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Notations. We use [K] to denote {1, ..., K}. We use ||-|| to denote the Ly-norm. Unless specified otherwise, all smoothness
and Lispchitz definitions are with respect to the Lo-norm.

A. Proofs for Theorems and Lemmas

A.1. Proof of Observation 1

Proof. To see that the vector [uy, - - - ,ur] belongs to a convex set, since by assumption {/;}X | are convex functions,
therefore the set of constraints ¢;(0) < u; defines a convex setin [6, uy, - - - , uf]| as intersection of sublevel sets of convex
functions are convex. O

A.2. Proof of Lemma 1
Lemma 1 (Restated). Let u™ be the exact projection of u't' € RX onto U. For any solution u'™ to (4), we have

uttl e Y, utt < ut, and for a monotonic ), Y(uttt) < Y(ut).

We first show how one can compute an exact projection onto U/, and show that the projection described in Lemma 1
implements this approximately.

Lemma 5 (Exact projection). The projection ut of u'** € R onto U is given by:
(i) 6" € argmin 1 (£(0) — ath) %ttt =0t
0eRd
(ii) uf = max{ay, ul'}, Vk € [K],
where (z); = max{0, z}, applied element-wise.
Proof. Ttis easy to see that step (i) is a convex problem because each ¢y, is convex in 6, and both (-) 4 and || - [|* are convex
and monotonic in their arguments, making the composition || (£(6) — @) N ||? also convex in 6.

To perform the projection, since step (i) above is a convex problem, the optimality condition gives

K
D (G(0) = )4 - 1{L:(07) — @ > 0} - Voli(0) = 04

i=1
which is the same as

K
Z - uz V@éi(9+) = Od (5)

by the second step of the procedure. We shall use (5) to show that u;" is the projection in the /-space.
The projection in the /-space can equivalently be written as the following convex problem
minimize — — u7

subjectto  u; — &-(6‘) >0 Vie[K].

Introducing the dual variable A € R¥ and the KKT condition of the problem becomes

K

K
> (ui — ;) ZA—O D i+ Voli(6) =

i=1
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if (u1,--- ,uk,0) and X are optimal.

Taking \; = u;” — @; and 6 = 6% with u; = u;", one can easily verify using (5) that all the conditions hold. Since the
optimization problem satisfies Slater’s constraint qualification and therefore we can conclude that the primal optimal solution
isut, as defined in the lemma statement. O

We go on to prove Lemma 1.

Proof of Lemma 1. Because u**! is the surrogate loss at §**1, it clearly lies in £ and hence in the superset f O L. Next,
notice that the over-constrained projection u’*! in Lemma 1 is the same as step (i) in the exact projection in Lemma 1, with
step (ii) giving us that the exact projection u;, = max{a, u},"}, Vk € [K]. It follows that: u}™" < u,Vk € [K]. So for
a monotonic v, we have 1 (u'*1) < (ut). O

A.3. Proof of Theorem 2

Theorem 2 (Restated). Let M(0) = ¢ (£(0)) + €(0), for a 1 that is monotonic, S-smooth and L-Lipschitz, and the
worst-case slack maxgcpa |€(0)| is the minimum among all such decompositions of M.

Suppose each Uy, is y-smooth and ®-Lipschitz in 0 with ||£(0)| < G, V0. Suppose the gradient estimates &' satisfy
E[lg" — Vo£(0")|?] < ke, Vt € [T] and the projection step satisfies ||(€(6") — u)[|* < mingega [|(£(0) —
al) |2 + 0(52%)’ Vt € [T). Set stepsize n = é

Then Algorithm 1 converges to an approximate stationary point of ¥(€(+)):

min B[ Vo(e@)]?] < c(ff Ny mi/‘*)

where the expectation is over the randomness in the gradient estimates, and C = O(KL (’y(G + #) + @2)).

While the above theorem prescribes a specific learning rate 7 for the projected gradient descent, in our experiments, we tune
71 using a held-out validation set.

The proof proceeds in two parts. In Section A.3.1, we first show that the algorithm converges to an approximate stationary
point of 1) over . In Section A.3.2, we then translate this a guarantee in 6, i.e. we show that the algorithm converges to an
approximate stationary point of 1(£(+)) over 6.

A.3.1. CONVERGENCE IN U/-SPACE

Lemma 6. Define the gradient mapping at u € U for a vector g € RX as P(u, g) := %(u —y(u — n-g)), where
1Ty (2) denotes the projection of z onto U. Then under the assumptions of Theorem 2,

2
in E[||P(u’ NPT < 5 L .
i B[P, Ve@)|?] < 0 (% + ke + Lk
Before we prove this result, we will find it useful to state the following lemma.

Lemma 7 (Properties of inexact projection). Fix u € U where U is a convex set and arbitrary vectors gy, gz € RX. Let

1 1
0 € argmin 5”(8(9) — (0 — ng1))4|? and 65 € argmin §||(£(9) — (u — nga))+ %,
O€Rd OcRr?

and letu] = max{£€(0]), u—ng1} and uj = max{£(05), u—ngs}. Define the gradient mapping P(u, g) = %(u—uf)
and P(u, go) := %(u —uj). Denote 0,05 as approximate minimizers such that

SIEE) — (a=ng): I < 1) ~ (m=nga))s I + a ©
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and
SIEE) — (a—ng)) P < SICE65) — (—ng): ] + o )

and let 0] = max{ﬁ( N, u—ngi} and 0 = max{£(§+) — nga}. Define the corresponding gradient mapping
P(u, g1) :== ( uf) and P(u, g) := + s(u—ug 3). Then the following holds:

L ||[P(u,g1) — P(u,g)|| < ¥22.

2. <glap(u7gl)> Z %Hp(u’gl)HQ - %]%'

3 1P(u, gl < llgull + 22
4. ||P(u,g1) — P(u,g2)| < llg1 — g2l-

5. 1P, g1) — P(u, o) < [lg1 — gol] + 2322,

Proof. We have:

+

1 .
St = (a—ngn)|?

= lmax{u—ngy £G)} ~ (u )|

= I ~ (a—nga)) P

< @) — = ng))sl? + o (Assumption (6)
= lmax{u—ngy £67)} — (a—ng)|> + a

= Slnf — )l + o,

which implies that

1 «
g1y + —||u1 —ul?—g/uf - %Ilul+ —uf® < . (8)
Part (1) now follows from
5 Lo+ o4
[P(u,91) — P(u,q1)|l = 5||u1 —ay|
2 - -
< VB (5F) — By (uf) - VE ()T (6 — )

where we used %-strong convexity of the objective Fy, (z) := g{ z + - Hz — ul|? for z,u € U and the fact that u] is the

exact minimizer over the convex set U, implying VF,, (uj) " (z — uf) >0vVzel.

For part (4), since uj” and uj are optimal points of function Fy, (-) and F,(-) over convex set U respectively, from
optimality condition we have

1 T 1 T
(gl—i—g(uf—u)) (z—u)>0 and (gg—l—g(u;—u)) (z—uf)>0 forallzeld. )

Setting z = uj in the first and z = u] in the second equation and summing up we have

+ +)

(91 —92)T(u2 —u +||2-

1
> *Hu; -
n
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Therefore using Cauchy-Schwarz

1
[P(u,g1) — P(u,g2)|| = 5||u2+ —uf[| < g1 — 2] -
Part (5) now follows immediately from part (1) and (4) by

[1P(u, 1) = P(u, g2)l| < [|P(u, g1) — P(u, g2) || + | P(w, 91) — P(u, 91) + P(u, g2) — P(u, go)||
< g1 — g2l + 2[[P(u, 91) — P(u, 1)
2V 2«

<llg1 — g2l + .
n

To see part (2), we plug in z = u in the first equation of display (9), giving g; (u —uj) > %Hu — uj||2. Moreover from
equation (8) we know
o 1

1
T/ + ~ 4+ ~ 4+ 2 + 2
g; (u; —u >—4+ —]luy —u — —||uy —u||”.
1( 1 1)— n 277H 1 H 77“ 1 ||

Consequently,
- - 1 o
g (u—uf) =g{ (wu—uf)+g{ (uf —uf)> 5”11 —uf[f -
Now to relate ||u — uf | to [|[uf — @] ||, we have

1 1 1
L +12 + _ &2
—|lu—u <-ju—u + —jjuj —u
ot~ 81 < Zlle = w7+ Sy =]

1 . -

< HIIu —uf||?+2[F, (a}) - Fy, (uf) = VF,, (uf) " (af —u})]
1 2«

< —lu—uf|*+=—.
n n

Putting things together g P(u, g;) = 29 (u—af) > 31 P(u, g1)|? - 23, as claimed.
Finally, for part (3) since [|g1] - [[u — uf || > g{ (u —uy) > ;[lu — uf||* and using part (2),

~ 1 B 1 1 i
|1P(u, g1)l EHu—uTH < H”ufui‘_”JF;HuT*ufH

N

<llgrll + —

where we used part (1) for the last step. This concludes the proof of the lemma. O

Equipped with the above results, we move on to prove Lemma 6, i.e. to show that the algorithm converges to an approximate
stationary point of 1) over U.

Proof of Lemma 6. We will assume that the gradient estimates g" satsify E [||g — Vi (£(6"))[?] < ke, Vt € [T] and the
projection step satisfies 1||(€(6°t1) — 0%)4 || < mingega 2[/(€(0) — @')4|* + o, Vt € [T].

Let ut*! = £(0**!) and a'*! = max{u’*!, u’ — ng'} be the next iterate had we executed step (ii) of the projection
given Lemma 1. Define 6¢ := g* — V¢)(u?). For any g € R¥, let the gradient mapping P(u, ) and approximate gradient
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mapping P(u, g) be defined as in Lemma 7. Note that a‘t! = u* — nP(u?, g*).

Y™ < (@*)  (from monotonicity of )
< () — oy (Vu('), Pu'.g) + S|P &) (using smoothness of )
~ 2 ~
= w() (e Pt g)) + (8 — Vo), P(ut,g) + o Plut g
wl) — (@ Pl g) + (ot Patgh) + o Pt )

< Y(ut) — (in — B22772> | P(ut,g")||? + n (5!, P(ul,gh)) + 2705 (from Lemma 7, statement 2)

2 _ - - - 2
= i) = (S0 = o) 1P RO + 0, PO Toa) + 0 Pl gl Pl V() + 2

2 - - 2
< i) = (§r = o) 1RGO + 0@, P Tult)) + ala'I? + 2vEa o + 2

3 2 5 2 2

< wa) = (S0 ) 1Pt 017 + s (190l + Y2) + g+ 2va o+ 22

3 2 ~ . 2«
< P(u') - ( n— 5*77 ) I1P(u’, )17 + (nL + V2a)[|8]| + nll6"1* + 2v2a [|6°]| + e

where the third-last inequality uses Lemma 7, statement 5 together with Cauchy-Schwarz and the second-last inequality uses
Lemma 7, statement 3, and the fact that 1) is L-Lipschitz. Summing upovert =1,...,7T,

3 T 20
( -2 )ZHP CEP < g - pt) + Y (mL T 3vER)|0t| + nllot + n) |

t=1

Taking expectations on both sides and using the assumption 0 < ¢(u) < 1Vu € U,

(Zn—an)iEMuagf)n?} < 1+ZT:((77L+3@) B {I6l] + vk (1] + %)

N

< 1+ 3 (L + 3vE) VETOT + e [157] + 2°)

2
< 14T ((nL + 3v2a) e + ke + na) ,

where we used the assumption on the gradient estimate error E [||6?[|?] in the last step. Rearranging we have

1< .
72F 1Pt g"1?] <

Using Lemma 7, statement 1,

2a
VT + (nL + 3V2a)\/Re + nre + 22
. .

n — S

TZE IP(ut g2 < TZE[HP g + TZE[HP Lg) - P8
B 2/T + (nL+3N)ﬁ+2nne+%+4ﬂ

2 2"
in— G ’7

Setting stepsize n = %

T

1 832

§ E[|P(u’g")|?] < ﬁ + 8L\/kc + 8ke + 243*\2ak, + 20a5.
t:l
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We can now bound the average gradient map norm across iterations:
T

T
%ZE[IIP(ut,Vw(ut))IIQ] < *ZE 1P (u’,&")|] Z (1P, Vi(u')) — P(u’,g")|]

T

9 T
< fz [I1P(u’, &)]?] Z (Ve () — &|°]

163°
T

< 16k + 486%\2ak. + 4008* + 2k,

Re

where we used Lemma 7, statement 4 for the second inequality and the assumption on the gradient estimation error for the
last inequality. Thus:

1632

min B [| P(u’, V(u)*] <

1<t< -

+ 16 Ly/ke + 18k, + 483%v/2ak. + 40ap”.
Now picking a = 537 completes the proof. O

A.3.2. CONVERGENCE IN 0-SPACE

We are now ready to prove Theorem 2. We translate the near-stationarity result in Lemma from u-space to 6-space.

Proof of Theorem 2. For a given T, let t* € argmin1<t<T | P(ut, Vip(u?))||?. Pick iterates ' and % ! of Algorithm 1.
The corresponding iterates in the U/-space are u*” = £(*") and u* +' = (" +1).

Further, let ¥t = u?” — Vi) (u?") be the un-projected next iterate, and a* +' = u*” — - P(u", Vi)(u'")) be the one
obtained after an exact projection, both using exact gradient Vw(ut* ).

We start with the assumption that (as promised by Lemma 6):
. * x 1 .
E[||P(u”, Vo )|*] = SE[[u” —n- P, V@) -u" |’ = = E[[a" " —u"|?) <&
or equivalently,
Bfja” ! — a7 < e (10
and would like to bound the gradient norm of t(£(-)) at 6.
We start by translating (10) to a guarantee in the 6-space. We know that

o e argmln Ju—at 2. (11)

Put together (10) and (11), and take expectation over randomness in ut’,

EfJu” —a"? < Efja”t - a4+ EflatT - o P+ 2E[at T - at et -t
< E[ja" ! — a4 e + 2npe/Ef[atH — a2
< E[ja” ! — @]+ e + 2pe/Ef[ut — at ]
= E[a" " - "] + ¢ + 207 VE[[Ve ()],

where we used Cauchy-Schwarz for the second step. Using the fact that v is L-Lipschitz:
EfJu’” — o] < E[Ja" T - a7+ €, (12)
where € = n?(e? + 2Le).
We also know that ¥ T can be equivalently obtained by performing an optimization in the f-space as follows:
gt +1

€ arg muin || max{e(6), &1} — &P
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U = max{€(*"+1),a’" t1}. So (12) translates to the following guarantee in the #-space:

E[le(6") — a"" ] < E[min || max{£(6), @ a "ty At (13)

and setting a* T

where we have used u*” = £(8'"). Now since
Imax{e(6"),a" 1} — @ = [0 — a"THL|? < e — at P,
together with (13) we have
E[|| max{€(6"),a" '} — a" ] < Emin || max{£(6), a i S A R (14)

Having translated our initial assumption on the gradient mapping to #-space, we can now provide a guarantee on the gradient
of Y(€(-)). Let Q(9) := [|max{e(9),a" '} — @+ = [ (&) — a" ), |*

Taking as given that @) is smooth in 6 with smoothness parameter w for now, by standard properties of smooth functions, we
have for any 6":

IVQ")II* < 2w - (Q() — min Q(9)).

0eRd
Using the above property and (14), taking expectation on both sides, we have:

E[|VQ(6")

2 < 2we,

or equivalently,
2

i

4°E

] < 2we',

K
Z (6" ) = tf, *1) Vol (6")
=1

therefore )

—

K
Z Vi (7)) 4 Volr(0")
k=

} < 2weé,

where we use the short-hand £/" = £(6*"). By monotonicity of 1, the gradient of 1/ is always non-negative, and the above

becomes: )

K
] < 2wé,

Z K (£ )Vl (68)

k=

4772E

and we have:
E[[[Vou(£(0" ))[*] < we'/21” = w(e® +2Le)/2,
as desired. It remains to justify the smoothness of Q(f). For any 6,05 € R,

IVQ(61) = VQ(02)]

]~

K
(66(61) = i )4 - Voli(01) = 23 (0h(62) = @ ) - Volu(0)|

1 k=1

|/\
MW

[ €a8) = 1) (Vaba(0) = Vol (02))]| + || [(00(02) = )4 = (00(02) = 3 7)4] - Votu(02)

>
Il
—

Mx

10(01) — aif, T - A)101 — O] + [€6(01) — Ci(82)] - | Vol (62)]]

=
Il
—

|0:(61) — £ (0°) + Vi (ul)| -

I
Mw

— O3] + 7|61 — 62|

>
Il
—

L
321+ ¥l - 6

where we used y-smoothness and ®-lipschitz property of £;, and ||£(0)|| < G, together with (a)+ — (b)+ < |a — b|, therefore
w=2K[(G+ %)~ + 2. O

K[(G+nL) -~ + %] - (|61 — 62| = 2K[(G+
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A.4. Proof of Lemma 3

Recall from Algorithm 2 that the finite difference estimate of the gradient of 1) at 6’ is given by:

iz f@’ + AJ)Y) B M(fe'ay)Z]
m = g

Lemma 3 (Restated). Let M be as defined in Theorem 2 and |e(0)| < €,V0. Let g be returned by Algorithm 2 for a given

/ . /e
0’, m perturbations and o = ik

. IYIE LK 50
E(llg — Vo@@)IP] < O == +eKx’s ),
where the expectation is over the random perturbations.

We will find it useful to re-state results from Nesterov and Spokoiny (2017), extended to our setting.
Lemma 8. Suppose v is L-Lipschitz and (-smooth. Define ¥s(1) = Ez a1, [V(0 + 0Z)]. Let g1 =
L e UCREN y)) — VoY) 75 \where A is as defined in Algorithm 2. Then:

1. &1 is an unbiased estimate of the gradient of 5 at £(0), i.e., E[g1] = V,(£(0)).
202 4L2

95 K16 + (K 4 a).
m m

06

2. Ef|lg: - Elgi]|’] <
3. || Vibe (£(0)) — Vb (£(0))|| < (K +3)%/2.

Proof. See Eq. (21) in Nesterov et al. (2017) for part 1. Theorem 4 of Nesterov et al. together with the fact that Var(X) <
E[X?] implies part 2. See Lemma 3 of Nesterov et al. for part 3. O

Proof of Lemma 3. We can write out the gradient estimate as:

72 f@ + Ajay) (feay)Z]

g

72 9 0 77+ E]Zl 0 . 0 7i

_ lz +UZJ) *1/1(5(9))Zj n izﬁ(fe + Al y) — e(fy, }’)Zj
m 4= m ‘= o
= &1 + g2,
where ¢(fy, y) is the unknown slack function in Section 3.1, re-written in terms of the scores fy and labels y.

Let ¢/, be defined as in Lemma 8. Then the gradient estimate error can be expanded as:

E[lg - Vo@O)?] < 2E[I& — Voo €O)?] + 21Vee(€()) — Ti(e(6))]|?
< 4E[||g&1 — Vo (£(0))]°] + 4E [||g2||2] + 2|V (£(0)) — Vip(e(0))]?
< 4B[l& - Ve O)?] + 5 ZE 1Z912] + 2V (€06)) — V(@))?
< ‘%252(1(%)3 + %LQ(K+4) + 16;?( + 0;64(K+3)3,

where we used the fact that (1) g; is an unbiased estimate of V), (£()) (see part 1 of Lemma 8); (2) the assumption that
le(@)] <& @3)lar + -+ + amll> < m(|lar]|* + - + ||am]||?), and the last step follows from Parts 2—3 of Lemma 8.

Ve
VEKp2

Setting 0 = completes the proof. O
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A.5. Proofs and Discussion for Linear Interpolation Gradient Estimates

Lemma 4 (Restated). Let M be defined as in Theorem 2 and |e(8)| < & V0. Assume each ¢y, is ©-Lipschitz in 0 w.r.t. the

Loo-norm, and ||€(9)|| < G V6. Suppose for a given 0', o and perturbation count m, the expected covariance matrix for

the left-hand-side of the linear system H is well-conditioned with the smallest singlular value Amin (>~ E[H;H[]) >
3_ 4 4,2

fmin = O(mao?®?). Then for any § > 0, setting o = <I>K3/261:/g;(edl)/23/3ﬁ1/3 andm = S log(d)ézﬁ log(K/9) Algorithm 3

returns w.p. > 1 — § (over draws of random perturbations) a gradient estimate g that satisfies:

I — Vu(e@)|? < O (G K |

We first discuss the assumptions in Lemma 4 in Section A.5.1. We then provide the proof for the high probability statement
in the lemma in Section A.5.2. We then show how this can be translated to a bound on the expected gradient error via
truncation in Section A.5.3.

A.5.1. ASSUMPTIONS IN LEMMA 4

We discuss example settings where the assumptions in the lemma hold.

Correlation Assumption on H. One of the key assumptions we make is that the matrix H is well-conditioned. Recall
that H is a m x K matrix, where each row corresponds to a perturbation of the surrogates, and contains differences in the
K surrogates {1, ...,k at two independent perturbations to the model parameters . We assume that the smallest singular
value of H’s covariance matrix Y, | E[H;H,'] scales as mo2®2. This assumption essentially states that the perturbations
on the K surrogates are weakly correlated. The scaling factors o and ® come from the fact that Gaussian perturbations on
the model parameters 6 have standard deviation o and the surrogates ¢, are ®-Lipschitz.

As an example scenario where this assumption holds, consider a ML fairness task where the instances belong to K non-
overlapping protected groups. Further, assume that the group membership attribute is included in the feature vector, i.e., the
d-dimensional feature vector x = [g1, ..., 9K, Z1,- .., Td—K|, Where gi is a Boolean indicating if the instance belongs to
group k, and Z1, ..., 24—k are group-independent features. A natural choice of surrogates for this application would be
average losses computed on the K individual groups. For example, with a linear model 6, we could choose ¢}, to be the
average squared loss conditioned on examples from group , i.e., £4(0) = By )o,=1[(0 Tz — y)?].

Note that the first K coordinates of the model vector 6 correspond to weights on the K Boolean group attributes. So adding
noise Z; € R to the k-th coordinate of § only affects scores on examples from the k-th group (i.e., examples for which
x = 1), and hence only perturbs surrogate ¢j. Specifically, adding Zj, € R to the k-th coordinate of 6 would perturb ¢ (6)
t0 U (0) + CuZi + Z2, where C, = 2E(; )|z, =1[0 " © — y], and leave the other surrogates /;, j # k unchanged.

Now suppose we add independent o-Gaussian noise to only the first K coordinates of . The expected covariance matrix as
defined in the lemma statement then takes the form:

. O(m(C2a?+ %) 0 ... 0 Q(mo?) 0 ... 0
> _EHH]] = : o : N

=1 0 0 ... O(m(C%o*+%)) 0 0 ... Q(mo?)

where recall that the k-th column of H contains the differences of ¢ (6) at two different o-Gaussian perturbations on the
first K coordinates of 6, and C);’s are constants that are independent of the random perturbations.

In the more general case, where we perturb all coordinates of 6, the assumption on H would still hold if there exists a subset
of coordinates for each surrogate ¢j, that when perturbed produce larger changes to ¢, than to the other surrogates.

Lipschitz Assumption on £(f) Another key assumption we make is that the surrogates ¢ are ®-Lipschitz w.r.t. the
L.-norm. This allows us to produce perturbations in the K surrogates by perturbing the model parameters 6, and do so
without a strong dependence on the dimension of 6 in the error bound. Note that the choice of the infinity norm results in
a mild logarithmic dependence on the dimension d in the bound. When the surrogates the are not L., -Lipschitz, but are
instead Lipschitz w.r.t. the Lo-norm, we prescribe perturbing only a small number of d’ < d coordinates of 6 that are most
closely related to the surrogate (such as e.g. the group attribute coordinates in the fairness example above), and this would
result in a bound that has a polynomial dependence on d’.
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A.5.2. PROOF OF LEMMA 4

We will make use of the fact that because we perturb the model parameters 6 with Gaussian random noise, the resulting
perturbations on the surrogates £ follow a sub-Gaussian distribution. We first state a few well-known facts about sub-Gaussian
random vectors.

Lemma 9 (Properties of sub-Gaussian distribution).

(i) Let (Zy,--- ,Zg) be a vector of i.i.d standard gaussian variables and f : RN — R be ®-Lipschitz w.r.t. Ly-norm.
Then the random variable f(cZ) — E[f(cZ)] is sub-Gaussian with parameter at most o ®.

(ii) Let Z1,--- , Zx be K (not necessarily independent) sub-Gaussian random variables with parameters at most o. Then
the random vector (Zy, - -+ , Z ) is a sub-Gaussian random vector with parameter o K.

(iii) For a sub-Gaussian random vector Z € R¥ with parameter at most o, we have for any p € N:
(EllZ - E[Z]I5)"" < 2V20VE Vb,

Proof. For a proof of (1), see e.g. Wainwright (2019), Chapter 2. For a proof of (3), see Jin et al. (2019). We now prove (2).

For a random vector (71, ..., Zx ) where the coordinates Z;’s are o-sub-Gaussian and not necessarily independent, we
have that for any v € SK~!and A € R,

Efexp(\v ' (Z — E[Z]))]

E[’f[lexp ()\vk(Zk - E[Zk]))}

E[(eXP(Avk(Zk _ E[Zk]))) K} 1/K

IA
>

k=1
K 1 /K K 1 1
27052 2 _ 2 2 2 272
<Hexp<2)\KJ> —Hexp(2A0K><exp<2)\0K>,
k=1 k=1
where we have used Holder’s inequality for the second step. O

We can write the optimization problem in Algorithm 3 as solving the following linear system
n—h o by — bk V(') +hy) —P(£(0") + hY) + €11 — €12
: . : g = :
hont = Pop1 =+ e — P (E(0") + hy,) — P(E(0") + hy) + €m1 — €ma

)

and use the resulting § € RX as the gradient estimate, where we denote h) = £(0" + oZ)) — £(0") € RX and
hY .= £(0' + 0Z}) — £(0") € RX for j € [m],and ¢j; = (¢’ + 0Z]) and €5 = €(8' + 0 Z}). We further denote
L=[£0);...;£0) e R™*E
H' = [hi;---;h),] e R™%, H” = [h{;---hy] € R™F
€1 =[e11;.-56m1] ER™, € = [e12;...;€m2] € R™,

and equivalently re-write the above linear system as:

(H' -H")-g = ¢(L+H) - y(L+H") + e — e, (15)
where the matrix H that we defined in the lemma statement is the same as H' — H".

Below we state a lemma involving implications of our assumptions on the left-hand-side perturbation matrices H and H” .
Lemma 10 (Properties of H' and H"). Suppose each £1,(0) is ®-Lipschitz w.r.t. the Loo-norm and ||€(0)|| < G,V0. Then
each hl; and each 1! is a sub-Gaussian vector with parameter at most c® K. The differences hl; — h are also sub-Gaussian

random vectors with parameter at most 20® K, and have mean zero. Moreover, |h}|| < 2G, || < 2G, |h} —hY|| <
2@, Vi.
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The proof follows directly from Lemma 9(i)—(ii) and the fact that a function ¢j, that is ®-Lipschitz w.r.t. the L,,-norm is
also ®-Lipschitz w.r.t. the Ly-norm. We also have from the smoothness of v that

|0 (£(0") + h}) — [V (£(0") + Vo (£0")) Thi]| < gllhﬂl% (16)

With this in hand, we are ready to bound the error in the gradient estimate g compared to V) (£(6)).
Proof of Lemma 4. The least squares estimate for the linear system in (15) is given by:
g = (B~ BT - H) (- BTG H) e - gL HY) - ]
= (BT - w)) T H)T [ BV + oL+ ) - (L o+ B
— (H ~ H")V6(0) + &1 - 3]
= V(a0 + (B )T - 1)) (BT [G(L 4 ) — (L + B
—(H —H")V¢(£) + €1 — 62] .
The error in the least squares based gradient estimate is then:

& — Vo))
()

I O URS ORRIORS ORC B  ONICRE S|

termy terma

A7)

Bounding the second term in (17). We first bound the second term in (17). We have:
[¥(L+H) —(L+H") - (H - H")Vy(L) + €1 — €22
= [T+ B~ HV0(0) — (L) + U(L) + HOVE) (L + ) 4 e — e,

< HWL +H) —H'Vy(f) - ¢(L)H2 + Hqﬁ(L) +H'Vy(£) — (L + H”)

, Hllexllz +lez2
< B H’ 2 ﬁ o’ 2 2\/*—
< SR + S IHE +2vme,

where we used (16) and the the assumption |e(6)| < € V0. This in turn gives

termy — H(H’ —H"T [w(L FH) - (L +H) — (H —H')VH() + €1 — 62] H2

m ﬂ B
< DI = by SIS + [B]13) + 2¢/mGy/me
j=1

where each h; is of length K with (correlated) subgaussian coordinates. Therefore using Cauchy-Schwarz,

E[|[h] — 7| - [n}]3] < \/E[Ilhfj —hy|3]- \/E[Ilh}ll‘é] :

Note that E[hj;] = E[(;(0' + 0Z")] — £;(0') < 0®E[[|Z"||sc] < O(0®+/log(d)),where we've used that the max of d

independent standard normal random variables scales as y/log(d). Similarly, E[h};] < O(c®+/log(d)). Together with
these facts and Lemma 10 and Lemma 9(iii) we have

VEII 3] < /8(4V200K/2) 1+ 00202 log(d) K )2 < O(c* 02 K*(log(d))?)
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where we used triangle inequality and (a + b)P < 2P~1(aP 4 bP). Similarly, we have:
E[||h} — h!|3] < 40®K3/2.

Now since [|h’[|2 < G, we can apply Hoeffding’s inequality to these bounded random variables to get

o - 2mit?
> g bl 51 > O K%/ (ogd)*m) + me | < 2exp (25 ).

which further gives us:

2
P (termg > (’)(034)3K9/2(log(d))2m5) + mpt + 2mG€> < 2exp (— 22; ) , (18)

Bounding the first term in (17). Now the first term in (17) is simply

term; = H( ~H") (H’—H”))i

= A (= H)T(H —H)).

Let us denote 3 := S, (hi —hY)(h} —h!)T as the empirical covariance matrix. We now apply a matrix Chernoff
inequality (see e.g. Tropp (2015)) to lower bound the smallest eigenvalue of 35, We first note that the largest eigenvalue of
this matrix is bounded above:

/\max( = max — Z h’ h” )2 < 4G?,

HuH rm
This together with the matrix Chernoff bound gives us for pimin < Amin (%), we have

)3
P(Amm(z‘:) ”f;m) <K. exp(— ;‘2%2)

The assumption fiyin = O(mo?®?) then yields:

mo2®? )

P (term1 < @(moQ‘I)Q)) < K -exp ( er

19)

Combining the above bound (19) with the bound on the second term (18) (picking ¢t = o3®3), we get the following tail
bound:

P (ng V) = 0 (mbKW log(d)?8 +

2(1)2 2 6@6
L)) () e 0

g2d2 G GG

, GY/3e/3 G*Klog(d)*p% log(K /)
Then for any § > 0, setting 0 = SR log(d) 235175 and m = 2

> 1 — ¢ (over draws of random perturbations) a gradient estimate g that satisfies:

, Algorithm 3 returns w.p.

g — Vy(e@))|* < o (G1/3€1/3K3(1og(d))4/352/3>,

which completes the proof. O

A.5.3. TRANSLATING TO A BOUND ON THE EXPECTED ERROR

Lemma 4 provides a high probability bound on the gradient estimation error. This means that with a small probability the
gradient estimation error may not be bounded. To translate this high probability bound into a bound on the expected gradient
error, we first truncate the estimated gradients to be in a bounded range:

g 1f||g||<2fL
0 otherwise

trunc(g) = {

where L is the Lipschitz constant for ).
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GL/3£1/3
DK3/2 log(d)z/Sﬁl/

Corollary 1. Under the assumptions in Lemma 4, for any § € (0,1), setting o = - and m =

G*K® 1og(d)‘;/32 log(K/$)
€

, Algorithm 3 returns a gradient estimate g that satisfies:
E [[runc(g) — Vo(£(0))?] < O (G1/3€1/3K3B2/3> + 10K L2.

Proof. Because both the truncated gradient estimates and the true gradients are bounded, the gradient error is trivially
bounded by:

ltrunc(g) — Ve (£(0")|I* < 2(|[runc(g)|* + [V (£(0"))[I°) < 2(4KL* + L*) < 10KL?. (20)

In the case where ||g|| < 2v/K L, the gradient error for the truncated g is the same as that for g:

ltrunc(g) — Vi (£(0)II* = llg — V(e®)]*. 2D

When ||g|| > 2v/K L, the gradient error for the truncated estimates trunc(g) is upper bounded by:

ltrunc(g) — Vi (e(0")[I* = IVe(e(@)]* < L,

whereas the the gradient error for the original estimates g is lower bounded by:

ke[K] ke[K] ke[K]

& — VeE@)IF = max (G — Vi(e©)” = (max 196] = max [Vip(e(6 >>|)

2
—@2VKL) - L) =1I%
(7ze/®o - 1)
Therefore even in this case, the gradient error for trunc(g) is bounded by that for g:

ltrunc(g) — Vi (£(0)|I* < L* < [lg — Vip(e©)]. (22)

Combining (21) and (22) with the trivial upper bound in (20) allows us to convert the high probability result in Lemma 4 to the
G1/3g1/3

following bound on the expected error. For any ¢ € (0,1), setting 0 = z7=572 og(27sg7s and m = G'k® log(d);ﬁZ log(K/9)
we have: R

E [[runc(g) — V(£©))|?] < O ((1 - 6)G1/3E1/3K352/3) + 106K L2,
as desired. O

B. Handling Non-smooth Metrics

For 9 that is only L-Lipschitz and non-smooth, we extend the finite difference gradient estimate in Section 5.1 with a
two-step perturbation method, as detailed in Algorithm 4. This approach can be seen as computing a finite-difference gradient
estimate for a smooth approximation to the original 1, given by ¥, (u) := E[)(u + 0171)], where Z; ~ N(0,1x).
Since 1), is a convolution of ¢ with a Gaussian density kernel, it is always smooth. For this setting, we build on recent
work by Duchi et al. (2015), and show that the two-step perturbation approach provides a gradient estimate for 15, .

Lemma 11 (Two-step finite difference gradient estimate). Let M (6) = 1(£(0)) + €(0), for a ¢ that is L-Lipschitz, and the
worst-case slack maxgcga |€(0)| is the minimum among all such decompositions of M. Suppose |e(0)| < €, V0. Let & be

returned by Algorithm 4 for a fixed o1 > 0 and 03 = \/=5/57. Then:

7/47-13/8 5/2¢2
E[|& — Vi (€))7 < (L KL LK )

+
1/4
mal/ 01

Drawing upon the result of Theorem 2, we can repeat the analysis on the smooth function 1., (-) to get the following
convergence guarantee for Algorithm 1.
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Algorithm 4 Two-step Finite-difference Gradient Estimate

1: Input: 0 € R% M, ¢, -- ¢}, estimation accuracy €

2: Draw Z},..., 2" Z3, ..., Z5 ~ N(0,1k)

3: Find A} € R"s.t. £(fp + Al,y) = £(fo,y) + 0171 forj =1,.

4: Find A e R"s.t. £(fo + Ay y) = £(fp,y) + 01 7] + 027} for] = 1
M(f, A? — M(f, A

5 & 72 (fo + A%, ) (fy + A, )Zg

02

6: Output: g

Corollary 2 (Convergence of Algorithm 1 for non-smooth ). Ler M (6) = ¢ (£(0)) + €(0), for a v that is monotonic, and
L-Lipschitz, and the worst-case slack maxgcga |€(0)| is the minimum among all such decompositions of M.

Suppose each Uy, is v-smooth and ®-Lipschitz in 0 with ||£(0)| < G, V. Suppose the gradient g are estimated with
Algorithm 1 for a choice o1 > 0, number of perturbation m, and o9 = / Suppose the projection step satisfies

K3/2L
1(e(O™1) — ') 4||* <

(£(0) —at) L ||* + O(TKLQ) Vit € [T). Set stepsize n = —Uiz.
Then Algorithm I converges to an approximate stationary point of the smooth approximation ¥4, (£(-)):

. t \/7 1
i B (V0 (0] < 02 4 i+ VIR,

where the expectation is over the randomness in the gradient estimates, and C = (’)(K L(W(G + %{)L) + @2)) and

~([T/AK13/8 LK3/2¢2
K= O( T T <.
mUl

o1

The above result guarantees convergence to the stationary point of the smoothed metric 1, (£(-)) and not the original metric
¥ (£(+)). However, as long as the surrogate functions £ are continuously differentiable, by taking o1 — 0 and allowing T' to
increase as oy decreases, the algorithm can be made to converge to a stationary point of the original metric ¢(£(-)), in the
sense of Clark-subdifferential (see e.g. Garmanjani and Vicente (2013)).

B.1. Proof of Lemma 11

We will find it useful to re-state results from Duchi et al. (2015) and Nesterov and Spokoiny (2017), extended to our setting.
Lemma 12. Suppose 1) is L-Lipschitz.  Define 15 (n) = Ez no1,) [V + 0121)] and Yo, o,(n) =

Ez,~nN(0,1x) [Vo, (0 + 0223)]. Let g1 = ﬁl Zm Yo + A4y ))a—;p(e(fe +A{’y))Z§, where A{,Aé are as defined in
Algorithm 4. Then:

1. g1 is an unbiased estimate of the gradient of Y, o, at £(0), i.e., E[g1] = Vb, o, (£(0)).

L
2. Yy, (+) is smooth with smoothness parameter and Lipschitz with constant L.

g1
CL’K

3. E[llg —Egi]l?] < ( 2K+ log K + 1> for some constant C.
01

4 [V, 80)) — Vi ()] < 2 YL

(K +3)%.
01

Proof. Part 1 follows by trivially observing

= Vio,.0,(0)

By, ol = By, [P0t 0222) = o, (W) A

02

where we invoked part 1 of Lemma 8. See Lemma 2 of Nesterov and Spokoiny (2017) for part 2. Part 2 together with
Lemma 2 in Duchi et al. (2015) give the result in part 3. See Lemma 3 of Nesterov and Spokoiny (2017) for part 4. O
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Now we are ready to bound the MSE in gradient estimate.

Proof of Lemma 11. We can write out the gradient estimate as:

72 f0+A2a )_M(f9+Ajlay
02

m ()

m _ J ) m J _ J )
1 Z d) f9 + A27 )) 1/’(£(f9 + A17 y))Zé + %Z €(f9 + A27 Y) €(f9 + A17 Y)Z%

02

m

1R (8(0) + 01 2] +0973) — P((O)+017]) ,; 1 ~elfy + AYy) — e(fy + A,y
—Z Zi+ =
m m —

02 02
= & + g2,
where €(fp, y) is the unknown slack function in Section 3.1, re-written in terms of the scores fy and labels y.

Let 9, and 74, -, be defined as in Lemma 12. Then the gradient estimate error can be expanded as:

B[I& — Vi, (LO)I7] < 2B — Voo s (LO)I) + 2 Vet 0, (E0)) — Vi, (£00)
< AB[lg — Vi o O] + B [J]] + 2Ven, 0, (6) — Vi, (€0))
< B[l ~ Vo oaCONIF] + g SOB [IZIP] + 20000 (£0) Ve, (€O

LK 162K o2 KL
¢ ( 2K + logK + 1) o< 222 (K +3)8,
m op 2 o}

where we used that (1) g; is an unbiased estimate of V),, ., (£(0)) (see part 1 of Lemma 12); (2) boundness assumption
le(@)] <& @3)|lar + - + am|/* < m(|lar]|* + - - + ||am]|?), and the last step follows from Parts 3—4 of Lemma 12.

Setting 03 = \/5z5/s7 completes the proof. O

B.2. Proof of Corollary 2

Proof. We begin by observing that convolution operation preserves monotonicity, convexity, and range of the function. Let
Jo, (+) denotes Gaussian density function with variance o, since 1, (1) is a positively-weighted linear combination of
shifted ¢(+), i.e

Vo () = [ W(u—2)-g5(2)dz= [ 9(2) go,(u—2)dz,
RK RK
Lipschitz property and convexity follows immediately from those on ¢ (+). Moreover, since g, is a probability distribution,
we always have max |¢,, (u)| < max [¢)(u)|. Taking derivatives, we have if ¢(-) is monotonic,

9o, () = Vi, (u) "e; = Vi(z) e go, (u—2)dz >0
Ju; RK

therefore v, (+) is also monotonic. Moreover, from Lemma 12 we know %, (+) is smooth with parameter 8 = % and is

L-Lipschitz, and that the mean-squared-error in gradient estimate g is bounded by k=0 ( L Z:If /12 4 LK 51/2€2> from
Lemma 11. Applying Theorem 2 on the smoothed metric ¢, () with n = % = 4= then completes the proof. O

C. Surrogate PGD as Optimizing a Linear Combination of Surrogates

In this section, we provide an interpretation of Algorithm 1 as optimizing an adaptively chosen linear combination of the
surrogates £(#) with an additional proximal penalty like term. Recall that Step 6 of the surrogate projected gradient descent
algorithm in Algorithm 1 solves the following optimization problem:

0'*! € argmin || (£(0) — a1t || (23)

0cRd +
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Lemma 13. The optimization problem in (23) is equivalent to:

6" € argmin <gt,£(9)> + D(6,0Y),
OeRd

where D(0,0%) = ||€(0) — £(0")||* + & ||(£(0) — £(0") + ng")+|” — & |(e(0) — ngt €)1’

Thus (23) can be seen as minimizing a sum of linear combination of the surrogates and (roughly speaking) a term penalizing
some form of distance between the current iterate §**! and the previous iterate 6.

Proof. Expanding the optimization problem in (23):

0'*t! € argmin || (£(0) — (£(0") — ﬁgt))+||2~

9cRd
Using the identity (z)4 = Iglw‘ , we can write the objective in the above problem as
4Hz — 08" + g+ 1e6) — £(8") + g IH

= §H«’f(9) —£0") + ng' \2 + %<£(9) —£(0") + ng'le) — L") + ngf|>

which by ignoring constant terms and noticing that the second term is positive for the coordinates for which ¢ (6) >
0 (0") — n gk and negative otherwise, we have that

2

)

6+ € argmin <gf,13(9 > He eon|”

0eRd

21| = 5z e - ngt —e0)). |

e

as desired. O

D. Additional Experimental Details
D.1. Choice of Hyper-parameters

For the inner projection step in Algorithm 1, we run Adagrad with a fixed step-size of 1.0 for 100 iterations. We used
Adagrad as the optimization method for each of the baselines (including logistic regression, and the Relaxed F-measure
approach and the Generalized Rates approach in Section 6.2). We tuned the hyper-parameters such as the step size 7 for
the proposed surrogate PGD algorithm and for the baseline Adagrad solvers, and the perturbation parameter ¢ for gradient
estimation in Algorithm 3 using a held-out validation set.

For the F-measure experiments in Section 6.2, we chose the step sizes from the range {0.05,0.1,0.5,1.0,5.0} and o from
the range {0.05, 0.1, 0.5}. For the ranking experiments in Section 6.3, we chose the step sizes from {0.001, 0.005, 0.01}
and found a fixed o of 1.5 to work well across all runs. For the proxy label experiments in Section 6.4, we chose the
step sizes from the range {0.01,0.05,0.1,0.5,1.0} and o from the range {0.01,0.05,0.1,0.5,1.0}. For the label noise
experiments in Section 6.5, we find a step size of 0.1 and perturbation parameter ¢ of 1.0 to work well across experiments.
For this experiment, we run the projected gradient descent with 300 outer iterations and 100 perturbations.

We implement the metric-optimized example weights approach of Zhao et al. (2019b) in Section 6.5 using the exhaustive
search strategy prescribed in their paper. MOEW optimizes a black-box metric by learning a weighted training objective,
where the weights on the individual examples are trained to minimize a given metric on the validation set. For a training
example (z,y), we compute the weights as a linear function of a 2-dimensional feature embedding g(z) € R? and the
labels y, i.e. w(z,y) = Bi1g1(x) + Baga(x) + B3y + Ba, and tune the parameters 3 € R* using an exhaustive search
over the 4-dimensional grid {1/9, ...,8/9}*. The lower-dimensional feature embedding g(z) is computed with principal
components analysis. For each choice of candidate weighting function, we train a linear model by minimizing the resulting
weighted training objective with 500 steps of Adagrad with step size 0.1, and among the 4096 trained models, pick the one
with the least G-mean on the validation set.
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Table 7. Additional label noise experiment. Test F-measure on simulated dataset with noisy training labels, averaged over 5 trials. The
proposed method was run with sigmoid surrogates. Higher is better.

LogReg PostShift MOEW  Proposed
Simulated ~ 0.000 0.172 0.244 0.287

Table 8. Average test macro F-measure across groups with clean features. Higher is better. We compare the results for the proposed
method with 10 and 1000 perturbations to estimate gradients.

#perturbations = 10 #perturbations = 1000

Business 0.796 0.796
COMPAS 0.630 0.629
Adult 0.661 0.665
Default 0.532 0.533

Figure 5. Mean squared estimation error for gradients estimated by the local linear interpolation approach in Algorithm 3 for a synthetic
K -dimensional gradient estimation problem, as K varies.

D.2. Additional Label Noise Experiment on Simulated Data

We include an additional experiment for the classification with label noise setting in Section 6.5. We use the simulated
data in Section 6.1, and flip a randomly chosen 30% of the positive labels in the training set to negative, and use a clean
validation set of size 100. We seek to maximize the F-measure metric. We train linear models and report the test F-measure
averaged over 5 trials in Table 7. We again compare with the MOEW approach of Zhao et al. (2019b) and implement it
with an exhaustive grid search to tune the weighting function parameters. For this experiment, we directly use the two
training features to compute the weighting function instead of a lower-dimensional embedding of the features. The proposed
approach is able to adapt better to the noise in the training set and outperforms the other methods.

D.3. Choice of Number of Perturbations

In our experiments in Sections 6.1-6.4, we chose to use 1000 perturbations to estimate gradients as this was a sufficiently
large number that worked well for all experiments. But for many experiments, we could get comparable results with fewer
perturbations. For example for the experiments in Section 6.1, with as few as 10 perturbations, our approach achieved a
test G-mean of 0.801, a comparable value to what we report in Table 2 for the proposed method (0.803). Similarly, for the
macro F-measure experiments in Table 3, we got comparable results with 10 perturbations, as shown in Table 8. For the
larger KDD Cup 2008 dataset in the ranking experiments in Section 6.3, we used minibatches of size 100 and only perturb
examples within each batch to estimate the gradients.

D.4. Dependence of the Gradient Estimation Error on K

While the error bound for the linear interpolation based gradient estimation approach in Lemma 4 has a strong dependence
on the number of surrogates K, we find that in our simulations, than the dependence to is less severe. This is evident from the

1/K
plot shown in Figure 5, where we consider the toy problem of estimating the gradient of the function f(z) = (Hle zk) ,

where z € R, and we draw each coordinate z;, from 0.1+ Unif(0, 0.9), We use the local linear interpolation based approach
in Algorithm 3 to estimate gradients for f and evaluate the mean squared error for the gradient estimates w.r.t. the true
gradient of f as K varies. We use 100 perturbations, and report the average estimation errors over 100 random draws of z
and over 100 random trials for each draw of z.



