Learning Adversarial MDPs with Bandit Feedback and Unknown Transition

A. Omitted Details for the Algorithm

In this section, we provide omitted details on how to implement our algorithm efficiently.

A.1. Updating Occupancy Measure

This subsection explains how to implement the update defined in Eq. (7) efficiently. We use almost the same approach as
in (Rosenberg & Mansour, 2019a) with the only difference being the choice of confidence set. We provide details of the
modification here for completeness. It has been shown in (Rosenberg & Mansour, 2019a) that Eq. (7) can be decomposed
into two steps: (1) compute Gy1(x,a,z’) = g (z, a,x’) exp{fnl?t(x, a)} for any (z, a, z'), which is the optimal solution
of the unconstrained problem; (2) compute the projection step:

Gr+1 = argmin D(q || Gi+1), (11
qEA(P;)

Since our choice of confidence set A(P;) is different, the main change lies in the second step, whose constraint set can be
written explicitly using the following set of linear equations:

Vk : Z q(z,a,2") =1,

r€Xy,a€A,x' X1

Yk, Vo € X}, : Z q(z,a,2") = Z q(2,a,z),
a€A,x'€Xpq1 ' €Xp_1,a€EA
Vk, V(x,a,2') € X x A X Xgq1: q(z,a,2') < [P;(2'|z,a) + € (2' |z, a)] Z q(x,a,y),
YyEX ki1

Q(maa7l‘/) > [Pz (x/|x7a)_€i ($/|$,Cl):| Z Q(x7aay)7
YEX k41

¢(z,a,2') > 0. (12)

Therefore, the projection step Eq. (11) is a convex optimization problem with linear constraints, which can be solved in
polynomial time. This optimization problem can be further reformulated into a dual problem, which is a convex optimization
problem with only non-negativity constraints, and thus can be solved more efficiently.

Lemma 7. The dual problem of Eq.(11) is to solve

L—-1

e, By = argmin Z In ZF (u, B)
w,320 k=0

where 3 := {B(x)}, and . := {p* (x,a,2"), u~ (%, a,2")} (4,0,27) are dual variables and

ZF(u, B) = Z @ (z,a,2") exp {Bf’ﬁ (, a@’)},
rE€EX,a€A, ' €X 1
B (2,a,2") = B (a') = B () + (u” — p¥) (x,0,2") = e (a,a)
+ > (W =u) (@ay) P(ylra) + (uT + p7) (2,0,9) € (Y], a).
YEXk(x)+1

Furthermore, the optimal solution to Eq.(11) is given by

Gt (z,a,2")

t,Bt /
- exp{ B (zya,2') b .
ZL{C( ) (Mh Bt) { }

(/1\t+1 (1'7 a, (E/) =

Proof. In the following proof, we omit the non-negativity constraint Eq. (12). This is without loss of generality, since the
optimal solution for the modified version of Eq.(11) without the non-negativity constraint Eq. (12) turns out to always satisfy
the non-negativity constraint.
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We write the Lagrangian as:

L—-1
[’(Q7Aaﬁ7u) :D(QHQt-i-l)_'_ZAk Z Q(m7a7$/)_1
k=0 r€Xy,a€A,x' €EX 41
L—1
+Z Z ,B(l') Z Q('/Eaa7x/)_ Z q(x/,a,x)
k=1 zeXyg GGA,$/€Xk+1 ' €Xp_1,a€EA

L-1
+ Z Z pt(z,a,2") | q(z,a,8") = [P (2'|z,a) + € (2|2, a)] Z q(z,a,y)

k=0 z€X),a€A,x'€Xjq1 YEX 41
L-1

+Z Z :u_ (x,a,x') [Pl (Illl’,a)—Gi (x’|x,a)] Z q(m,a,y) —q(x,a,x’)
k=0 z€Xy,acA,x'€Xjq1 yEX ki1

where X := { A}, B := {B(x)}, and p == {p" (z,a,2"), p~ (2, a,2") } (3,4, are Lagrange multipliers. We also define
B (z¢) = B (z1) = 0 for convenience. Now taking the derivative we have

oL

W ZIHQ(xaChl'/) —Ingi1 (x,a, .Z‘/) + /\k(a:) + ﬁ(g;) - B ($/) + (M+ _ /,Li) (m,a,x’)

- Y (W -p) @ay) Pylra) + (uT + 7)) (2 a,y) € (yle, a)
YEXk(2)+1

=Ing(z,a,2") —InG1 (z,a,2") + Aoy — nly (z,a) — B (z,a,2").

Setting the derivative to zero gives the explicit form of the optimal ¢* by
¢ (z,a,2") = Giz1 (z,a,2") exp {—)\k(x) +nl, (z,a) + B*? (2, a, :U/)}

=G (z,a,2") exp {—/\k(a:) + B (2, a, m’)} )

On the other hand, setting 9L/9\;, = 0 shows that the optimal A* satisfies
exp{A\}} = Z th(x7a,x’)exp{Bf’B (ama,x')} =ZF (u,B).
r€Xp,a€A, ' €Xp 1

It is straightforward to check that strong duality holds, and thus the optimal dual variables p*, 5* are given by

we,pr = argmaxmaxmmﬁ(q,)\ Byp) = argmaxﬁ(q A8, 0) .
w,B>0 A >0

Finally, we note the equality

L-1

oL , - ’ ’
LanB) =D(i Y Y (5~ a (0s!) + s (00 ) a0, = 3

T, a,x —
k=0 xzeXy,a€Ax'€Xp i1 k=1

:Lil 3 [(W—l)q(m,a,x%ﬁ-qtﬂxaw ] Z/\k

k=0 zeX,acAx'€Xy i1

This, combined with the fact that ¢* has zero partial derivative, gives

L—-1 L—-1
E(q*a)‘*vﬂvﬂ)szjLZ Z LjH_l(ﬂf,a,:L'/)*Zanf (/u'aﬁ)
k=0

k=0 z€Xy,a€A,x' €X 11
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Note that the first two terms in the last expression are independent of (i, 3). We thus have:

L—1
w*, B* = argmax L (¢*, \*, 8, u) = argmin Z In ZF (u, B).
w820 wB20 174
Combining all equations for (¢*, \*, u*, 5*) finishes the proof. O

A.2. Computing Upper Occupancy Bounds
This subsection explains how to greedily solve the following optimization problem from Eq. (10):

max Z P(2'|%,a) f(a)

P(:|Z,a) x'EXk(§)+1

subject to ]3( |Z, a) being a valid distribution over X}, (z)11 and for all 2’ € Xp,(z)41.

P(a/|3,0) - P(«'|F,0)| < ei(a|,a),
where (Z, a) is some fixed state-action pair, €;(z’|Z, a) is defined in Eq. (6), and the value of f(x') for any 2’ € Xj,(z)11 is
known. To simplify notation, let n = | Xj,(z)41/, and o : [n] — Xj;(z)41 be a bijection such that

fle(1)) < f(0(2)) < -+ < flo(n)).

Further let p and € be shorthands of P;(-|Z, a) and ¢;(-|, a) respectively. With these notations, the problem becomes

max p(a(g)f(a(y)).
perr B ; (@(1))f(e(5))
Ip(z")—p(2")|<e(2")

Clearly, the maximum is achieved by redistributing the distribution p so that it puts as much weight as possible on states
with large f value under the constraint. This can be implemented efficiently by maintaining two pointers j~ and j*
starting from 1 and n respectively, and considering moving as much weight as possible from state 2~ = o(j ) to state
xt = o(j1). More specifically, the maximum possible weight change for z~ and x* are 6~ = min{p(z~),e(z~)} and
6t = min{l — p(z1), e(xz™)} respectively, and thus we move min{d~, 6} amount of weight from z~ to x*. In the case
where §~ < 47, no more weight can be decreased from x~ and we increase the pointer 5~ by 1 as well as decreasing e(z™)
by &~ to reflect the change in maximum possible weight increase for z+. The situation for the case §~ > §7 is similar. The
procedure stops when the two pointers coincide. See Algorithm 4 for the complete pseudocode.

We point out that the step of sorting the values of f and finding ¢ can in fact be done only once for each layer (instead of
every call of Algorithm 4). For simplicity, we omit this refinement.

B. Omitted Details for the Analysis

In this section, we provide omitted proofs for the regret analysis of our algorithm.

B.1. Auxiliary Lemmas
First, we prove Lemma 2 which states that with probability at least 1 — 44, the true transition function P is within the

confidence set P; for all epoch +.

Proof of Lemma 2. By the empirical Bernstein inequality (Maurer & Pontil, 2009, Theorem 4) and union bounds, we have
with probability at least 1 — 44, for all (z,a,2’) € X x A X Xp41,k=0,...,L —1,and any i < T,

2P;(a'|,a)(1 = Pi(a’|,a)) In (P11 7in (XFIAL)
max{1, N;(z,a) — 1} + 3max{l, N;(z,a) — 1}

‘P(ac’|m,a) — Pi(x’|x,a)‘ <
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Algorithm 4 GREEDY

Input: f: X — [0, 1] a distribution p over n states of layer k , positive numbers {6(1‘)}:1;6 Xk
Initialize: j— = 1,7 = n, sort { f(z) }zcx, and find o such that f(c(1)) < f(0(2)) < --- < f(o(n))

while ;= < j7 do
v =o(j),at = a(jt)
0~ = min{p(z7), e(x7)} >maximum weight to decrease for state z~
5t =min{l — p(z ™), e(z™)} >maximum weight to increase for state 2"
pla) e ple) —minfo~ 0}
p(zt) « p(at) + min{6~, 6"}
if o_ < 44 then
e(zt) «e(zt) -6~
JT =3 +1
else
e(z7)+e(z™)—0"
Jteit -1
end if
end while

Return: 37, p(o(4)) f(o(5))

P;(z'|x,a)In (LXHAl) 141n (L);”AI)
max{1, N;(z,a) — 1} + 3max{1, N;(z,a) — 1}

= €i(2'|z, a)
which finishes the proof. O

Next, we state three lemmas that are useful for the rest of the proof. The first one shows a convenient bound on the difference
between the true transition function and any transition function from the confidence set.

Lemma 8. Under the event of Lemma 2, for all epoch i, all Pep,alk= 0,....,L—1and (z,a,2') € Xp x AX Xg41,
we have

e (B (75

P(a'|z,a) = P(2'z,a)| = O max{1, N;(z,a)} i max{1l, N;(z,a)}

Proof. Under the event of Lemma 2, we have

Py, 0y (TEIAL) - qqgn (T4

Pi(z < P(a 2
(@, a) < Pz, a) + max{1, N;(x,a) — 1} * 3max{l, N;(z,a) — 1}’

Viewing this as a quadratic inequality of \/P;(2’|z, a) and solving for P;(z’|z, a) prove the lemma. O

The next one is a standard Bernstein-type concentration inequality for martingale. We use the version from (Beygelzimer
et al., 2011, Theorem 1).

Lemma9. LetYy,...,Yr be a martingale difference sequence with respect to a filtration F, ..., Fr. Assume Y, < R a.s.
foralli. Then for any ¢ € (0,1) and X € [0, 1/ R), with probability at least 1 — 6, we have

T T
In(1/6)
Y, <A EJYV2 + )
; t = ; t[t] )\

The last one is a based on similar ideas used for proving many other optimistic algorithms.
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Lemma 10. With probability at least 1 — 26, we have forall k =0,...,L — 1,

T
S Y w0 T ) -

1 se X acA max{1, N;,(z,a)}

and

T
Ty gz, a) :0( |Xk”A|T+\Xk||A|1nT+1n(L/5)). (14)

t=1 z€Xy,a€A \/maX{L Nit (I, a)}

Proof. Let I;(z, a) be the indicator of whether the pair (z, a) is visited in episode ¢ so that E;[I;(z,a)] = ¢:(x,a). We
decompose the first quantity as

i Z qi(z,a Z Z I (z, +Z Z qi(x,a) — Iy(x,a)
max{1, N, ( max{1, N max{1, N;, (z,a)}

t=1 z€Xg,a€A t=1 x€Xy,acA t=1 z€Xy,acA

The first term can be bounded as

Z ZInax{l );1:7a)} = Z O(InT) = 0O (| Xk||A|InT).

r€Xg,a€A t=1 rze€Xy,a€A

To bound the second term, we apply Lemma 9 with Y; =37 <4 % <1, A = 1/2, and the fact
s 3 Vi (T,

2

my <k || Y b

veen max{1, N;,(z,a)}

I;(x,a ;o /
=E | > max{f,(Ng ()x o (I(z,a),(2',a') = 0 for z # 2’ € X)

r€X,a€A

qt(xaa)
< Z max{1, N;,(z,a)}’

r€X,a€A

which gives with probability at least 1 — §/L,

T T
qt(z,a) — Ii(z,a) 1 q(z,a) L
Z Z max{1, N,, ( 52 Z max{1, N;, (z,a)} +2In (5) '

t=1zxeX,acA =1 zeXy,acA

Combining these two bounds, rearranging, and applying a union bound over k prove Eq. (13).

Similarly, we decompose the second quantity as

T qt(z,a) Ii(x,a) qt(z,a) — Li(z, a)
Z Z Vvmax{1, N;, (z, _Z Z Vmax{1, N;, (z, Z Z o

t=1 z€Xy,a€A t=1 z€Xy,acA t=1 z€Xy,acA \/max{l, Nif ((E, a

The first term is bounded by

= I(z, a)

2. 2 Vmax{1, N;, (,a)}

rEX,,aEA t=1

=0 Z V' Nip(z,a)

r€X),a€A

<0 \/|Xk||A| > Nilea) | =0 (VIKJAT),

r€Xy,a€A
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where the second line uses the Cauchy-Schwarz inequality and the fact > N;,.(z,a) < T. To bound the second

term, we again apply Lemma 9 with Y; = >° v 4 % <1, A =1, and the fact

rz€Xg,a€EA

2

Ly(z, a) q(z,a)
Ei[Y?] < E, E = E ;
t cenacA \/max{l, N;, (z,a)} veXyacA max{1, N;,(z,a)}

which shows with probability at least 1 — §/L,

T qt(z,a) — T qt(z,a) L
2 2 NG SX 2 st Gy (5):

t=1 z€Xk,a€A t=1 z€Xy,acA

Combining Eq. (13) and a union bound proves Eq. (14). O

B.2. Proof of the Key Lemma

We are now ready to prove Lemma 4, the key lemma of our analysis which requires using our new confidence set.

Proof of Lemma 4. To simplify notation, let ¢7 = ¢* 7t Note that for any occupancy measure ¢, by definition we have for
any (z, a) pair,

k(z)—1 k(z)—1
q(z,a) = 79(z|a) > [T =Canlen) [ P*eneilen, an):
{zreXy,anc A}~ h=0 h=0

where we define xy,,) = z for convenience. Therefore, we have

k(z)—1 k(z)—1 k(z)—1
47 (z,0) = qu(z,0)| = mp(xla) Y H mlanlzn) | [I PP@nialen,an) = [ Pl@niilon an)
k(r) 1 = h=0 h=0

{zr,ar},"

By adding and subtracting k(x) — 1 terms we rewrite the last term in the parentheses as

k(z)—1 (z)
I P @nialen, an) - H (@n+1lzn, an)
h=0 h=0
k(z)— k(z)—1 k(z)—1m—1 k(z)—1
= H P (znialzn, an) — H P(zpyilen,an) £ Y Hth+1|xh,ah H PF(@hi1|zn, an)
h=0 h= m=1 h=
k(z)—1 m—1 k(z)—1
= > (P@mar|ms am) = P@mir|@m, am)) [ Pl@nsalon.an) [[ PP (@naalon, an),
m=0 h=0 h=m+1

which, by Lemma 8, is bounded by

k(z)—1 m—1 k(z)—1
> e @malem am) [[ Paniilznan) [ PF@niilen, an).
m=0 h=0 h=m+1
We have thus shown
¢; (z,a) — qi(z, a)|
k(z)— k(z)—1 m—1 k(z)—1

< m(xla) Z H me(anlxn) Z € (Tmt1]Tm, am) HP($h+1|«Th7ah) H PF(zpy1|an, an)

{z.an }k(l) 1 h=0 m=0 h=0 h=m+1
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k(z)—1

Y amalman) <m<amxm>Hm<ah|xh>P<xh+1|xh,ah>>

m=0 (2, ap}t@) h=0
k(z)—
i (zla) H mi(anlen) Py (2hir |z, an)
h=m+1
k(x)—1 m—
€, (Tmt1]Tm, am) Z T (A |Tm) H t(anlxn)P(zhg|xn, an)
=0 TG Tt 1 (wsan} =) h=0
k(z)—1
Z Z m(z|a) H m(an|zn) Py (Thy1|Tn, an)
Gm+1 {.’Il’k,(lk}lzfy)nllg h=m+1
k(z)—1
Yo 2 miltm am)a (o, am); (2, 0lm ), (15)

m=0 Zm,@m,Tm+1

where we use ¢f (¢, a|z.,+1) to denote the probability of encountering pair (z,a) given that x,,41 was visited in layer
m + 1, under policy 7; and transition P°. By the exact same reasoning, we also have

|th($7 CL|xm+1) - Qt(xa CL|377n-&-1)| < Z Z 6;: ('r;L+1|xlh7 a/h)Qt(x;w a;z‘x'rrb-i-l)th(xv a’|x;z+1)
h=m-+1 $;L,a;l,x;L+1
k(z)—1
< T Cl|l' Z Z ez(t(x/h-‘r”x/h’a;z)Qt(x;ma‘;J'meﬂ‘l) (16)

h=m+1 lh’,ah,lh’+1

Combining Eq. (15) and Eq. (16), summing over all ¢ and (z, a), and using the shorthands w,,, = (Z,, @m, Tm+1) and
wj, = (x},,ay,, ), 1), we have derived

Z Z lgi (z,a) — q:(x, a)

t=1zeX,a€A
k(x)—1

<D D e @mi|Tm, )@ (T am) @i (2, alm 1)

t,x,a m=0 wm,
k(z)—1 k(z)—1

+Z Z Z (a1 Tms m) @ (T, am) | m(alw) Z Z xh+1|$h7ah)Qt($haah‘xﬂwl)

t,x,a m=0 wy, h=m-+1 wh’

k—1
= Z Z Z 2625 ($m+1|$m,am)q,t(l‘m, am) Z Qt(xv @|$m+1)

t k<L m=0 wy, rz€Xg,a€EA

k—1 k—1
220200 D D e @mialtm, am)@e(@m, am)el, (ha 7h, ah) @@, aplemn) | Y mlal)

t k<L m=0 wy, h=m+1 w}, r€Xg,a€A

= > > & @mt[Tm )@ (Tm, )

0<m<k<L t,wm

F Y Xl YD @t T am) (s am )€l (@ T (2t )
0<m<h<k<L W W},

= Z Z &, (Tmt1 [T Am )@ (T, am)

0<m<k<L t,wm

£B;
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+ | X]| Z Z 6;1 (Tm411Tm, am) @t (Tm, am)e;‘t (z;b+1|x;L7a;L)qt(x/h’ a;;‘zm+1)~
0<M<h<L t,wpm,w},

A
2B,
It remains to bound B; and Bs using the definition of e;‘t. For By, we have

P(xm+l|xma am) hl (%) qt(xmy am) h'l (%)

max{1, Ny, (Tm,am)} max{1, Ny, (Zm,am)}

B =0 Z Z Qt(mmaam)

0<m<k<Lt,wm

| Xmt1] In (%) Gt (T, @) In (%)
S O Z Z Qt(ﬂfm, am) +
max{1, Ny, (m,am)} max{1, Ny, (m,am)}

0<m<k<L t,Tm,am

T|X||A
<ol Y \/IXullXmul[ATn <||||>

0
0<m<k<L

=0 Z ([ Xm| + [ Xmga]) \/|A|T1n <T‘§||A|>

0<m<k<L

- (s larrm (T4 ),

where the second line uses the Cauchy-Schwarz inequality, the third line uses Lemma 10, and the fourth line uses the
AM-GM inequality.

For Bs, plugging the definition of €, and using trivial bounds (that is, €}, and g; are both at most 1 regardless of the
arguments), we obtain the following three terms (ignoring constants)

> 2

0<m<h<L t,wm,w},

LD

0<m<h<L t,w,,wj,

5 .,
max{1, N, (z},,a})} qt(x),, ap | Tmi1)

qi(z),, a},) In (%)

max{l, Nif, (z;la a;l)} .

P(Zm+1]|Tm, am) In (%)

P(x;z+1‘$27a;1) In (M
max{1, Ny, (T, am)} Gt (T, am)

Gt (T, am) In (%)

max{L, Ny, (@m.am)} | > X

0<m<h<L t,wm,w},

The last two terms are both of order O(InT") by Lemma 10 (ignoring dependence on other parameters), while the first term
can be written as In (%) multiplied by the following:

max{1, Ny, (m,am)}

max{1, N;, (z},,a})}

Z Z %(Im,a7n)P(z;z+1‘I;wa;L)Qt(I/}L?a/}L|I7n+1) \/Qt<xmaam)P(xm+llmmaGM)Qt(x§L7a;z|xm+l)

0<mM<h<L t, W, w},

ey [y #ene Pl g o)
< max{1, N, (Tm,am)}

0<m<h<L \ t,wm,w)

Z qt($m»am)P(xm+1|xmaam)qt(x;”a/h|$m+1)

max{1, N, (z},,a),)}

’
twm ,wy,

@t (Tm, am) qt (), a)
= |X +1| |Xh+1‘
Ogmz<:h<L " tg:a max{1l, N, (T, am)} t%;a; max{1, N;, (v}, a},)}

TIX||A TIX||A
o (1 () S VR - 0 (2 pa (T

6
0<m<h<L

where the second line uses the Cauchy-Schwarz inequality and the last line uses Lemma 10 again. This shows that the entire
term By is of order O(In T'). Finally, realizing that we have conditioned on the events stated in Lemmas 8 and 10, which
happen with probability at least 1 — 64, finishes the proof. O
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B.3. Bounding REG and BIAS,

In this section, we complete the proof of our main theorem by bounding the terms REG and B1AS,. We first state the
following useful concentration lemma which is a variant of (Neu, 2015, Lemma 1) and is the key for analyzing the implicit
exploration effect introduced by ~. The proof is based on the same idea of the proof for (Neu, 2015, Lemma 1).

Lemma 11. For any sequence of functions oy, . . . , ar such that oy € [0,2y]X*4 is F;-measurable for all t, we have with
probability at least 1 — §,
T
n g (2, a) L
;;at(x,a) (Et(ac,a) - Ut(x’a)&(m,a)) <Llng.

Proof. Fix any t. For simplicity, let 8 = 2y and I; ,, , be a shorthand of [{x},(,) = , aj(») = a}. Then for any state-action
pair (x,a), we have
Zg(l‘, CL) — Et(z7a)ﬂt,-’ﬂ7(l < gt(zva)ﬂtﬂha — Htama(l . 2’}/6,‘(50, a)/ut(xv a’) < l In (1 +
ug(x,a) +v ~ ur(z,a) + vl (z,a) B 1+ ~yb(x,a)/u(z,a) — B

where the last step uses the fact —2- < In(1 + z) for all z > 0. For each layer k < L, further define

Bgt(fm a)Ht,m,a ) ’ (17)
ug(x, a)

1+2/2
~ —~ T,a
Stk = Z a(z,a)l(z, a) and S, = Z oy (z, a)mét(x, a).
z€Xy,a€A rzEXg,a€EA
The following calculation shows [E, {exp(é'\t, k)} < exp(St.k):
=~ i4 I
B fep(S0)] <B o | Y 20y (1 + Bt(“”) (by Eq. (17)
ex ﬁ Ut(x, a)
L T k,a€EA
<E, H (1 n ay(z,a)ly(z, a,)]lt,x,a>
_zGXk,aEA ut($7 CL)
_E, |1+ Z a(z, a)l(z,a)l 54
ug(z, a)
L r€Xy,a€A

=14 Sk < exp(Sii)-

Here, the second inequality is due to the fact z; In(1 + 22) < In(1 + 2129) forall 2o > —1 and z; € [0, 1], and we apply it
with 21 = w which is in [0, 1] by the condition a(z, a) € [0, 2v]; the first equality holds since I; ; oI 57 o = O for
any x # x’ or a # o’ (as only one state-action pair can be visited in each layer for an episode). Next we apply Markov
inequality and show

T I 5 } r
Pr t:ZI(St,k —Stk) >In (6)] < T -E |exp (;(Smk - St,k))]
5 [ T-1 ~
- Z - eXp (t—l (St’k - Stak)> ET {GXP (ST,k - ST’k)i|
5 [ T-1
< I -E |exp ( (Stk — St,k)>
L t=1
é
<ol < Z 1
L (18)
Finally, applying a union bound over k = 0, ..., L — 1 shows with probability at least 1 — &,
T oz, a) L-1 T .
—~ (z, R
;;at(%a) (ét(l‘,a) - ut(%a)ft(x,a)) = kZ:O ;(St,k —~Six) < Lln (5) ,

which completes the proof. O
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Bounding REG. To bound REG = ZZ;I (@ — ¢~ E>, note that under the event of Lemma 2, ¢* € N; A(P;), and thus
REG is controlled by the standard regret guarantee of OMD. Specifically, we prove the following lemma.

Lemma 12. With probability at least 1 — 50, UOB-REPS ensures REG = O(M + 9| X||A|T + M)

Proof. By standard analysis (see Lemma 13 after this proof), OMD with KL-divergence ensures for any ¢ € N; A(P;),
- Lin(|X 4]
Sa —q.b) < " 40> Gl a)ly(w, )
t=1 N t,x,a
Further note that G (z, a)?;(x, a)? is bounded by

@u(x, a)

@) g <F,
wa,a) 4 1) = )

by the fact ¢;(z, a) < ui(z,a). Applying Lemma 11 with o, (z,a) = 27 then shows with probability at least 1 — 4,

~ q Llnk
Z Gz, a)ly( Z utt x,a)+ 5

2
t,x,a t,x,a z,a v

Finally, note that under the event of Lemma 2, we have ¢* € N; A(P;), ¢;(z,a) < u(x, a), and thus 259 0, (2 ) < 1.

ur(w,a) "t
Applying a union bound then finishes the proof. O

Lemma 13. The OMD update with ¢\ (x, a, x") mfor allk < Land (z,a,2') € X x A X Xgy1, and

= ‘Xk

Qr+1 = argmin 7(q, %) + D(q || G)
qEA(Py,)

where D(q || ¢') = =, 4. a(7,a,2") In ;,((Z’Z’;/)) = paw (@@ a,2") — ¢ (2,a,2")) ensures

T

7 Lln X|?A =R ~
E Qt _Qa = (|?7| ‘ |) +77 § Qt($7a>€t($,a)2
t=1

t,x,a
Sorany q € N; A(P;), as long as E(:r, a) > 0 forallt,z,a.

Proof. Define g, such that
Gir1(x,a,2") = G (x,a,2") exp (—n@t(x, a)) )

Itis straightforward to verify g1 = argmingeap, ) D(¢ || Gi+1) and also

(@ — ¢.4) = D(a | @) = D(q || Ge41) + D@ || Ges1).

By the condition ¢ € A(P;,) and the generalized Pythagorean theorem we also have D(q || ¢i+1) < D(q || ¢++1) and thus

T T
N> (G —a.l) <> (D @)= D(q || Gs1) + D@ || Ges1))
t=1 t=1

T
=D(q | G@)— Dl | Gri1) + Y D@ |l Gega)-
t=1

The first two terms can be rewritten as

Y Y s

T,a,T
k=0 o€ X}, a€A '€ Xy 41 @(z,a,2')
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M |

Z ST Y q(ma,2)) In(| Xk Al Xppal) (by definition of G;)

=0zeX, a€Ax'€Xy 1
1

hx-

In(| X5 Al[ Xr41]) < LIn(|X[*[A]).

E

It remains to bound the term D(G; || Gi41):

D(G || Ge+1) Z Z Z Z (nqt z, 0,2Vl (z,a) — G (x,a,2") + G (z, a,2) exp (—n@(m,a)))

k=0z€X, acAz' €Xp11

<772ZZZ Z Gz, 0,2l (x,a)?

k=0 xz€X, acAx' €Xjq

:772 Z @(]},CL)Z:(%‘,Q)Q

zeX,a€A

where the inequality is due to the fact e~ < 1 — z + 22 for all z > 0. This finishes the proof. O

Bounding BIAS,. It remains to bound the term BIAS, = ZtT:1 (q*, E — ¢), which can be done via a direct application
of Lemma 11.

Lemma 14. With probability at least 1 — 55, UOB-REPS ensures BIAS; = O (w) .

Proof. For each state-action pair (:r a), we apply Eq. (18) in Lemma 11 with a;(2', a’) = 27y, =5 a/—q}, Which shows
that with probability at least 1 — XAl X” A

3 () 2200 < L (B4,

t=1

Taking a union bound over all state-action pairs shows that with probability at least 1 — §, we have for all occupancy measure
q €,

o= Sateitn (155 1) » D
)

t=1 t,x,a
IXHAI
g(z,a Lln
= z,a)li(z,a ( ) + =9
2 dmaima) (g - >

Note again that under the event of Lemma 2, we have ¢;(z, a) < u;(x, a), so the first term of the bound above is nonpositive.
Applying a union bound and taking ¢ = ¢* finishes the proof. O



