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1 Definitions and notations

In this section we recall the models introduced in the main body of the article, and introduce the
notations used throughout the Supplementary Material.

1.1 The dataset

In this work we study a series of regression and classification tasks for a dataset {z*,y"}};_; with
labels y* € R sampled identically from a generalised linear model:
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where the output-channel PS (+) is defined as:
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for some noise £ and for data points x* € RP given by:
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The vectors ¢ € R? is assumed to be identically drawn from N(0,1,), and 8° € R? from a separable
distribution Fy. The family of vectors f, € R” and the scalar function o : R — R can be arbitrary.

Although our results are valid for the general model introduced above, the two examples we will be
exploring in this work are the noisy linear channel (for regression tasks) and the deterministic sign

channel (for classification tasks):
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where £# ~ N(0,1) and A > 0.

This dataset can be regarded from two different perspectives.

Hidden manifold model: The dataset {a/, y*},=1.... , is precisely the hidden manifold model
introduced in [1] to study the dynamics of online learning in a synthetic but structured dataset. From
this perspective, although x* lives in a p dimensional space, it is parametrised by a latent d < p-
dimensional subspace spanned by the basis { f,},=1,... ¢« which is "hidden" by the application of a
scalar nonlinear function o acting component-wise. The labels y* are then drawn from a generalised
linear rule defined on the latent d-dimensional space.

Random features model: The dataset {z/, y*},—1 ... ,, is tightly related to the Random Features
model studied in [2] as a random approximation for kernel ridge regression. In this perspective,
c" € R? is regarded as a collection of d-dimensional data points which are projected by a random
feature matrix F = ( f,,)ﬁz1 € R%*? into a higher dimensional space, followed by a non-linearity o.
In the limit of infinite number of features d, p — oo with fixed ratio d/p, performing ridge regression
of x* is equivalent to kernel ridge regression with a limiting kernel depending on the distribution of
the feature matrix F and on the non-linearity o.

1.2 The task

In this work, we study the problem of learning the rule from eq. (I.I) from the dataset
{(x",y")}=1,... n introduced above with a generalised linear model:

gt =f(=x" - w) (1.6)



where the weights w € RP? are learned by minimising a loss function with a ridge regularisation term:

N B A
W = min [Zf(y“,:v”-w)—i—QHwH% . (1.7)

pn=1
for A > 0.

It is worth stressing that our results hold for general 7, f and fY - including non-convex loss functions.
However, for the purpose of the applications explored in this manuscript, we will be mostly interested
in the cases f(x) = fO(x) = z for regression and f(x) = f°(z) = sign(x) for classification, and
we will focus on the following two loss functions:
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log (1 +e v (= '“’)) , logistic loss (1.8)
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Note that these loss functions are strictly convex. Therefore, for these losses, the regularised
optimisation problem in ((I.7) has a unique solution.

Given a new pair (", y"*") drawn independently from the same distribution as {(z",y")}/,_;, we
define the success of our fit through the generalisation error, defined as:

1
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where "% = f (x"Y - ab), and for convenience we choose k = 0 for the regression tasks and k = 1
for the classification task, such that the generalisation error in this case counts misclassification. Note
that for a classification problem, the generalisation error is just one minus the classification error.

Similarly, we define the training loss on the dataset {x*, y*}},_; as:

1 A
€ = EE{W’W} Zﬁ (y", " - ) + §||w||§ . (1.10)
pn=1

Finally, all the results of this manuscript are derived in the high-dimensional limit, also known as
thermodynamic limit in the physics literature, in which we take p, d,n — oo while keeping the ratios
a=n/p,v=d/pfixed.



2 Replicated gaussian equivalences

In this section we introduce the replicated Gaussian equivalence (rGE), a central result we will need
for our replica calculation of the generalisation error in Sec. of the main body. The rGET is
a stronger version of the Gaussian equivalence theorem (GET) that was introduced and proved in
[L]. Previously, particular cases of the GET were derived in the context of random matrix theory
[3L 141150 16]. The gaussian equivalence has also been stated and used in [7} [8]].

2.1 Gaussian equivalence theorem
Let F € R4%P be a fixed matrix, w® € RP, 1 < a < r be a family of vectors, 8 € R be a fixed
vector and o : R — R be a scalar function acting component-wise on vectors.

Let ¢ € R? be a Gaussian vector N'(0,1;). The GET is a statement about the (joint) statistics of the
following 7 + 1 random variables

1 1
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in the asymptotic limit where d,p — oo with fixed p/d and fixed r. For simplicity, assume that
o(x) = —o(—=x) is an odd function. Further, suppose that in the previously introduced limit the
following two balance conditions hold:
Condition 1:
d
Z Lo Fip = O(1), 2.2)
for any p.
Condition 2:
1 &
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for any integers k > 0, ¢ > 0, for any choice of indices p1, p2,- -+, pq € {1, -, d} all distinct from
each other, and for any choice of indices ay, as, - ,a; € {1,---,r}. Under the aforementioned

conditions, the following theorem holds:

Theorem 1. In the limit d,p — oo with fixed p/d, the random variables {\°,v} are jointly normal,
with zero mean and covariances:
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where:
1
s® = —Fw® € RY, a=1,---,r (2.5)
/P
and
ko = E, [0(2)], k1 =E, [z0(2)], k2 =E. [0(2)?] — k§ — &} (2.6)

where z ~ N(0,1).

2.2 Replicated Gaussian equivalence

Note that the GET holds for a fixed family {w?}”_, and matrix F € R4*? satisfying the balance
condition from eq. (2.3). In the replica setting, we W111 need to apply the GET under an average over
r samples (refered here as replicas) of the Gibbs distribution j1, introduced in eq. Hon the main.
We therefore shall require the assumptlon that the balance condition eq. (2.3) holds for any sample
of ug. We refer to this stronger version of the GET as the replicated Gaussian equivalence (rGE).
Although proving this result is out of the scope of the present work, we check its self-consistency
extensively with numerical simulations.



3 Replica analysis

In this section we give a full derivation of the result in Sec. 2.I]in the main manuscript for the
generalisation error of the problem defined in Sec. [I| Our derivation follows from a Gibbs formulation
of the optimisation problem in eq. followed by a replica analysis inspired by the toolbox of the
statistical physics of disordered systems.

3.1 Gibbs formulation of problem

Given the dataset {x*,y"}};_; defined in Section we define the following Gibbs measure over
RP:

1 -8 e(y“,w“-w>+i|\w|\2} 1 ~ L
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for 8 > 0. When 8 — oo, the Gibbs measure peaks at the solution of the optimisation problem in
eq. (I.7) - which, in the particular case of a strictly convex loss, is unique. Note that in the second
equality we defined the factorised distributions P, and P,,, showing that 13 can be interpreted as a
posterior distribution of w given the dataset {z*, y* }, with P, and P, being the likelihood and prior
distributions respectively.

An exact calculation of pig is intractable for large values of n, p and d. However, the interest in pg is
that in the limit n, p, d — oo with d/p and n/p fixed, the free energy density associated to the Gibbs
measure:

1
fﬁ = — lim ];E{w“,y“} log Z[j (3.2)

p—o0

can be computed exactly using the replica method, and at 5 — oo give us the optimal overlaps:
1 1 1
Gw = ];EH@HQ Gr = gIE||Fu*)|\2 m, = <E [6° - Fuw] (3.3)
that - as we will see - fully characterise the generalisation error defined in eq. (T.9).

3.2 Replica computation of the free energy density

The replica calculation of fg is based on a large deviation principle for the free energy density. Let

1
fa{=",y"}) = _EIOgZB G4

be the free energy density for one given sample of the problem, i.e. a fixed dataset {x*, y“}ﬁzl. We

assume that the distribution P(f) of the free energy density, seen as a random variable over different
samples of the problem, satisfies a large deviation principle, in the sense that, in the thermodynamic
limit:

P(f) ~ er®U) (3.5)

with @ a concave function reaching its maximum at the free energy density f = f3, with ®(f3) = 0.
This hypothesis includes the notion of self-averageness which states that the free-energy density is
the same for almost all samples in the thermodynamic limit.

The value of fz can be computed by computing the replicated partition function

E{gn yny 25 = /df ePl2(H)—rfl 3.6)

and taking the limit
~ gim 3 L. o .
fo = Jim o Jim | = (Bgar e 25) 37)



Although this procedure is not fully rigorous, experience from the statistical physics of disordered
systems shows that it gives exact results, and in fact the resulting expression can be verified to match
the numerical simulations.

Using the replica method we need to evaluate:

E{quyn} Zh = /d00 Pg(@o)/Hdw P, (w®) x

T o e [ (A2 T (o ()]

@

(3.8)

where P,, and P, have been defined in (3.1). In order to compute this quantity, we introduce, for
each point p in the database, the r + 1 variables

v, = ﬁc“ 6%, (3.9)
1
A =w" o (\/aFTc”) . (3.10)

Choosing c* at random induces a joint distribution P (v, )\z) In the thermodynamic limit p, d — oo
with fixed p/n, and for matrices F satisfying the balance condition in eq. Z.3), the replicated
Gaussian equivalence introduced in Section [2.2] tells us that, for a given (i, the r + 1 variables
{4, A }u—1 are Gaussian random values with zero mean and covariance given by:

a
b _ (1\5 é\z{b> € RUFUX(r+1) (3.11)

The elements of the covariance matrix A/¢ and Q" are the rescaled version of the so-called overlap
parameters:
1 1 1 1
= —1|6°]%, mé = -s"-6° = Zs. sb b — Zw® . w?, 3.12
p=lE"ll =3 g = W= (3.12)

L Fw®. They are thus given by:

where s =
VP

M* = kymy, Q= /@'fqgf’ + /%q‘slb. (3.13)

where 1 = E. [20(2)] and k2 = E. [0(2)?] — ? as in eq. (2:6). With this notation, the asymptotic
joint probability is simply written as:

R
P, {\}r_|) = ———e  =b=0 3.14)
( 2 { u} 1) det (271_2) (
with 2} = v, and 2% = X% fora = 1,--- ,r. The average over the replicated partition function (3.8)

therefore reads:

E{wn yu} Z5 :/d@o /Hde H/dy“x
/qu y (V") /Hd/\ (Vs AL} HP yH{AL) (3.15)

Rewriting as a saddle-point problem

Note that after taking the average over x, the integrals involved in the replicated partition function
only couple through the overlap parameters. It is therefore useful to introduce the following Dirac



d-functions to unconstrain them, introducing the decomposition:
1= -+’ /dp 5 (dp — 116°I%) / [T ame 6 (dmg - s*-6°) x
a=1
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Introducing the above in eq. (3.13) and exchanging the integration order allows to factorise the
integrals over the d, p, n dimensions and rewrite:

dpdp dmgdr dgg®dgs® dgg’dgs’ e
Efar, w}Zﬁ—/ /H / I =5 o ¢ G1D

1<a<b<lr

where the integrals over the variables m?, ¢2* and ¢2° run over R, while those over ¢, §2° and §2
run over iR. The function ®("), a function of all the overlap parameters, is given by:

") = —ypp — Zmam“ — Y (928 + quie) + a Tl (p,me, g2, qi)

a=1 1<a<b<r
+ \Ijg) (ﬁa mqugbvg&b) (318)

where we recall that « = n/p, v = d/p, and we have introduced:

o) zlog/dy/dy Py (y|y)/H [dA* Py (y|A")] P(v, {A"})

T
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1 X r
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(3.19)

Note that s* = ﬁFw“ is a function of w?®, and must be kept under the w® integral. In the

thermodynamic limit where p — oo with n/p and d/p fixed, the integral in eq. (3.17)) concentrates
around the values of the overlap parameters that extremize ®("), and therefore

1
f=-lim -  extr ™), (3.20)
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Replica symmetric Ansatz

In order to proceed with the r — 0% limit, we restrict the extremization above to the following replica
symmetric Ansatz:

mg:ms ma:ms fora:l’...77n
. 1,
q(sl/aw:rs/u/ qgﬁw:—i’]"s/w f()ra:l’... T
q;% =ds/w ‘?S/w = qs/w forl<a<b<r (3.21)

Note that, in the particular case of a convex loss function with A > 0, the replica symmetric Ansatz is
justified: the problem only admitting one solution, it a fortiori coincides with the replica symmetric
one. For non-convex losses, solutions that are not replica symmetric (also known as replica symmetry



breaking) are possible, and the energy landscape of the free energy needs to be carefully analysed.
In the practical applications explored in this manuscript, we focus on convex losses with ridge
regularisation, and therefore the replica symmetric assumption is fully justified.

Before proceeding with the limit in eq. (3.20), we need to verify that the above Ansatz is well defined
- in other words, that we have not introduced a spurious order one term in ¢ that would diverge. This
means we need to check that limJr ® =0.

r—0

First, with a bit of algebra one can check that, within our replica symmetric Ansatz:

lim | () =0. (3.22)
r—0 y
Therefore,

lim @) = —pp + ylog / d6° Py (6°) e (3.23)

where we have used the fact that Py is a factorised distribution to take the p — oo limit. In order
for this limit to be 0, we need that 5 = 0, which also fixes p to be a constant given by the second
moment of §°:

p=Ep [902} (3.24)

We now proceed with the limit in eq. (3.20). Let’s look first at ¥,,. The non-trivial limit comes from
the fact that det ¥ and ¥~ are non-trivial functions of r. It is not hard to see, however, that X!
itself has replica symmetric structure, with components given by:

(271)00:[): R+ (r—1)Q (Z*l)aa:]%: pPR+(r—2)pQ — (r —1)M?
p(R+ (r—1)Q) — rM?’ (BR=Q)(pR+(r—1)pQ—rM?)
—_1\a ~ M _1yab ~ M2 —pP Q
3 1)a0 =M= ’ D ! = Q =
=) k- oopg &) B QR+ (- 1pQ _r 17
(3.25)
where M, () and R are the rescaled overlap parameters in the replica symmetric Ansatz, that is:
M = kimg, Q= quw + m%qs, R = Hi’l‘w + /@%Ts. (3.26)
This allows us to write:
, r —9 5 AN B9 S (92 iy 3 e
v zlog/dy/du PY (y|u)e_5”2/Hd)\“Py (ylx®ye = et T =
a=1
1
~3 log det (27Y) . (3.27)

In order to completely factor the integral above in the replica space, we use the Hubbard-Stratonovich
transformation:

Q@ <~ yayb =, Z
-3 2 A% V=QE X A°
Tt _geY %A (3.28)

for £ ~ N(0,1), such that
V() = B log/dy/du PO (ylv) e~ 5 [/ dAP, (y|A\) e~

1
—5 log det (27%) . (3.29)

foQ A%(@g—]\h),\] "

Taking into account the  dependence of the inverse elements and of the determinant, we can take the
limit to get:

1 A2 \/Q M2/p I\/I/p
1A% E+RFESV A
I \I/(”—]E/d %V / A ~drt (VT )
im0 =R [ dy y i) em= ™ log | 2= Py (ylA)e
1



Finally, making a change of variables and defining:
dx

Z/0ysw, V) = e~z (@) p/0(y1 g 331
7y ) Worri - (ylz) (3.31)
allows us to rewrite the limit of ¥, - which abusing notation we still denote ¥, - as:
M M?
v, =E U dy 20 <y; . ) log 2, (v; QE,RQ)]- (3.32)
Y 3 ® y Jo Q Yy f

One can follow a very similar approach for the limit of ¥,,, although in this case the limit is much
simpler, since there is no r dependence on the hat variables. The limit can be written as:

U, = lim ) wolog | ds Pu(s:n)e FlslIP+(Vaeratm.e®) s (3.33)
&m, )
p—o0 p R4
for &, ~ N(0,1), and we have defined:
- _ 1
Pi(s;m) = / dw Pw('w)e_VTHsz*'m"l;wé (s - Fw> (3.34)
RP \/ﬁ

and we have defined the shorthands ‘A/w = T + G and Vs = Ts + qs.

Summary of the replica symmetric free energy density

Summarising the calculation above, the replica symmetric free energy density reads:

. . . 1 1
f = extr { - %T’STS - %q(‘;q‘s + ymsmg — 57’“,7’11, - 5‘]11}%1)
_alpy(RanM) _\ij (7257(isvms;f'wa(jw) } (335)
- _n o _d .
with o = oV = and:
Q= K%qs + quw, R = /ﬁ%’l‘s + fffrw M = kimg. (3.36)
The so-called potentials (¥, ¥,,) are given by:
1 Vs A 3 T
\ij = lim 7E£,7},90 1Og/ dSPS(S;n)e_VTHS‘P-‘r(\/qTEldJFmsOO) s (3.37)
p—o0 P Rd
M M?
U, = | [ dy 2° (y: ——¢,p — — 1oz<; R— )} (3.38)

where:
Vw 2 = T 1
Ps(s;n :/ dw P, (w)e 2 wIF+vawnl, wg (s— Fw)
(sim) = | dw P, () v 7

dx
V2TV

3.3 Evaluating ¥, for ridge regularisation and Gaussian prior

Z/%y;w,V) = e~ (B PO (y|) (3.39)

Note that as long as the limit in ¥,, is well defined, the eq. (3.35) holds for any Py and P,.
However, as discussed in Sec. we are interested in 8° ~ A(0,1,) and ridge regularisation so that

P, =exp <7%Hw||2) In this case, we simply have:

» n2dw
p ef Pt N(s w5 3.40
(&U)—W (s34, %) (3.40)
with:
Jén Fl1 1 FF'
p= Y4 T o pd Y=— " e R¥4 (3.41)
BN+ Vy /P BA+Vy P



Therefore the argument of the logarithm in W, is just another Gaussian integral we can do explicitly:

p _n2dw 1, Ty—1 1 —1 2
X £ 4 —su T pt o |[b+ET ] N
B~ Slsl+pTs _ €27 e - o3t (457 ) T (1 7m) 7 (b5 )
s e s
~ \P/2 N
(m + Vw) det (Id n vsz)

(3.42)

where we have defined the shorthand b = (v/G:{14 + m,6°) € R?. Inserting back in eq. (3:37) and
taking the log,

2/\
: 1 G 1 3 1 : L 11
U, = lim E S My e (BA+ V) — —trlog (I + V.8) — — TS
P 0%Em {26A+Vw 98 (5 + ) T Og(d+ ) ot = B
1 1 T N —1
b+ Sl = —— (b 2! (1 +Vsz) byt }
5 VSH | 2pvs( 1) (1 ( 14)

(3.43)
The averages over 7, £, 8° simplify this expression considerably:

_ 1 ‘jw T - qu
E Ty ul=-—"_ (F1 > 1(F1,)=d—2—
77[/1’ N] P(ﬂ)\+Vw)2( ») (F1,) BA+ V.,

_ . R 1, -1
Eneonllb+ 7 pll” = d(} + ) + S du tr (FFT)

. —1 ) .
Epeo (0+270) (li+ Vi) (b+37'p) = %qm tr {FFT (1e+V2%) }

. —1
+ (112 + ) tr (Id n VSZ) (3.44)

Finally, we can combine the two terms:

FF' FF' N v, .\l
fr—— + tr [ (Id n v;z) } - (Id n VSE) , (3.45)
p P BA+ Vi

and write:

1 . 1 1 V., FF'
\I/w = = 10g (6)\ + Vw) — — lim —tr IOg Id +
2 2 p—oop

BA+V, P
N —1
12 + s 1 V. FF'
_’_mS—J—q y— lim —tr|Ig4+ ————
2V, p—oo P BA+V, P
1 g 1 V. FET\
po Ty dim e (3.46)
28X+ 1V, p—roo p BA+V, P

Note that ¥ only depends on the spectral properties of the matrix %FFT € R¥4 and more specifically

on its resolvent in the asymptotic limit. A case of particular interest is when FF ' has a well defined
spectral measure y on the p, d — oo limit with v = d/p fixed. In that case, we can write:

. -1 N .
1 . FF' A+ Ve A+ Ve
lim — tr Id+LA— zwﬁ TV Iu _B :FV (3.47)
peo p BA+Vy P Vs Vs
(3.48)
where g, is the Stieltjes transform of p, defined by:
du(t)
= . 3.49
o) = [ 327 (3:49)

Similarly, the logarithm term can be expressed as the logarithm potential of u - although for the
purpose of evaluating the generalisation error we will only need the derivative of these terms, and
therefore only the Stieltjes transforms and its derivative.

In what follows, we will mostly focus on two kinds of projection matrices F:

10



Gaussian projections:  For F € R*? a random matrix with i.i.d. Gaussian entries with zero mean
and variance 1, p is given by the well-known Marchenko-Pastur law, and the corresponding Stieltjes
transform is given by:

l—z2—7-/(z-1-7)2 -4
227 ’

gu(z) = 2 <0 (3.50)

Orthogonally invariant projection: For F = U'DV with U € R%*? and V € RP*? two orthogo-
nal matrices and D € R?*? a rectangular diagonal matrix of rank min(d, p) and diagonal entries d,
the empirical spectral density ji,, is given by:

mm(r,p) 1 mm(d,p
Z SN =) = <l—min<1,7>) Z S\ —d?) (3.51)

Therefore the choice of diagonal elements dj, fully characterise the spectrum of FF . In order for the
orthogonally invariant case to be comparable to the Gaussian case, we fix dj, in such a way that the
projected vector Fw is of the same order in both cases, i.e.

fory > 1
=17 3.52

k {1 fory <1 ( )
With this choice, the Stieltjes transform of p reads:

A =2) 455 fory>1
g#(z)—{ 1 fory < 1 (3.53)

3.4 Gaussian equivalent model

It is mterestmg to note that the average over the dataset {x*, y“}"_l of the replicated partition
function Zj in eq. (3:13), obtained after the application of the GET is identical to the replicated

partition function of the same task over the following dual dataset {&", y*}:_;, where:

1
" = Kkoly + K1 —F"et + ko2t (3.54)

Vd

where z# ~ N(0,1,), and the labels y* ~ P, are the same. Indeed, calling Z’E the replicated
partition function for this equivalent dataset, and considering ko we have:

]E{;i;uvyu}zg = /d@o Pg(ao) / H dw Pw (w“) X
a=1

n “-00 r K1
X dy* Eew ou PO(“C ) P, <”'w“-<FTC“—|—/@z“>> .
E/ Y B zn | P2 (4" 7 117 (v 7

a=1

)
(3.55)

Rewriting (I):

0= [an rowm [ TLav R (o)

1
X Een zn |0 (Vu - —ct. 90> H 5 ()\“ — —w® - F'e" 4 k,w? - z“)] . (3.56)
[ Vd e \/E

=P(v,\)

It is easy to show that taking (ko, £1) to match those from eq. (2:6), the variables (v, {\%}) are
jointly Gaussian variables with correlation matrix given by X exactly as in eq. (3.11). This establlshes
the equivalence

Zp =2 (3.57)
from which follows the equivalence between the asymptotic generalisation and test error of these two
models.
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4 Saddle-point equations and the generalisation error

The upshot of the replica analysis is to exchange the p-dimensional minimisation problem for w € R?
ineq. for a one-dimensional minimisation problem for the parameters {rs, qs, ms, 7w, ¢ } and
their conjugate in eq. (3:33)). In particular, note that by construction at the limit 3 — oo the solution
{qt,m%,q},} of eq. corresponds to:

1, .09 1, .9
Gw = il ¢; = SlIFw| mg =
where 0 is the solution of the solution of eq. (1.7). As we will see, both the generalisation error
defined in eq. (T.9) and the training loss can be expressed entirely in terms of these overlap parameters.

(Fw) - 6° 4.1

SO

4.1 Generalisation error as a function of the overlaps

Let {"¥, y"*¥} be a new sample independently drawn from the same distribution of our data

{x#,y"}}i—1- The generalisation error can then be written as:

1 n £ n )2
€g = EEmnew’ynew (y N —f(o (FTC ) w))
1 £ new new -

=1 /dy/du Pz?(y|u)/d)\ (y— fFN)?Eerev [6 (v — ™V -0°) 6 (A= 0 (FT ™) - w)].

4.2)

where for convenience, we normalise & = 0 for the regression task and & = 1 for the classification
task. Again, we apply the GET from Sec. [2|to write the joint distribution over {v, A}:
1 — %z Te—1z

Plv. )= det (27X0)

, 4.3)
where z = (v,A) " € R? and ¥ is given by

_(p M _Ligo2 w _ B1 may 00 R AT S T
(e Br) o=l a = Ee) 6% @ = LIFal + ol
4.4

Inserting in eq. (@.2) gives the desired representation of the generalisation error in terms of the optimal
overlap parameters:

1 .
=5 [ [ BSwl) [ax PO - FO0)? 45)
For linear labels 3y = ¢ - 6 in the regression problem, we simply have:

€g=p+Q" —2M~* (4.6)

while for the corresponding classification problem with y = sign (c - 90):

1 1 M*

— ~ cos™ 4.7
oo (25 =

which, as expected, only depend on the angle between Fai» and 6°.

4.2 Training loss

Similarly to the generalisation error, the asymptotic of the training loss, defined for the training data
{at, g}, as:

1 " A a2

€= "Bionym [Zlﬁ(y“,w“ W) + 2||w||2]7 (4.8)
H:

can also be written only in terms of the overlap parameters. Indeed, it is closely related to the free

energy density defined in eq. (3.2). A close inspection on this definition tells us that:

lim ¢, = lim 95 fs. (4.9)

n— oo
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Taking the derivative of the free energy with respect to the parameter § and recalling that p = an,
we can then get:

lim O0gV¥,.

B—o0

~ 112
lim e = 21 lim gy [”wHQ] (4.10)
p

n—00 o p—00
For what concerns the contribution of the regulariser, we simply note that in the limit of p — oo, the

average concentrates around the overlap parameter ¢;; . Instead, for what concerns the contribution of
the loss function, we can start by explicitly taking the derivative with respect to 5 of ¥, in eq. (3.32),

ie.:
Opy = ~Fe l/ - o
1

with Z;/° defined in eq. (331). At this point, as explained more in details in section 4.4} we can
notice that in the limit of 5 — oo, it holds:

ZO (y,wd)

yawl

1 r—w* 2 0 T
e 7 (Pl A, )E(y,x)] : @.11)

i 00, = 8¢ | [ @0 20 ) £ )] @12)
with 7 (y, w?) given in eq. @21). Combining the two results together we then finally get:
A 0 * *
n o0 R

4.3 Solving for the overlaps

As we showed above, both the generalisation error and the training loss are completely determined
by the 5 — oo solution of the extremization problem in eq. (3.33)). For strictly convex losses Z, there
is a unique solution to this problem, that can be found by considering the derivatives of the replica
potential. This leads to a set of self-consistent saddle-point equations that can be solved iteratively:

f’s = anl a?”q\:[j (R7 Qa M) s =
= 7205'{1 04, ¥y (R, Q, M)
e = 051, W, (R,Q, M)

% \Ilw (fsa(jsamsvf'w,QAw)
qs = *%3(35 W, (72S7 @97 Thsa TAwa (jw)
\\

w (Pss Gss s, P, Guo)

(4.14)
Tw = _ZQHE&"W \Ily (]{7 Q, M) Tw = *287““,\1’10 (f'm Gs, M, Py (jw)
quw = —204,‘@2(8%) \I/y (R, Q, M) qu = —23qw \I/w (fsa quv msa 'Fw, (jw)
In the case of a F with well-defined spectral density u, we can be more explicit and write:
Vs = vi( — 2 gu(=2))
%:mt[ra@x>+f%emf@ﬁ%ﬁkmmw+f%vm
ms = 1—=z2g9g
o =5 u(=2)) @15
— 1_ —
Vw = 3,\+V [v 1+ 2g,( Z)}
w m;+4s
Qo = Ve [2 — 1+ #20u(—2)] — T [~2gu(—2) + 22g,(~2)
where:
3 A A ﬂ)‘ + ‘711)
‘/s/w =Ts/w = qr/w ‘/s/w :Ts/w+QT/w = V (4.16)
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We can also simplify slightly the derivatives of ¥, without loosing generality by applying Stein’s
lemma, yielding:

V, = —2iR, [fRdyZO(y,fsp M) 0.8, (15 VQE R - Q)]
qsﬂ“lEg[fRdyZO(y, &0 —2) £y (v VRER ~ Q)
g = 2B | o dy 20 (y 2560 — 25 ) 19 (v 2560 = 25) £y (5:VAE R - Q)

Vi = —ar?Be | [y dy 23 (v 3¢ 0 — 25 ) 0ty (i VRE R Q)]
Gu = an?Ee | [y dy 20 (v 356 0= 25) £, (1:VAE R - Q)

4.17)

with fg/ 0 (y;w,V) =0, log Z?;,/ 9. For a given choice of spectral density 1 (corresponding to a choice
of projection F), label rule Pz? and loss function ¢, the auxiliary functions (Z°, Z) can be computed,
and from them the right-hand side of the update equations above. The equations can then be iterated
until the convergence to the fixed point minimising the free energy at fixed («, 7, 8). For convex
losses and 8 — oo, the fixed point of these equations gives the overlap corresponding to the estimator

solving eq. (1.7).

4.4 Taking 3 — oo explicitly

Although the saddle-point equations above can be iterated explicitly for any 8 > 0, it is envisageable
to take the limit 5 — oo explicitly, since 3 is an auxiliary parameter we introduced, and that was not
present in the original problem defined in eq. (I.7).

Since the overlap parameters depend on 5 only implicitly through Z, and its derivatives, we proceed
with the following ansatz for their 3 — oo scaling:

g/w /BVS/MJ q:?u; = qs/w mgo =Mmg
oo 1. oo 1 . . oo N
s/w = BVS/U} qs/w = ?qs/’w mg = Ms. (418)

This ansatz can be motivated as follows. Recall that:

dz 75[%%(%@] de  _4,
Z ;w,V = —€ = —e BL(x) 4.19
e N Vanv &1
Therefore, letting V' = p2V; + 2V, scale as V>° = 3V, at § — oo:
Z,(y;w,V) = e PEM (4.20)
B—00
where:
2
n(y;w, V) = argmin z-w)f +l(z,y)| . 4.21)
z€R 2V

For convex losses ¢ with A > 0, this one-dimensional minimisation problem has a unique solution
that can be easily evaluated. Intuitively, this ansatz translates the fact the variance of our estimator
goes to zero as a power law at § — co, meaning the Gibbs measure concentrates around the solution
of the optimisation problem eq. (I.7). The other scalings in eq. (@.19) follow from analysing the
dependence of the saddle-point equations in V.
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The ansatz in eq. (@.I8) allow us to take the § — oo and rewrite the saddle-point equations as:

Vsoc = LH%E& [fRdy ZO (1\/%")}

i3 = B [y 2 (42)°]

e = UE, [ [ dy 9,20

mg v [f]R Y ( )] (4.22)

Ve = a2 | dy 2 ( )]

@ = e | [y ay 2§ (2’|

R )

= S 1 2,0+ 24y - o [ -2)+ )

g = B2 (1 2 gu(~2))

Voo = ,\ﬂ;m [% -1+ zgu(—z)}

n)%+4s
Qo = VW H -1+ ZQQL(_Z)} - V((;’?F‘,)T‘q/oo [—2gu(—2) + ZQQL(_Z)}
(4.23)

where 2,78(34;(,u7 V') is always evaluated at (w, V) = (\]/‘%5, — Oj), n(y;w, V) at (w,V) =

(\/Q"Of, V°°) and z = %

4.5 Examples

In this section we exemplify our general result in two particular cases for which the integrals in the
right-hand side of eq. (#.22)) can be analytically performed: the ridge regression task with linear labels
and a classification problem with square loss and ridge regularisation term. The former example
appears in Fig. [5] (left) and the later in Figs. 2] (blue curve), [6] [7]of the main.

Ridge regression with linear labels: Consider the task of doing ridge regression ¢(y,z) =
1 (y —x)%, X > 0 on the linear patterns y = %CBO—i—\/Zz, with z ~ N(0,1,,) and 6* ~ N(0,1,).
In this case, we have:

w+yV
0y, V) = (4.24)
and the saddle-point equations for the hat overlap read:
fo KT 0 ar? 1+ A+ Q> —2M> R a K
s — _ o qs = —— P} ms = — s
y1+V v (1+Ve) Y1+V
N 2 1+ A 0 —2M>
oo = M P L. (425)
14 Vee (1+ V°°)

This particular example corresponds precisely to the setting studied in [8]].

Classification with square loss and ridge regularisation: Consider a classification task with
square loss ((y,z) = 1 (y — )% and labels generated as y = sign (ﬁc@o), with 8° ~ N (0,1,).

Then the saddle-point equations are simply:

oo a kK2 | 21+Q°°—MT]\,:[OO ) a\/? K1
= — = —K meg = — —
s 14 Vee s 1 (1+ Veo)? ) w14V
. Oé:‘ﬁlQ . 1+ Qoo _ 2MT‘:°
Vol =17 I Qo = o, (1+ Voo)\{ (4.26)
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5 Numerical Simulations

In this section, we provide more details on how the numerical simulations in the main manuscript
have been performed.

First, the dataset {x", y"}}}_; is generated according to the procedure described in Section of the
main, which we summarise here for convenience in algorithm m

Algorithm 1 Generating dataset {x*, y" }}}_;

Input: Integer d, parameters o,y € R, matrix F € R4*P_vector 89 € R? non-linear functions
o, fO:R—=R.

Assign p « |d/v]|, n < |ap]

Draw C € R"*? with entries ¢& ~ N'(0,1) i.i.d.

Assign y < f°(C6°) € R™ component-wise.

Assign X < o (CF) € R™"*P component-wise.

Return: X,y

In all the examples from the main, we have drawn 8° ~ A(0,1,). For the regression task in Fig.
we have taken f°(z) = x, while in the remaining classification tasks f°(x) = sign(x). For Gaussian
projections, the components of F are drawn from N (0, 1) i.i.d., and in for the random orthogonal
projections we draw two orthogonal matrices U € R¥*?, V € RP*P from the Haar measure and
we let F = U'DV with D € R%*P a diagonal matrix with diagonal entries d}, = max(/7, 1),
k=1,--- ,min(n,p).

Given this dataset, the aim is to infer the configuration w, minimising a given loss function with a
ridge regularisation term. In the following, we describe how to accomplish this task for both square
and logistic loss.

Square Loss: In this case, the goal is to solve the following optimisation problem:

. TS 2 A
W = min §;(y#—gcﬂ-w) +§||w|\§ : 5.1

which has a simple closed-form solution given in terms of the Moore-Penrose inverse:
(XTX+ L) Xy, ifn>p
w = (5.2)
XT(XXT +AL,) 'y, ifp>n

Logistic Loss: In this case, the goal is to solve the following optimisation problem:
W = min En log (1 + e*y“(m“'“’)) + i||'wH2 . (5.3)
w / 2!
M:

To solve the above, we use the Gradient Descent (GD) on the regularised loss. In our simulations, we
took advantage of Scikit-learn 0.22.1, an out-of-the-box open source library for machine learning
tasks in Python [9} [10]. The library provides the class sklearn.linear_model.LogisticRegression,
which implements GD with logistic loss and a further ¢5-regularisation, if the parameter ’penalty’ is
set to '12’. GD stops either if the following condition is satisfied:

max{(Vw), |i = 1,...,p} < tol, (5.4)

with Vaw being the gradient, or if a maximum number of iterations is reached. We set tol to 10~# and
the maximum number of iterations to 10%.

In both cases described above, the algorithm returns the estimator w € RP, from which all the
quantities of interest can be evaluated. For instance, the generalisation error can be simply computed
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by drawing a new and independent sample {X"", y"*¥} using algorithm || with the same inputs
F, o, f° and 8° and computing:

1

= ol = f X |3 (5:5)

69(n7pa d)

with f(z) =  for the regression task and f(z) = sign(z) for the classification task.

The procedure outlined above is repeated ngeeqs times, for different and independent draws of the
random quantities F, 8°, and a simple mean is taken in order to obtain the ensemble average of the
different quantities. In most of the examples from the main, we found that ng.qs = 30 was enough
to obtain a very good agreement with the analytical prediction from the replica analysis. The full
pipeline for computing the averaged generalisation error is exemplified in algorithm 2]

Algorithm 2 Averaged generalisation error.

Input: Integer d, parameters «,y, A € R, non-linear functions o, f°, f and integer ngeeds-
Assign p « |d/v]|, n < |ap]
Initialise Fy = 0.
for : = 1 t0 ngeeqs do
Draw F, 69.
Assign X,y « Alg.
Compute @ from eq. (3.1) or (3.3) with X, y and A.
Generate new dataset X"V, y"¥ from Alg.
Assign Eg + Eg + 5 ||y™™ — f (X"™Vd) |3
end for
Return: ¢, = B

Tseeds
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