Communication-Efficient Distributed PCA by Riemannian Optimization

A. Riemannian Optimization Operators on Hypershpere Manifold

The unit norm constraint of a d-dimensional vector admits a geometry structure as a hypersphere. For the hypersphere
manifold, the tangent space projector is P, (g) = (I — ww")g. The Riemannian metric in the hypersphere manifold
is the same as the Euclidean metric, which means the inner product of two vectors in tangent space is calculated in the
same way as in the Euclidean space. The vector transport is computed as 7,%(¢) = P, (&) = (I — uu" ). The retraction

(exponential map) is calculated as R,,(£) = cos(||¢]|)w + Sinlfgﬁ”) &. The inverse retraction (logarithmic map) is computed

as R, (u) = D(u,w) %, where D(w, u) is the distance between two points in the manifold and it is computed as

D(w, u) = arccos({w, u)).

Note the distance between w and v in the hypersphere manifold is the angle between these two vectors. For any w, u € M
satisfying w " v > 0, we have

1— (w'u)? <D*(w,u) < %2 (1- (wTu)Q) . (7

Therefore, bounding the 1— (w " v)? is in fact bounding the distance between w and v on the hypersphere manifold.

B. Proof for Section 2.1 and Section 4

B.1. Proof for Lemma 1

Proof. To prove that a (w) is L-g-smooth with L = ) is equivalent to prove that the largest eigenvalue of the Riemannian
manifold Hessian of F’ (w), denoted by V2E (w), is \. Based on the analytic form of Hessian matrix-vector product for
hypersphere manifold in (Boumal et al., 2014; Absil et al., 2008), the largest eigenvalue is max, e, aq(u, VZF (w)[u]),
which can be computed as

(u, V2F(w)[u]) = (u, —(I —ww " )Au+ w" Awu)
= —u Au+w' Aw ®)
<04+ A

The second equality uses the fact that u is in the tangent space of w such that u T w = 0. And the inequality uses the fact that
A is positive (semi-)definite and its largest eigenvalue is A.

Therefore, we have L = .

B.2. Proof for Lemma 2

Lemma 2 is a simple corollary of Theorem 4 in (Zhang et al., 2016).

B.3. Proof for Lemma 3

Proof. Assume all data instances are i.i.d. sampled from some unknown distribution D and define A = E,.p[zx]. Then
we have E[z¥(2¥)T] = A. By matrix Hoeffding’s inequality (Theorem 1.3 in (Tropp, 2012)), we have for each k, with
probability at least 1 — p over the i.i.d. samples in machine k,

2
1
14, — A|2 < %%id/p)

where

(Soetta” - a) | < maxtomat ey 0

Therefore, o = b and we have

2
14i - A < 2D
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Again using matrix Hoeffding’s inequality on A, we have, with probability at least 1 — p,

8blog(d/p)

A—AlZ<
I Iz < N

Combining these two inequalities, we get

2
Ap— A2 <2 dp— AR+ 204 — A2 < (L + 1) 1682108(d/p) < 2201020/P)
2 2 2 N
n n

The last inequality comes from n < N.

O

Remark: When the data instances are not i.i.d., we can still have a similar bound on || Aj, — A||3 if the data are arbitrarily
distributed over all local machine based on the following lemma.

Lemma 9. Assume the data instances are randomly partitioned over all local machines and their {5 norm is at most b.
Then for each local machine k, with probability at least 1 — p and n being sufficiently large such that n > log(2d/p), we
have || Ax — A||2 < a2b%, where o2 = %Qd/p).

Proof. 1f the data are randomly partitioned over all local machines, {x*} for i = 1, ...,n are sampled without replacement
from all data to construct Aj. Apply the without-replacement version of Bernstein’s inequality for matrices (Theorem 1 in
(Gross & Nesme, 2010)), we have

QdeXp(—Z—i)7 ife< 22
Qdexp(—%)7 ife> 22

C1

Pr([|Ax — Aljz > ¢) < {

where max; ||z;z, |2 < ¢; and

1Y 2
N Z (1:1332T - A) < co.
1=1 2
It is easy to know that ¢c; = b. As for co,
% (mzx;r A)2 = H]E (xlx;r - 121)2
i=1 2

,
< max { || [(z:(2:))?]|

2 1A%}

Notice || A%||y < A2 and

=bA < b2,
2

N

i=1

1 [ 2]l = B [l ], < max{]lz]*}

Since b > \, we set ¢co = b2.

Let the probability p = Pr(|| A, — Az > ). When e < 2b is satisfied, with probability 1 — p, we have
. 4b2log(2d/p
g~ Ay < = = 20EAP)

Therefore, with probability 1 — p, we have

Since log(2d/p) < n, itholds € < 2b.

A 4b%log(2d
1A, — A < 2los(2d/p) ©)

n
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B.4. Proof for Lemma 4
Proof. Note that VF(w) = P, (Aw) and Ta = Py. Plugging these operators into G(w) and V E'(w), we obtain

IG(w) = VE ()| = (I — ww")(Ax = A)(w — @) + (I — ww )i b (Ay — A)as |
=||(I - wa (A — )(w—ws)+(1—wa)wsw (Ap — A)ig|?

<27 —wuw 3] Ak — All3llw — s |1* + 2I|(T - uan)wsH2 (ﬂ?;r(Ak - fl)ws)z
< 2020? ||w — by ||% + 20202 ||(I — ww " )i, ||?

=2a%b? (3 — 2w W, — (w'W,)?)

< 6a%b? (1 — (w'w,)?)

< 6026’ D? (w, ).

The third inequality uses the result in Lemma 3 that || A, — A||3 < a2b?. The fourth inequality uses the fact that w ", < 1
such that w1 > (w " w,)2. And the final inequality comes from Eq. (7).

O
B.S. Proof for Theorem 1
Proof. For simplification of notation, we denote w; ok by w;. Note that in Algorithm 1, we have g; = G (w).
As presented in Lemma 1, F (w) is A-smooth. By the gradient A-Lipschitz, we have
. . ~ 4 4 D T 2
F(wipr) < Fwe) +(VE(we), Ry, (wern)) + 5 | Ro; (weid)|
: < n*\ 2
= F(we) = n{VE(we), G(we)) + =[G (w)|
s n = A1 1o
= F(wy) = SIVF)|* + S 1Gwe) = VE ()| + n(= = HIG(w)|?

. ~ A . A
< F(w) = DITF(w)]* + 390Dy, w,) + (5 -

1
5 - 5)lct)l”

The second equality follows (u1,us) = % (||u1]|? + [Juz|/? — ||us — u2|/?) for any two vectors u; and us. The second

inequality follows Lemma 4. Notice that G(w;) # VF(w;) is an obstacle from theoretically analyzing distributed
algorithms, and thus the second equality distinguishes our proof from the proof of single-machine optimization of PCA
problem in (Shamir, 2015; 2016; Xu et al., 2017; Zhang et al., 2016).

Inspired by the proof of RSVRG (Zhang et al., 2016) for noncovex problem, we define a Lyapunov function as
Ry = F(wy) + rol|Rg ! (wy)]]?, (1)

with a series of auxiliary parameters 7 satisfying r,, = 0, 7y = (1 + B)7¢11 + 3na?b? fort = 1,2, ..., m, where 8 = 1/m.
Note that the definition of auxiliary parameters are different from those defined in RSVRG (Zhang et al., 2016).

To bound R, we need to bound F'(w;) and HR;} (wy)]|?. The latter one is equivalent to the Riemannian distance between
and w;. And to bound it, we need to use the trigonometric geometry. Note that the trigonometric geometry in a Riemannian
manifold is fundamentally different from the Euclidean space. However, with Lemma 5 proposed in (Zhang & Sra, 2016),
the side lengths of a geodesic triangle can be upper bounded if the curvature on the manifold is lower bounded by some
constant. For the hypersphere, the curvature is constant as 1, and therefore for any vectors w, u, z € M, the following
inequality holds (Zhang et al., 2016):

D?(w,u) < D?*(w, z) + D*(w, z) — 2(R; *(u), R * (w)). (12)
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We then have
IR w1 < |1RGHw)I” + || Ry (we)[]” — 2(Ry (s), Ry (wig1))
=Rz (wo)I” + |G (wy)||” + 2(Ry, | (s), nG (wy))

1
< Rz (w)|? + n?lIG (we) |2 + BnQHG(wt)nQ + Bl R (wy) | (13)

—(+ %>n2nG<wt>n2 + (14 B)IR; (wy)|?

The first inequality follows the trigonometric geometry in hypersphere manifold. The second inequality comes from a
simple application of Cauchy-Schwarz and Youngs inequality that 2{a, b) < %HGHQ + B|b]I2.

Plugging (10) and (13) into R;, we have
Rip1 = F(wipr) + Tt+1HR531(wt+1)||2
< F(w) = @) + ((1+ B)reps +390%) |75 (w)]

1 A1 (14)
o (ren(1+ 5+ 5 - 30 ) IGGIP
< Ry = JIVE(w)*
The second inequality is by the definition of R, and the following inequality,
1 A 1
1+-)+=< —. 15
The proof of the inequality (15) is in Appendix B.5.1.
Sum up (14) from t = 0 to t = m, we have
m—1 n
Ry < Ry — §||VF(wt)||2
t=0
Substituting ws = wy and r,, = 0, the inequality above is equivalent to
m—1
Flwn) < F@@,) = Y JIVE(w)] (16)
t=0

Note that inequality (16) holds for any w,,, = wg;* where k = 1,2, ..., K.

7

Since the global variable 1, ; is randomly sampled from the local output of the s-th epoch of local computation {w?;* }szl,
we have,

R 1 X 1K mf177 o
E[F (1)) < — Z w)—?z §||VF(wf’k)||2. (17)
k:l k=1 t=0
By the definition of output in Algorithm 1, we obtain
| Sl K om-1
= 7 = i sk
E[[|VE(wa)|*] = szz IV (w;")]?
5=0 k=1 t=0
5-1
2 . .
< 2 N [E(wy) - F(a, } 18
< B 2o [P0 = Flie) (s)
5-1
2\ . .
<3 (Bl - Fw))
pom s=0

The first inequality uses (17) and the second inequality follows the definition of 7 and the fact that F'(is11) > F(w*).
O
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Remark: As the proof of Theorem 1 begins with the L-g-smoonthness property of the objective function and the
optimization accuracy is measured by the squred norm of the gradient, it seems that the proof could be simply generalized to
other nonconvex problem. However, this is not the fact. In the second inequality of (10), we apply Lemma 4, which is a
special property of our objective function. And (12) is a property on hypershpere, which may not be simply generalized to
other Riemannian manifold. Therefore, to generalize the proof of Theorem 1 to other objective function, it is required to
verify whether Lemma 4 and (12) are satisfied.

B.5.1. PROOF FOR INEQUALITY (15)

Proof. Note that n = p/\ where p satisfies 12a%b%p?m? /A2 + p < 1. By definition of 7;, we have 7,, = 0 and
re = (1 + B)rsy1 + 3nab?. Recursively calculating from ¢t = m to t = 0, we have

1+8)™t—1 3a%b’pm 1
re = 377a2b2( 6)/8 = )\ P ((1 + E) t_ 1)
< € — 1 3a2b2pm (19)
-2 A
3a2b?pm
- A

The second equality follows the definition of 1 and /. The first inequality uses the limitation of an increasing function
(14 1) is the Euler’s number, namely lim,_, { (1 + ) = e. And the second inequality comes from the fact that e < 3.

With the upper bound of r; for any ¢, we have

1 A 3a?b?p A
7‘t+1(1+5)+§§ N m(1+m)+§
272 2
< 6a°b"pm n A (20)
A 2
< 1- p)\ i — i — 1
- 2p 2 2p 2
The second inequality follows thta m > 1, and the third inequality uses the setting 120262 p?m? /A2 + p < 1. O

B.6. Proof for Theorem 2

Before proceed to the proof, we first propose a lemma to bound ||V fy,.i(w) — T,V f.i(u)||? for any w,u € M.
Lemma 10. Given any w,u € M, it holds that

IV fii(w) = TV fii(w)||* < 66°D°(w, w)

Proof. Define Ay,; = z¥(x

)

k)T

+) . Then similar to the proof of Lemma 4, we have
IV i (w) = T fii()|®
=|-U- wa)AMw + (I —ww")([I - uuT)Akyiqu
=|(I —ww ) Api(w—u) + (I —ww Yuu" Ay ;ul|?
<2||(I —ww ") Ay i(w —u)||* + 2||(I — ww " uu" Ay, jul)?
<27 — ww 3| Awi 13w — ull® +2[[ (1 — ww ")ul?(u" Ap,iu)? 2n
=2b% (|lw — ul® + [|(I — ww " )ul?)
=2b” (3 — 2w U — (wTu)Q)
<6b* (1 — (wTu)2)
<6b2D?(u, w).
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Now we are ready to provide proof for Theorem 2.

Proof. Again, for simplification of notation, we denote w; ok by wy. With (3) replacing Step 10 in Algorithm 1, the local
variable is updated with

vakz wt ( vakz s (~s)> . (22)

ZEIt €Ly

Notice that E[g;] = G(w;), where G(w) is defined in (6). Then the variance of g; is upper bounded as

B[l ~ Gwn)l*) = Bl 5 ip3 > (Vieatwn) - ﬁ‘sﬁfk,st)) + Tal V(@)
t—(%(wt) Ta (Viili) = VE( )H
- Hgmm st (9 T[] ey
< | (st m:www
< ngE [D? (wy, W )]

The first inequality uses E||¢ — E¢||? = E||€]|2 — || EE||? < E||€]|? and the second inequality uses Lemma 10.
By the A-smoothness of F'(w), we can derive
A _ Ay 2
E[F(we1)] < E | Flwe) + (VF(we), Ry, (wis1)) + 5 | R (i) }

2
~ B [£w) = (¥ P, Gl + Dol

[ U U =F 1 U
— B [Fw) - JITF@IP + HIGw)  TE@I + = Dl + Hlad? = 16w 1)
[ Mg 7 U S 7 UL U
< B [Pun) = IE@I + D6t — TR + 5 — Dlal? + Xl - Gl
[~ Ner 2 272142 ~ @ 1 2, 3nb* o ~
< [~ DITE @ + 3002202 (g, ) + 0" — Dl + 222 )
i nA 1
< B [Fw) - JIFF@I + 3n(a® + P ) + 1’ = Dl

(24)

The second equality is by (u1,u2) = 3 (||u1]|? + [|uz||* — |lus — u2||*) and by subtracting and adding 2 ||g;||?. The second
inequality uses E||¢ — E¢||?2 = E||€]]? — || EE|? < E||€]|?. And the third inequality uses Lemma 4 and (23). Note that (24)
is same as (10) except that o is replaced by o + %. Therefore, the subsequent proof is similar to the proof of Theorem 1
in Appendix B.5.

O
B.7. Proof for Theorem 3
Proof. Since Algorithm 2 calls Algorithm 1, by Theorem 1 we have
~ A 2\ . .
BV E(p40)]?) < — (F(in) — P(w)). 25
VPG )IP) < 2 (i) = Fw') (25)
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By Lemma 2 and definition of gradient-dominated function, we have
F(ibyg) = F(w) < S [VE ()] (26)

Combining (25) and (26) and telescoping products from r = 0 to r = R — 1, we obtain

E [F(in) - Fuw")] < <p;25>R(F<w0>ﬁ<w*>)

O
C. Proof for Sections 4.1, 4.2 and 4.3
C.1. Proof of Lemma 5
Proof. Given any unit norm vector w, rewrite it as w = Zj 1 Civ;, where c; are scalers satisfying Zz 1 l = 1landv; is

the eigenvector corresponding to i-th largest eigenvalue A;. By definition, v = v1 and A = A;. Then we have (w'v)? = c2.

For F(w) — F(v), it is lower bounded as

F(w) — Fv) = ;()\1 —w'Aw) = 203)\1
i=1
1 d
= 5()\1 — C%)\l - ZC?)\l)
=2
1 2
Z 5()\1 — Cl)\l ZC )\2
=2
1 2 2 g T,)\2
=5 (=M - (=) = 51— (wTv)?).

And the upper bound is deduced as

F(w)—F(U)zl()\l—wTAw Zc)\

1
= 5()\1 — C%)\l — ZC?)\J

IN

(1—(w'v)?).

&
ol >

1
50\1 — A1) =

C.2. Proof of Lemma 6

Proof. Let iy, = sign(w] wy)wy = S0, cFv;, where S0, (¢F)2 = 1 for all k and v; is the eigenvector corresponding to
i-th largest eigenvalue \;. By definition, v = v; and A = Ay. Since (c¢})? = (v wi)? > 5 and @, w; > 0 for any j and k,

(k)

we obtain that c¢f has same sign for all k. Assume ¢}’ > 0, then for any fixed {c{ }_ |, we have

Ty = iy 0700 (i e)?
Iy ol (s )2 + (T )2
(0, eh)?

>
T (T )2+ (D V1= ()2
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The inequality comes from the fact that || Zle ug||? < (Zszl [lug||)?, where we set the vector uy, = [c§,ck, ...,ck]T and

the fact ||ug|| = \/Z?:Q(Céc) = /1 — (c¥)2. Notice that
K | K .
LS = L3
K= k=1

By define ¢ = cos(6y), where 6}, € [0,7/4), we have /1 — (c¥)2. Then to prove the lemma is equivalent to proving

K
1
(v w)? Z % Z(Uka)Q
k=1
K k\2 K
1
& o (Zk:kcl) - 2 ¥ > (eh)?
(k) + (pmy V1= (c1)?)? k=1
- (35key cos(60r))? N 31 €05 (0)
(Shey cos(0k))? + (X ey sin(6y))? T il cos2(6k) + Yopy sin® (6)
(D cos(00)? LT (0
(ZkK  sin(0y))? B Zle sin?(6y,)
- Zfil ZJ 1 cos(6;) cos(6;) S >, cos®(6y)
Zz 1 Zg  sin(6;) sin(6;) a Ei(:l sin® (0,
o 2 ZZ 1 Zj 1(cos( i —0;) + cos(0; + Qj)) - Zszl cos?(0r)
= K
5 Zz 1 Z] 1(COS( i ej) - (0; + 9]) Ek—l sz(ak)
K K K K K K
& Z Z cos(6; — 6;) + cos(6; + 6;) Zsm (Or) > Zcosz(ﬁk)z Z(cos(@i —0;) — cos(b; +6;))
i=1 j=1 k=1 k=1 =1 j=1
K K K K K
@KZZ cos(6; + 6;) Z cos?(0y) — sin (Gk))ZZcos(Gifﬁj)
i=1 j=1 k=1 i=1 j=1
K K K
@KZZ cos(6; + 6;) ZosQGkZZCOSG—H
i=1 j=1 k=1 =1 j=1
K K K K K
- > cos(f; — 6,
Z cos(0; + 0;) ZZZ<COS (26,) +cos(29 ))217121}1(2 ( )
=1 j=1 i=1 j=1
The last inequality holds due to the fact that cos(6) < 1 such that
_ 0.
Zz 1 Z =1 COS( J) <1
K2 =5
and the fact that the function cos(6) is concave for 6 € [0, 7/2) such that
cos(0; + 6;) = cos(% 20; + % 29],) > cos(26;) ;005(291')
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C.3. Proof of Theorem 4
Proof. Assume that (v w?;¥)? > 1/2 holds for all s and k. Combining Lemma 6 and Lemma 5, we have that

F(u?s+1) - F(”) < (1 - (UT@5+1)2)

IA
) N >
| >
vk

—

|

=

_'

g

3

ol

=

IA

>
M=
,?j\>

g

s

|
E>
K3

That is

) A s
F(iba) < 532 kz::l F(wsk). Q27)

Replacing (18) with (27) in proof of Theorem 1, we can achieve the conclusion in Theorem 4.

C.4. Proof of Lemma 7

Proof. We study the convexity of F (w) on hypersphere manifold by the smallest eigenvalue of its Riemannian Hessian. By
(8), we have
(u, V2F(w)[u]) = —u" Au+w " Aw.

Define e = 1 — (w'v)2 Rewrite w as w = Z‘Li 1 Civi, wWhere ¢; are scalers satisfying S = land ¢; > 0. Then

w' v, = ¢ and c? =1-¢&2

zlz

. d
Rewrite was u = Y ;_; a;v;. By u' w = 0, we have

d
uTw=O<:>Zaici:0

i=1

& (ama)’ =0 aa)’ <Y ald ¢ =(1-a)(l-d)
i=2 i=2 =2
i
Therefore, (u'v;)? < 1 — ¢? = 2. This indicates u ' Au < 2\ + (1 — £2))a.
Then
d
—ul Au4w Aw > —e2A — (1 —%)Ag + Zc?)\i
i=1
> —82/\1 — (1 — 52))\2 + C%/\l (29)
=N - (1= +(1—-eH)N
=0 — 52(/\1 + 5)
Let § — e2(A\; +d) > 0, we obtain €2 < " +6 That is, when 1 — (wv)? < m, the Riemannian Hessian of F'(w) has

non-negative smallest eigenvalue, mdlcatmg that F'(w) is g-convex.

Let§ —2(\; +6) > 5 ¢ we obtain g2 < 1 §m
8 /2-strongly geodes1cs convex in the Riemannian ball {w : (w'v1)? > 1 — 1 /\1+5}

Since the smallest value of the Hessian is not smaller than §/2, F'(w) is
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A byproduct during studying the convexity of F(w) is that among all stationary points v; for ¢ = 1,2, ..., d of the objective
function F'(w) on Riemannian manifold, only v; is not a saddle point, and v; for i = 2, 3, ..., d are saddle points.

O

C.5. Proof of Theorem 5

Proof. Assume that w?;* € A holds for all s and k, where A = {w € M : (wTv)?> >1— AT-é} Based on Lemma 7, we

have that F'(w) is geodesic convexity for any w € A.
For wy, (k = 1,2, ..., K) defined in (5), by applying the Jensen’s inequality along geodesic on M, we have

R E—1.
F(wy) < TF(’LTJIC,Q +

where k = 2,3, ..., K. Sumup from £ = 2 to k = K, we have

K
i) = 2 2 F(

k:

Based on the above inequaltiy, we know that (18) still holds after switching the averaging stategy from option I to option III.
Thus, we can have same result as in Theorem 3.

O
Remark: By applying Lemma 6 to the function h(w) = 1 — (v w)? where w € M, we have that h(w) is g-convex if
(vTw) > 1/2. Therefore, running Algorithm 1 with option III and with other assumptions and parameter settings described
in Theorem 4, we can achieve the same conclusion as presented in Theorem 4.
C.6. Proof of Lemma 8

Proof. Define the leading eigenvalue of A; by ;. By the result in Lemma 3, we have ||A; — A2 < ab. That is for any
unit norm vector w, we have .
\wTAlw - wTAw| < ab. (30)

If \{ > A, we have ~ R
Al — A= v;—Alvl —vlAv < virAlvl - UIA’Ul < ab

Similar, when A\ > \;, we have
A=X\ =v' Av — ’UIAl’Ul <ol Ay — v Ajw < ab (€2))
Therefore we have |\ — A1| < ab. With this result, we have

F(u) = F(v) = 5 (A = o] Avy)

()\ — )\1 + ’U;rAl’Ul — ’U;FAA'Ul)

)—‘M\I—\M\H

(32)
< 3 (\)\ -\ + |v1 Ajv; — v Av1|)

=ab

The second equality uses \; = vlT Ajvp and the inequality uses (30) and (31).
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D. Extra Experiment Results on Synthetic datasets
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Figure 5. Comparison results of different distributed optimization algorithms on synthetic datasets with different eigengap.

We compare CEDRE with baseline algorithms on the synthetic datasets described in Section 6.3 with n = 2000. The
results are presented in Figure 5. When the eigengap is large (i.e. = 0.2), the convergence regarding the communication
cost of CEDRE outperforms its competitors by a large margin. To be specific, CEDRE converges to about —35 log error
with only 6 communication rounds while other algorithms cannot converge to the same accuracy after communicating
20 communication rounds. When the eigengap is small (i.e. § = 0.01), CEDRE again outperforms other competitors.
Therefore, CEDRE is more communication-efficient to compute the leading eigenvector in distributed settings.
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Figure 6. Results on synthetic datasets. (a) displays convergence of CEDRE v.s. number of communication rounds for different number of
local mahines. (b) displays convergence of CEDRE v.s. computation time for different number of local mahines.

We also test the effect of the number of local machines on the convergence of CEDRE on the synthetic datasets. In this
experiment, the number of total data instances is fixed at 200, 000. And the number of local machines K varies from 1 to
100. Specially, when testing the convergence vs. number of communication rounds (Figure 6(a)), the local computation
iteration length m is set as |104/n|. And when testing the convergence vs. local computation time (Figure 6(b)), the
communication time is not calculated. But in practice, the communication time is much higher than the computation time
and dominates the total running time of a distributed algorithm. The results in Figure 6 show that to achieve the same
accuracy, with the increase of the number of local machines K, the number of communication rounds increases, but the
wall-clock time, i.e. the computation cost in each local machine, decreases.



