Supplementary Material for
Implicit Regularization of Random Feature Models

We organize the Supplementary Material (Supp. Mat.) as follows:

e In Section A, we present the details for the numerical results presented in the main text (and in the Supp. Mat.).
e In Section B, we present additional experiments and some discussions.

e In Section C, we present the proofs of the mathematical results presented in the main text.

A. Experimental Details

The experimental setting consists of N training and Ny test datapoints {(x;, y;)} ?L"{N‘S‘ € R? x R. We sample P Gaussian
features f (1), o f (P) of N + N,y dimension with zero mean and covariance matrix entries thereof C;,; = K(z;,x;) where
K (z,2") = exp(—||z — 2'||/¢) is a Radial Basis Function (RBF) Kernel with lengthscale /. The extended data matrix
F = #[f(l), ooy fP)] of size (N + Nm_) x P is decomposed into two Inatrices: the (training) data matrix F = Fj.y  of
size N x P, and a test data matrix Fiy = Fly. ) of size Ny X P so that F' = [F'; Fi]. For a given ridge A, we compute the
optimal solution using the data matrix F, i.e. 6=FT (FFT + Al N) ! y and obtain the predictions on the test datapoints

. -1
s = FaF'T (FFT + )\IN) Y.

Using the procedure above, we performed the following experiments:

A.1. Experiments with Sinusoidal data

We consider a dataset of N = 4 training datapoints (x;,sin(z;)) € [0,27) x [—1, 1] and Ny = 100 equally spaced test
data points in the interval [0, 27). In this experiment, the lengthscale of the RBF Kernel is £ = 2. We compute the average
and standard deviation the A-RF predictor using 500 samplings of F' (see Figure 1 in the main text and Figure 1 in the Supp.
Mat.).

A.2. MNIST experiments

We sample N = 100 and N, = 100 images of digits 7 and 9 from the MNIST dataset (image size d = 24 x 24, edge pixels
cropped, all pixels rescaled down to [0, 1] and recentered around the mean value) and label each of them with 41 and —1
labels, respectively. In this experiment, the lengthscale of the RBF Kernel is £ = df, where ¢y = 0.2. We approximate the
expected A\-RF predictor on the test datapoints using the average of i over 50 instances of F' and compute the MSE (see
Figures 2, 3 in the main text; in the ridgeless case —\ = 10~* in our experiments— when P is close to IV, the average is over
500 instances). In Figure 4 of the main text, using Ny = 100 test points, we compare two predictors trained over N = 100
and N = 1000 training datapoints.

A.3. Random Fourier Features

We sample random Fourier Features corresponding to the RBF Kernel with lengthscale £ = df, where £y = 0.2 (same
as above) and consider the same dataset as in the MNIST experiment. The extended data matrix F' for Fourier features
is obtained as follows: we sample d-dimensional i.i.d. centered Gaussians w("), ... w(¥) with standard deviation /2 /4,

sample b ... (") uniformly in [0, 27), and define F; ; = \/%cos(xfw(j) + 1)), We approximate the expected

Fourier Features predictor on the test datapoints using the average of 7 over 50 instances of F' (see Figure 5).
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B. Additional Experiments

We present the following complementary simulations:

e In Section B.1, we present the distribution of the A-RF predictor for the selected P and .
e In Section B.2, we present the evolution of A and its derivative dy \ for different eigenvalue spectra.
e In Section B.3, we show the evolution of the eigenvalue spectrum of E[A,].

e In Section B.4, we present numerical experiments on MNIST using random Fourier features.

B.1. Distribution of the RF predictor
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Figure 1. Distribution of the RF predictor. Red dots represent a sinusoidal dataset y; = sin(z;) for N = 4 points z; in [0, 27). For
P €{2,4,10,100} and X € {0,10~%,107", 1}, we sample ten RF predictors (blue dashed lines) and compute empirically the average
RF predictor (black lines) with £2 standard deviations intervals (shaded regions).
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B.2. Evolution of the Effective Ridge A

In Figure 2, we show how the effective ridge X and its derivative dy \ evolve for the selected eigenvalue spectra with various
decays (exponential or polynomial) as a function of v and A. In Figure 3, we compare the evolution of A for various V.
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Figure 2. Evolution of the effective ridge X and its derivative C?)\:\for various levels of ridge A (or y) and for N = 20. We consider two

different decays for di, .
bottom plots).
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B.3. Eigenvalues of A)

The (random) prediction § on the training data is given by § = A,y where Ay = F(FTF + \)~'FT. The average
A-RF predictor is E[fiRF)(x)] = K(x, X)K(X,X) 'E[A,]y. We denote by di,...dy the eigenvalues of E[A,]. By

Proposition C.7, the d;’s converge to the eigenvalues 7 dj_ S0 g dfj_ 3 of K(K+ bV ~) ! as P goes to infinity. We illustrate
1 N

the evolution of d; and their convergence to 7 di 3 for two different eigenvalue spectrums dy, . .. dy.
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Figure 4. Eigenvalues dy, . . . dy (red dots) vs. eigenvalues 2~ . .. dy (blue dots) for N = 10. We consider various values of P
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and two different decays for di, ..., dn: (i) exponential decay in ¢, i.e. d; = e~ e (right plots) and (ii) polynomial decay in i, i.e.
di = 1 (left plots).



Implicit Regularization of Random Feature Models

B.4. Average Fourier Features Predictor
The Fourier Features predictor A-FF is f(FF)(z) = # Zle 9j¢(j)(x) where ¢U)(z) = cos(zTw) 4 b)) and
=FT (FFT + Aly) -t y with the data matrix F as described in Section A.3.

We investigate how close the average A-FF predictor is to the A-KRR predictor and we observe the following:

1. The difference of the test errors of the two predictors decreases as -y increases.

2. In the overparameterized regime, i.e. P > N, the test error of the A-KRR predictor matches with the test error of the
A-FF predictor.

3. For N = 1000, strong agreement between the two test errors is observed already for v > 0.1. We also observe that
Gaussian features achieve lower (or equal) test error than the Fourier features for all v in our experiments.
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Figure 5. Comparision of the test errors of the average \-FF predictor and the A-KRR predictor. In (a) and (c), the test errors of the
average A-FF predictor and of the A-KRR predictor are reported for various ridge for N = 100 and N = 1000 MNIST data points (top
and bottom rows). In (b) and (d), the average test error of the A-FF predictor and the test error of its average are reported.
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C. Proofs

C.1. Gaussian Random Features

Proposition C.1. Let fiRF) be the \-RF predictor and let § = F 0 be the prediction vector on training data, i.e. J; =
A>(\RF) (x;). The process f )(\RF) is a mixture of Gaussians: conditioned on F, we have that f ;RF) is a Gaussian process. The

. A(RF .. .
mean and covariance of f )(\ ) conditioned on F are given by

E[f{") («)|F) = K(z, X)K (X, X) '3, (1)

||9H2

Cov[ /{7 (@), f{ (") F) = - K (z,2) )

where K (z,2') = K (2,2") — K (z, X)K (X, X)" K (X, 1) denotes the posterior covariance kernel.

Proof. Let F' = (i 9 (x));; be the N x P matrix of values of the random features on the training set. By definition,

/&RF) = \F Zp 1 f (P). Conditioned on the matrix F, the optlmal parameters (0,,) » are not random and (f(P)),, is still

F)

Gaussian, hence, conditioned on the matrix F, the process f N is a mixture of Gaussians. Moreover, conditioned on the

matrix F, for any p, p’, f® and f (") remain independent, hence

E[A"™ @) F|] = % iépE (10 | 1]
Cov [11 01 857 | £] = 300w 1907001 1 9]

where we have set fj(f) = (f®(x;)); € RN. The value of E [f(p)(;v) | f](\f)} and Cov {f(p)(x),f(p)(x’) \ f](\f)} are
obtained from classical results on Gaussian conditional distributions (Eaton, 2007):

E[f0@) | 7] = Ko X)KX X)),

Cov [fP(@), ) | )] = Ka.a'),

where K (z,2') = K (z,2") — K (z, X)K (X, X) 'K (X, ). Thus, conditioned on F, the predictor fiRF) has expectation:

»
E [f)(\RF)(a:) | F] = K(z, X)K(X Z FP = K(z, X)K(X, X) !

3\

and covariance:

. _ 162
Cov [f;RF)(x), f;{RF) } Z ') 2 K(z,x').

C.2. Generalized Wishart Matrix

Setup. In this section, we consider a fixed deterministic matrix K of size N x N which is diagonal positive semi-definite,
with eigenvalues d1, . .., dy. We also consider a P x [N random matrix W with i.i.d. standard Gaussian entries.

The key object of study is the P x P generalized Wishart random matrix F7 F = %WK WT and in particular its Stieltjes
transform defined on z € C \ R, where R* = [0, +-o0][:

mp(z) = %Tr [(FTF _ zlp)’l} - %Tr

-1
1
(PWKWT - ZIP) ] ,
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where K is a fixed positive semi-definite matrix.

Since FT'F has positive real eigenvalues 1, ..., \p € Ry, and

1¢L 1
mP(Z):sz:; )\p_Z’

we have that for any 2 € C \ RY,

1
Imp(2)| < m,

where d(z,R;) = inf {|z — y|,y € R} is the distance of z to the positive real line. More precisely, mp(2) lies in the
convex hull Q, = Conv ({ A de R+}>. As a consequence, the argument arg (mp(z)) € (—7, ) lies between 0 and
arg (—1),i.e. mp(z) lies in the cone spanned by 1 and —1.

Our first lemma implies that the Stieljes transform concentrates around its mean as N and P go to infinity with v = % fixed.

Lemma C.2. For any integer m € N and any z € C \ RT, we have

m

E[lmp(z) —E[mp(2)]|"] < cP 2,
where c depends on z, v, and m only.

Proof. The proof follows Step 1 of (Bai & Wang, 2008). Let wq, ..., wy be the columns of W from left to right. Let
us introduce the P x P matrices B(z) = sWEKW? — 21p and B;)(z) = %W(i)K(i)Wg) — zIp where W(;) is the
P x (N — 1) submatrix of W obtained by removing its i-th column w;, and K ; is the (N — 1) x (N — 1) submatrix of K
obtained by removing both its i-th column and i-th row. Since the eigenvalues of WKW and Wiy K W(:g) are all real
and positive, B(z) and B(;)(z) are invertible matrices for z ¢ R*.

Noticing that

1 1 d;
B(Z) = FWKWT — ZIP = FW(Z)K(Z)W(,{) - ZIP + szsz

is a rank one perturbation of the matrix B(;y(z), by the Sherman-Morrison’s formula, the inverse of B(z) is given by:

d; 1

) By (z _1wiwiT B (2) .

B(2)™' = (Buy(2) "

We denote E; the conditional expectation given wj 41, ..., wy. We have Eg[mp(2)] = mp(z) and Ex[mp(2)] = E[mp(2)].
As a consequence, we get:

mp(2) - Elmp(2)] = 3 (Eii[mp(2)] - Eimp(2))

M=

-
Il

I
Sl= g
=

(Ei_1 - Ez) [TI‘ (B(Z)il)]

i=1

|
el

(Eim1 —E:) [Tr (B(2)™") = Tr (B (2)71)] -

i=1

The last equality comes from the fact that Tr (B(i) (z)’l) does not depend on w;, hence

Ei—y [Tr (B (2)7")] = E; [Tr (B (2)71)] -
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Let g; : C\ RT — C be the holomorphic function given by g;(z) := sw] (B;)(2)) ~'w;. Tts derivative is given by
9i(2) = swl (B(i)(z))f2 w;. Hence

& Ty ((B(z‘)(z))_l wiw] (B(i)(z>)_l)
- 14 digi(z)

Tr (B(z)*l) —Tr (B(i)(z)*l) =

_digi(»)
1+d;gi(z)’

where we used the cyclic property of the trace. We can now bound this difference:

‘Tr (B(z)_l) —Tr (B(i)(z)_1)| = ‘

1+ d;g;
T
T (B,
< |wl (Bl

K2

where v; are the eigenvalues of W, K (i)W(j;)'

The sequence
(En—i —En—it1) [Tr (B(z) ") — Tr (B(N_M)(z)—l)])Z,ZIMN

is a martingale difference sequence. Hence, by Burkholder’s inequality, there exists a positive constant K,,, such that
i

i=1

N
E[lmp(2) ~ Elmp(2)]"] < Ko E (Z B — B (Tr (B() ™) = Tr (B () ™)) !2>

. . o _m 2 m
hence the desired result with ¢ = K,,,v™ 2 (W) . O

The following lemma, which is reminiscent of Lemma 4.5 in (Au et al., 2018), is a consequence of Wick’s formula for
Gaussian random variables and is key to prove Lemma C.4.

Lemma C.3. If AWM ... A% gre k square random matrices of size P independent from a standard Gaussian vector w of
size P,
E [wTA(l)waA(Q)w . .wTA(k)w} = Z Z E {AEBZ -~Az(‘f,3,1i2k} ) 3)

pEP5(2k) i1.....igp €{1,....,P}
p<Ker(iy,....igk)

where P2 (2k) is the set of pair partitions of {1, ..., 2k}, < s the coarser (i.e. p < q if q is coarser than p), and for any
i1y dop in{1,..., P}, Ker(i1,...,iox) is the partition of {1, ..., 2k} such that two elements u and v in {1, ..., 2k} are
in the same block (i.e. pair) of Ker (iy, ..., is) if and only if i, = iy.
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Furthermore,
E {(wTA(l)w —Tr (A(l))) (wTA(Q)w —Tr (A(Q))) e (wTA(k)w —Tr (A(k))ﬂ

- ) E[A(.l? Ak } (4)
1112 12k —1%2k | 7
pE:Po(2k): iy,..., igp€{1,...,P}
p<Ker(ig,..., iok)

where : P(2k) : is the subset of partitions p in P2(2k) for which {2j — 1,24} is not a block of p for any j € {1,...,k}.

Proof. Expanding the left-hand side of Equation (3), we obtain:

E Z Wiy Az('1122wi2 wiSA(Z) Wiy - - wizk—lA(‘k)

e LW,
1374 iok—192k 12k
il,...,igke{l,...,P}

Using Wick’s formula, we get:

1) 42 (k)
Z Z E [AhizAism the Ai2k—1i2k:| ’
i17...,i2k€{17...,P} pEPo(2k),
p<Ker(iy,...,ig))
hence, interchanging the order of summation, we recover the left-hand side of Equation (3):

S Y B[]

pEP2(2k) i1,....ig €{1,...,P}

We now prove Equation (4). Expanding the product, the left-hand side is equal to:

> (-)HE l]‘[ w’ ADw [ Tr(A®)

I1c{1,...,k} icl i¢I

Expanding the product and the trace, and using Wick’s equation, we obtain: a

Z (_1)k_#1 Z Z E [AZ(112)2 T Az(‘f;zflizk} :

Ic{1,....k} i1,...,025€{1,...,P} pEP2(2k),p<pr
p<Ker(iy,..., iok)

where py is the partition composed of blocks of size 2 given by {2[,2] 4+ 1} with [ ¢ T and the rest of the indices contained
in a single block. Interchanging the order of summation, we get:

Z Z E [A§1122 e Agfk),—li2ki| Z (_1)k_#1

Tl yeens ia€{1,..., P} pEPS(2k), 1c{1,..., K},
p<Ker(iy,..., ik ) p<py

Since [ZIC{I,...,k}pSpI(_l)#I} = dircimp<pry=({1...kyy and {I C [k],p < pr} = {{1,...,k}} if and only if
p €P5(2k}, interchanging a last time the order of summation, we recover the left-hand side of Equation (4):

} : 2 : (1) (k)
E [Aiﬂé t AiQk—liQk
pE:Po(2k): iy, . vigpe{l,..., P}
p<Ker(iy,...,igg)
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For any z € C \ R, we define the holomorphic function g; : C\ R™ — C by

-1
1 T 1 T
9i(2) = Wi (PW(i)K(i)W(i) —ZIP> Wi,

where W;) is the P x (N — 1) submatrix of W obtained by removing its i-th column w;, and K(;) is the (N —1) x (N —1)
submatrix of K obtained by removing both its ¢-th column and i-th row. In the following lemma, we bound the distance of
gi(2) to its mean. Then we prove that E[g;(z)] is close to the expected Stieljes transform of K.

Lemma C.4. The random function g;(z) satisfies:
Elg:(2)] ~ E[ma(2)]
Var (gi(2))
E[@() -Elke)] < 5
E (6i(2) ~ Elgi(2)])’]

where cg, €1, C2, and cg depend on ~y and z only.

IN AN IA

IN
|

Proof. The random variable w; is independent from B;)(z) = %W@)K (i)W(:g) — zIp since the i-th column of W does

not appear in the definition of B(;)(z). Using Lemma C.3, since there exists a unique pair partition p € P3(2), namely
{{1,2}}, the expectation of g,(z) is given by

Elgi(2)] = BE [Tr [Bey ()]

Recall that E [mp(z)] = 5E [Tr [B(2)~!]] and |Tr (B(2)~!) — Tr (B (2) )| < 2=y (from the proof of Lemma
C.2). Hence
1 1

o (2)] — Elmp(:)) € 5E [T (B6)™) =T (B (97 < 53y

IN

which proves the first assertion with cg = m.

Now, let us consider the variance of g;(z). Using our previous computation of E [g;(z)], we have

r(Bo(@) " (Bu()

Var(gi(’z)) = K w’L P 1% P Wi

5 [ 3]

The first term can be computed using the first assertion of Lemma C.3: there are 2 matrices involved, thus we have to

-1
sum over 3 pair partitions. A simplification arises since M is symmetric: the partition {{1,2},{3,4}} yields

—2

(n [WDT whereas both {{1,3},{2,4}} and {{1,4}, {2,4}} yield E (Tr [(B”,E))} )

> +E
hence is given by a sum of two terms:

Var(gi(z)) = %]E (]ler [(B(i)(z))QD + Var (;Tr [(B(i)(z))l]) :

Using the same arguments as those explained for the bound on the Stieltjes transform, the first term is bounded by W.
In order to bound the second term, we apply Lemma C.2 for W(;y and K(;) in place of W and K. The second term is

bounded by £, hence the bound Var (g;(2)) < %.

E

Thus, the variance of g;(z) is given by:

(Biy(2)

Var(gi(z)) = 2E (Tr P
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Finally, we prove the bound on the fourth moment of g;(z) — E [g;(2)]. We denote m;)(z) = £Tr [(B(i) (2)) _1] . Recall

that E [g;(z)] = E [m;(2)]. Using the convexity of ¢ — t*, we have

E[(6:(2) ~ Elg:(2))"] =E[(9:(2) = msy () + meoy(2) — E [mesy ()]
< 8E [(gz(z) - m(i)(z))ﬂ + 8E [(m(l)(z) —E [m(i)(z)})ﬂ .

We bound the second term using the concentration of the Stieljes transform (Lemma C.2): it is bounded by %. The first
term is bounded using the second assertion of Lemma C.3. Using the symmetry of B(;)(z), the partitions in : P(4) : yield
two different terms, namely:

1. &E {( Tr {(B(l)(z))_gbz],for example if p = {{1,3}, {2,4}, {5, 7}, {6,8}}

2. &E [%’H [(B(i)(z))“*ﬂ,for example if p = {{2, 3}, {4,5}, {6, 7}, {8,1}1.

We bound the two terms using the same arguments as those explained for the bound on the Stieljes transform at the

d(z, R ) d(z,R)~*
p3

beginning of the section. The first term is bounded by hence the bound

E[(9:(2) ~Eln(2)])'] < -

The bound E[(g;(2) — E [g:(2)])%] < < #% is obtained in a similar way, using the second assertion of Lemma C.3 and simple
bounds on the Stieljes transform. O

and the second term by

In the next proposition we show that the Stieltjes transform m p(z) is close in expectation to the solution of a fixed point
equation.

Proposition C.5. Forany z € H.g = {2z : Re(z) < 0},

|[E [mp(2)] —m(2)] <

Sle

where e depends on z, v, and - Tr(K) only and where () is the unique solution in the cone C := {u— v : u,v € Ry}
spanned by 1 and —% of the equation

Y di(z
Z Cdm — yzm(z).

Proof. We use the same notation as in the previous proofs, namely B(z) = s WKW —21Ip, B (2) = s Wi Koy W) —

zIp and g;(z) = sw! (B;)(2)) ~lw;. Let v; >0, 5 =1,..., P be the spectrum of the positive semi-definite matrix
%W(i)K () Wg). After diagonalization, we have

1 1
By(2)™t = 0Tdi
0 (2) o dl&g(y1 iy REN S ~)0,
with O an orthogonal matrix. Then
P
)= L —1 o\ L ((Owi)y)?

Since z € H.q, we conclude that R[g;(z)] > 0 foralli =1,...,P.

In order to prove the proposition, the key remark is that, since Tr (WKW — 21p)(B(2))"') = P, the Stieltjes
transform m p(z) satisfies the following equation:

P="Tr (IIDKWTB(Z)IW) — zPmp(2).
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From the proof of Lemma C.2, recall that B~!(z) = B(_l)l(z) - %WB@;(WB&; (z)wiszB(_i)l (z), hence:
1 7 digi(z)?
ol B = i) - {15
(6)
_ 9i(2)
1 +digi(2)
Expanding the trace,
N
digi(2)
Tr ( S KW' B(z Gl wl B~ —s
(P ) Z (B delgz()
d; gl(z)

Thus, the Stieljes transform m p(z) satisfies the following equation P = Z — zPmp(z), or equivalently

i=1 1+d;g9:(z)
7/gl
=N g 1+dzgz zymp(z).

Recall that v > 0 and Re(z) < 0. The Stieljes transform mp(z) can be written as a function of g;(z) fori = 1,...,n:
mp(z) = f(g1(2), ..., gn(z)) where

digi (1,
N (A= ore

From Lemma C.6, the map f(m) = f(m,...,m) has a unique non-degenerate fixed point /(z) in the cone C,. We will
show that E [mp(2)] is close to 7(z) using the following two steps: we show a non-tight bound |E [mp(z)] — m(2)| < %
and use it to obtain the tighter bound [E[mp(2)] —m(2)| < &

Let us prove the % bound. From Lemma C.6, the distance between m p(z) and the fixed point m(z) of f is bounded by
the distance between f(mp(z),...,mp(z)) and mp(2) . Using the fact that mp(z) = f(g1(2), ..., gn(2)), we obtain

[E[mp(2)] —m(z)] <E[lmp(z) —m(2)]] <E[[f(mp(2),...,mp(2)) = f(g1(2), -, gn (2))]] -

Recall that for any z € H, $(gi(2)) > 0: we need to study the function f on ]HIJZVO where H>o = {z € C|R(z) > 0}. On
Hgo, the function f is Lipschitz:

1 d; d;
|6gif(917~-7gN)‘: ’YZN(1+digi)2’ ’}/|Z|N
Thus,
N
E[lf (mp(2),...,mp(2)) = f(91(2), ... gn (2 Z Elmp(z) —gi(2)]].-
Since

Ellmp(z) = gi(2)[] < E[lmp(2) — E[mp(2)]]] + [E[mp(2)] — Eg:(2)]] + E[lg:(2) — E[ga(2)]]],

using Lemmas C.2 and C.4, we get that E [[mp(2) — g;(2)]] < %, where d depends on «y and z only. This implies that

< L dy
VPN
where €’ depends on v, z and +Tr(K) only.

E[lf (mp(2),....;mp(2)) = f(91(2), - gn (2))]] < Tr(K),

which allows to conclude that [E[mp(z)] — m(z)

3
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We strengthen this inequality and show the & bound. Using again Lemma C.6, we bound the distance between E[m p(z)]
and the fixed point /m(z) by

[E[mp(2)] —m(z)] < [E[f(91(2),. .., 95 (2)] = f(E[mp(2)],. ... Elmp(2)])]

and study the r.h.s. using a Taylor approximation of f near E [mp(z)]. Fori =1,..., N and mg € Hx, let T,,,h; be the

first order Taylor approximation of the map h; : m — Hﬁ at a point mg. The error of the first order Taylor approximation
is given by

i\ — My 2TYL()—7712
hi(m) — Ty hi(m) = 1 _ ( 1 _ di( )) _ : dz ( )

1+dim L+dimo (1 + dymg)® 1+ dym) (14 dymg)*’
which, for m € H>( can be upper bounded by a quadratic term:
d;
(14 d;m) (1 4 dymg)?

[hi(m) — Tomg hi(m)| =

1
\mo—m|2§| 2\m0—m2. @)
mo

The first order Taylor approximation T f of f at the N-tuple (E [mp(2)], ..., E[mp(2)]) is

1 1 11
Tflgr, - on) = - <1 v YN - ZTE[mp<z>]h (gz)) :

Using this Taylor approximation, E[f(g1(2),...,g9n(2))] — f(E[mp(2)],...,E[mp(2)]) is equal to:
E[Tf(91(2), - 9n(2)] = f(E[mp(2)],.. .. E[mp(2)]) + E[f(g1(2), - 9n(2)) = Tf(91(2), - gn(2))] -

Using Lemma C.4, we get

N
ELF(02(2): () = TH@1 (3]s g (D] < 5 > B [1(2) — Bl (2))

1 «
<5 2

P |E[mp(2)]]

and
B | i [E [g1] — E [mp(2)]
E[Tf(91(2), ., gn(2))] = F(E[mp(2)], ... E[mp(2)])] < |z\ ~N Z T dE eGP
- P

where « and 3 depends on z and «y only. From the bounds |[E[mp(2)] — m(z)] < \f and [m(z)| > (|z| + N Tr(K))~!
(Lemma C.6), the bound PW yields a & bound. This implies that |[E[mp(2)] — f(E[mp(2)],...,E[mp(2)])| < £,
hence the desired inequality |E [mp(z)] — m(z)| < 5. O

For the proof of Proposition C.5, we have used the fact that the map f, introduced therein has a unique non-degenerate fixed
point in the cone C, := {u — %v :u,v € Ry }. We now proceed with proving this statement.

Lemma C 6 Letdy,...,d, > 0andlety > 0. Forany fixed z € Heg, let f, : H>o — C be the function t — f,(t) =
-3 < Zz 1 1+d t) Let C, := {u — 71) s u,v € Ry} be the convex region spanned by the half-lines R, and
—1R,. Thenfor every z € H there exists a unique fixed point t(z) € C,, such that t(z) = f,(t(2)). The map t : z — £(2)

is holomorphic in H.y and
- Sd\ !
t > = .
1> (1 + 25

Furthermore for every z € H.y and any t € H>¢, one has

[t =) <[t = fo(1)]-
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Proof. By means of Schwarz reflection principle, we can assume that (z) > 0. Let z € Ho and let II, := {—% :
$(w) < 0} and let C,, be the wedged region C,, := I, N {w € C : I(w) > 0}. To show the existence of a fixed point in C,
we show that 0 is in the image of the function ¢ : ¢t — f,(t) — ¢. Note that since d; > 0, the eventual poles of f, are all
strictly negative real numbers, hence ¢ : C, — C is an holomorphic function.

To prove that 0 € (C,) we proceed with a geometrical reasoning: the image % (C,) is (one of) the region of the plane
confined by ¢ (9C.), so we only need to “draw” 1) (OC,) and show that 0 belongs to the “good” connected component
confined by it.

The boundary of C', is made up of two half-lines R and —%RJF. Under the map f., 0 is mapped to —% and oo is mapped

1 1
to ——~, the two half-lines are hence mapped to paths from —% to —17”. Now under ¢ the half-lines will be mapped to
1

paths going —i to co because by our assumption — lies in the upper right quadrant, we will show that the image of R .
under ¢ goes ’above’ the origin while the image of fé]&_ goes ‘under’ the origin:

e R, is mapped under f, to the segment —é[l, 1 - %}, as a result, its map under % lies in the Minkowski sum

—1in,1- %] + (=R ) which is contained in C \ II,.

e Foranyt € f%RJr we have for all d;

d;t 1 1
Cx 2 =1 = — & <
‘$<1+dit) ‘y( 1+dit> ‘$<1+dit)—0’

since (¢) > 0. As a result the image of f%R+ under f, lies in II, and its image under ¢ lies in the Minkovski sum
II, + (—§R+) =1II,.

Thus we can conclude that 0 € 1 (C,), which shows that there exists at least a fixed point 72 in C,.

We observe that, for every ¢ € C,, the derivative of f has negative real part:

e 7di
2 (1 +d;t)*

di [R(z) + 2d;R(2)R(t) — 2d;3(2)S(t) + dZR(2t?)] _
1221 + dgt|* -

=

where we concluded the last inequality by using that R(z) < 0, R(¢) > 0, I(2)S3(¢) > 0 and R(2t2) < 0. Thus, since for
no point t € C, has f.(t) = 1, any fixed point of f, is a simple fixed point.

We now proceed to show the uniqueness of the fixed point in the region C,. Suppose there are two fixed points ¢; and to,
then

t1 —ta = fz(tl) - fz(tQ)

N d:

29N pt (14 dit1)(1 + dsta)

Again, since R(z) < 0, R(t1),R(t2) > 0, I(2)S(t1),S(2)S(t2),> 0 and RN(zt1t2) < 0, the factor
%% i]il Mm has negative real part, and thus the identity is possible only if #; = t5. Let’s then £(z) be
the only fixed point in C.,.

We proceed now to show that |t — f,(t)| > |t — ()|, i.e. if ¢ and its image are close, then # is not too far from being a fixed
point, and so it is close to t(z).
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For any ¢t € C., we have

[t = f(0)] = |t — {(2) + fo(8(2)) = F(0)]

) ) 11 di
(t—1(2) — (t—t(2)) (zvN (14 dit)(1 + dit(z )))‘

11 & d;
LTIaN 2 1+ dit) (1 + dit (2)) ‘

=1

N

; 11 d;
where we have used again that - % > ,;_; Tranraie)

has negative real part.

We provide a lower bound on the norm of the fixed point:

>m<

WmZ(w+Zd)

Finally, note that z can be expressed from the fixed point 772, hence defining an inverse for the map :

. 1 11 dit(z
i2)| = 121“5,52)

l-l-dt

hence

because the inverse is holomorphic, so is t. O

C.3. Ridge

Using Proposition C.1, in order to have a better description of the distribution of the predictor f iiF), it remains to study the
distributions of both the final labels § on the training set and the parameter norm ||0]|2. In Section C.3.1, we first study the

expectation of the final labels g: this allows us to study the loss of the average predictor E { f /\RF)} Then in Section C.3.3, a

study of the variance of the predictor allows us to study the average loss of the RF predictor.
C.3.1. EXPECTATION OF THE PREDICTOR
The optimal parameters 6 which minimize the regularized MSE loss is given by 6=F T(FFT + X))y, or equivalently
by 6 = (FTF + \)~'FTy. Thus, the final labels take the form § = A(—\)y where A(z) is the random matrix defined as
A(z) = F (FTF — 21p) " F”
1 . 1 B
= foWT <PWKWT - zlp> WK?.

Note that the matrix A defined in the proof sketch of Theorem 4.1 in the main text is given by Ay = A(—\).
Proposition C.7. For any~ > 0, any z € H<q, and any symmetric positive definite matrix K,

Cc

B AE)] = K (K +M=2)Ix) " lop < 5, ®)

where \(z) = ﬁ and ¢ > 0 depends on z,  and +Tr(K) only.
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Proof. Since the distribution of W is invariant under orthogonal transformations, by applying a change of basis, in order
to prove Inequality (8), we may assume that K is diagonal with diagonal entries dy, . .., dy. Denoting wy, ..., wy the
columns of W, forany ¢,5 =1,..., N,

1 1 -t
(A=) = 5 @%w?<PWKWJ—zb) w;,

where WKW 7T = Z 1 diw;w T Replacing w; by —w; does not change the law W hence does not change the law of
(A(z))s;. Since WKWT is 1nvar1ant under this change of sign, we get that for i # j, E [(A(z)):;] = —E [(A(2))i;], hence
the off-diagonal terms of E [A(z)] vanish.

Consider a diagonal term (A(z));;. From Equation (6), we get

d;gi(z)

d; _ _ _di\c)
(A=) = i B~ (2w = 770 -

e ©)

By Lemma C.4, g; lies close to mp(z) which itself is approximatively equal to m(z) by Proposition C.5. Therefore, we

expect E[(A(2))u] = E [ﬁi;i} to be at short distance from idmirgf()z)

In order to make rigorous this heuristic and to prove that E [(A(z ))”] is within O( %) distance to we consider the

m(z)
1+d m(z)’
first order Taylor approximation Tz hi of themap h; : g — 75— (as in the proof Proposition C.5 but this time centered at

m(z)). Using the fact that 1+d r=1— Hid’:lrglz()z)
is equal to:

=1-h(t), and 1nsert1ng the Taylor approximation, E [(A(2)):;] —

1

hi(m(2)) — hi(gi(2)) = T dim(s)

— E [T M(9i(2)] + E [T h(gi(2) — hgi(2))] -

Thus,

1+ dim(2)

E[(A(2))u] -

’ 1

1+dim(z) E [Tﬁl(Z)h(gi(Z))]‘ + ’E [T (9i(2)) — h(gi(z))” :

L di [Egi ()] —m(z)|
W—E[ m(z)h ‘— \1—7—dmz)\ can be bounded

by %Ileridiv%(zW where ¢ depends on z, and . Tr(K) only. Since Re [r72(z )] 2 0 thus |1 + d;m(2)| > max(1,|d;m(z)]),

Using Lemma C.4 and Proposition C.5, the first term ‘

and |m(2)| > W (Lemma C.6), the denominator can be lower bounded:
z ;W r
1+ du(2) 2 din(2)| 2
m(2)|]” > ldim(z)| > —————,
2| + 2y TrK
yielding the upper bound:
F B [Tah((2)]| < 50 [ + - o TK |
—_ — 7 i(z =0 ||z| + —=Tr
L+ dimn(z) m(z) I v N

For the second term, using the same arguments as for the proof of Proposition C.5, we have:

E ||m(z) — gi(2)|”
|E [Tinz)h(gi(2)) — h(gi(2))]] < [ . gQ }

m(2)|

Recall that |m(2)| > and that, by Lemma C.4 and Proposition C.2, E [|ﬁ1(z) —gi(2) |2} < % where & depends

1
|2+ ¥ TrK
on z,v and Tr(K) only. This implies that

< 2
B [T (0:(2) ~ lar(D)]| < |21+ STk |
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As a consequence, there exists a constant ¢ which depends on 2,y and %Tr(K ) only such that:

T+ doi(2)| =

i) - <5

lig?r;‘z()z) =7 +/\’( - is equal to (K (K + Mp)™1);; since, in the basis

considered, K (K + N N)*l is a diagonal matrix. Hence, we obtain:

Using the effective ridge \(z) := ﬁ, the term

c
< =
op

HE [A(2)] — K(K + Ay)"!

which allows us to conclude. O

Using the above proposition, we can bound the distance between the expected A-RF predictor and the A-RF predictor.

Theorem C.8. For N, P > 0 and \ > 0, we have

B0 (@) - 710(@)] < YD e (10)

where the effective ridge 5\()\, v) > M\ is the unique positive number satisfying

(1)

Q\yr

and where ¢ > 0 depends on \,~, and 1 TrK (X, X) only.

Proof. Recall that 7(—)\) is the unique non negative real such that y = & 3>~ dim(—A) 7 + v (—A). Dividing this

i=1 TFdym(=N)
equality by y7m(—\) yields Equation (11). From now on, let A = A(), 7).
We now bound the Lh.s. of Equation (10). By Proposition C.1, since § = A(—\)y, the average A-RF predictor is

{f(RF (x )} = K(z, X)K~'E[A(=))] y. The \-KRR predictor is f(K)( )=K(x,X) (K + S\IN) y. Thus:

=D @) - 19 @)| = ‘K(“"X)K_l [E AR (KWN” y"

The rh.s. can be expressed as the absolute value of the scalar product [(w, v) ;o | = [vT K~ 'w| where v = K (z, X) and
w = [E[A(=)\)] — K(K + Aly)~!]y. By Cauchy-Schwarz inequality, | (v, w) o—1| < [|v|| =1 [|w]| o1

For a general vector v, the K ~!-norm ||v|| ;-—: is equal to the norm mininum Hilbert norm (for the RKHS associated to the
kernel K) interpolating function:

v -1 = min
ol = min Il

Indeed the minimal interpolating function is the kernel regression given by f¥)(.) = K (-, X)K (X, X)~'v which has
norm (writing 8 = K ~'v):

N
= | D BibiK (wi,xj) = VOTK KK o = [[o] s .

H 4,5=1

ol

N
Z /BiK('a xi)
i=1

We can now bound the two norms ||v|| -1 and ||w|| x—:. For v = K(z, X), we have

1
V|| 1 = min < ||K =K(x,z)2. (12)
[olles = o min 1l < K@)l = K(a,a)

since K (z, -) is an interpolating function for v.
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It remains to bound ||wl|| ;.. Recall that K = UDU? with D diagonal, and that, from the previous proposition,

E[A(=\)] = UDAUT where D4 = diag (ﬁilg(l_(f)/\) e 111513];&3\))' The norm |[w|| - is equal to

11T -1
\/gT {DA -D (D + X(A)IN) } D! {DA -D (D + X(A)IN) ] 7,

where § = U”'y. Expanding the product, ||w|| -1 = \/Ziv_l Zj ((DA) ; 4

2
i — m) , hence by Proposition C.7,

~2

Jw] -1 < £4/5N, % The result follows from noticing that 3" C=9"D7'g =yl

cK (z,2)? |yl k-1

‘E[ (RF)(x)] . f:iK)(x)‘ < HUHK*1 H’U)HK—I < P

Ay
which allows us to conclude. O

Corollary C.9. IfEp[K (z,z)] < oo, we have that the difference of errors 0 = ‘L(E[ﬁ}:}?)]) — L(f;K)) is bounded

from above by
Cllyll -1 / AK) Cllyllx—
< —= [ A
6E 2 (f)\ ) + s

where C' is given by c/Ep[K (x, )|, with ¢ the constant appearing in (10) above.

Proof. For any function f : R? — R, we denote by ||f|| = (Ep [f(2)?])? its L*(D)-norm. Integrating

B[ (@) - 10 (@) < Sl

2
< yor —% over x ~ D, we get the following bound:

¢[Ep [K(x,0)]]* lyllx—

(RF) (K)
IELFER) - 59 < i

Y

Hence, if f* is the true function, by the triangular inequality,

¢[Ep [K(z,2)]]* yllx—

<
- P

LD = 70 = 10 = £

Notice that L(E[f"{7]) = E[£{%7] - £*|12 and L(F{")) = || £5) — f7||2. Since [a? — b%| < |a — b] (Ja — b] + 2 b)),
we obtain

L (5AR0)) - £ (09)| < <ErliE ]ﬁ)”é Iyl GW | c[Ep[K (x,;m% ||y||K1> |

which allows us to conclude. O

C.3.2. PROPERTIES OF THE EFFECTIVE RIDGE
Thanks to the implicit definition of the effective ridge )\, we obtain the following:

Proposition C.10. The effective ridge A satisfies the following properties:
1. forany~y > 0, we have A < A(\,7) < X + %T;
2. the function v — 5\()\, ) is decreasing;

0l )\’.

3. forvy>1, we have \ < P

4. for~ < 1, we have A > 1}? min; d;.
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Proof. (1) The upper bound in the first statement follows directly from Lemma C.6 where it was shown that m(—)\) >

m and from the fact that 5\()\,7) = ﬁ For the lower bound, remark that Equation (11) can be written as:
IN

A7) = A+ S TR KGOy -+ K) 7'

Since A(\,7) > 0 and K is a positive symmetric matrix, Tr[K[A(A,7)Ix + K]~1] > 0: this yields A(\,~) > A.

(2) We show that v — 5\( ) is decreasing by computing the derivative of the effective ridge with respect to . Differenti-
ating both sides of Equation (11), d,\ = 9, {A +2 N >N

/\+d} The r.h.s. is equal to:

o, A1
TNZ+ VLTS

i=1
Using Equation (11), %% Zz:l o= /\A)‘ and thus:
« N -
A Al d; A=A
R e
TV (M) i

Since A > A > 0, the derivative of the effective ridge with respect to v is negative: the function vy — 5\()\ ~) is decreasing.

(3) Using the bound d < 1 in Equation (11), we obtain A < \ +2 Wthh when v > 1, implies that A < /\

(4) Recall that A > 0 and that the effective ridge ) is the unique fixpoint of the map f(t) = A +3 tL ZZ 1 inRy. The
map is concave and, at t = 0, we have f() = A > 0 = ¢: this implies that f'(\) < 1 otherw1se by concav1ty, for any t < X

one would have f(t) < t. The derivative of f is f(t) = %% Zf\; %, thus Zl 1 (/\+d Gri)? < 1. Using the fact

hence/\Zdo \/‘{ O

that dj is the smallest eigenvalue of K (X, X), i.e. d; > dp, we get 1 > % (S\fi 7
0
Similarily, we gather a number of properties of the derivative 9y (), 7).

Proposition C.11. Fory > 1, as A\ — 0, the derivative N converges to % As Ay — oo, we have (%\5\()\, v) — L

Proof. Differentiating both sides of Equation (11),

N
6)\/\ =1+ (9A)\7f

=1 7' i=1

Hence the derivative 9\ satisfies the following equality

. e g
A —=y — | =1 13
A < A+d 'YNZ(/\+di)2> 4

(1) Assuming v > 1, from the point 3. of Proposition C.10, we already know that ;\()\, v) < )\ 7 hence )\( ~v) = 0.

Actually, using similar arguments as in the proof of point 3., this holds also for v = 1. Using the fact that )\(O, ~v) =0, we
get WA(0,7) =1+ W, hence A\ (0,7) = -
(2) From the first point of Proposition C.10, A~ \as Ay — oo. Since Equation (13) can be expressed as:

N -
< 11 d; 1 A1 d;
A1 ——— — )y ] =1,
( VAN;%eri YAAN &~ (/A\eri)z)

we obtain that I\ — 1 as A — oo. O
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C.3.3. VARIANCE OF THE PREDICTOR

By the bias-variance decomposition, in order to bound the difference between E[L( féRF))] and L( fSK) we have to

bound Ep[Var(f(z ))] The law of total variance yields Var(f(z )) Var(E[f ( )|F]) + E[Var[f f ()| F]]. By Proposi-
tion C.1, we have E[f(z )\F} K(x,X)K(X,X) ' and Var[f(z)|F] = P||9H K (z, x). Hence, it remains to study
Var (K (z, X)K (X, X)"'9) and E[||4]|2]. Recall that we denote 7' = +TrK (X, X).

This section is dedicated to the proof of the variance bound of Theorem 5.1 of the paper:

Theorem 5.1 There are constants c1,co > 0 depending on \,~y,T only such that

K (z,2)|ly)%-

Var (K(z, X)K (X, X)™'9) <
e eallyl s

[ENBI?) - oxdy” Myy| < HHEEE=,

where O\ is the derivative of X with respect to X and for M5 = K (X, X)(K (X, X) + My) "2 As a result

A K 2 .
Var (f{ (@) < WD,

where c3 > 0 depends on A\, ~,T
e Bound on Var (K (z, X)K (X, X)~'g). We first study the covariance of the entries of the matrix

1 1 -
Ay = FK%WT (PWKWT + )\Ip) WK?,

where K = diag(dy, . ..,dy) is a positive definite diagonal matrix and W is a P x N matrix with i.i.d. Gaussian entries.
In the next proposition we show a % bound for the covariance of the entries of Ay, then we exploit this result in order to
prove the bound on the variance of K (z, X)K (X, X)~ 1

Proposition C.12. There exists a constant ¢; > 0 depending on \,~, and %Tr(K ) only, such that the following bounds
hold:
c
|Cov ((An)ii (AN)g) | < 5
d; d
Var ((Ay);j) < min {d d]} c—l
For all other cases (i.e. if i,j, k and | take more than two different values), Cov ((Ax)ij, (Ax)rt) = 0.

Proof. We want to study the covariances Cov ((A);j, (Ax)w) for any 7, j, k, I. Using the same symmetry argument as in
the proof of Proposition C.7, E[(Ax);;(Ax)w] = 0 whenever each value in {1, j, k, [} does not appear an even number
of times in (4, 7, k,{). Using the fact that A, is symmetric, it remains to study Cov ((Ax )i, (Ar);;), Var ((Ax)i;) and
Var [(Ax)s;] for all i # j. By the Cauchy-Schwarz inequality, any bound on Var ((Ay);;) will imply a similar bound on
Cov ((Ax)iis (Ax);;)- Besides, as we have seen in the proof of Proposition C.7, E[(Ay);;] = 0 for any ¢ # j. Thus, we
only have to study Var ((Ax);;) and E [(Ax)3].

e Bound on Var ((A));;): From Equation (9),

digi 1 1 1 1 i
Ax)ii) = = -7 )= <E - 5 ’
var (4x)a) Var(1+digi) Var( 1+di9i) Var<1+di9i> (1+di9i 1+dim> ]

where g; := g;(—A\). Again, we use the first order Taylor approximation Th of h : 2 — —;— centered at /i := 1m(—A\), as
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well as the bound (7), to obtain

2 2
1 1 d; ~
<1 Tdigi 1+ dm> ] - <_ (L dg? 9~ )+ hlgi) = Th(gi))

< e (o= ]+ 22 (b0 ~ Thio))'
< 677%12E [(gi - 771)2} + %E [(gz' - m)ﬂ :

Using Lemma C.4, we get Var ((Ay):;) < %, where ¢} > 0 depends on ), v, and + Tr(K) only.

e Bound on E ((A,);;) for i # j: Following the same arguments as for Equation (9), (A, ),; is equal to

Vdidj [ oo digi 751 didj 1 g
(AN =~ [wz Biyw; — 1+ dig; Biywi| = Trdg P By wjs

2
where we set B(i) := B;(—A\). Since w; and B(i) are independent, E {(wiTB(_i)le) } =E {wJTB(_Z)QwJ} , and thus, by the

Cauchy-Schwarz inequality, we have

E[(43] < 75

22
(1+dig)*

\/IE {(ijB(_i)ij)?] . (14)

and inserting the first Taylor approximation

~ L~ . 1 _ 1 1 1
Recall that i := (= A). Using the fact that j— = =+ 700, — Tram

. 1 ~ .
Thofh:z — Tz centered at m, we get:

1 4 1 d ) 4
<1+m) ] =E <1 T dim 1+ dim)Q (9i —m) + h(g:) — Th(Qi))

Using a convexity argument, the bound (7), and the lower bound on m given by Lemma C.6, there exists three constants ¢;,

4
éo, ¢3, which depend on )\, v and %Tr(K ) only, such that E [(@) } is bounded by

& God?
(1+dmm)*  (1+dm)®

E[(g: — m)"] +&E [(g: — )]

Thanks to Lemma C.4 and Proposition C.5, this last expression can be bounded by an expression of the form 2—}1 + Pc;—'fﬁ + %.

- - (1 4
Note that < Z—ﬁ and % < % % Hence, we obtain the bound:

4 ~
1 c
<77

depends on A, v and and +Tr(K) only.

[
P24t

&s(x Tr(K)")

where ¢ = €1 + e + o

Let us now consider the second term in the r.h.s. of (14) . Using the fact that || B |lop > ., we get

1 N +1

\/IE (7535m)] < Ve )] = eer e < 5
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where we have used the fact that the second moment of a x2(N) distribution is N (NN + 2). Together, we obtain

e[t

22
(1+ dig;)*

IN

<

c

forc), =25
1 X2

Since the matrix Ay is symmetric, we finally conclude that
/
2 a . [di d;

Note that ¢] is a constant related to the bounds constructed in Lemma C.2 and Proposition C.5 and as such it depends on
~Tr(K), v and X only. O

Proposition C.13. There exists a constant ¢y > 0 (depending on \,~,T only) such that the variance of the estimator is
bounded by

2
L K(x,
Var (K (z, X)K (X, X)7'g) < aIIyHKP (z,2)

Proof. As in the proof of Theorem C.8, with the right change of basis, we may assume the Gram matrix K (X, X) to be
diagonal.

We first express the covariances of §j = A(—\)y. Using Proposition Proposition C.12, for ¢ # j we have

N

Cov (§i,;) = Y Cov ((Ax)ik: (A1) ynyr = Cov ((Ax)ii, (Ax)j5) iy + B [(AN)3] v,
k=1

whereas for ¢ = j we have

N
Cov (§i, i) = Y Cov ((Ax)ik, (A\)ki) wi = Var (Ax)a) u7 + > E [(AN)7] vk
k=1 kAi

We decompose K_%Cov(g), g))K_% into two terms: let C be the matrix of entries
O = Cov((An)ii; (Ax)j5) + Sizs E [(AN)3F]
ij = YilYs»
\/did;

and let D the diagonal matrix with entries

_ Zk-;éiE [(AA)?k] y,ﬁ

Dj;
d;

We have the decomposition K~z Cov(§,§j)K~2 = C + D.

Proposition C.12 asserts that Cov((Ax ), (Ar);; < % and E [(Ay)3] < %, and thus the operator norm of C'is bounded
by

ICllop < IIClF
2
B (Cov((An)ii (AN)js) + i B [(ANE])” ,
= Z did, YiY;
3

2] i 2,1yl
<=4 2,2 — AYIR-
=P z]: did; 1Y P
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For the matrix D, we use the bound E [(A A)fk} < % g—; to obtain

L El(AVER] v cax v allyli
d; - P ‘di P ’

’ 2
which implies that | D||op < %. As a result

Var (K (z, X)K'j) = K(z,X)K ' Cov(y,9)K 'K (X, )
< K (2, X)K~2|[C + Doy K2 K(X, )

3¢ lyll3 -
%||K(3&X)||fr«1

_ 3K @)l
— P )

IN

where we used Inequality (12). This yields the result with ¢; = 3¢]. O

e Bound on E, [HQAHQ} . To understand the variance of the A-RF estimator f iRF), we need to describe the distribution of
the squared norm of the parameters:

Proposition C.14. For v, A > 0 there exists a constant cy > 0 depending on \,~,T" only such that

ca[lyllf—

D 5)

E1117) - s KX, X) (KO X0+ 3w) ] <

Proof. As in the proof of Theorem C.8, with the right change of basis, we may assume the Gram matrix K (X, X) to be

diagonal. Recall that § = # (LWEK(X,X)WT + M) ~'WK (X, X)?y, thus we have:

1

R 1 1
101 = Sy KX X)W (GWE (X, X)W +Ap) *WE(X, X)2y = y"A'(=\)y, (16)
where A’(—) is the derivative of

1 1 1 ! L
A(z) = SE(X, X)2 W7 (PWK(X,X)WT - zIp) WEK(X, X)?

with respect to z evaluated at —\. Let
A(z) = K(X, X)(K(X,X) + M—2)Iy) "%
Remark that the derivative of A(z) is given by A’(z) = X (—2)K (X, X)(K (X, X) + A(—z)Iy)~2. Thus, from Equation
(16), the Lh.s. of (15) is equal to:
" (BLA (0] = A'(-0) . (7)

Using a classical complex analysis argument, we will show that E[A’(—\)] is close to A’(—)) by proving a bound of the
difference between E[A(z)] and A(z) for any z € Ho.

Note that the proof of Proposition C.7 provides a bound on the diagonal entries of E[A(z)], namely that for any z € H,
x c
[El(AE) - (A@)a] < 5,

where ¢ depends on z, v and T only. Actually, in order to prove (15), we will derive the following slightly different bound:
for any z € Hg,

¢

d; P’

[EI(AG=)ii) — (A=)

< (18)
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where ¢ depends on z, v and 7" only. Let g; := g;(z) and m := m(z). Recall that for h; @ x — 35,
(A(2))ii = hi(gi), (A(2))ii = hi(m) and
d;m di (gi —m
Trhi(gs) = poli - 2);
d2 (g; —m)°

hi(gi) = Tmhi(g:) = (1+ digs) (1 + dymm)*’

where T, h; is the first order Taylor approximation of h; centered at /. Using this first order Taylor approximation, we can

bound the difference |E[h;(g;)] — hi(m)]:
. di |Elg:] — m| d? lgi — |
‘E[hl(gz)] — hi( )l < 5 T ~\2 .
(1 + dlm) (1 + dzm) 1+ dzgz
<2 a8 —2 B[ -]
" &P (1+dig)’| 1 |
m} . Recall that in the proof of Proposition C.12, we bounded

where a depends on z, v and 7. We need to bound E [
} . Using similar arguments, one shows that
1 &2

< 2

1
£ |:(1+d7'gi)4
(1 +digi)”

Proposition C.5. This allows us to conclude that:
- ¢
Elhi()] — hi(m)| < 7.

where é depends on z, v and +Tr(K (X, X)) only. The term E [\gl - Thﬂ is bounded using Lemmas C.4, C.2 and

where ¢ depends on z, v and +Tr(K (X, X)) only, hence we obtain the Inequality (18).
We can now prove Inequality 15. We bound the difference of the derivatives of the diagonal terms of A(z) and A(z) by

means of Cauchy formula. Consider a simple closed path ¢ : [0,1] — H.( which surrounds z. Since
E[(A(2))i] — (A(2))is
(A = Ay,

~ 1
E A,Z i — A/Z ”:7%
(A = (W= 5 =2
using the bound (18), we have:
¢ 1 1 Co
< — ¢ ———=dw <
= dip%f; w22 T 4P

E[(A'(2))i] = (A'(2))u
where ¢y depends on z, 7, and T only. This allows one to bound the operator norm of K (X, X)(E[A'(z)] — A'(z))
< c
| K (X, X)(BIA'(2)] = A (2Dl < 5

callyll -
P

)

= |v" (B (-N)] - A(-3) y| <

Using this bound and (17), we have
A112 5, T 5 -2
B - 033K (X ) (KX + Av)

which allows us to conclude.
e Bound on Var ( f iRF) (x)) . We have shown all the bounds needed in order to prove the following proposition
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Proposition C.15. For any x € RY, we have

A csK(z,z)|yl% -
Var(f)(\RF)(.%'))S 3K ( P)H I L

where c3 > 0 depends on A\, ~,T.
Proof. Recall that for any = € R?,
Var(f{" (@) = Var (B[ /" (@) | F|) + B [Var [{""(2) | F]
= Var (K (z, X)K (X, X)"'9) + %]E [Héllﬂ (K (2,2) — K(z, X)K(X, X) " K(X,x)] .
From Proposition C.13,

_ (o)l
— P b

Var (K (z, X)K (X, X))
and from Proposition C.14, we have:

c2lyll -

< 0 [ylizes + 2l e
P - P - ’

E [1017] < oA o7 K (K +30y) y+

where a = 9\ \ + ¢o. Using the fact that K (z, z) < K (z, z), we get

E [Var [f(x) | FH %E [||éu2} [K(2,2) — K(z, X)K(X, X) "\ K(X, )]
oyl K(w.x)
P

IN

This yields

2
. csl|y||s - K (z, 2

where ¢c3 = a + ¢;. O]

C.3.4. AVERAGE LOSS OF \-RF PREDICTOR AND LOSS OF \-KRR:

Putting the pieces together, we obtain the following bound on the difference A = [E[L(f iiF))} —L(f §\K))| between the

expected RF loss and the KRR loss:
Corollary C.16. IfEp[K (z,x)] < oo, we have

Chlyll - A(K
Ap < =t (2 L) + Callyllie-t )
where Cy and Cy depend on )\, vy, T and Ep[K (x, x)] only.

Proof. Using the bias/variance decomposition, Corollary C.9, and the bound on the variance of the predictor, we obtain
[z (FE)] - £ (7)< | (B[A50]) = £ (F59)] + b [Var (f(a))]

Cllyl— (o [, (700Y ., Clgll—r ) . csllyllde Ep [K (@, 2)
< — N
- P 2 L(‘f/\ )+ P + P
Cillyllx— A(K)
< = 2L (1) + Callyli )

where Cy and C5 depends on A, v, T and Ep [K (z, z)] only. O
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C.3.5. DOUBLE DESCENT CURVE

Recall that for any X, we denote M; = K (X, X)(K (X, X) + My)~2. A direct consequence of Proposition C.14 is the
following lower bound on the variance of the predictor.

Corollary C.17. There exists c4 > 0 depending on \,~,T only such that Var ( f )(\RF) (x)) is bounded from below by

T 2
y Mzy - caK (z, )|yl
A2 K (z,x) — B2 S

0

Proof. By the law of total cumulance,

R R 1 .
Var (f)(\RF)(a?)) >E [Var [fiRF)(a:) | F” > ﬁIE [||9||2} K(x,x)
A~ ~ 2
From Proposition C.14, E[[|0]|?] > O\\ y* M5y — %, hence

cakK (@) ||yl

T
*(RF Ly Msy -
Var( >(\ )(x)> > O\ PA K(xz,x) — B2

The result follows from the fact that K (z, z) < K (z, z). O
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