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A. Experimental details

We perform our experiments on a feed-forward net with
H + 1 hidden layers with no biases. We learn our network
as a binary classifier on a subset of CIFAR?2 dataset (which
is a dataset of first two classes of CIFAR10) of size 1000.
We train our network for 50 epochs to minimize the binary
cross-entropy loss and report the final cross-entropy loss on
a full test set (of size 2000). We repeat our experiments for
5 random seeds and report means and standard deviations
on our plots. We experiment with other setups (i.e. using
a mini-batch gradient estimation instead of the exact one,
using a larger train dataset, using more training steps,
learning a multi-class classification problem) in SM 1.
All experiments were conducted on a single NVIDIA
GeForce GTX 1080 Ti GPU using pytorch framework
(Paszke et al., 2017). Our code is available online:
https://github.com/deepmipt/research/
tree/master/Infinite Width Limits_of__
Neural_Classifiers.

Although our analysis assumes initializing variables with
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samples from a gaussian, nothing changes if we sample o¢
for £ being any symmetric random variable with a distribu-
tion independent on hyperparameters.

In our experiments we took a network of width d* = 27 =
128 and apply a Kaiming uniform initialization scheme (He
et al., 2015) to its layers; we call this network a reference
network. Consider a network with a single hidden layer
first. According to the Kaiming initialization scheme, initial
weights should have zero mean and standard deviations
o o (d*)~V/2 and o, o dy /2, where dy is the input
dimension which we do not modify. For this network we
take (unscaled!) learning rates n; = n;, = 0.02 for the
gradient descent training and 1} = 7}, = 0.0002 and 8 =
0.99 for the RMSProp training. After that, we scale the
initial weights and the learning rates with width d according
to a specific scaling:
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Since ¢ = 0,0, and since we apply the (leaky) ReLU
non-linearity, we can take
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Since for GD we have 7, /, = 14/w /02, then
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Similar holds for the multi-layer case. In this case since
0= (0q0u1 ... 0y10,)Y ) we can take

d 9o
Oqa/vl/.../oH = J;/vl/m/vH <d*) , Oy = 0’2;.
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B. Dynamics of the limit model for the NTK
scaling

First consider a continuous-time gradient descent for a one-
hidden layer network in a general form:

i~ g, 2402 0f(x: 0;)
b 0z 2= f(x; e(dt)) 004
where 95;) = {(d&t) A (t)) _, is a sequence of d weights

(a, w) associated with each neuron at a time-step t.
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Assume the model is scaled as d—1/2:

Fx; 0 =

Zd: Wff)’Tx).

Then a neural tangent kernel is written as follows:

Ou(x,x; 6 Jo(wDTx) +

d
a3 (o
a2/ (W) (WD XX ).

If moreover /) = const, then for a fixed ¢ independent of
da® = g0 and w® — W Hence due to the Law of
Large Numbers ©,4(x’, x; Hét)) — O (%', x), where

@oo(x’7 x) =K (a,%)~N (0,11 440) (¢(WTX)¢(WTX/) +

+d2¢/(wTX)¢/(wTX/)XTXI) .
In the case of the discrete-time dynamics we have similarly:
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A classical result of calculus states that there exists a fc(lk) €

Oq4(x', x; Gét)).

[0, 1](do+1)d guch that following holds:
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where G(k) 9(k+1) ©) f(k) + H(k) o1 - E((ik)), and we
have abused notation by redeﬁmng ©4. Nevertheless, in
this case O4(x’, x; Gc(lk), égk)) still converges to O, (X', x)
defined above for the same reasons as above.

C. Validation of the power-law asumptions

In Section 3 we have introduced power-law assumptions for
weight increments and for terms of the model decomposi-
tion:
80P ocd®”, owP | ocd®’s (1)
f(k)( ) o dqf ) f(k) (X) o dqf_,{,,/“,’ éﬁl)w(x) o dq}'fiw,
2)
After that, we have derived corresponding exponents for two
cases: qfll/)w = 4o + Gajw < 0 and qgl/)w =40 + Gajw =0,
where ¢, is an exponent for o and ¢, /., are exponents for
learning rates:

oo d?,  Tg o< diele.

In order to have a non-vanishing non-diverging limit model
foo ) that does not coincide with its initialization fég), we
have derived a set of conditions: see Section 3. For the first

case these conditions were the following:

¢ € (—1,-1/2],
1
i/)wf_l_q o maX(qgl)qu(ul)) 1_(]07
while for the second case they were:
1
4o = —1, qfl/)w =0.

The MF scaling is exactly the second case, while the
NTK scaling corresponds to the first case: ¢, = qt(ll)
(_Z?(ul) = —1/2. We have refered a family of scalings

€ (~1,-1/2) and ¢ = ¢ =
medlate .

—1 — ¢, as ”inter-

As we have also derived in Section 3, for both cases qt(ll;)w =

qul/)w vk > 1.
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Here we validate power-law assumptions (1) as well as
derived values for corresponding exponents for the three
special cases noted above: MF, NTK and intermediate scal-
ings, see Figure 1. We train a one hidden layer network with
the gradient descent for 50 epochs; see SM A for further
details. We take norms of final learned weight increments
and average them over hidden neurons:
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We then plot these values as functions of width d.

As one can see on left and center plots, weight increments as
functions of width are very well fitted with power-laws for
both input and output layers. Right plot matches numerical
estimates for corresponding exponents qt(lk) and qq(f) with
their theoretical values (denoted by red ticks). Here we

notice a reasonable coincidence between them.

In order to validate a power-law assumption for model de-
composition terms (2), we compute the variance with respect
to the data distribution for each decomposition term. The
reason to consider variances instead of decomposition terms
themselves is that these terms are functions of x. If we just
fix a random x, then the numerical estimate for, say, f éka) (%)
can be noisy. Hence it is better to plot some statistics of
these terms with respect to the data, hoping that this statis-
tics will be more robust, which is true e.g. for expectation.
However, since we consider a binary classification problem
with balanced classes, we are likely to have E Cgk) (x) =~ 0.
Because of this, we are afraid to have all of the decomposi-
tion terms to be approximately zeros in expectation. For this
reason, we consider a variance instead of the expectation.
Note that f(gk) o dif” implies Var ,, f{gk) o d245” .

As we see in Figure 2, variances of all of the model de-
composition terms are fitted with power-laws well. The
only exception is Var ,, sk@) (x) for the mean-field scaling:
see the solid curve on the left plot. Nevertheless, this term
converges to a constant for large d, which indicates that our
analysis becomes valid at least in the limit of large d. Note
that we have also matched numerical estimates of corre-
sponding exponents with their theoretical values in Figure 1
of the main text.

D. Derivation of »-terms in a one hidden
layer case

For the sake of completeness, we copy all necessary defini-
tions from Section 3 here. A gradient descent step is defined

as follows:

A6 = —i, 0BV p(wO + sw) ),

AW = —ij,oE Ve (@0 + 5 (. )x,  (3)

600 =0, ow® =0, al® ~ N(0,1), w9 ~ N(0,1);

d
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1660 oc a9, (|ow || o doi . (4)

Assuming our model f ék) does not diverge with d, gradient
step equations (3) imply:

1 ~
qt(z/)w =qs + da/w>

qé’;zl) = max(qé’%, q((ll)w + max(0, qfuk/)a)). )

We decompose our f as:

) = £ 00 + £ 0 + £15) () + £55) (%), (6)
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where ¢/(. ...) is a shorthand for ¢’ (%" + 5% *))Tx) here.
*) (k)

We assume ftgk) (x) o dr, f(gk@) (x) < d%9, and so on.

By definition of decomposition (6) terms, we have:

(k) (k) (k) (k)

(k) _ _
dr —QJ+%@ y Qf,a/w —qa/w+QU+%a/w7
(k) _ (k) (k) (k) 7
fgw =90 T w + 4o+ %ay, (N

where all 2 € [1/2,1].

Our goal now is to compute »-terms for different values
of ¢, and G, /,. However it is more convenient to consider

different cases for qél) and qf,,l ) instead.
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Figure 1. Weight increments obey power-law dependencies with respect to the width. Left: absolute output weight increments
averaged over hidden neurons as functions of width d. Center: same for input weight increments. As one can see, weight increments are
very well fitted with power-laws. Right: numerical estimates for exponents of corresponding power-laws, as well as their theoretical
values (denoted by red ticks). As one can see, theoretical values match numerical estimates very well. Setup: We train a 1-hidden layer
net on a subset of CIFAR?2 (a dataset of first two classes of CIFAR10) of size 1000 with gradient descent. We take a reference net of width
d* = 27 = 128 trained with unscaled reference learning rates 7; = 7;, = 0.02 and scale its hyperparameters according to MF (blue

curves), NTK (orange curves) and intermediate scalings with ¢ = —

D.1. qél) and qf,,l ) are both negative

In this case equations (5) imply ql(l];)w = q((ll/)w < 0

Vk > 1. Hence ¢'(Ww\” + sw{)Tx) ~ ¢/ (w(¥7Tx)
as d — oo. Hence by the Central Limit Theorem,
Zd dfﬂo)qS’(. . .)v“vfno)’Tx o d'/2. This means that %ék) =

r=1

1/2.

At the same time, using the definition of the gradient step

for (SVAV7(~k)

s

d
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We see that expression inside the sum has non-zero expecta-

tion, hence the sum scales as d, not as d'/2. Hence 2% = 1.
Using the similar reasoning we conclude that %C(Lk) = 1. For

3/4 (green curves, see main text). See SM A for further details.
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Here all random terms of the sum has zero expectation and
&&O) is independent from (¢’ (v?/go)’Tx))SvAvﬁO); hence the
sum scales as d'/2 and consequently %((1’8 =1/2.

Summing up, if ql(ll/)w < 0, then ;{ék) = %((1]8 = 1/2 and
%(k) = 1Vk > 1. Note that the NTK scaling is a subcase

a/w

of this case.

D.2. qél) and qf,,l ) are both zeros

In this case equations (5) imply qg;)w = qél/)w =0Vk > 1.

Hence, generally, both 6a*) and 6w (*) depend on both
a© and w(?). This implies that sums in definitions of f. é’ka),
Lgkgj and fcgizw scale as d; hence 4" = ) = k) =1
Vk > 1. Moreover, this implies that the sum

d
ftgf“) =0 Z d£0)¢/((\7v£0) + 5‘;V£k))TX)€V£O)7TX
r=1
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Figure 2. Model decomposition terms obey power-law dependencies with respect to the width. Left: the variance with respect to the
data distribution for terms of model decomposition (6) as a function of width d for the mean-field scaling. Center: same for the NTK
scaling. Right: same for the intermediate scaling with g = —3/4. As one can see, the data distribution variance of model decomposition
terms are well-fitted with power-laws. Sefup: We train a 1-hidden layer net on a subset of CIFAR2 (a dataset of first two classes of
CIFAR10) of size 1000 with a gradient descent. We take a reference net of width d* = 27 = 128 trained with unscaled reference learning
rates n; = 1., = 0.02 and scale its hyperparameters according to MF (blue curves), NTK (orange curves) and intermediate scalings with

go = —3/4 (green curves, see text). See SM A for further details.

also scales as d. Hence %é)k) = 1Vk > 1. Note that this is
the case of the MF scaling.

E. Other meaningful scalings

In the main text we have considered two solution classes
for a system of equations and inequlaities that defines a
meaningful scaling One class corresponds to the case of
both q(l) and qq & being less than zero, while the other one
corresponds to the case of both of them being zeros. In this
section we consider all other possible cases.

E.1. q(l)—O Whlleq ) <0

In this case equations (5) imply q((lk) ( ) =0 and q(f ) =
qqgjl) < 0Vk > 1. Since w(¥) — w(0 5a%) does not

become independent on w(%) as d — co; hence %(k) =1.

Also, since q( ) <0, ¢ (W) T
) =1/2.

A condition q} 3 =q, +

x) = ¢ (W9 Tx); hence

1(11) + %((zk) < 0 then implies that
q- < —1. Hence q](cé = qa—I—%ék) < —1/2 < 0. Moreover,

q;k) =qy +q(k) 78 <0, since 524 < 1, and similarly,
q;kgw =q, + q(k) (k) + %,(m) < 0 since %fm) <1

Hence in order to have a non-vanishing limit model we

have to have q( ) =

C(Ll) = ¢, + ¢, = 0; since then ¢, = 1. Since ftgka) is the
only term of the model decomposition that remains finite
as d — oo, we essentialy learn the output layer only in
the limit of d — co. Hence we can describe the dynamics

= 0 which implies g, = —1. Note that

of the limit model both in terms of the evolution of the
limit measure and in terms of a constant deterministic limit
kernel.

Indeed, suppose 0 = o*d~! and 7, = 7} d. The limit
measure evolution writes as follows:

f8 (x) = o* / ap(wl'x) u® (da, dw);

1) — 7 (8.

OO )

0) _N1+do(0 I)

where a gradient descent step operator 7, is defined on
probabilistic measures p supported on a finite set of atoms
d as follows:

1a0"507),

d
Ak * * 1
Ta(pa; Ngo™,0") = az%; ® Ow,

0l(y, 2)

. T
62,’ ¢(WT X)?

z=fa(x;0*)

and fy(x;0%) = o* [ ap(wTx) pa(da, dw) for (a,, w,.),
r € [d], being atoms of measure /1.

Al A A%k
Gy = Gy — N0 Exy

Consider now a kernel éa,oo defined as follows:

O, (%, X) = 1207 E qrnr(0,14) H(W T X)9(WTX).
Using the same argument as in SM B, we can write a
continuous-time evolution of the limit model in terms of
this kernel:

86(3/, Z) &

‘O (x') = —E 6 /
FO6) = By =2 Gl
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FO (%) = E (6,50~ N (0,11 1.4 @D (Wx) = 0.
Moreover, for the same argument as in SM B, the similar
evolution equation holds also for the discrete-time evolution:

86(3/7 Z) e
92 =@

Afég) (x')=-E X,y

E.2. q(l)*O whlleq ) <0

This case is almost analogous to the previous one. Equations
(5) 1mp1y q( ) = (1) = 0 and q( ) = él) < 0Vk >1,

and du(* does not become 1ndependent on a® as d —

(k ) = 1. Note that in contrast to the previous

fO ¢/(w(k)T )#»(j)’(\?v(o)*T

00; hence %

case, since q x); hence

0
g = 1.

= ot a4+

condition q;é =g, + %Q() < 0) then implies that g, < —1.

Hence q}g — g0 + qgk) (k)

A condition qy, < 0 (or, equivalently, a

< 0, since %((1 ) <1, and

() | 0

similarly, q( ) = ¢, + q(k) + Quw < 0, since

fraw
k) <1l

Hence in order to have a non-vanishing limit model we have
to have q;k(g = qj(ckgv = 0, which implies ¢, = —1. Note

that ql(,}) = ¢o + qw = 0; since then ¢,, = 1. In this case

we again essentialy learn only a single layer in the limit
of d — oo. However a kernel which drives the dynamics
evolves with k since w®) —» w(©):

1 oo
k Ak w20 1. 12
G)( ) (x,x') =170 dlgr{)lo p dz_:Ewa(o,l)W X

% Q/)/ (w(k:) ’TX) ¢/ (W(k) ,TX/)XTX/ )

Nevertheless, the dynamics can be described in terms of the
measure evolution similar to the previous case.

E3. ¢" > 0, while ¢ + ¢ < 0

In this case equations (5) imply qL(lk) = qél) > 0, while

qq(f) = q(l) + q(l) < 0Vk > 1. Similar to the case of

SM E.1, §a®) does not become independent on w(? as
d — o0; hence%( )= 1.

Consider & > 1. A condition q}kg =q, + q((Ll) + %,(Lk) <0
~1— g

< 0 since %q()k)

< —1. Hence q}% = q, +

< 1. Moreover, q}ku)j =qs + qz(f) +

then implies ¢, <
SR
*p

( ) <Osmce% k) < landq(k) *q(l)Jrq( ) <0, and
similarly, q}yiw = 4o +q{(1k) (k) —&-%UZ} < q}kg < 0 since

) <1l

Hence in order to have a non-vanishing limit model we have

to have q( ) = 0, which implies q((l ) = Qo +Go =—1—q5.

Since then ¢, = —1 — 2¢,, while ¢, < —1. Suppose
g = ¢V + ¢l < 0. In this case qj(ckiw < 0, hence féka)
is the only term of the model decompbsition that remains
finite as d — 0o, and we learn the output layer only in the
limit of d — oo, as was the case of SM E.1. In this case we
are again able to describe the dynamics of the limit model
both in terms of the evolution of the limit measure and in
terms of a constant deterministic limiting kernel.

While the kernel description does not change at all com-
pared to the case described in SM E.1, measure evolution
equations require slight modifications. Indeed, suppose
o = o*d% and 7, = )*d~172% The limit measure evolu-
tion writes as follows:

106 = [ o) ) (da b

PtV = Ta(ules iio™0%),  ul) =6 @ N(0,14,),

where a gradient descent step operator 7, is defined on
probabilistic measures p supported on a finite set of atoms
d as follows:

d
A% k% 1
Ta(pa; fao™,0") = QZ%; ® O,

r=1

P(W)x),

z=fa(x;0*)

and fy(x;0%) = o* [ ap(WTx) pa(da, dw) for (a,, w,),
r € [d], being atoms of measure /1.

The only thing changed here is that in the limit out-
put weights a are initialized with zeros. The reason
for this is that the increment at the first step da(®) =
—ﬁaUIEV;O)qu(W(O)*Tx) grows as d~ 179 as d — oo.
Hence a(*) — 6a®) as d — oo for k > 1.

Suppose now q( (1) + q(l) = 0. In this case da¥)

and 6w ) do not become independent, since w(¥) — w(0);
hence %( ) — 1. This implies that q}lzw = ¢, + q((;k) +
(k) + 20 —

decomposulon remain finite as d — oo: f ) and féka)w
(1)

Note that q( ) + qu

0 for & > 1, hence two terms of the model

= 0 implies ¢, = —Gqo — 29, = 1.

Suppose 7, = #;,d. In this case we are again able to
describe the dynamics of the limit model in terms of the
evolution of the limit measure:

F9(x) = o / 4 (%7 x) u®) (da, dw);

pEtD = To(ul; iso*,0%),  p) =50 N(0,14,),
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where a gradient descent step operator 7, is defined on
probabilistic measures y supported on a finite set of atoms
d as follows:

d
Ak %k sk k% 1
T(/.Ld, N0 3 MNy0 50 ) = 8 Z 6&; ® 6\7\1,«7

r=1
where
~ Ak % ae Y,z A
RO T [
Z la=falx07)
~ A Ak ok ag Y,z ~ ~
w,. =W, — s Ex, (8 ) ard' (Wlx),
Z o la=fa(xio™)

and fy(x;0%) = o* [ ap(WwTx) pa(da, dw) for (a,, w,),
r € [d], being atoms of measure /1.

We have a zero initialization for the output weights for the
same reason as for the case of q( ) < 0. Note that in contrast
to the above-mentioned case, the case of q( ) — 0 cannot
be described in terms of a constant limit kernel. Indeed, we
have a stochastic time-dependent kernel for finite width d
associated with output weights learning:

d
e 51
9((11?2)0 (X7 X = 77 o *2 g Z (k) T »E‘k:)’TX/).

This kernel converges to a deterministic one as d — oo by
the Law of Large Numbers, however, the limit kernel stays
step-dependent, since w(*) = w(9) + §w (), while the last
term here does not vanish as d — oo.

Note that the ”default” case we have considered in the main
text falls into the current case. Indeed, by default we have
oocd /2 and Najw o< 1. This implies ¢, = —1/2, 4, = 1

and ¢, = 0; consequently, g, W —q /2 and qf,} — /2.

However, as we have shown above, having ¢, < —1 —
q((ll) = —3/2 is necessary to guarantee that the limit model
does not diverge. As we observe in Figure 1 of the main
text a limit model resulted from the default scaling indeed

diverges.

Ed. ¢V > 0, while ¢!V + ¢V <0

The difference between this case and the previous one is
essentially the same as between cases of SM E.2 and of
SM E.1. For this reason we leave this case as an exercise
for the reader.

ES5. ¢V + ¢ >0
Suppose first that q,(ll)
(2) _ (1) (1) > 0 and g

that equatlons 5 further imply qq

> 0. In this case equations (5) imply

@) > q(l) > 0. Itis easy to see

(2k) _ q(2k) — k(q,(12)+q(2))

w

Vk > 1. This means that q )

k. Hence all of q}kg, qgckl)u, qgckc)lw become positive for large

enough k irrespective of ¢, .

) and qw’ grow linearly with

Obviously, the same holds if q(l) > (0. Hence in this case

our analysis suggests that a limit model féf ) diverges with
d for large enough k. However, when our analysis predicts

that a limit model diverges, we cannot guarantee that V}k)ﬁ
does not vanish with d, hence equations 5 become generally
incorrect. Indeed, if a model reaches 100% train accuracy at
step k, then Vgck)é vanishes exponentially if f grows. This
means that f cannot really diverge width d if it reaches
100% train accuracy.

F. A discrete-time mean-field limit of a
network with a single hidden layer

In this section we omit "hats” for brevity, assuming all
relevant quantities to be scaled appropriately.

Recall that in the MF limit o o< d—!
o=oc*d"!

and 174/, o< d. Suppose
and w.1.0.g. 1/, = n*d.

We closely follow the measure-theoretic formalism of Sirig-
nano & Spiliopoulos (2020). Consider a measure in (a, w)-
space at each step k for a given d:

1 d
= g Zéask) ® 5w§“k).
r=1

Given this, a neural network output can be represented as
follows:

19 () = o* / ao(wx)u) (da, dw).

A gradient descent step is written as follows:

Aah) = —* 0" B, V1 p(w ),

* k

AW = 0" B, VIl aP o (wP Tx)x. (8)
For technical reasons we assume weights a,. and w,. Vr €
[d] to be initialized from the distribution P with compact
support:

a® ~P, W) ~P VreldVied). (9
One can notice that in the main body of this work we have
assumed P to be A/(0,1) that does not have a compact
support. Nevertheless, it is more common in practice to
use a truncated normal distribution instead of the original

normal one, which was used in the main body for the ease
of explanation only.
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We introduce a transition operator 7 which represents a
gradient descent step (8):

p = TP 0%, (10)

This operator depends explicitly on o* because V(fk)ﬂ isa

gradient of f E(lk) and the latter depends on o*. This represen-
tation clearly shows that a gradient descent defines a Markov
chain for measures on the weight space with deterministic

transitions. The initial measure u&o) is given by initial condi-

tions (9). Since they are random, measure /Lfik) is a random
measure for any k£ > 0 and for any d € N. Nevertheless, for
allk >0 ufik) converges to a corresponding limit measure

as the following theorem states:

Theorem 1. Suppose ((y,-) € C?*(R), dl(y,z)/0z is
bounded and Lipschitz continuous and ¢ is Lipschitz con-
tinuous. Suppose also that x has finite moments up to the
fourth one. Finally, assume that the distribution of initial
weights P has compact support. Then Yk > 0 there exists
a measure /15,]2) such that ;Lfik) converges to /,Lé’é) weakly as
d — oo wrt to the 2-Wasserstein metric and each measure

uglk) is supported on a ball Br, a.s. for all d.

Proof. We prove this by induction on k.

Let £ = 0. Any measure u on the weight space is uniquely
determined by its action on all g € C(R'*9) with compact
support: (g, 1) = [ g(a, w)u(da, dw). If this measure is
random, then the last integral is a random variable. Hence

Mgo) converges to ,u(og) = P weakly as d — oo, iff for all
(0)

g € C(R'*40) with compact support (g, /1 ') converges to

(g, u£)> weakly as d — oo.

Let h € Cy(R). Consider

lim E ,0) woh (<9’M£lo)>) =
d—o0
14
= lim E o0 woh (d ;Q(GQO)’WSO)O =

=h (Ea(m,w(mg (a(o)vw(0)>) =h (<g,uf>g)>) ’

where the second equality comes from the Law of Large
Numbers which is valid since initial weights are i.i.d. This
proves a weak convergence of (g, ,u((jo)> to (g, ,u&?). As was
noted above, this is equivalent to a weak convergence of

measures p\:
Hq -

lim B ) o hlpy’] = h[u)]
d— o0

for any h € Cp(M (R o)),

Also, since all a, ~ P, w,; ~ P and P has compact

support, ufio)

can write ug)) € M(B}%do) a.s. for some Ry < oo Vd.

has compact support almost surely. Hence we

We have proven the induction base. By induction assump-
tion, we have ugc) € M(B};}:do) a.s. for some Ry, < oo Vd.
Let for any h € Cy(M(R1+d0))

lim E g0 o k] = b)),
d— oo

By definition, this means weak convergence of measures

u;k) to ug;). Then we have:

lim Ea(o)7W(o)h[,LL((ik+1)} = lim Ea(o)7W(0)h[T(M&k))].
d—oo d—o0

In order to prove that this limit exists and equals to
AT (1$))] we have to show that ho T € Cy(M (B}{:d”)).

We prove the following lemma in Section F.1:

Lemma 1. Given conditions of Theorem 1 and R < oo,
the transition operator T' that performs a gradient descent
step (10) is continuous wrt the 2-Wasserstein metric on

M(BL).

Hence ho T € Cy(M(B}%)). Since then, by the induc-
tion hypothesis for all h € Cy,(M (R*0))

lim E o WO h[uékﬂ)] =
d— oo

= lim E qo0,wohlT(14")) = hT (@)

We then define ugffl) = T(ugf))).

Also, it easy to see that since ¢, ¢’ and 0¢(y, z)/0z are
bounded and the distribution of x has a bounded varia-
tion, uék) € M(BE™) as. implies u&“l) = ’Tugc) €

144
M(BE, ) a.s. for some Ry 1 < oo.

(k)

We have proven that forall £ > 0 u d (k)

converges to [ioo
weakly as d — oo wrt the 2-Wasserstein metric and u((ik)

has compact support a.s. for any d € N. O

Corollary 1 (Theorem 1 of Section 3, restated). Given the
same conditions as in Theorem 1, following statements hold:

1. Vk >0 u((ik) converges to u((,lf;)
00,

in probability as d —

2. fék)(x) converges to some f&’f)(x) in probability as
d—ocoVx e X.

Proof. Since weak convergence to a constant implies con-
vergence in probability, the first statement directly follows
from Theorem 1.

By definition, weak convergence of ,u&k)

h € Cy(M(R}+do))

means for any

lim Ea(o)yw(O)h[ﬂgﬁ)} = h[ﬂgi)]-
d—oo
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Hence for any g € Cy(R)

lim Ea(m,W(o)g(fék)(X)) =
d—o0

= lim E a<o>,W<0)9(f[Mfik)§ x])
d— o0

= lim E 0 wo (g0 f)lug’sx] = (g0 )[pld):x],

since f[-;x] € C(M(RF4)) for any x € X.

Hence fo(lk)(x) =f [u((f); x| converges weakly to jau (x) =
I [u(o’f;); x| as d — oo. By the same argument as above, this

implies convergence in probability. O

F.1. A gradient descent step defines a continuous
operator in the space of weight-space measures

Proof of Lemma 1. Without loss of generality assume o* =
n* = 1. Consider a sequence of measures jiq € M(Bp™%)
that converges to (i, € M(B};do) wrt the 2-Wasserstein
metric. We have to prove that 7 114 converges to T fio Wrt
the 2-Wasserstein metric.

Define 0y = (ag, wq) € BR'™ and 604 = 0 — 04 =
(Aoo — Qdy Woo — Wq) € B};do. For a given d consider a
sequence of measures u{im € M(BE* @ By %) with
marginals equal to ;14 and o respectively, as required by

the definition of the Wasserstein metric. Choose a sequence
in such a way that

lim / (166013 ), . (d0, dBoc) =
J—0o0 ’

= it [ (19818 0., dBoc) = W 1 )
d,oco
where infium is taken over all 14 o, € M(Bp™" @ BRT™)
with marginals equal to 114 and p, respectively as required
by the definition of the Wasserstein metric. A sequence

{ ug’oo 5= exists by properties of infium. Then we have
the following:

< lim /||59d+5A9d||§uZloo(d9d, ds),
Jj—00 ’

where we have defined

Abs = (~EV 1,0 o(wix), ~E V1, Laad (Wix)x),

oLy, z)
0z

Vil =
z=flpa;x]

and 0A0y = Al — A, respectively. From this follows:
WE(Ta Tiio) < Jim [ 196413 1, (00, db.c) +
*}HEO/ 16A04][3 127, o (da, dbsc) +
+2}E& / (60a,0004) 1%, o (d0a, dfo).
Consequently,

W2(T ta, Thioe) < W2, o) + (11)
+ tim [ 1080 i) (0, db) + (12
J—00 ’

+4R lim \/ / 162043 1% (A6, dOc).  (13)
J—00 ’

The last term comes (1) from the Cauchy-Schwartz inequal-
ity: (004,0A8,4) < {|004||2]|0A04]|2, (2) from the fact that
both 4 and o are concentrated in a ball of radius R:
160all2 = 1102 — scll2 < [|0all2 + [10s0[l2 < 2R, and (3)
from Jensen’s inequality: [ |0]|2 (df) < \/ [ 10|13 1(d6),
for p being a probability measure.

The first term converges to zero by the definition of the
sequence of measures 14. Consider the second term:

/ 1626112 1, . (04, d0os) =

~ [GBai? (v o) s

b [ 150wl ) (08, 8.

Consider then the first term here:
/(§Aad)2 18 oo (A0, o) =
— [ (B (Vi otwtn) -
2
V1 bO(WEX)) ) 1) (04, dBoc) =

— [ o 00105 00) -
—9(%, 000 ) (X, Y, 1)) 1], oo (A0, dOoc),
where we have defined
9(x,0) = g(x, (a,w)) = p(w"x),

oLy, 2)
0z

h(x,y, u) = :
2= f[p;x]

Wlo.g. assume ¢ has a Lipschitz constant 1:
¢(-) € Lip(R;1). From this follows that g(x,-) €
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Lip(R' %, ||x]|2). It is easy to see that since
we consider measures supported on Bg, f[,x] €
Lip(M(BE); 2R||x||2) wrt the 2-Wasserstein metric. In-
deed,

|f[Md7 X] - f[/lfooa X] =

—/aoo(b(onox)pL(daoo, dwoo)‘ =
= | [(@sotwx) - ano(wlion)) n(ds) mdt)] <
< / ad(WIX) — anod(WEx)| (da) 1(dBs) <

< [(adiotwl) - owlin)| +
aa — ool |H(WE ) i(dB) i(dBoc) <
< Rl [(I0walla +[6aa) (o) n(d) <

< R||X||2\//|Wd_woo|%H(dad),u(deoo)+

+Rllxllz\/ / g — aocl? j(dha) p(doc) <

< 2R||X||2W2(/1'd7 /1400)7

where we have used Jensen’s inequality: [ ||0]|2 u(df) <

\/ [ 110113 11(d6) since p is a probability measure.

W.lo.g. 9¢/0z € Lip(R; 1) Vy € {0,1}. Hence the latter
implies 1(x,y, ) € Lip(M (B *); 2R||x|2).

Taking into account that w.l.o.g. 9¢/0z and ¢’ are bounded
by 1, we have:

lg(x, 0a)h(x,y, pa) — (X, 00 )R (X, y, uoo)l <
< [g(x,0a) — g(x,000)| +
+R|[x|l2|2 (%, y, ta) — h(X, Y, poo)| <

< [xlI2l10a = Osoll2 + 2R [[x|[3Wa(ttds fioo)-

From this follows:

(E x»y(g(xved)h(xa yvud) -
< Ex,y(g(xv ed)h( XY, Md)
< Exyllx/3164 —

9(%, 000)h(%, Y, 1o)))? <

9(%, 000)h(%, Y, o)) <
Ooc |13 + AR'E o [[X[|15W5 (s p1oo) +
HARE %3110 — Oooll2Wa (s f100)-

Hence

hm (E ny(g(x7 ed)h(xvzhud)_

Paie
— (%, 000 )1(%, Y, 1100)))? 11}, o0 (d0a, dBoc) <
< E oy [IXI5W3 (s froc) +ARYE s y X ]33 (11, 100 )+
+ARE X33 (s pro0) =
= Exy([Ix[l2 + 2R?(|%[13)* W3 (1a, oo

We can apply the same logic to the second term of (14) to
get the same upper bound:

[Gawa? i (a0, doc) =
(e St -
2 .
= Vo Lot (WE)) ) 1) o (A0, dbc) <
< Exy(Ixll2 + 2R%(1%]13)* W5 (1 proo)-

Applying this upper bound to equation (13), we finally get
the following:

lim W3 (Tjta, Thioc) < Tim (W3 (as pc) +

d—oo d— o0
2By (]2 + 2R xI3)° W5 (as poc) +
AR 2B (2 + 2R7 132 Wa (14, poc) ) =0,

where the last equality is valid, because by assumptions
x has finite moments up to the fourth one. Hence 7 g4
converges to 7 i Wrt the 2-Wasserstein metric.

Summing up, we have proven that 7 is continuous wrt the
2-Wasserstein metric.

O

G. The mean-field limit is trivial for the case
of more than two hidden layers

Here we re-write the definition of a multi-layer net, as well
as the gradient descent step on scaled quantities:

d

f(x;a, Vl:Hv W) = Z ary ( ﬁ(XQ Vl:Ha W),
rg=1
where
fEE e VIR W Z vt oL, (s VER W),

’I‘h_l

0 (x, W) =w] x.
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The gradient descent step:

Ak =~ THEV I o(FI10) (),
AR = i, naTHEV e o fI10) (x)),

d
AWE = —ij, o ™EVI ST @l (FI10) (x)) %
'I"H=1
d
Z O ¢ (P ) <
d
Z O o (L0 )0 (Wi ).
alf) ~ N(0,1), 00) | ~ N(0,1), W) ~ N(0,1),
15)
where we  have  denoted Th;;(k) (x) =

721 (X;V(k)’l:h, W(k))

Similarly to the case of H = 0 (see Section 3), we consider
a power-law dependence on d for ¢ and learning rates, as
a result introducing ¢,, ¢q, ¢,» and g,,. In Section 4 we
have shown that for the mean-field limit we should have
4o = -1, Lfa/w =1land (L,h =2.

We now show that for H > 2 the mean-field limit is
trivial: limg_, o f(gk) (x) = 0. Similarly to the case of

= 0, we introduce weight increments 5&(k = A(k) d&?},
(SAZ“L;L(TIZ) 1= @?;L(T]? 1 @7}‘1;1(7‘(:1) 1 and 5W7(‘0) - VAV(k) VAV?(“g)’

and assume a power-law dependence on d for them resulting

in the introduction of exponents q((l ), q(’Z) and q(k)

Analogically to a single hidden layer case, we decompose
our f:

Z Firan )+ £ () +

+ﬁ&m<m,a®

where the exact definition of each term can be derived from
its sub-index: e.g. fg(lkila has 66, sw () and ™ Vi, €
[H] terms.

Introducing an exponent ¢ for each term, we get:

k) (k k
—max(q;(g,q;27... q() )

’ f,aleHw 9

( ' =2¢, +1.
a7

We write all of the terms of the decomposition for f in a

unified way. Let ©;, be a subset of {a, v, w} of size h.

Then: i
+3 ¢, as
€Oy,

k
o

k k
q;,éh = H(H(Oh) +4o)

where %( ) € [1/2, 1] comes from the same logic as in the
single hldden layer case. Since ¢, = —1, if we show that
all qék) < 0VEk > 1, then we conclude that all components
of decomposition (16) vanish.

Let us look on the gradient descent dynamics (15). It implies
the following equalities for k = 0:

W _ - H__H
Qoju = ajw + (H +1)es + 5 5

3 H-1
¢'3) = Gon + (H +1)gq + = - :

which come from the fact that all a(?), 59 and w(©) are
independent and 1. Indeed, gradient updates for da and
dw have H sums each, and each sum scales as d'/2 (this
where the term H /2 comes from); at the same time gradient
updates for 0" have H — 1 sums each.

Due to the symmetry of the gradient step dynamics, qf}ll) =

= q(b? imply q( ) = .. = qi]f,) vk > 1. We shall
denote it with qf, ) then.

Suppose H > 2. We prove that q(];) ((11/) = —H/2

and ¢ < ¢{V = (1 — H)/2 Vk > 1 by induction. The
induction base k = 1 is trivial. For the sake of illustration,
we first consider the induction step for q,,:

g+t < max (qff)’ Gw+ (H + 1)go+

(H H+l ) H+1
+ max| —

+ a5 + ¢,

27 2
H+q + ¢ H + 2q£’“)>> <

H H 1
< max (—2, 5 + max (O -+ q(k) + q(k)

2 2
H H
g g Do) <
2 2
M H [ 1-H 2l
— X 27 2 X ) 2 ) 2 )
1-H 2—H H
,>>=—.em
2 2 2

All inequalities except the first come from the induction
hypothesis. We now demonstrate where the first inequality
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qUe+ D)

comes from. Recall that ||§w*+1) | oc d% " and

Wit = owp)

d
~ k N N r
— o TIEVE ST (@9 + 60l ¢ (F110) (x))

TH:1
d
% Z (OO 45 ! (FHL R (%)) x
TH,1=1

d
xR + 505N ¢ (£ (%))
ri=1
x (00,0 +801,08)) ¢ (W]
Here we have a product of H sums, by expanding which we

obtain a sum of 27 +1 products of sums in total; for example,
for H = 2 we have:

O 4w Tx)x. (1)

d
S+ )
30D 4 5O 0) ¢
ri=1
x (0519 + 5@1’<k>)¢’((€v<o> +owi)) x)x =
d
=3 D) 3 DS D e
ro=1 ri=1
d
Z ZAE&O O (et
: = 1
d
Z Z 5 Tzﬁ T ils“?))gb ( : )X+
T2 r1=1
d

Z afy) ¢ Z 0708 (- )00 (L )x +

=1 T1= 1
d
Z sal ¢ Z s Ml (s ( L )x
: T = 1
-5+ z“f; # 3
+350 e +30, + 30+ 30,

d,v%a
where the notation we have introduced
is  intuitive: for  example, El(ik()w ) =

S e () oL )eor (. )x.

If we assume power-law dependencies for all >-terms, i.e.

*)
4.0 d?>.a and so on, using heuristic rules
mentioned in Sect1on 3, from (21) we get the following:

E(k O(dq):@ E()

g™ = max(¢, Gu + (H + 1)go+
k) (k) (k k k
+ max(q(z 22)»‘]; 317 C](Z 2,1»(](2 2,27 ‘e 7‘]; 2“)11]2))

First consider E( ) olp2- This term is a product of two sums
with d terms each Smce each sum cannot grow faster than
d, we get the following upper bound:

Gz < a8+ 2000 + 2,

Similar upper bounds hold for all other 3-terms; in particu-
lar, we have:

G < 208042, max(age gy, < 08 +glP+2

For E((ikg)) we compute the corresponding exponent exactly:
(Eké) = 1. In this case both sums are the sums of asymp-
totlcally independent terms with zero mean. Indeed, we

have:

d
. P
200 =3 a0 (f5% (%)) x

ro=1

Z om0 (£ (x))0n Q) (W) + 0w i) Tx)x ~

U

NZ 0 ¢’ (F51 (x)) %

7‘21

(O )8

U

DI 196D

where the asymptotic equivalence takes place, because by
the induction hypothesis q( /) < —H/2 < 0and q(k) <
(1-H)/2<0.

Finally, let us consider “linear” terms, i.e. E((fc)t, Eg?}l,
2322. We consider ngg for simplicity; two other terms can

be analysed in a similar manner. Here we have a similar

asymptotic relation as we had for E( )

d
o= 2 046 (2 00)

T‘Q:l
x Z o &' (i ()80 (WD) + 6w i) Tx)x ~
T1= 1
d A
~ Y sl (f50(x)) x

T2:1

3 B O D WO T,
T = 1

Let us now recall the gradient step for 6a(*):

6d$]§) = 6&’5"];_1) - ﬁa

‘s (i( 20) 4 ik 1>>¢<f;;<k—1><x>>) |

’I“1:1

FPEVEIE %
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Since by the induction hypothesis ql(, < (1-H)/2<0,
5a$2) depends on vrg(rl), even as d — oco. This means that
the sum over 7 in the definition of E( ) above grows as d,
while the sum over r; still grows as dl/ 2 as was the case

for Z;’fé. Hence
k
q;,gz/vl/lﬂ = i/ll/va +3/2.
Finally, for H = 2 we get the following:

g = max (¢, Gu + (H + 1)g,+

+ max(qly, Gih, G G ss - By y2)) <
< max(q¢®, Gu+(H+1)go+max(1, ¢V +3/2, ¢{M +3/2,
0 +a +2,2¢ + 2,4 + 24" +2)) =
= max(¢™, G + (H + 1)go+
+max(1,¢"+3/2, ¢ +3/2, ¢ +¢F +2, 2¢(F) +2)),

where the last equality comes from the fact that qé’jz) Jw < 0

by the induction hypothesis. Directly extending this tech-
nique to the case of H > 2 results in the first inequality of
(20).

Applying the similar technique to ¢, and g, we get the
following:

g{F*) < max (qé’“), o+ (H + 1)go+
H H+1 H+1
+max<2, LESSTR: S NT)

H+q( + ¢, H+2q5f“))> <

H H 1 1
< max(—Q, —? + 1'11?1,X<07 5 + q(k) -+ ql()k),

w ’2
H H
T g 2 +2q<k))> <
2 2
< n 0 1-H 2-H
max| ——, — max —_—, ————
a ’ 2 a ’ 2 ’ 2 )

g{F Y < max <Q£k),dv + (H + 1)go+

+q®),

2 2 2

H H
+ max(, =+t q(k) + q(k) 5

H-14¢®+¢P, H-14¢F +¢{, H—1+qg’“>+q£"’)>> <

1-H 1-H 1 .
S maX<2, +max<0 _ _’_q(k) +q'¢(uk)7

2 2 2

H —
Hod g pgn B2 iy )

2
H —
i) <

< 1-H 1—H+ Ol—H 1-H
_max2,2max,2,2,

2-H -1-H H H\\ 1-H
2 72 27 2 ) )
for all h € [H]. The difference between ¢, ,, and ¢, comes

from the fact that the gradient step for 60" has H — 1 sums
instead of H.

Summing up, we have proven by induction that Vk > 1

0y < al, = —H/2 < 0and ¢ < g = (1 -
H)/2 < 0. Hence due to (18), q}%

nents of decomposition (16) vanish and limg_, o, f ék) =0.

< 0, hence all compo-
h

H. Comparing scalings for small learning
rates

As we have noted in Section 3, the MF limit provides the
most accurate approximation for a finite-width reference
network. However as we demonstrate here the NTK limit
becomes the most accurate approximation for a finite-width
reference network if learning rates are sufficiently small and
the number of training steps is fixed.

Figure 3 shows results for two different setups: training a
one hidden layer net with gradient descent for 50 epochs
with reference learning rates 7} = 7, = 0.02 (the same
setup as in Figure 1 of Section 3 of the main text) and the
same setup but with 7 = 7, = 0.0002. As one can see,
MF and intermediate limits do not preserve the variance of
the CE loss but the NTK limit does.

In Section 3 we have argued that the MF limit provides a
better approximation for a finite-width reference net, be-
cause all terms of decomposition (6) are preserved, however,
as we have previously observed in SM C, the term f;’k@) is
not strictly preserved but approaches a non-zero constant
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for large d. As we observe in the right plot of the bottom
row, the width 216 = 65536 is not yet enough for fc(ik@) to
reach its asymptotics for the MF limit if learning rates are
small: see blue solid curve. Nevertheless, for large learn-
ing rates (right plot of the top row) this term does reach its
asymptotics.

However one of the decomposition term vanishes for the

NTK limit but for the MF limit it does not: f\*) . Let us
rewrite the definition of this term here:

d
£, x) =0 daMe'()ew Tx,
r=1

This term depends quadratically on weight increments and
each weight increment is proportional to a corresponding
learning rate. Hence this term grows quadratically with

(k)

learning rates. By the same logic, terms fc(lka) and f;", grow

linearly with learning rates and fék@) has no polynomial
dependence on learning rates. This reasoning implies that
the term f, U(lka)w vanishes faster than others as learning rates
go to zero. Hence the effect of non-preserving this term
becomes negligible if learning rates are small. Because
of this, the advantage of the MF limit over the NTK limit
disappears for sufficiently small learning rates. This effect
is clearly shown in the right column of Figure 3. For large
learning rates (top row) the term f (gffa)w is the second-largest
term in decomposition (6) of the reference network: see
a dash-dot curve, however it becomes negligible for one
hundred times smaller learning rates (bottom row).

I. Experiments for other setups

As was noted in Section A, in the present work we typi-
cally train a network using a full-batch gradient descent (or
RMSProp) for 50 epochs (or equivalently, training steps)
on a subset of CIFAR?2 of size 1000. The reason for this
is that our theory is developed for binary classification, it
assumes exact gradient computations, and because training
up to convergence is not necessary for our framework.

In this section we experiment with modifications of our
usual setup: see Figure 4 for the case of a one hidden layer
net trained with the (stochastic) gradient descent. The top
row represents the usual case of the full-batch gradient de-
scent training for 50 epochs with unscaled reference learning
rates 7, = 7, = 0.02 applied to a subset of CIFAR2. For
the next row we set the batch size to 100, while keeping
the number of gradient updates. As we observe, applying
a stochastic gradient descent instead of the full-batch one
does not introduce any qualitative changes. For the third
row we take a full CIFAR2 (with training size being 10000
instead of 1000), while keeping the batch size to be 1000.
It is hard to spot any qualitative changes in this setup as
well. For the bottom row we increase the number of epochs

(training steps) by the factor of 10, while keeping the rest of
the options. In this case all plots change, which is expected
since 50 epochs of the original setup is not enough for con-
vergence of training procedure. As we observe in the center
column, in this case some of the terms of decomposition
(6) do not obey power-laws but converge to power-laws for
large d.

We also consider a multi-class classification instead of a bi-
nary one: see Figure 5. The top row corresponds to the usual
scenario of a binary classification on a subset of CIFAR2
of size 1000; it is given for the reference. The middle row
corresponds to the same scenario but on a subset of MNIST
of size 1000; MNIST has 10 classes instead of two. Com-
paring these two scenarios does not reveal any qualitative
changes.

The bottom row corresponds to the most realistic scenario
among the ones we have considered. Here we train a one
hidden layer network on a full MNIST dataset for 6000 gra-
dient steps using a mini-batch gradient descent with batches
of size 100. With this number of epochs the optimization
process nearly converges. As we see, for this scenario the
maximum width d = 26 = 65536 we were able to afford
was not enough to reach the asymptotic regime fully (center
column). This is the reason for discrepancies between nu-
merical estimates of exponents of decomposition (6) terms
and their theoretical values (right column).
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Figure 3. For small learning rates, the NTK limit approximates the reference finite-width network better than the MF limit. 7op
row: scaling a reference network trained with gradient descent with (unscaled) learning rates 7; = 7, = 0.02. Bottom row: same with
unscaled learning rates ;; = n;, = 0.0002. Left: a final test cross-entropy (CE) loss as a function of width d. Center: test CE loss as a
function of training step k for a reference net and its limits. As one can see, MF and intermediate limits preserve mean CE loss but not its
variance with respect to the initialization. In contrast, the NTK limit does preserve the variance. Right: variance with respect to the data
distribution for terms of model decomposition (6) as a function of width d. When learning rates are small, fc(lfc@) , which contributes to

the variance, becomes the largest term in decomposition (6) and fa(zﬁz)w’

which vanishes in NTK and intermediate limits, becomes the
smallest. As we have noticed in Figure 2 for the MF limit fék@) is not exactly constant but decays approaching a constant for large d. This
is the reason for the MF limit not to preserve the variance of CE loss. Setup: We train a 1-hidden layer net on a subset of CIFAR2 (a
dataset of first two classes of CIFAR10) of size 1000 with gradient descent. We take a reference net of width d* = 27 = 128 and scale its
hyperparameters according to MF (blue curves), NTK (orange curves) and intermediate scalings with g, = —3/4 (green curves, see text).

See SM A for further details.
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Figure 4. Applying a mini-batch instead of a full batch gradient descent does not introduce any qualitative changes. The same
holds for training on a larger dataset. 7op row: scaling a reference network trained with a full-batch GD with (unscaled) learning rates
na = 1y, = 0.02 for 50 gradient steps on a subset of CIFAR?2 (a dataset of first two classes of CIFAR10) of size 1000. Second row: same
with a mini-batch GD with batches of size 100. Third row: same as the top row but on a full CIFAR2 (10000 training samples) with the
mini-batch GD with batches of size 1000. Bottom row: same as the top row but with 500 gradient steps. Left: a final test cross-entropy
(CE) loss as a function of width d. Center: variance with respect to the data distribution for terms of model decomposition (6) as a
function of width d. Right: numerical estimates for exponents of decomposition (6) terms, as well as their theoretical values (denoted by
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Figure 5. Considering a multi-class classification instead of a binary one does not introduce any qualitative changes. Top row:
scaling a reference network trained with a full-batch GD with (unscaled) learning rates n; = n;, = 0.02 for 50 gradient steps on a subset
of CIFAR?2 (a dataset of first two classes of CIFAR10) of size 1000. Middle row: same for a subset of MNIST of size 1000. Bottom row:
scaling a reference network trained with SGD using batches of size 100 with (unscaled) learning rates 1, = 1, = 0.02 for 6000 gradient
steps on MNIST dataset. Left: a final test cross-entropy (CE) loss as a function of width d. Center: variance with respect to the data
distribution for terms of model decomposition (6) as a function of width d. Right: numerical estimates for exponents of decomposition (6)
terms, as well as their theoretical values (denoted by red ticks). See SM A for further details.



