FedBoost: Communication-Efficient Algorithms for Federated Learning

A. Proofs for density estimation
A.1. Proof of Lemma 1
Lemma 1. Let the loss be a Bregman divergence Bp. Then, for any A\ € A C Ay, if b* = Y% _ A\pDy, is in H, then it is

a minimizer of h — Y 7 _, \y;Br (Dk I h). If F is further strictly convex, then it is the unique minimizer.

Proof. Fix A € A such that > 7_; Ay Dy is in 3. By the non-negativity of the Bregman divergence, for all h,
Br(3-%_; MDr || h) > 0 and equality is achieved for h = > 7_; A\yDy. Thus, h* is a minimizer of h —
Br(>h_; MDy || h). Since F is strictly convex, h — Bp(D_%_; AeDx || h) is strictly convex and h* is therefore
the unique minimizer.

Now, for any hypothesis &, observe that the following difference is a constant independent of h:
p p

> MBr(Di | h) —Br (Zmak [ h) (12)

k=1 k=1
P P
A [F(Dy) = F(h) = (VF(h), D —h)] — | F <Z Awk) — F(h) - <VF(h>, > ADy — h>]

k=1 k=1

P

WF(Dy) — F (Z Ak.Dk) .

1 k=1

Thus, h* is also the unique minimizer of h +— Y_7_; AeBp (Dy, || ). O
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A.2. Proof of Lemma 2

Lemma 2. Let the loss be a Bregman divergence By with F strictly convex and assume that conv({D+,...,D,}) C .
Observe that B is jointly convex in both arguments. Then, for any convex set A C /A, the solution of the optimization
problem minyc3c maxyea Yop_y AMeBr(Dy || h) exists and is in conv({Dy, ..., Dp}).

Proof. Let H' is the closure of convex hull of . Observe that H’ is a convex and compact set.

min maxZAkBF Dk I h) < mlnmaXZ)\kBp Dk I h)

hedt’ XeA heX
We show that minimizer over H’ exists and is in the conv({D1,...,D,}). Since conv({D1,...,D,}) C H C H’, the
minimizer over J{ also exists and is in the conv({Dy, ..., D, }).

Since B is convex with respect to its second argument, h — > 7_; A\;Br (Dk | h) is a convex function of / defined
over the convex set H’. Since any maximum of a convex function is also convex, h — maxyea Y r_; AcBr (D gl h) is
a convex function and its minimum over the compact set H' exists.

We now show that the minimizer is in conv({Dy, ..., D,}). Notice that, since Y7 _; \eBp(Dy || h) is linear in X, we
have

p
Tqu};AkBF(m | h) = max Z)\kBF (D || h).

A€
conv( k 1

Thus, it suffices to consider the case A € A,. Then, since H' is a compact and convex set and since By is convex with
respect to its second argument, by Sion’s minimax theorem, we can write:

;frgngr{l/ IileaszkBF (D || h) = max m mln Z)\kBF Di || h).

Let AP = argmax,, minpese > gy MBr(Dy || k) and h* = 3, A\P'Dy.. By assumption, conv({Ds,...,D,}) is
included in 3{’, thus h* is in 3’ and, by Lemma 1, h* is a minimizer of & — 3% _, A\%"Br(Dy, || ). In view of that, if h’
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is a minimizer of h — maxep Zi:l A\:.Br (Dk I h) over H’, then the following holds:

P P
max > NBr (Di || 7)) =D NPBr (Dy || ) (def. of max)
k=1 k=1
P
> APBR (D || 2 (Lemma 1)
k=1
P
_ . opt * .« . .
= }?euﬂrfl’;/\k Br (Di || h) (h* minimizer)
p
. opt
= max min ; MBr (Dy || h) (def. of A\™)
p
= jnin max ; MeBr (Dy || h). (Sion’s minimax theorem)

By the optimality of 4/, the first and last expressions in this chain of inequalities are equal, which implies the equality of
all intermediate terms. In particular, this implies >k _, A\P*Bp(Dy || &) = S0_  AP'Br(Dy || h*). Since F is strictly
convex, by Lemma 1, the minimizer of & — Y7 _, \{"' By (Dy, || k) is unique and k' = h*. This completes the proof. [

B. Convergence guarantee of FEDBOOST (Theorem 2)

Theorem 2. If Properties 1 hold and n = | | 7¢75—, then a?, the output of FEDBOOST satisfies,

Proof. By Jensen’s inequality,

Hence, it suffices to bound

t=1
For any ¢,
L(at) — L(a) < (VL(w),ox — ) (convexity of L)
= <5tl_, y — a) + <VL(at) - 5t|—7 y — a)
1
= ;(VF(O%) — VF(vey1), a0 — a) + (VL(ew) — 0L, o — o) (def. of ve41)
1 .
=5 (Br(a || at) + Br(ay || viy1) — Br(a || vet1)) + (VL(ar) — 6L, r — @)  (Bregman div. def.)
1
< ;(BF(OZ [ o) +Br(ow || vit1) = Bpla || ars1) — Br(aetr || vega)) (13a)
+(VL(ew) — oil, ar — ), (13b)

where the last inequality follows because Bp(a || vi41) > Bp(a || air1) + Br(ait1 || ver1) by the generalized



FedBoost: Communication-Efficient Algorithms for Federated Learning

Pythagorean inequality. For the first term (13a), summing over ¢ gives the following telescoping sum,
T
> (Br(a | o) + Br(ay || vig1) = Br(er || argr) = Br(ae || vigr)) (14)
t=1

T
=Bp(a | a1) = Br(a | ary1) + Z Br(at || vit1) — Br(awsr || vit1)
=1

T
<Bp(a | a))+ Y (Brlar || vip1) = Br(am || vigr))-
t=1

Now consider the summation term:
Br(ai || vis1) = Br(awsr || viv1) = Faw) — Fawr) — (VF(vi41), o — 1)
o .
<(VF(a), 0 — gp1) — 5”% —ai1]]? = (VF(vi1),ar — agyq)  (strong convexity of F)

g
=(VF(a) = VF(vip1), a8 — apy1) — §||04t — a1 |]?

o
= ’I7<5tl_, ay — Oét+1> — 5“0@ — (,YH_lHQ (def of Ut+1)
o .
< |0« ot — ]| — §||at —ap1]]? (Cauchy-Schwarz ineq.)
2 5. L 2
< 7°[|0¢ ||* (15)
20

Combining the above inequalities,

A\
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oY)
o
Q
o

T T 2
3 (Lar) — L(a) < 717 D+y (””‘;UL* 4 (VL(ay) — G,y — a))

t=1 t=1

A
\
5y
B!
Q
E’

T
Z VL O[t (5tL7O[t —Ol>)

We now bound (13b) in expectation, the inner product term in the above equation. Denote by V;L(-) := 3,5, ZivL;(4),
where m = > jes, M- Taking the expectation over j € St,
T T
Z (VL(ew) — 0:L, ap — @) :Z<VL(at)—JE[6tL],at—a) (16)
t=1 t=1
T
= (VL(ay) = E[ViL(a)], 04 — )
t=1
T
< IVL(aw) = E[ViL(@)] [« les — o] (Cauchy-Schwarz ineq.)
t=1
T
< IVL(ar) = E[ViL(@)] [l (by Prop. 1.2.)
t=1
a7

To understand E[V;L(&;)], we use Taylor’s Theorem in several variables (Folland, 2010). Let f = VL. Expanding f (&)
about oy,

flay) = flay) = V(o) (G — o) + Ri(Gy — ay),
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where R (+) is the reminder term that can be bounded as
- M
1B (Gr — ar)ll < Sy llée — alf3,

with [[V2f(-)|| < M. Taking expectation over &, and using the fact that E[&;] = o, we get

S

IELf ()] = flall < T Efla: — aull3
M & 1 ?
_ 72]}3 Okt Lkt — Qs
2 k—1 Vit 2
M < 1 2
= ZZO‘%JE‘ ]
k=1 ’Yk,t 2
M~ o (1 — t>
= — o :
2 ; kot Vit
-2 7 Vet
Combining the resulting inequalities gives
T 4q .2
1 nG? o.M Qg 4
L(a®) — L(a) < —B - —,
(o) ~Lie) < ZrBr(a flan) + 52+ 7o 55Tk
Choosing the learning rate yields the theorem. O

C. Convergence guarantee for AFLBOOST (Theorem 3)

Theorem 3. Let Properties I and 2 hold. Let ny = /#2” and ng = [ 7 Let a? be the output of AFLBOOST.
A al @

If i+ is given by 8, then E[maxyep L(a?, \) — mingea, maxyea L(a, \)] is at most

G2 (07 + ) \/Gi(mm*) M\, + )
4\/ T +4 T + c .

Proof. By Mohri et al. (2019)[Lemma 5], it suffices to bound

aX{ZL o, A) — Lo, M)} (18)
aGA t=1

Consider the following inequalities:

L(O[t, )\) — L(O[, )\t) = L(at, )\) — L(th7 )\t) + L(th7 )\t) — L(a, )\t)
<{Valk(ag, M), A= M) + (Val(ow, Ae), ar — @) (convexity of L)
<5A LA — )\t> <5a,t|-,0¢t - 0¢>
+ (VaLk(ag, Ar) = 0x LA — M) + (Val(ag, M) — da ek, 0 — @)
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Given these inequalities, we can bound (18) using the sub-additive property of max on the previous inequality as follows:

maX{ZL (g, A) = L(a, A)}

AEA;
aEAq
< max Z{ (OxtL, A = M) + (0L, ar — a)} (19a)
aGA t=1
+ max Z{ N, Val(ag, M) = 0xiL) + (@, Val(ag, M) — 0al)} (19b)
aeA t=1
T
+ ZO\t, VaLk(ag, Ar) = 0xeL) 4 (o, Val(ag, Ar) — da L), (19¢)
t=1

which we will bound in three parts. Consider the first sub-equation (19a): similarly in arriving at (13a), it follows by
definition of w1, v44; that

(OaeLs A = Ae) + (Oail,ap — ) < —(Br(A || A) + Br(Ae | i) = Br(A | Ades1) = Br(Atr || wit1))

1
TIx

1
—(Br(a|ll ar) +Bplow | vig1) = Br(e || auq1) = Br(autr || vis1))-

+
n
Summing over t, this gives the following by similar argument as in (14) for all A, a:

T

D (Gl A = Ae) + (Basl, 0 — a) <

1
;(BF Al A+ ZBF (At [ wegr) = Be(Argr [| wiga))
t=1

1
t o (Br(a || a1) ZBF ay || vi1) = Br(ar [ veg))

In view of the inequality resulting from (15), for all A, v, this is bounded by

T

T
1 1 2|16 ¢L|12 + 12||6a.cL)2
> (ailo A = A) + (Sasl, e —a) < —Bp(A | M) + —Bp(a | a1)+zmll AeLllE 4 18 l10a,e Ll
t=1 UBY N P} 20

1 1 T (mG3 + naG?
:TTABFO\ || >\1)+—Bp(a H 041)+ (nA AT )

N 20

Next, we proceed with the bound for third sub-equation (19¢) in expectation via similar argument followed to arrive at
(15):

T
Z (A, ViaLk(ag, Ap) — 0 eL) + (ou, Val(ayg, At) — da L))
=1

T
> (A Val(as, A) = E[VeaL(Gr, A)]) + (ar, Val (G, M) = E[ViaL(ér, M)D),

t=1

where V; \L(+) = dest —IVL;(+), and similarly for V¢ oL (-). Similar to the proof of (15) and (9), it can be shown
that

T
MTM\,
Z At,VAI— g, )‘t) [Vt,)\]> S 2C
t=1
Similarly,
T
MTo,
Z at, Vg |- Oét,)\t) 0 tl—>] < 20
t=1
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Combining the two bounds, we have

MT(c + As)

T
E[D> (A, Val(ag, M) = 0x L) + (o, Val(ae, Ar) = 6aL)] < T
t=1

We now consider the second sub-equation term (19b), focusing on the first summand with the max over A and bound this
by the Cauchy-Schwarz inequality, then Jensen’s inequality:

T
E[glél/)\({Z(x\, Valk(ag, Ar) = dael)}]

T

max{z (A Val(ar, Ar) = E[x LD }] + Efmax{d (A, 05,1 — E[ox (L)}]

MTM\,
< +GAVT,
S o0 + MGy

where A\, denotes the max over the compact set A. Similarly, we can obtain the following inequality:

o MTa
E[max » (a,Val(ag, At) — dal)] < 50 * 4+ a,GaVT.

*€8a i

Thus, combining the inequalities gives

T

MT (A + o,

max > {(A, VaL(as, M) = 0xL) + (@, Val(as, M) = da L)} = MTO +ar) + G VT + NGAVT.
)\EIA\; et 2C

aclg T

Combining the bounds for (19a), (19b), and (19c¢), the following bound holds:

1 T

T ZnaL(au A) —mb(a, Ar)

t=1

2 2
< 1 (BF()\ | A1) L Br(a|| a1)> n T (mG3 +1.G2) n M\ + ax) n axGo + )\*G,\.
T I Nar 20 C VT
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D. Additional density estimation experiments on synthetic data

Continuing the experimental validation of FEDBOOST as described in 5.1, we examine the effect of modulating the com-
munication budget C' on a density estimation task using the same setup as before, but with a power-law distributed synthetic

dataset with parameter p = 1000.
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Figure 6. Comparison of loss curves as a function of C' using
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uniform sampling in density estimation on synthetic data.
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Figure 7. Comparison of convergence as C

varies using

weighted random sampling for density estimation.

We use a hand-tuned step size n = 0.001 for all values of C, and include ¢; regularization in the experiment using weighted
random sampling (Fig. 7). The experimental setup is otherwise the same for both Fig. 6 and 7. Across all values of C,
weighted random sampling of the hj, achieves lower loss than using uniform sampling, which validates that using weighted
random sampling reduces the communication-dependent term of FEDBOOST.



