Communication-Efficient Distributed Stochastic AUC Maximization with Deep Neural Networks

A. Proof of Theorem 1

Proof. Define ¢4(v) = ¢(v) + % |v —vs_1]||?. We can see that ¢,(v) is convex and smooth since v < 1/L,,. The smooth
coefficient of ¢, is ﬁv = Ly + 1/v. According to Theorem 2.1.5 of (Nesterov, 2004), we have

V65 (VoI < 2Ly (65(vs) = 5(v5,))- ®)
Applying Lemma 2, we have
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1
where C' = % and p = max(p,1 — p).
Since h(w;x) is Gj-Lipschitz, E[h(w,x)|y = —1] — E[h(w,x)|y = 1] is 2G},-Lipschitz. It follows that
B a[(as—1 — a*(VS))Q] = Es_a1[(as—1 — o (vs1) + " (veor) — a*(VS))Q]
< Eo1[2(asm1 — a*(veo1))® + 2(a"(veo1) — a*(vs))?]
= Es_1[2(as-1 — O‘*(Vs))z]
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Taking v = 51—, then Ly = 3L,. Note that ¢, (v) is (7! — Ly )-strongly convex, we have
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Noting 75 Ts Ly = max(8,8G%) and ¢s(vs—1) = ¢(vs_1), we rearrange terms and get
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Combining (12) and (15), we get
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Taking expectation on both sides over all randomness until v,_; is generated and by tower property, we have

0'2 0'2
BIV6.(va)|? < 0L (Blovr) = o(vi)] - Blo(v) - o(vi)] + 280235 + L2 ) )

Since ¢(v) is Ly-smooth and hence is L, -weakly convex, we have
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We then have

g 6HB? 12(02 —|— o2 oS+
ElAs] < (1- 9Bl + (S + Zm s
6HB? 12 +
<exp(—cS)Ag + ( EK + (U U ) 277] exp(—c(S+1-7)) (23)
2
= exp(—cS)Ag + (611;3 + 12(0 5+ )) 1S exp(—cS).

To achieve F[Ag] < e, it suffices to make

exp(—cS)Ag < €/2

(24)
and
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Taking summation of iteration over s = 1, ..., .S, we have the total iteration complexity as
s
T— ZTs < max{8,8G3 } exp(cS) — 1 < max{8,8G3} 5Ly + p exp(cS)
ot LV’I]()K exp( ) 1 LVTIOK 2 (27)
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To analyze the total communication complexity, we will analyze two cases: (1) =~ \ﬁ >1:;2) % \/% <1
K\ﬁ , s = (1, K\/% exp()) = K\l/% exp(<E52) for any s > 1.
The total number of communications:
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Obviously, S; < 2(5:/‘7#") log(K \/ng) + 2. The number of iterations from s = 1 to .Sy is

max{8,8G?}
ZT bzl W exp(c(s — 1))
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B. Proof of Lemma 1

< ¢ ' max{8,8G3 } K exp (2) +

To prove Lemma 1, we need the following Lemma 7 and Lemma 8 to show that the trajectories of o, a and b are constrained
in closed sets in Algorithm 2.

Lemma 7 Suppose Assumption (1) holds and n <

have |af| < Wfor any iteration t and any machine k.

Wlp)' Running Algorithm 2 with the input given by Algorithm I, we

Proof. Firstly, we need to show that the input for any call of Algorithm (2) satisfies || < w If Algorithm 2 is

called by Algorithm 1 for the first time, we know || = 0 < w Otherwise, by the update of alphas in Algorithm

(1) (lines 4-7), we know that the input for Algorithm (2) satisfies |ag| < 2 < %ﬁlp)p)} since h(w;x*) € [0,1] by
Assumption 1(zv).

Next, we will show by induction that |a¥| < w for any iteration ¢ and any machine k in Algorithm 2. Obviously,

k<2< maX{p (1)17)

la ! for any k.

Assume |af| < W for any k.
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(1)Ift + 1 mod I # 0, then we have

af +n2(ph(wi; x)y=—1) — (1 = p)h(wf; x)Iy=1)) — 2p(1 — p)ay)

|Oéf+1‘ =

< '(1 _anp(1 — p))al| + ‘%(ph(Wf;X)H[y—u (1 (w0, m\

max{p, (1 —p)}
P) p(1—p)

(1 —=2np(1 - p) + 2np(1 - p))

_ max{p, (1-p))
p(l—p)

< (1-2np(1 — + 2nmax{p, (1 - p)} S

max{p, (1 —p)}
p(1—p)

(2) If t + 1 mod I = 0, then by same analysis as above, we know that |aF ] < W before being averaged across

max{p,(1—-p)}

machines. Therefore, after being averaged across machines, it still holds that o ] < 2 (1—p)

Therefore, |af| < w holds for any iteration ¢ and any machine % at any call of Algorithm (2). [J

Lemma 8 Suppose Assumption (1) (1) holds and 1 < min (57— 5 Running Algorithm 2 with the input given by

1 -p)’ 210)
Algorithm (1), we have that |a¥| < 1 and |b¥| < 1 for any iteration t and any machine k.

Proof. At the first call of Algorithm (2), the input satisfies |ag| < 1 and |by| < 1. Thus |af| < 1 and |b§| < 1 for any
machine k.

Assume |af| < 1 and |bf| < 1. Then:
(1)t 4+ 1 mod I # 0, then we have

|ay| = n_’r_,y t— 1+#QO*UUTV Fr(vig,af 1,28 ,)
= |+ oo+ B0 = p) () — e )y
-1 Z “aot 1 —afa (1= 201 = p)lyecs + %2(1 — ph(WE_ X e, )
< || a0 = 2= e | 200 ot e
< ot (-2 p) + 21— )

=1.
(2) If t + 1 mod I = 0, then by the same analysis as above, we have that |a¥ '+1| < 1 before being averaged across machines.
Therefore, after being averaged across machines, it still holds that |a ] <L

Thus, we can see that |a¥| < 1 holds for any iteration ¢ and any machine k in this call of Algorithm 2. Therefore, the output
of the stage also has |a| < 1.

Then we know that in the next call of Algorithm (2), the input satisfies |ag| < 1, by the same proof, we can see that |af| < 1
holds for any iteration ¢ and any machine k in any call of Algorithm (2). With the same techniques, we can prove that |b¥|
holds for any iteration ¢ and any machine & in any call of Algorithm (2). O

With the above lemmas, we are ready to prove Lemma 1 and derive the claimed constants.

By definition of F(v, a;z) and noting that v = (w, a, b), we have

VoEFp(v,0;2) = [V Fr(v,q; z)T, VoFp(v,a;2), Vi Fr(v, o z)}T. (33)
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Addressing each of the three terms on RHS, it follows that
VuFi(v,ai2) = |20 - p)(H(wix) - 0) = 21+ a)(1 = )| Tt

2000w = 8)-4-201 -+ | Vhowi Ty

VoFi(v,;2) = —2(1 — p)(h(w; 2") — a)lpyr—q),
VyFy(v,;2) = —2p(h(w; xF) = b).

Since [h(w;x¥)| € [0,1], [ Vh(w;x")[| < Gy, |af < m2delort,

al < 1andb <1, we have

IV Fi(v, a52)|| < [[2(1 = p)(h(w;x") = a) = 2(1+ @)(1 = p)|Gh + [|2p(h(w;x") = b) +2(1 + a)p[| G},

< |6+ 20|(1 — p)Gp + |6 + 2a|pG,

max{p71 _p}> Gh

= (6+2 p(1—p)

HVaFk(Vaa;Z)” < 4(1 _p)v

IVoFr(v,a;z)| < 4p.

Thus,

IVyFe(v,;2)|1> = |[VwFi(v,a;2)|° + Vo Fi(v, a;2)|* + [ Vo Fr (v, a; 2) ||°
2max{p,1 —p} 2 5 5 9
< |64+ —————=| G5 +16(1 —p)°+ 16p~.
p(1—p)

|\VaFk(V,a;z)\\2 = ||2ph(w;xk)]lyk:,1 —2(1 = p)h(w; Xk)]lykzl —2p(1 —p)oz||2
< (2p+2(1 —p) + 4max{p, 1 — p})* = (2 + 4max{p, 1 — p})*.

2
Thus, B2 = (6 + W) G2 +16(1 — p)? + 16p% and B2 = (2 + 4max{p, 1 — p})2.
It follow that

IV fe(v, )| = |[E[VoFi(v,0;2")]| < By.

Therefore,

B[|Vy fe(v,a) = VyFi(v, a;2") %] < 2|V fi(v, @) * + 2| B[V Fi.(v, o; 2°)]°] < 453,

Similarly,

\Vafiu(w,a,b,a)| = |E[VoFy(w,a,b,a;2")]| < Ba.

Therefore,

E[|Vafu(v,a) = VaFi(v,a:2")|°] < 2|Va fu(v,a)|* + 2E[Fy(v, a;2")]|* < 4B

(34)

(35)

(36)

(37

(38)

(39)

(40)

(41)

(42)

(43)
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Thus, 02 = 4B2 and 02 = 4B2.

Now, it remains to derive the constant Ly such that |V Fj(v1, o;2) — Vy Fi(ve, a;2)|| < La||vi — val|.

By (34), we get
vaFk(Vl, a; Z) - vka(Vg, Qg Z)H

= | 2= Pty = ) = 2014 @)1 = )| T gy + |21 = 1) 4200+ | Twa
— |:2(1 —p)(h(wa2; x*) —a2) — 2(1 + a)(1 — p):| Vh(wQ;xk)]I[yk:” — [Qp(h(WQ; x") —ba) +2(1 + a)p] Vh(WQ;Xk)H[yk:,”} H

={|2(1 — p) [h(wl; xF)Vh(wi; x*) — h(we; xk)Vh(wz;xk)] Ipyr—1) +2p [h(wl;xk)Vh(wl;xk) — h(wa; xk)Vh(wQ;xk)] I

— (2(1 + @)1 = p)(Vh(w1;x") = Vh(wa; x)ye_y) + (2(1 + a)p)(Vh(wi;x") = Vh(wa; x*) ey

—2(1 — p)(a1 Vh(wy; x") — ath(wQ;xk))]ka:1 — 2p(b1 Vh(wy; x") — bth(Wg;xk))H[yk:,l]

< 2(1 = p)|[A(wi; x") Vh(wi; x*) = h(wa; x*)Vh(wa; x")[| + 2p|[A(w1; x") Vh(wi; x") — h(wa; x*)Vh(wa; x")||
+12(1 + @) (1 = p)[[IVA(w1; x") = Vh(wz; x)[| 4 [[2(1 + @)p[[|[VA(wW1; x*) — Vi(wz; x")]|
+2(1 = p)llar VA(w1; x*) — as Vh(wa; x") || + 2p|by Vh(w1i; x") — ba Vi(wa; x")]|.

(44)
Denoting I'y (w; x*) = h(w; x*)Vh(w;x*),
IVT 1 (w3 xM) || = [ VhA(w; x*)Vh(w; x%)T + h(w; x*)V2h(w; x")]|
< |IVh(w; x")Vh(w; x| + [|a(w; x*)V2h(w; x") | (45)
< Gj+ L.
Thus, || Ty (w1;x") — 1 (wa; x)|| = (W x*)R' (w13 x*) — h(wa; x)h/ (wa; xF) || < (G + La)[|w1 — wa||. Define

[a(w, a; xF) = aVh(w;x"). By Lemma 8 and Assumption 1, we have

Vw.al2(w,a;x%) < [|[VTa(w, a;2")|| + || Vol (w, a;27) || = |aV2h(w; x")|| + || Vh(w; x)|| < L, + Gp.  (46)

Therefore,

Do w1,a15%") —ToWa,a2:x")| = [|a1Vh(w1:x*) — sV (waix")| < (Lp + Gy w1 —wa| |2 +[la —az||. (47)

Similarly, we can prove that

161V I(w1s x*) — baVh(wai )| < (L + Ga)/[[wr — wall® + b1 — bl (48)

Then plugging (47), (48) and Assumption 1 into (44), we have
IVwFi(v1,a;2) — Vi Fi(va, o; 2) |
< 2(Gh + Lp)|[wi — w2 +2[1 + a|Ghl|wi — w2||
+ (L + Gu)V[wi — w22 + [lar — a2 + (Ln + G)V/ [ w1 — wa|[2 + [[by — b2

< (2(Gh + L) + [2(1 + @)|Gh + 2Lp + 2G) V[ w1 — wal[? + [la1 — az]|2 + [[b1 — bo|? w
< <2Gi +4Ly, + (4 + Qmax{p’l_p}> Gh) [vi —val.
p(1—p)
By (34), we also have
IVaFi(vi, a52) = VaFi(va, ;)| < 4(1 = p)*(|(wisx*) — h(wa; x*)|* + [|lar — a2]?) (50)

<41 = pP(Ghllwe = wal* + llax — az]|* + [Ibr = baf|*) < 4(1 = p)*(G}, + D[ve — v2,
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and

Vo Ei(v1, @ 2) — Vi Fi(v2, a52)]* < 4(1 = p)*(||a(wisx") — h(wa; x)||* + (|1 — b2]|)

61y
<A1 = p)*(Gillwr = wa|* + [lar — az||* + [[br — b2]|*) < 4(1 = p)* (G}, + 1)[lva — v2|*.

vaFk(Vl, ;) Z) - vVFk(v27 ;) Z)||2 = ”VWFk(Vlv a;z) - VWF]C(V27 a;Z)HQ
+ [|[VaFi(vi, 0 2) = Vo Fi(va, 05 2)||> + || Vo Fi (v, 5 2) — Vo Fr(vy, o 2)])?
2 ma: 1-—
< <Gi +Lp+4+ MSO - p)4(G? + 1)) [vi — a2

p(1—p)
(52)
2 2max{p,1—p} 2( (2 1/2
Thus, we get Ly = (Gh+Lh+4+p(17’p)8( p) (Gthl)) .
C. Proof of Lemma 2
Proof. Plugging Lemma 4 and Lemma 5 into Lemma 3, we get
V() —Y(vy)
1 Ly +3G% /e 1Y . w2, (La+3G3/Ly 1\, _
<= v Tl - Za T Ov/Ev | 2 — @
_T; ( 5 o ) ¥t = vl + 5 o ) (@ = i)
Ch
i_ﬂi _ AR (S 2 i_& = k(SN2 2L 1 — v 12 1 g S w12
gt )@@ - (5 - ) @@+ (2 g e =il - (g + 25 ) e il
Co C3
1w v a o (3GR 3LV 1 e v o2, (3G2 3L21K
g’ @) =0 = @) — )+ (G + 75 ) e Do v v (57 FODCRETN
Ca o
K 2 XK 2
Zvvfk Vg, op 1) — Vka(Vf—laaffﬁszl)] Ezvafk(vffhaf—l)_vaFk(vffha?fl;fol)
k: k=1
Cg Cr
1 & 1 &
< ZV fr( Vt Loy 1)—Vy Fk(vt L Or 137y 1))V > < ZV Ji( v, Loy 1)— Fk(Vf—haf—l;Zf—ﬁLdt1—5tt)>:|.
k=1 k=1
Cs Cy
(53)

Since n < min(

I +3é2 T T +3é2/L ), thus in the RHS of (53), C can be cancelled. C5, C3 and C, will be handled by
telescoping sum. C5 can be bounded by Lemma 6.
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|

af 1) = VeFu(vii,af 1525 )]

Taking expectation over Cf,

K
1
7 2V (viia al) = Yy Fi(visy, of20)]

k=1

2}
[ (54)
=EK K2 (Z|vak Vil of1) = Ve Fe(vieg, of 1 z0) |12
k=1

+QZ Z <vai(Vi71’Oéifl)—Vsz‘(Vifly0‘3@1;zifl)vvvjfj(vi.—ha{—l) V+F, (Vt 1704z 17Zt 1)>>:|

i=1 j=i+1

< 9%
- K

The last inequality holds because ||Vyfx(VE j,af ) — VyFEL(vF |, af ;28 1)H2 < 02 for any k and

E[<vai(vi,1,ai,l) VVFi(Vioy, af_1325_1),V f](vt 1»0% Y F(Vt 1aat 1721 1)>] = O forany i # j
as each machine draws data independently. Similarly, we take expectation over C7 and have

2

x 2
3 1 3nos
E [277 (K kZ:l[vafk(folvaffl) - vaFk(Viclvafﬁzfl)]) ] < ;77 (55)

K
Note E[<Il( kX_:l[vak(vf_l, af )= VeFu(vE ok 52k )], v — v;’z}>} =0 and
K

k=1
taking expectation.

E [ <—K N Vafe(VE af ) — Fu(vE  af 1528 D] a1 — dt>} = 0. Therefore, Cs and Cg will diminish after

Asn < W we have L, < 1 Plugglng (54) and (55) into (53), and taking expectation, it yields

Blo) - wvi) < B{ g (34 3 ) o - il 1 (5 - e ) @ - o @)+ ﬁ(ao @)

3

3G2 3L, 1 & 302 Ko

(M ) vau vELIP 4 Z( ) S s — a2
k=1

t=1

6G2 6G2  6L2
Y + 6Ly, + + > " I?B* -, +
Ha Lv Ha

n(202 + 302)
2K '

where we use Lemma 6, vo = Vg, ag = &g and B? = max{B2, B2} in the last inequality. (J
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D. Proof of Lemma 3
K T
Proof. Define o (V) = argmax f(v,a)and @ = + > £ > of.
« k=1 t=1
(V) — m‘;nw(v) = max [f(\?,oz) + %H\? — V()H2 — n{/inmgx {f(v,oz) + 2’y||v — v0||2]
1 1
= [15 0 @)+ 8 = ol - | v + 5 = vol?]

R o ) (56)
< {f(vya*(V))Jr%v—Voll } - [f<vz,a>+%|vz ol ]

IN

T

1 — * (= 1 = 2 * = 1 * 2

72| (0504 el ) = (765,00 + g s~

where the last inequality uses Jensen’s inequality and the fact that f(v, ) + % |v — vo||? is convex w.r.t. v and concave

w.r.t. o.

By L, -weakly convexity of f(-) w.r.t. v, we have

- _ - - * - L - * * =
FVie,a01) (Vo f(Veo1,Qe-1), vy, — V1) — 7"||Vt—1 —vilI> < f(v], a-), (57

and by Ly -smoothness of f(-) w.r.t. v, we have
= * (=~ — * (= = * (=~ = = L — -
F(9,07 () < f(¥i1, 07 (9) + (Vo f(Vio1,07(9)), 90 = Vioa) + |90 = Vi |

- _ wr - - Ly,_ _
= f(Vie1, " (V) + (Vo f(Vim1, 0" (V)), Vi — V1) + 7||Vt — Vt71H2
+ (Vo f(Vic1, @-1), Ve — V1) — (Vo f(Veo1,04-1), Ve — Vi)
- _ _ _ Ly,_ _
= f(Vi—1, (V) + (Vo f(Vim1, —1), Ve — Vio1) + 7\\% - Vt71||2

+ (Vo f(Vi1,0" (V) = Vo f(Vio1, Q1) Ve — V1)
(a) - _ _ _ _ Lv _ —
< f(Vi1, 0" (V) (Vo f(Ve—1,001), Ve — V1) + 7||Vt — v ?
+ Galar—1 — " (V)|[|ve — Vi1l

®) e _ _ _ B Ly _ B
< f(Vi1, 0" (V) + (Vo f(Veo1, 04-1), Ve — Vi) + 7||Vt —viq|?

(58)

«

2l

where (a) holds because we know that V, f(+) is G4 = 2max{p, 1 — p}-Lipshitz w.r.t. « by the definition of f(-), and (b)
holds by Young’s inequality.

+ B d = @t ()P 4+ S e — v,

By ~-strong convexity of 5 [|v — vo[|* w.r.t. v, we have

1, 1, . L. Lyos
511V = vol* + Ve =vo vy = vih+ ollvy - vl < o Ivi - vol|*. (59)
Adding (57), (58), (59), and rearranging terms, we have

1 1
Fn, Q1) + f(91,07(9)) + 7190 = vol* — 3 IVe — vol®

* = = * [~ — — = — % Lv+3Gi a _ _ V|| = *
<f(vi, @—1) + f(Vie1, 0" (V) + (Vo [ (Vio1, Qe—1), Ve — Vi) + f/ﬂfﬁﬂvt —Vi1|? + ?Hvt,l - V¢||2
|2

1 1
+ 6 (O_Zt,1 — a*({l)) — ZHV:L — VtH2 + ;<\7t — Vo,V — V:L>

(60)
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By definition, we know that f(-) is p, := 2p(1 — p)-strong concavity w.r.t. & (— f(+) is pq-strong convexity w.r.t. «). Thus,
we have

~f(Vi—1,a-1) = Vaf Vi1, a0-1) (@* (V) — a—1) + %(04*(‘7) —a-1)? < —f(Vi—1,0%(¥)) (61)

By definition, we know that f(-) is smooth in « (with coefficient L., := 2p(1 — p)), we get

Lo, _
= f(vi,an) < —f(vy,ai-1) = (Vaf (v, @—1), G — Gy—1) + 7(0% — 1)’

Lo,_ _
=—f(vy, 1) = (Vaf(vy,a1), 00 — Gp1) + 7(0% —ay1)’
—(Vaf(Viz1,04-1),0t — @—1) + (Vo f (Vim1, Q—1), G — —1)

(a)
< —f(vy, 1) = (Vaf(Vio1,00-1), 0 — Gp-1) +

[

) (@ — 1) + Gyl[(vy, = Vi—1, 00 — Qy—1)]
3G2,
f(at —at71)2»

(62)

. - _ _ o Lo, Ly, _ «
< —f(vi @) = (Vaf (Vio1, @), G = @) + (G = Gen)” + 5 v = vilI® +

where (a) holds because V,, f(-) is Lipshitz in o with coefficient Gy, = 2max{p, 1 — p}G}, by definition of f(-).
Adding (61), (62) and arranging terms, we have

—f(Vim1, 1) — f(vy, an) < —f(Vem1, 0" (V) = f(vi, Ge-1) — (Va f(Vi—1, Geo1), 0 — (V) + %H@t —

Ly, . 3G2 _ . _
+ Ve = VI + T G_1)? — “7“(& (V) — @u1)>.
(63)
Adding (60) and (63), we get
F (70,0 (@)) + o9 — vol2| = [ (v a0 + = [v, — voll?| <
ty & 2 t 0 s Ot 2 Wb 0 >
(Vof(Vie1,ae-1), Vi = vy) = (Vaf(Vio1,04-1), a0 — a*(V))
L +3Gi/,ua 21— — 2 L L — * |12 1 * 2
+Vf77 [ve = veal” + ?V 7\’ [Ve-1 — vyl —QHVw—VtH (64)
L, +3G2/L - _ .
g Lo 3 2, P - B2 ot (@)

1, S *
+ ;<Vt — Vo,V — v1/1>'

Applying v = ﬁ to (64) and then plugging it into (56), we get

T
P(v) - m‘}ni/)(v) < ! Z {(va(vt—l, 1), Ve = Vi) + 2Ly (Ve = vo, Vi — vi,) + (Vaf(Vie1, 1), " (V) — ay)

T t=1
Ly +3G3 /o o Lo+3G3/Ly,
o g, g, 4 L3 v 5, g,y
2 2
2L = * — * o * [
+ S5 IV = VI = Lulle = Vi P = B @ — o’ (9)%[.0
E. Proof of Lemma 4
Proof. According to the update rule of v and taking v = f, we have

1
ZLV(VQC —vp) = _vka(vfflvaffl;szl) - 5("? - Vf 1)- (65)
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Taking average over K machines, we have

K
_ 1 1,
2Ly (v —vp) = e kz_l VoFu(vE ol 2F ) — 5(vt —Vio1). (66)
It follows that
(Vo f(Vie1,ae-1), Ve — Vi) + 2Ly (Ve — Vo, Vi — vy))
1 & 1 & 1
— <K ;vvfk(‘_’tflaatflh\_’t - VL> - <K ;V‘,Fk(vt,l,affl;szl),\_ft — V:2,> + 5(\_’75 —Vio1, Ve — V)
| K
< (o L@ - Vofilvenaf v -v) @
k=1
K
i \V/ = k v k k o ok
+ K Vo fe(Vie1, 00 1) vi(Vis o)), Ve Vi @
k=1
| X
+ <K Z[vak(vf—haf—l) — Vv Ei(Vie1, af 1325 1)], Ve — VZ> ®
k=1
1, " _ _ _ N
+ %(IIVH =Vl = Vi1 = Vel = v = v 1)
(67)
Then we will bound (1), @) and () separately,
< K L
O < T ;V VeVt Gim1) = Vo fo(Vim1, )] "‘?V”‘_/'t_V:ZHQ
(b) 1 Ly, _ .
< K Z IV fr (Vi1 @) = Vo fu(Vemr, af_1) 1 + < Ve = vil? (68)
(©) 3G% 1

— 2L KZHat 1= at 1H2+7||Vt_v'¢)||

where (a) follows from Young’s inequality and (b) follows from Jensen’s inequality. (c) holds because V. f (v, a) is
Lipschitz in a with coefficient G, = 2max(p, 1 — p) for any v by definition of fj(-). By similar techniques, we have

3 L
T KZHV Fi@1,0f 1) = Vo vk ab )P + v = v P
(69)
3L 1
S Z”Vf 17Vt 1”2 ||Vf7V¢H

T
K
Let V; = arg min <11( > va(vf_l,af_1)> v+ ﬁHv — V1] + %HV — vol|%. Then we have
v k=1

A m
Vt—VtZW( vf(Vt 1a04C 1) szv kVt 1704c 1»Z1]:c 1)) (70)
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Hence we get

K
1 - .
d= <K Z[vak(vf—haf—ﬂ — Vo F (Vi1 af 132 1)), Ve — Vt>

o

_

Il
-

=
M~ T

e
Il
—_

VSV b ) = TRz ] — v;;>

2

K
*ZV Ii( Vt 1vat 1) =V Fk(vt 1»0‘1]? 1»Zf V]

N+ | K
K (71)
1 , . *
(e ST k) TRkt v )
k=1
- ’
<17 X Z[vak(vf!ha?fl) - Vka(Vz]rip 0411? szl)]
k=1
| X
S ).
k=1
Plugging (68), (69) and (71) into (67), we get
1
(Vo f (Vie1, 1), Ve — Vi) + ;(Vt — V0, Vi — V)
_3G2 1 S Ly, . 3L 1
< oo 2o lla —af P+ v = v + Z O
k=1
K 2
Z Vo fi( Vt 1704? 1) - Vka(Vf—lyaf—hzf—l)] (72)
K

K
< STkt - vvaf:l,afl;zfln,w—v;z>

1, _ - - *
5y Ulve-1 = Vo2 = 191 = Vel = 9 = vi|*).0

F. Proof of Lemma 5

Proof.

(Vaf(Viei,u-1), 0% (V) — @) =

=) =
M=

Vafe(Vici, 1), " (V) — 54t>
k

1

=)=
]~

(
(% LVahiinain) - Vohiviosaf o) -0} @

1

== =
M=

Ve Fi(Frt,0b 1) = Va fu(vh 10k )] a* (@) — at> ®

>
Il
—

VafelE 10 1) = Vafulvh 1 0 1328 )] o (@) - > ®

=
Il
—

+

+

P N N
=) =
] >

==
M=

VaFk(Vf—uO‘f—ﬁZf—1)704*(‘7)—04t> ©)

k=1

(73)
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@ 3 (1 ? | la .
@ < QM<KZ[ afk(Vie1,0t1) = Vafe(Vio1, 1)]) +%(at—0¢ (¥))?

« k=1

® 3 1E - . L

S 5 e 2 (Valk(Vet,0t) = Vafilvis,af 1) + £ (@ — " (7)) (74)
@7 k=1

(©) 312 1 o~ _ o, -

< e K kZI(atfl —af )+ F(Oét —a*(v))?,

where (a) follows from Young’s inequality, (b) follows from Jensen’s inequality, and (c) holds because fi (v, «) is smooth in
a with coefficient L, = 2p(1 — p) for any v by definition of fi(-).

K
Ha ; wyn
@ < QM kz Voli(Vi1,0f 1) = Vo fe(vi, af 1)) +?(a (V) — &)
b 31 & . . . 2 ] ;
277 Vaft(Wi—1,08_1) = Vafu(Vvii, o 1)|| + ?(a*(v) — &) (75)

(C 3G2 1
< %KZHW =P+ @) - an?

where (a) follows from Young’s inequality, (b) follows from Jensen’s inequality. (c) holds because V, f(v, «) is Lipschitz
in v with coefficient Gy, = 2max(p, 1 — p)G}, by definition of f;(-).

K
Letdy = a1+ 7 > Vafu(vi_1,of ;). Then we have
k=1

K
. 1
e = e S0V ot ik ) - Vafivh ek ) 76)

And for the auxiliary sequence &, we can verify that

K T
- . 1 1 -
& = argmin [ — E (VaFu( vt Lok ek 1) — Vafk(vf_haf_l)) a+ —(a— at,1)2 = A—1(a). 77
o« \K k=1 2n
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Since A1 () is %-strongly convex, we have

207 () =) S A (@ () = Meoa (@)
(1 X V. P (vF E .k v k k T .~ 1 .~ N 2
= (g ;::( abk(Vior, ap-1;2i-1) — afk(thlvat—l))> o’ (V) + %(a (V) — &i1)

1
1 & T 1
- (? ;(VaFk(Vf—haf—l;Zf—l) - Vafk(Vf—hOéf—ﬂ)) ar — %(dt — @)’

1

= (% Z(VQFk(Vﬁllaaffl;szl) - Vafk(vffhaffl))) (a*({’) - &tfl) + *(06*(\7) - dt71)2

—1 2n
K T 1
D (VaFu(vViii, af_1;2i1) — vafk(vffl»affl))> (Gr — @) — %(&t —ds-1)’

K T
< (% > (VaFi(vioy, at-1izin) = Vafr(Vio, ai&))) (o (¥) = Gua) + (o (9) = &y 1)?

2n

k=

-

K 2
1
3 Ve Fivtalsiat) - Vah(viab))

k=1

Hence we get

K

1 , . A _
©® = <K Z[Vafk(vffhafq) — VaFp(viiy, of g5z )], & — at>

K
# (e RVahivi 0f) ~VaR vy obirt o) — )

1 K 2

1 S ITailvt 1ot )~ VaFi (v ot isak )] )

k

K
1 . N
(G LIVa v r0f ) = VaFivhyoob gt o' (9) — )

K 2
3 1
@S?n(? ;[V fk(Vt 1,0 1)—VaFk(Viv_hOéf—l%Zf—l)])
| X
+<K;[Vafk(vf 1oi—1) = VaFr(Vioy, o132 1)], 64 1—at>
+ @ ®) = @) - - (a7 (%) — &)
217 a (V t—1 277 \'% (677
(D can be bounded as
1

(78)

(79)

(80)

1)



Communication-Efficient Distributed Stochastic AUC Maximization with Deep Neural Networks

Adding (74), (75), (80) and (81), we get

3G2 s . 32 1 &
(Vaf(Vie1,@-1),0" (V) — az) < Z [Vie1 = Vi |* + Z Qo1 — 1)

o K 200 K prt
K 2
n .
2( kz_: Vafi( Vt 1,Oéf 1)~ VaFk(V?pafﬁZtl)])
1 K
+? Z(vo/fk(vf—l7046—1)7V&Fk’(vf—17af—l;zf—l)v &t—l 7df>
k=1
1 ~ — — — % [~ [ * [
+ g (@ =" (9) = (@ — @) = (@ — " (7)) + 5 (@ — " (7))
1

+ %((a*(f’) — 1) = (@7(V) —@)). O

G. Proof of Lemma 6

Proof. If I = 1, |vF — vF|| = 0 and |af — @F| = 0 for any iteration # and any machine  since v and « are averaged across
machines at each iteration.

We prove the case when I > 1 in the following. For any iteration ¢, there must be an iteration with index ¢ before ¢ such
that t mod I = 0 and ¢t — ¢y < I. Since v and « are averaged across machines at ¢y, we have v, = V,’fo.

(1) For v, according to the update rule,

ny Y n
vf:*n_'_,vaFk(Vf—paf—ﬁzf—l)+7n_~_,yvf—1+ 77+7V0’ (82)
and hence
_ ny 1 ko ok 7 - n
Vi=——— E VvFi(vi_|,of_ ;2 + Vi1 + Vo. 83
t T]+’7K ktltltl) 77_~_7f1 T]+’70 (83)
Thus,
ny k - k
Vi — v/ || < —— ||V Fi(v ,a,z EVFV Lol iz + Vi1 — Vi
||t tH N+ k(tl t 4t t—1> Gt—1 tl) 77+7”t1 tl” 84)
o Y-
2B, + Vie1 — Vi 4]
S e vl

Since V4, = vy (forany k), we cansee || V¢, 11 —vf || < 2-1 By < 2By, Assuming Vi1 —vE || < 2(t—1—t9)nBy,
then ||v; — v¥|| < 2(t — to)nBy by (84). Thus, by induction, we know that for any ¢, ||v; — vF| < 2(¢t — to)nBy < 2nIB,.
Hence proved.

(ii)

O‘f = affl + nvaFk(V:’Lh af,l;Zf,1)7 (85)
and
| K
ap = Qy_1 + U kz_l VaoFr(vF ok 528 ). (86)
Thus,
K
ar —af| <lar —af |+ 0| VaFr(viy, a2 ) EZ Fi(Vi_y,af 1524 _4) 87)

< a1 —ak | +2nB,.
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Since &;, = afo (for any k), we can see that ||&sy4+1 — afo+1|| < 2nB,. Assuming |@;_1 — af ;| < 2(t — 1 — t9)nBa,
then |a; — aF| < 2(t — t9)nB,. Thus, by induction, we know that for any t, ||G; — || < 2(t — to)nBa < 2nIB,. Hence
proved. [J

H. More Experiments

In this section, we include more experimental results. Most of the settings are the same as in the Experiments section in the
main paper, except that in Figure 10, we set I = Iy * 3(5~1) other than set I to be a constant. This means that a later stage
will communicate less frequently since the step size is decreased after each stage (see the first remark of Theorem 1).

Positive Ratio=50% IMAGENET Positive Ratio=50% IMAGENET Positive Ratio=50% IMAGENET Positive Ratio=50% IMAGENET

Soss - K=1
2 K=16
0.80 K=16
—— K=16
0.75 — K=16,
—— K=16, 1=1024
0707 5 10 15 20 25 0707 500 1000 1500 0707 5 10 15 20 25 0 500 1000 1500 2000 2500 3000
Iter (*1600) Time(sec) Iter (*1600) Time(sec)
(a) Fix I, vary K (b) Fix K, vary I
Figure 6. ImageNet, positive ratio = 50%.
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Figure 7. Cifar100, positive ratio = 50%.
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Figure 8. Cifar10, positive ratio = 50%.
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Figure 9. ImageNet, postive ratio=71%, K=4.
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Figure 10. I, = Iy3*™Y, positive ratio = 71%.



