problem (5), then for any

optimal v* and v*, E {,UJET {(i —P)v* — r} + 17*} <e

Next we transfer an optimal solution to an optimal policy,
formally through Lemma 6.

Lemma 6. Given an e-approximate solution (v¢, u°) for
mixing minimax problem as defined in (5), let 7€ be the
unique decomposition (in terms of X°) such that ji§ ,. = X\ -
Tf o0 Vi € S,a; € A, where X € A wf € A Vi€ S.

Taking 7 := 7€ as our policy, it holds that v* < Ev™ + 3e.

To prove the lemma, we need the following helper lemma
bounding the matrix norm.

Lemma 7. Given a mixing AMDP, policy m, and its proba-
bility transition matrix P™ € RS*S and stationary distribu-
tionv™, ||[(I—P™ + 1(1/”)—'—)_1HC>o < Bt mix-

Using this fact one can prove Lemma 6 by showing the linear
constraints in dual formulation (D) of (3) are approximately
satisfied given an e-approximate optimal solution (v¢, u¢)
to minimax problem (5).

Lemma 6 shows one can construct an expected e-optimal
policy from an expected ¢/3-approximate solution of the
minimax problem (5). Thus, using Corollary 4 one directly
obtains our desired total sample complexity for Algorithm 1
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to solve mixing AMDPs to desired accuracy, as stated in
Theorem 1.

5.2 DMDPs

Now we show how to convert an e-approximate solution
of (6) to an O((1 — ) ~Le)-approximate policy of (4).

First we introduce a lemma similar to Lemma 5 that relates
the dual variable ;¢ with values v* under e-approximation.

Lemma 8. If (v, u°) is an e-approximate optimal solution
to the DMDP minimax problem (6), then for optimal v*,

Epc " [(i —yP)v* — r} <e

Next we transfer an optimal solution to an optimal policy,
formally through Lemma 9.

Lemma 9. Given an expected e-approximate solution
(ve, pu¢) for discounted minimax problem as defined in (6),
let € be the unique decomposition (in terms of X®) such that
WS a, = Af " T5 4, Vi € S,a; € A, where X € AS 7 €
A4 Vi € S. Taking @ = ¢ as our policy, it holds that
0" <Ev™ +3¢/(1 — 7).

Lemma 9 shows it suffices to find an expected (1 — 7)e-
approximate solution to problem (6) to get an expected
e-optimal policy. Together with Corollary 3 this directly
yields the sample complexity as claimed in Theorem 2.

6 Constrained MDP

In this section, we consider solving a generalization of the
mixing AMDP problem with additional linear constraints,
which has been an important and well-known problem class
along the study of MDP (Altman, 1999); we defer readers
to Appendix G for derivation ommitted in this section.

Formally, we focus on approximately solving the following
dual formulation of constrained mixing AMDPs ? :

(D) max 0
HEAA (13)
subjectto (I—-P)'p=0 D p>1,
where D = [d; dx | under the additional assump-

tions that d;, > 0,Vk € [K] and the problem is strictly
feasible (with an inner point in its feasible set). Our goal
is to compute e-approximate policies and solutions for (13)
defined as follows.

Definition 2. Given a policy 7 with its stationary distri-
bution V™, it is an e-approximate policy of system (13) if
for p defined as p; o, = V] T 4,,Vi € S,a; € A; itisan

°One can reduce the general case of DTy > ¢ for some ¢ > 0
to this case by taking dy <— d /ck, under which an e-approximate
solution as defined in (14) of the modified problem corresponds to a
multiplicatively approximate solution satisfying D " 1 > (1 —¢€)c.

e-approximate solution of (13), i.e. it satisfies

p I-P)=0, D'p>(1-01. (14

For D = ||D|,.. = maX;a,k|[dkliq| and M =
3Dtix we consider the following equivalent problem:

f(v,s,m) (15)

min
VEBS, 8 ) 5k <2,5>0

where f(v,s, ) = ' [(i —P)v+ Ds} —1Ts.

max
HEAA

Note in the formulation we pose the additional constraints on
v, s for the sake of analysis. These constraints don’t change
the problem optimality by noticing v* € BS,,, s* € AKX ;
see Appendix G for details.

By designing gradient estimators and choosing divergence
terms properly, one can obtain an approximately optimal so-
lution efficiently, and thus an approximately optimal policy.

Corollary 4. Given mixing AMDP tuple M = (S, A, P,r)
with constraints D = max; 4, 1 |[dk]i,qe; |, for accuracy
e € (0,1), Algorithm 1 with parameter choice n° = O(e),
= O(eK'D72), p* = O(et i D ?Aor ") out-
puts an expected e-approximate solution to constrained
mixing minimax problem (15) with sample complexity
O((t?niXAtot + K)D26_2 IOg(Atot)).

Following the similar rounding technique as in Section 5,
one can show the approximate solution p¢ for minimax
problem (15) leads to an approximately optimal policy 7€
an of problem (13).

Corollary 5. Following the setting of Corollary 4, the policy
¢ induced by the unique decomposition of u¢ from the
output satisfying ji5 ,. = \; - 75 .., is an O(e)-approximate
policy for system (13).

7 Conclusion

This work offers a general framework based on stochastic
mirror descent to find an e-optimal policy for AMDPs and
DMDPs. It improves over previous convex optimization
approaches for solving these MDPs, achieving a better sam-
ple complexity and removing an ergodicity condition for
mixing AMDP, while matching the known nearly-optimal
algorithms up to (1 — ) ~! factor for DMDPs.

This work reveals an interesting connection MDP problems
and /. -regression. We believe there are a number of inter-
esting directions and open problems for future work, includ-
ing getting optimal sample complexity for discounted case,
obtaining high-precision algorithms, extending the frame-
work to broader classes of MDPs, etc. See Appendix F for
a more detailed discussion of these open directions. We
hope a better understanding of these problems could lead
to a more complete picture of solving MDP and RL using
convex-optimization methods.
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