Optimization and Analysis of the pAp@k Metric for Recommender Systems

Appendices

A. Proofs of Section 4.1

Proof of Theorem 1. For any positive xF and negative x~, 1(w?z™ < w?z™) is monotonically decreasing in w’ z*
assigned to x . Thus the quantity % > L(wTat <wPx™) forany x~ € Z_ is minimized by top ranked 3 positives.

I+€Z+
Define r(w;zfyy ,...a0p a7) = Zﬂ L(w"z() < w"z™). This function is monotonically increasing in w”z~
assigned to z~. Hence,
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is maximized by top k negatives. Therefore,
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where R ave(w; Z4, Z_) is the AUC between the subset of positives Z and the subset of negatives Z_. By using the
same argument first on negatives and then on positives, we get

Ryapex(w; S) = ZJiIélgl+’ Z?lfas)‘(,, RAUC(w Zi, 7)),
|Z+1=B 1Z-|=k
as well. Hence, the order of the min-max over subsets Z_ and Z does not affect pAp@k and can be interchanged. [
Lemma 1. Let Z, = {z],.. ’+} and Z_ = {zy ..., % } be the set of instances in the top /3 and top k positions in the

ranking of positive instances and negative instances (in descendlng order of scores) by w™ x, respectively. Then the (outer)
maximum of the minimum value in Eq. (6) is attained at Z, and 7 _.

Proof. By expanding (6), we have that

R (1p: S max min max — e w z w z 18

pAp@k( ’ ) Z_CS_ Z+CS+ mellgxk Bk ZZ b +qu qu ’ (18)
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where p; = Z?:l m;; > 0and ¢; = Zle m;,; > 0. For any subset of positive instances Z = {zf, ce zg} C Sy, we

assume w.l.o.g. that szf' > 2 sz; (this ensures that the identity of each zj' is unique). Similarly, for any subset of
negative instances Z_ = {z, ..., z,:} C S_, we assume w.l.o.g. that szl_ > 2> szk_. Notice that in (18), only the
last term depends on the subset Z. Moreover, in general, the min and the max (over 7) cannot be exchanged; however,
notice that since p;’s are always non-negative for any m € Iz and set Z_ C S_, we may push the minimum inside as
shown below:

E;’Ep@k(w;S) max max — ZZW%J—'—Z%U} z; — jnax Zplw z

Z Clsk Tt ’Bk i=1j=1 1z Clsg =1
For any fixed 7 (or equivalently p;’s), the last term above is maximized when the subset Z. contains the positives with the
highest scores, and in particular, the top /3 ranked positives by w, denoted by Z, = {z", ..., 25} Similarly, notice that
in (18), only the second term depends on the subset Z_. Therefore, Eq.(18) can be written as follows:

k
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Since g; > 0 for all j for any fixed 7 (or equivalently g;’s), the last term above is maximized when the subset Z_ contains
the negative with the highest scores, and in particular, the top k ranked negatives by w. O

Proof of Proposition 1. Since the term in (4) upper bounds the AUC performance measure between the set of positives S
and the set of negatives S_, the ramp surrogate (6), by construction, upper bounds the pAp @k metric.

Moreover, since p;, q; > 0 for all 4, j in (18), we observe from Lemma 1 that the set of positives and the set of negatives

selectedare Z = {Z,... 25} = {2}, ,... 25 }ie. thetop § positivesand Z_ = {z;,... 2, } = {203y s+ 25y, }
i.e. the top k negatives, respectively, ranked in decreasing order by w” 2. The ramp loss can be written as:

pram| o 1 i
RPAPp@k(w; S) = max B Z Z Mg — k Zp(i)’”w Z+ F Z w J)w
i=1 7=1

well
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where the ramp loss in the first step is another way to write eq. (18) when the subset Z, and Z_ are chosen. From (19), it
is easy to find the optimum 7, i.e., T3y, (j),, = 1if (1 — wT(Z(Jg)w — ZG)w)) > 0, and O otherwise. Therefore, the ramp
surrogate is 0 iff the weak S-margin condition (Definition 2) holds in the data, i.e., there is set of 3 positives which are
separated by negatives by a margin of 1. O

Proof of Proposition 2. One simple way to construct a surrogate for the pAp @k metric is by replacing the indicator function
in (1) by a convex, monotone, Lipschitz, classification surrogate e.g., the hinge surrogate:

pHhinge —
Bprpex(w; 5) = o7 Z Z Ty ~ 0 TG, )4 (20)

=1 j=1

where x(+) and z () denotes the positive and negative instances in S and S_ ranked in i-th and j-th position (among
positives and negatlves in decreasing order of scores) by w, respectively. From (19), we observe that the hinge loss surrogate
is equal to the ramp surrogate for the pAp @k metric, i.e.

Hhinge Rram
RpAS@k(w S) = pApp@k(w§ S).
When n < k, we consider all the positives in the data, and as discussed, the pAp @k metric reduces to partial-AUC with

false positive range being [0, n%] From Theorem 3 of (Narasimhan & Agarwal, 2017), the above hinge loss based surrogate
(equiv. the ramp surrogate) becomes convex.

However, when ny > k, then the above surrogate is non-convex. We provide a counter example to support our claim.
Consider the following 2-dimensional example. Let k = 2, wy = [—1,0],ws = [0,—1], and A = 0.5. We take w =
Awi + (1 —X)w,. Consider the feature matrix « = [[—1, 0], [-1, —1],[1, 0], [1, 0], [0, 1]] and the true labels y = [0, 0, 1,1, 1].
We can observe that in this case, Rjx o, (05 S) = 2.25, R{ay (w13 S) = 2.5, and R, (w2; S) = 1.5. This means that

ﬁ;ﬁp@k(@; S) > /\E;ﬁp@k(wl; S)+(1— )\)R;?;p@k(wg, S). Thus, the ramp surrogate (hinge surrogate) is non-convex. [

B. Proofs of Section 4.2, Section 4.3, and Section 4.4

Proof of Proposition 3. The average surrogate is constructed by replacing the last maximum in (9) by average over all
the subsets. Thus, the average surrogate upper bounds the ramp surrogate and hence the metric pAp@k. For conditional
consistency, let us recall the definition of average surrogate:

~a 1 1 & Bk
Rpfp@k(“s):zr?éfé,wé%i’ik ﬁkzzﬂ” i Zzwuw 5~ 3 E;wipxl* SN mi
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The maximum over finite sets can be interchanged. Thus, we can write the average surrogate as follows:
Bk
nave . Q) —
RpAp@k(w’S)—wé?ﬁ’ik Bk ZZ Z“’ ZZWZJJF max kZZm]w Z
=1 j=1 =1 j=1 |Z|* =1 j=1

Similar to the proof of Lemma 1, the inner maximum is achieved by the top-k negatives as scored by the scoring function
T
w* z. Thus,
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where Z,,, is the set of all (unordered) sets of positives of size 3, and the last step follows from the fact that average score of
all the positives is equal to the average of the mean over all subsets of size 5. From the above equation, it is easy to find the

optimum 7 € gy, i.e., T (5w = Lif (1+ sz(_j) — 1 ;“’1 wa?') >= (), and 0 otherwise. Clearly, if there exists a
scoring function w which satisfies the S-margin conditlon, then RpAp@k(w; S) = ﬁ;j\gp@k(w; S) =0. O

Before proving Proposition 4, we prove the following Lemma which states that that the argument maximum over 7 € Il xx
in TS surrogate can be found in a restricted space of ordering matrices where any two positives separated by a negative are
sorted in decreasing order of scores by w” z. To this end, recall that the TS surrogate is defined as:

Fidpou(wiS) = max  ma Xkﬁk ZZ”( i ZW z; +Z%w 2]

‘Z‘— lel

where p; = Zle mi; and ¢; = Y. m; ;. Similar to the proof of Proposition 3, we observe that the argmax over

Z_ C S_,|Z_| = kis attained at the top-k negatives Z__ according to w” z, and the combinatorial optimization problem
over I, »x becomes equivalent to:

ny

7T€Hn “h 5]€ ZZ T(@)md — szw Z; +ZQ(j)ww Z(]) . (OP1)

=1 j=1

Notice that the top-{3 positives in the first term above are different for different ordering matrices 7 € II,,, 5. Hence, one
may simplify the above optimization problem and search the argmax, for any given w € R%, over a restricted space of
ordering matrices defined as:

I e =Am €My |V Jrin <2 Ty),,5 < T(in)uni b (21)

where (i),, denotes the 1ndex of the i-th ranked positive (among the positive instances) , when the instances are sorted in
descending order by w” x. The set in (21) is the set of all ordering matrices in which any two positive instances that are
separated by a negative instance are sorted according to the score w” z in decreasing order. Notice that this approach of
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searching the optimum in the restricted search space is similar to the approach for optimizing Eglg&}c (v, 9) surrogate, where
0 < < 4 < 1, for the pAUC performance measure (Narasimhan & Agarwal, 2017) in the false positive range (v, d). This

is expected since both ﬁgip@k(w; S) for pAp@k and ﬁgi}gc for pAUC take features from all the positives after restricting

to (top-k) negatives. The difference is that the ]/%T/S\p@k(w' S) further restricts ordering of positives. Thus the solutions are
entirely different as we seek positives to be further restricted in a certain order. Restricting our search to Hn « > We have:

Lemma 2. The solution 7 to the optimization problem (OP1) lies in Hn <k

Proof. The proof follows by contradiction. Let us suppose that 7 ¢ HZJr &+ Then, 37,41 <ig suchthat T(; ), 5 > iy, o

which essentially means that T . = 0 and T(i1)w,j = L- That is, 7 ranks xa)w above J;j_, which is further ranked

i2)w,J

above than le) , and hence the number of negatives above the (i1),,-th positive is greater than the number of negatives

12)w*

?; ), are swapped, i.e. for all j/ with 7; ), - = 1 and 7(;,),, ;» = 0, we set 7r(z Yo = = 0and 77(Z Yorf! = = 1. This would
entail that p( D < p(z Yo . Then it can be seen that the loss term (first term in (OP])) is the same for 7 as for 7. Define
A== (P, w w(t )
since wa+1 >wlz i) . Therefore, the second term in (OP1) increases leading to a higher objective value in (OP1).

This contradicts the fact that 7 is a maximizer. O

above the (i2).,-th positive, i.e. p;,), > D Now let us construct another ordering 7’ in which the instances zz; Y and

/

F Plin) W Ty, ) and A= —(ply wlal )+ ply whal ) ). Clearly, we have A" > A

€

ot

Given Lemma 2, we may now prove Proposition (4).

Proof of Proposition 4. As discussed in Section 4.3, the TS surrogate upper bounds the pAp @k metric by construction. For
consistency, let us recall that the definition of TS surrogate:

Rg/S\p@k(w3S) = ng}g( weIIIIlgxxk 5k ZZW@ Zpleer—i_Zwa 2
|Z_ =k i=1 j=1

Again the outer max is satisfied by the top-k negatives. Moreover, using Lemma 2, we may write the TS surrogate as:

Bk
Rgip@k(w;S)zﬂerﬁlgx %ZZ T(i)nj — mprszg;Jr—i—ﬂkaq wt 25y
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Now observe that for any = € IL7 ;. 7(), . = 7(s),,;» as there always exists an ordering consistent with 7 in which all

the positives are sorted in decreasing order by the score function w” z. This means that the ordering of positives is also
fixed, now we must fill the entries of the matrix 7. So, our objective is to solve the following:

ﬁgip@k(w; S)

k
= reltoX BkZZ (D (Dw ~ Bkszw zf + k;qmwaZ(‘j)w
i=

ny xk i=1j=1
ni
T et Bk ZZ (oo ~ B ZZ s T, " ZZW( oD 2,
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The second term goes to zero if all the positives are just separated by negatives, and the first term goes to zero if the top-f3
positives further outrank all the negatives by a margin of 1. Thus, in conclusion, the TS surrogate R, Ap@k(w S) = 0 under
the moderate S-margin condition. O

Proof of Proposition 5. By construction, the ramp surrogate (6) upper bounds the pAp@k metric (1). Moreover, by writing
ramp surrogate as in equation (9) and using the first inequality in the following

Na —
max Zp sz+>( + Z szw zt min Zplw z
218y i~ 1 €z Z+CS+ ~
1z =8 "= Zyezi= 1Z4|=p 1=

where Z is the set of all ordered sets of size 3, we construct the average surrogate (10). Since maximum is greater than
the mean, the average surrogate upper bounds ramp surrogate. Lastly, since mean is greater than the minimum, the max
surrogate (defined in Appendix C, equation (24)) upper bounds the average surrogate. This establishes the following:

Rpapax(w; S) < Rﬁﬂp@k(w; S) < Rz‘fp@k(w; S) < Rpipax(w: S).
Now, from (22), it is easy to write the TS surrogate as:

~ 1 _
Rpip@k(w S) ;T:)p@k + max 5 Z Z 77(74 ws () w —w l‘+ + wTZ(j)w]

en(n —B)xXk i= ﬂ+1] 1

The second term on the right hand side above is non-negative, hence we establish that

R;ﬁp@k(w S) < pAp@k(w; S).
O
C. The Max Surrogate for pAp@k
Let us take the form of ramp surrogate as defined in (9), i.e.:
pramp . L .
Riipex(w; ) = max  max Bk Z:Zlm + quw 2 mg§+§;pzw A (23)
|Z_|=k =17 |Z4|=8"

Since p; > 0V 4, the last term is maximized by the top-/3 positives in descending order of scores by w? 2. Thus by replacing
the maximum over Z in (23) by a minimum over Z and pushing that outside, we relax the ramp surrogate in order to
obtain the max surrogate defined below:

R™  (:5) = max max—ggﬂ' +E wz—mmg wz
paper(; 5) Z_CS_nellzny Bk w 4 Zhcs, 2P

|Z-]=k ==t |24 1=8 =1

= max max max — i+ ™ wT z — e wT z . 24)
Z_CS_ z+cs+wenﬂxk ﬂk J J J
|Z_|=k |Z,|= =1 j=1 i=1 j=1 =1 j=1

This surrogate is a point-wise maximum over convex functions in w, thus it is convex. It also upper bounds pAp @k, since
it upper bounds the ramp surrogate. This surrogate is consistent w.r.t. pAp@k under the strong (3, §)-margin condition
defined as follows:

Definition 5. Strong (3, 0)-margin (Kar et al., 2015): A dataset S satisfies the strong ([3,6)-margin condition if for some
scoring function f,

min f; — max f; > 4. (25)
€S, JeES_
We say that f realizes this margin. We refer the strong (3, 1)-margin condition as simply the strong 3-margin condition.

Proposition 6. For any scoring function w™

wt'x realizes the strong 3-margin condition over a dataset S, then Ropex(w; ) = pAp@k(w S)=0.

x, we have pAp@k(w; S) > ﬁpAp@k(w' S). Moreover, if the scoring function
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Proof. From (24), we have:

~ 1
Ry (w; S) = max max + — w' 27 — min — w2t
pAp@k (Wi S) 2-C5_ rellsey | Bk ZZ Tij Bk Zq] b z,Cs, Bk Zpl ‘
|1Z_|=k ==t Zel=8 =1
Since p; > 0 for all 4, the min in the last term is minimized by the bottom [ positives according to the score function
wTz. Let us denote the set of bottom J positives by Z, = {z(tbr Bi1)w " (tu) }. Also, only the second term

depends on the set of negatives and since ¢;’s are non- negatlve for all j, the ObJeCtIVC is maximized by the top-k negatives
Z_ = {z W () } according to the score function w”z. So, € Iz, only measures the relative ordering of the

bottom [ positives and the top k negatives as discussed below:

Bk
max . _ T — - . T _+
PAP@k(wa S) - wgll_ﬁ‘;ik ﬁ g g ’J Bk Z CI(J)U; Z(J)w Bk ;p(n+—ﬁ+1)ww Z(n+fﬁ+i)w
= max iii i - +iZq4 wl 27 —in yow! zt .
FEHBXk ﬁk‘ =1 =1 (n+_/8+1)’wv(])w /Bk = (-7)1“ (j)w ﬂk P (n+—ﬂ+2)w (’ﬂ+*ﬁ+z)w
I Bk
= max [ DD T il — 0 (2 e = 2] (26)
wellgxi | Bk 4 + wild)w (4 =B+)w  “(Dw

@
Il
-
.
I
-

It is easy to see that T, _g44), (). = L1 —w’ (2, za), ) > 0], and under strong (3, §)-margin condition

F(ny— Bti)uw_
(Definition 5), the upper bounding surrogate Rg}fgﬁ@k(w S) = pAp@k(w; S) =0. O

D. Subgradients of the Proposed Surrogates for pAp @k

In this section, we discuss the subgradients of the proposed surrogates. This involves first finding the argument maximum
over the subsets Z_, Z_ (if any) and the ordering matrix 7, and then computing the gradient step w.r.t the model w. We will
also mention some interesting observations regarding the surrogates while computing their subgradients.

D.1. Subgradient of Rp‘z;p@k(w; S)

In E;Xgp@k(w S) (10), the arguments over which the maximum is searched are restricted to Z_ and 7. Following the
same arguments as in the proof of Proposition 3, we observe that the argmax over Z_ C S_,|Z_| = k is attained at the
top-k negatives Z_ according to the score function w” z (line 1 of Algorithm 2). Moreover, the remaining combinatorial
optimization problem becomes equivalent to:

arg maXZ Z T —wT ni i x?‘ — Zj_ . (OP2)
=1

m€llgxr 527 j=1

Notice that the objective (OP2) can be maximized by maximizing each term separately; the optimal matrix is then given by
(line 3 of Algorithm 2):

1
771'7]':]1 1—wT 721‘?—2-_ 20

This optimal matrix 7 is also a valid ordering matrix in Ilg ;, which interestingly, puts all the positives below the j-th
negative if the average score of the positives is less than one plus score of the j-th negative. In particular, we obtain a
rank-1 7 matrix. After obtaining (Z_,7) for szfp@k(w; S), we can compute the sub-gradient which is shown (in line 4 of
Algorithm 2) as follows:

s

8k
oy 1 o
awa)Agp@k(w;S) = FZZWZJ 2 T xl+
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D.2. Subgradient of E;,“:I’,‘@k

Since maximum over finite sets can be interchanged in the definition of I%g}ﬁ;@k(w; S)in (24) and since 7; ; > 0 forall 7, j, we

find that the argmax over Z_ C S_,|Z_| = k is attained at the top-k negatives Z_ = {20)0s > 200} = {215+, 21}
according to w”'z (line 1 of Algorithm 2). Similarly, from the proof of Proposition 6, we find that the argmax over
Zy C Sy, |Zy| = Bis attained at the bottom-/3 positives Z, = {2(n —g41)>- > Z(ny)w ) = 121, - > 24} according to

w?'x (line 6 of Algorithm 2). All that remains is a combinatorial optimization problem to compute the relative ordering
matrix between the bottom-/3 positives and top-k negatives as scored by w7 z:

argmax— Z Zﬂ'w {1 —w? Z; zZ)| - (OP3)

7r€H[3><k i=1 j=1

Notice that the subgradient of E;n:;@k (w; S) requires the relative ordering of the bottom-/3 positives and top-k negatives,
which is unlike the ramp surrogate. The objective in (OP3) can now be maximized by optimizing each term separately. The
optimal matrix is given by (line 7 of Algorithm 2)

i =1 l—wT(gj'—Ej_) 20}.

This optimal matrix 7 is a valid ordering matrix in Il as well. Hence (Z,,Z_,7) gives us the desired argument
maximums for %% o\ (w; S). We can compute the sub-gradient which is shown (in line 8 of Algorithm 2) as follows:

Bk
O R (w:5) = ﬁi > 3w [ -]

D.3. Subgradient of Rp apak(w; S)

Similar to the procedure for jo\gp@k(w; S), we observe that the argmax over Z_ C S_,|Z_| = k in (14) is attained at the

top-k negatives Z_ = {2(1), ;- - -, Z(),, } according to w” z (line 1 of Algorithm 2), and the combinatorial optimization
problem over II,, | » 1 becomes equivalent to (OP1):

ny k nt+ k
T+ o T5—
arg max — ﬁk E E T(i)w,j — E § Ty, W™ Ty +ZZ7T1»(J)ww ()
7€l xk i=1j=1 i=1 j=1 =1 j=1

As shown in Lemma 2, the above argmax can be computed over a restricted set of ordering matrices H% <« (21), given for
any w € R?. This reduces (OP1) to a simpler optimization problem (22):

DTS . + T, ,— + T, ,—
Bpspar(w: §) = max . ZZ”(M’(JM —w'a, et 5k Z Z T [0 2y, + w2 ]
X i=1 j=1 i=B+1j=1

The above objective can be decomposed into a sum of terms involving individual elements 7; ; € {0, 1} and thus can be
maximized by optimizing each term separately. The optimal matrix is given by (line 11 of Algorithm 2):

1, ifi < fBand w? (:cz) —-z7)<1
(i) =4 1, ifi> Bandw” (x(t) —z;)<0 »=1 wT(xz;)w —Z;) <1< ﬁ)} . 27
0,
This optimal matrix 7 is a valid ordering matrix in I1g . Hence (Z_,7) gives us the desired argument maximums for
Rgip@k(w; S). We can now compute the sub-gradient shown (in line 12 of Algorithm 2) as follows:

Ow RpAp@kw S) Bkzzﬁw {’f— l}

=1 j=1
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E. Proof of Section 6
Proof of Theorem 2. Recall that the population pAp @k risk is defined (16) as:
Ronperlf:D) = Bt np (1(/(e) € F@ DT (fia Ty () 28)
where .
Yo = { *1v17 ifPlz ~ D] = } (29)

T, (f,z7)is 1if Pz op_[f(Z7) > f(z7)] < - and 0 otherwise, and T+ (f, 2 1) is 1 if Pz+ op, [f(ZT) > f(z)] <
v+ and O otherwise. Similarly, let us define the empirical version of the pAp @k risk as follows:

ny NnN—

ZZH j )]A’W (fv x?_)j;’y* (f7 xj_)v 30)

i
’Y+j'Y— i=1 j=1

j%pAp@k[f; S]

vthe Gy, = Hllin(n+,"]:77 ), fw* (fyx™) .is Lifz; lies in the top-j,_ negatives and 0 otherwise, and IA“W (f,zT)is 1if x;'
lies in the top-i,, positives and 0 otherwise.

Assuming that f has no ties and that v_n_, vy, n are integers, let us define the population and sample thresholds on both
positives and negatives as:

. ~ . 1
tDy fye = artgﬁgnf{t | Potop, [f(2T) > 1] = 74, tS. fiye = ar%%ﬂn{t \ Ezﬂ[f(xj) >t >4} GD
€ € —

tp oy = arg%nf{t | Ppep [fxz7) >t =7},  ts_jr = argmm{t | —Zn >t >} (32)
te i=1

Given that there are no ties by f, g ...~ is the threshold on f above which n_ 7, of the positives in S are ranked by f.
This implies >/, 1[f(x]") > s, 1., ] = n+7+. Analogous is the case for the negatives in S_. Now let us rewrite the
population and empirical rlsk as follows:

’Y+7’Y [f D] '7+1'77 Ex+~D+,z*~D_1[f(x7) > f($+), f($+) > tD+7f,7+7f(l'7) > tD—JK‘/—] (33)
Ry, o [f3 8] = ZZH Fab) f@f) > sy oy F@7) > Ts_ o). (34)

N7+ n-7- 5 =

Let us first use t+,t_,tA+, and 7_ as shorthand notations for Dy fye PD_ fvo s tsy five» @nd ts_ g ., TESpECtively.
Furthermore, let us define six more terms as follows:

n_

Ry, o iP5 ] = ,lerEm+~D+ @) > == > 1) 2 e () > ¢-] (35)
B D820 = B [11F67) > 1o A6 2 S > 1] 69
Rf, o DS = —Ern, [11f") >ty SOUlf) = S Elf ) > Tl )
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1 _ 1 & B N
Ry, . [f;iD,S¢]= T_El-—w, 1[f(x )>t7]n+7+;1[f(x ) > flaD)[f () > 4] (38)

1 ~ 1 -~

Ry (3D, S) = —Bprep, 1) > 1= ) 1lf() 2 f@DIL[f(a7) > T-] (39)
B (D8] = B, \1U60) > 1 300060 2 SDRIED > B @)

We then have for any f € F,

Ry D) = Ry [F38) = 5 (2R (D) = 2R, L5 S))
= 2[R 17 - W[fDSD (R, [f: D]~ E5, , [fiD.S4])
+ (R, _[/;D,8 )= RY,  [iD, S )+ (Ry, . [;D,S4] - Ry, ,_[f;D,S4])
+( 7+w[fDS] fy+'y[fDSD ( 7+w[fDS+] R7+7[f;Dvs+])
(B (1D, S-) = B [F38) + (By,  11iD.S4] = Ry 11:S)] @)

Using (41), for any € > 0, we have that:

FWSHE (U (R (D)= Ron 1138] 2 e}) <P - (U {Rovn D1 = R 1riD5] 2 i})

fer ferx
o (o st (5 e a5 ez )
fer feF
+Ps+~‘Di*<U{ ST AR N 7+v[f?D75+]22}>+Ps_~Df(U{ o 3D, 8- = v+v [fsD,5-1= - })
fer feF
+PS+~‘D1+ (U { v LDy S4] = Ryine [f;D,S4] > 4}> 'HP)sNDz*'ny_L‘ (U { e 3D S-] = V+v[f§s]22}>
fer feF
+ Py - (U {R [£:D,84) = Ryy iy [£55] > 4})
fer
We will now bound every term separately. Let us start with term A.
7+’Y[fD] 'y+'y[fDS]
= B A[f) > 1] []Ez~D71[]1[f(x) > S S) > 0] = 2 3 > SOy > u]
= %17 Ep+op, U[f(2T) > t4] [EIND [1[f(z7) > max{f(z"),t_}] — ni > oAf(zy) > max{f(m,t_}}]
_ - =
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B, (1) > ) sup (B [17(7) > max{f(a), 1)~ /() > max{f<x+>,t}]|

<
Y+7- ztex =
< s B [ll[f(w‘) > max{f )1 - = Y fG) > max{f(w+)7t}]] | @ 1[f(@*) > 2] € {0,1)
— zte n_— =1
< s lE o 1fa) > 6 - - S 1(f() > ] )

Using (42), we have the following:

A<Pg pn- U sup
for | teR

Bep 1) > 1] = —— Y 11(;) > 1

Jj=1

=Pg o~ U U {

fEFteR

< Cln‘ie_znfﬁez/m (43)
The last step follows from the usual VC dimension bound. Now we bound the B term.

Ry, lfiD] = R5_, [f;D,S4]

Y+ Y+ D

= LEm*wD_ﬂ[f(x_) >t [Emmml[ﬂ[f(f) > fa)L[f() > t4]) - : Yo UfT) = fDf () > t+]]

< mEx*ND, []l[f(ﬂ?_) > t,]] wS_ILpX

[Evsop, [Uf(@7) = f@DL[f (@) > t.]

<L sup [Exmm [M[f(z™) > fla)f(a™) > t4]] - . S Af(em) = flaDLf (=) > t+]] ‘
T+ z—~Xx N4 i—1
<L sup [Eg+op, [1[t > f(zD)L[f(zF) > t4]] - S DU > flaDLf () > ty]
T+ teR ny i3
1 1 1 1
< - Eptop [L[f(z7) > 4] - -~ ;Mf(% ) >ty + P Eptnp, [1[f(zF) > 1] - P~ ;11[1”(%?) > 1]
1 1
< S, s Eptop, [L[f(zF) > 1] — . ;Mf(x?) > ]| + S, Sup Eptop, [A[f(2F) > 1] — E;ﬂ[f(ﬁ) > 1]
2 1
= —-sup E,+p, [L[f(aT) > 1] — -~ ;mf(xj) > 1 (44)

Using (44), we have the following:
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L T+€
B<P n Eptop, [L[f(zT) >8] — — ) 1[f(z]) >t]| >
<Po.ope | U youp Beron, UGN > )= 203 176D > 4] 2 15
R T+€
=Py, o | U U S [Boenn, 1@ > 1 = =3 00f @) > 1)) > 7=
FEFtER =1
< 02n16—2n+7152/64 (45)

The last step follows from the usual VC dimension bound. Now we bound the C term.
nt+ . p+ .
Rw,% [f;D,5-] = Rw,% [f;D,5-]

= B, W) > 1 SO Ulf(@)) > FEHf ) > b )
>

T+ n—

- Eaip, W) > 1] Y1) 2 S a5) > T

! Byt np, 1[f(@™) > t4] sup L Yo Ufay) = fa)HLf () > 0] = L[f(z7) > E-]}

= Y+ R
: e {0,1}

< |- ) > ] = 1) > T
N I R A

S Kt
— | S e) > ] - B £ () > ]

1 1 _ _
= _sup K;H[f(xj)>t]—Em—~p,1[f(x ) > 1] (46)

C<Py o | U 5w [Bap_[1[f(z7) > 1]

=Fy e | U U [Een 10500 > - = S alf7) > ) 2 25

feF teR j=1

S anie—2n,7362/16 (47)

This is same as (43). The last step follows from the usual VC dimension bound. We now consider the term D.
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o [nmx-) >t Zn Fa) = FEDINS @D > 1] - 1) > an]

< By [IG7) > 1] s | :i;w(x-) > FaDILfE?) > ] - 1f ) > ]

< vilnii[]l[f(x;*) >t - niiw(xr) > 2l

< Q;éwmr) > 4] =

_ 714_|Tir§]1[f(xj) > 1]~ By, 1) > 14]

< %ig&i nigl[f(xj) > 1]~ Egip, 1f(a™) > 1], (48)

where the third step follows from the fact that 1[f(z;") > t.] — 1[f(z]) > t4] > 0if t; < 1y, and 1[f(z]) >
ti] = 1[f(x]) > t;] < 0 otherwise. Using (48), we have the following:

1 vy
D=<P N Ep+p, [1 N>t - — 1 s g > =
<Py, fg{jgg e, (U7 > = 3 ) > 1| 2
1 v
=Pl Ju { Byt np, 1[f(2T) > 1] - nlel[f(wf) >t > 1}
fEF teR =1
< Cynf e e03e /10 )

The last step follows from the usual VC dimension bound. We now consider the term E.
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Y noy- 4 Z“ Epenp, [Lf(@") > 6] = 1[f(@h) > f@7)] = 1[f (@) > D]+ 1) > f(27)]]
= Z]l P JBginp, [1f(%) > 1]~ 1[f() > 7]
< i |:]EI+ND+1[f(x+) > t-‘r] - Ez+~'D+]1[f($+) > %\4_}—
T+ ]
71+ [7+ = Eprnp, [f(27) > tlﬂ
e [”+ ;1 ) > ty] = Epinp, 1[f () > 14
< o A > ) B A7) > )

Using (50), we have the following:

Eyop, [1f(7) > ] = — 3 1[f(a) > 1] >

n
+ =1

E<P ny U sup
= 1S,~D
R = { teR

x+~D+ >t —7211

fEF teR

= Ps+~Di+ U U {

7—5—6} < C’5nie_2”+('y+)2€2/16

(S
The last step follows from the usual VC dimension bound. We now consider the term F.

7+ Y- [f D S+} 7+ y— [f7D> SJr}

= T Eep. [nmx) >t >otlfe) 2 S lfel) > m]
- %Emw, [ll[f(x) > > o176 2 FE ) > m]

Zn ) > BB wp [10f(@7) 2 f@)HIf (@) > ¢ = 1) > ]

’Y ”+’Y+l 1

Zﬂ N> B p [{Uf@7) > -] = 1[f(27) > 1]

7— N4+ %

clp o, [{n[ (e7) > 1] =) > 7]

Y-

= [Eeno_{1lf >>u—Ew-~D,w<x*>>£1} = [ ~Eenp 1l1@7) > E]

1t Z]l —Epop 1[f(z7) > 1] <isup Ly 1[f(z;) >t = Ep-p_1[f(z7) > 1]
T St o - V- teR | M- i c
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Using (52), we have the following:

1 «— _
F<Pq o | | {5 |Banp [U[f(z7) > 1] = — Y 1[f(a)) > 1]| > %
fer | <R ==
1 «— _
=P | UU { Eo-np L[f(27) > 1] = =3 1[f(27) > 1] 2 ”4}
feFteR ~j=1
< CGnci€72n_(fy_)252/16 (53)

The last step follows from the usual VC dimension bound. We now consider the term G.

RY, ., [fiD,S_]— Ry, o [f; 58]

= iExmm []l[f(fﬁ) >ty : in[f(x;) > fa )Ll (zy) > t]]

Y+

ny n_

- S e S B 2 S ) > T

Y+ n-=7- 5 4

n_—

_ % nf% g 1f(27) > T Bprn, [1[f(@") > TS (27) = S]]

L :zll[f(x]_) S ; 1S ) > BISG7) > fed)

- Wll_v_ :z:;IL[f(a:J) >7] []E@+Np+ﬂ[f(x+) > TLf(a7) > fah)] - ;gﬂ[f(aff) > L [f (o) > f(mf)}]
< Wj_v_ éﬂ[fw > - ]sup |y 17 (@) > B0l > f()] - i Z Lf()) > Tl > )]

< sup Eeep 1[7(@") > B2 J(@7)] - ;iilw@) > 0l > f(o)

_ % up (Boop, (1t > () > F1]] - % Z 1t > f(a)) > T4

_ % sup |E,+ ., [L[f(zt) > 1] - i j—: U[f(z]) > 4] = Epenp, [U[f(2T) > 6] + e iil LA () > 1

< [Bera, 11/7) > 8] - - ;ilnmxm > T+ - sup By, (1) > 1] - ;;ilww) > 1]

= %igﬂg Ep+ o, [L[f(zF) > ] — nii]l[f(w?) > 1] (54)

Using (54), we have the following:
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. + _ 1 + T+€
G<Pg o fLle sup By, [L1F(@) > 4] = - ;ﬂ[f(wi ) > 1>
=Py o | U UR [Eren, () > 0= = S 0lf) > 4] 2 2251 | < Crndem2ne 00t
fEF teR + =1
(55
The last step follows from the usual VC dimension bound. Now we bound the H term.
Ry o (fiD. 8] = Ry [f:5]
1 Sl & ~
= Fenp 1f(z7) > lﬁ—]n+7+ ;]l[f(w’) > fa)[f (=) > 1]
1 ny mn_ - N - N
T ;;Nf(% ) >t U[f(a)) = flaD)IL[f(2]) > t4]
1 & . - _ 1 «— - _
= ;ﬂ[f(fff) > t] | Bomnp [L[f(27) > tJ1[f(27) > f(z)] - nj;ﬂ[f(xj ) >t JU[f(z;) = f(a

n4 1

= S A > ] [Baen [0 > ma{E, S - - YA 7) > max{E, £

1 & ) L - i
= ;mf(x;*) > te]sup [Bo-op_[1[f(a7) > 1] - nf_;w(% ) > 1]
: ’yi- Sp [Eemno- [HF () > 4]] - ni_ Z_]l[f(xj_) >t (56)

Using (56), we have the following:

n_—

H<Py oo | U s (B p [117) >~ — S alfy) > 4] > 5

n_
jor | ter =

n_—

_ 1 _ Y—€ _9n 2.2
=Py o | U US |Benp 1[f(z7) > 1] - — D Af@5) > 1) = - < Cgnd e72n-(-)"€ /16
feFteR T =1

(57)
We may now use the bounds for the eight terms, i.e. (43), (45), (47), (49), (51), (53), (55), and (57) to get the desired result
of Theorem 2. O
F. Experimental and Dataset Details

As discussed, we fix 7; = 1/+/t + 1 in our methods and use a regularized version of the surrogates by adding \||w||?
for real-world experiments. For all the methods, including baselines, the learning rate and regularization parameters are
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Table 4: Datasets Statistics

Movielens (d = 90) Citation (d = 157) Behance (d = 150)
Statistic Train | Validation Test Train | Validation Test Train Validation Test
Datapoints | 41934 13870 14099 | 90213 22264 29317 | 402083 133913 134062
Positives 9273 3081 3132 13726 3348 4125 66861 22074 22473
Users 638 637 638 1573 402 502 2498 2498 2498

Histogram of Total Datapoints across Users on Movielens Histogram of Positive Paints across Users on Movielens

Histogram of Fraction of Positives across Users on Movielens
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Figure 2: Histograms of total datapoints, positives, and ratio of positives across users for Movielens test data.

cross validated on the set {10_4, 2x 10745 x 10741073, . .. ,0.5} and 10831}, respectively. The reported results in
Table 3 are averaged over 5 random runs. Since we evaluate performance by Micro-pAp@k (17), all the methods including
baselines optimize the micro-version of the respective risks, i.e, average risk over users. Moreover, for fair comparisons,
baseline methods are also cross-validated on Micro-pAp @k (17) instead of the metrics for which they were introduced.
That is, the best hyper-parameters for each dataset and each method were chosen based on the highest Micro-pAp @k (17)
value on the validation data.

We take three publicly available datasets and process them to reflect the challenges in modern recommender systems, i.e.
data imbalance and heterogeneity in per-user fraction of positives. Moreover, we only focus on recommending limited
(top-k) items. The schema for our datasets is <user-feat, item-feat, prod-feat, label>>, where prod-feat is the Hadamard
product of the user and item features. The data statistics are summarized in Table 4. In all the datasets, 60% data is for
training, 20% data is for validating, and 20% data is for testing purposes.

F.1. Movielens Dataset

We use the Movielens 100K dataset (Harper & Konstan, 2015), where the task is to recommend movies (items) to users.’

We create a rating matrix by considering the first 20 movies rated by the users. Then we apply non-negative matrix
factorization (Lee & Seung, 2001) to construct 30-dimensional user and item features. The non-negative matrix factorization
is run for a maximum of 1000 iterations and stopped earlier if the change in loss reaches below 1076, The rest of the
ratings are used in training and inference. We remove the users who do not have at least one rating in the remaining dataset.
The number of features d = 90 after including the hadamard product of user and item features. Label 1 is provided if the
rating of the movie is 5, and 0 otherwise. The train-validation-test data statistics is provided in Table 4. Histograms of total
instances, positive instances, and fraction of positives across users on the test data are provided in Figure 2. Depending on
the number of positives per user, we vary k from 8 to 24 with a step of 4 for this dataset.

F.2. Citation Dataset

The task in the citation dataset (Budhiraja et al., 2020) is to recommend research papers for a paper in progress. Both the
paper being written, which acts as the user, and the candidate citations, which act as items, are embedded into 50 dimensional
features using Glove embedding (Pennington et al., 2014). There are additional 7 features denoting the past interactions
between authors and conferences. We further add the hadamard product of user and item features in the feature set, so the
total number of features is d = 157. Both Glove embedding and binary labels denoting relevance are provided in the dataset.
We remove the users who have less than three positives overall and less than 10% positives. A challenging aspect of this
dataset is that there is no overlap among users in train, test, and validation data. The train-validation-test data statistics is
provided in Table 4. Histograms of total instances, positive instances, and fraction of positives across users on the test data

> Download: https://grouplens.org/datasets/movielens/100k/


https://grouplens.org/datasets/movielens/100k/
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Figure 3: Histograms of total datapoints, positives, and ratio of positives across users for Citation test data.
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Figure 4: Histograms of total datapoints, positives, and ratio of positives across users for Behance test data.

are provided in Figure 3. Depending on the number of positives per user, we vary k from 6 to 18 with a step of 3 for this
dataset.

F.3. Behance Dataset

We consider the Behance dataset (He et al., 2016), where the task is to recommend images (items) to users.® We first apply
UMAP (Mclnnes et al., 2018) (nearest neighbors = 10, minimum distance = 0.5) to reduce the 4096 dimensions of images
to 50 dimensions. We filter users who have liked 60 to 170 images (just to control the number of users in the data). We then
randomly select 50 liked images for each user and denote the average of those features as user features. The remaining
images are used for training-test-validation. Label 1 is given if the user has liked an image. The label O is generated by
random sampling (by generating either four, five, or six times the positives for each user). We again take the hadamard
product of the user and item features, making the number of dimensions d = 150. The train-validation-test data statistics is
provided in Table 4. Histograms of total instances, positive instances, and fraction of positives across users on the test data
are provided in Figure 4. Depending on the number of positives per user, we vary k from 5 to 25 with a step of 5 for this
dataset.

% Download: https://cseweb.ucsd.edu/ jmcauley/datasets.html#behance


https://cseweb.ucsd.edu/~jmcauley/datasets.html#behance

