Predicting deliberative outcomes

Supplementary material

We now provide a detailed analysis on two fundamental aspects of our games: convergence and identifiability. That is, we
characterize conditions under which players converge to an equilibrium, and when the game parameters can be provably
recovered from observed outcomes.

A. Identifiability of our games

We begin with the results on provably recovering the structure of our one-shot games from data. Specifically, we characterize
the conditions under which our games with one step of dynamics become identifiable, and provide an algorithm to recover
the structure of the game, i.e., the neighbors for each player i € [n] with the signs (positive or negative) of their respective
influences.

Our recovery procedure adapts the primal-dual witness method (Wainwright, 2009) for structure estimation in games. The
method has previously been applied in several non-strategic settings such as Lasso (Wainwright, 2009) and Ising models
(Ravikumar et al.l 2010). Recently, (Ghoshal and Honorio, 2017)) employed this method to recover a set of pure strategy
Nash equilibria (PSNE) from data consisting of a subset of PSNE, and a small fraction of non-equilibrium outcomes assumed
to be sampled under their noise models in the setting of linear influence games. However, the problem of structure recovery
is significantly harder: it is known (Honorio and Ortiz, 2015} |Ghoshal and Honoriol [2017) that the problem becomes
non-identifiable in the setting of PSNE, since multiple game structures may pertain to the same of PSNE. We leverage
dynamics to fill this gap by characterizing conditions under which our one-shot games become identifiable.

Our approach follows the general proof structure of primal-dual witness method in the context of model selection for Ising
models (Ravikumar et al.,|2010). However, our setting is significantly different from the setting in (Ravikumar et al., 2010)
where context and dynamics play no part, and all the observed data is assumed to be sampled from a common (global)
distribution expressible in a closed form. In contrast, each observed outcome in our setting is sampled from a separate joint
strategy profile following one-step of dynamics initiated under a different context.

Specifically, in the one-shot setting, consider a dataset D = {(z(™, a("™)) € X x ¥, m € [M]} where a(™ is the action
profile (i.e. observed outcome) sampled from the joint player strategies after one round of communication. Assume that the
type parameters § = (61, ..., 6,,) are known. Then, since types for any context are determined by the parameters 6, we have
access to the player types z("™) (z(")) = (zgm), cey z,(lm)), which in turn determine the initial strategies for all the examples
m € [M]. We focus on binary actions here since they let us simplify the exposition while conveying the essential ideas.

Specifically, each player ¢ € [n] initially plays action 1 with probability
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and the action 0 with probability 1 — <z§1(»m). We define ¢(™) = (¢§m), . 5{’”), and @(jil) = ((bE»m))#,». We focus on
the gradient update setting where after one round of communication, player ¢ responds to its neighbors with its updated
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such that & > 0, and wy}; € R is the true influence (i.e. interaction weight) of player j € [n] \ {i} oni. Recall that we call
(m)

player j a neighbor of ¢ if |w;‘j| > 0. Finally, action a, " is sampled from the updated strategy, and we obtain the joint

profile a(™) = {al(-m), i € [n]} as the observed outcome. Our goal is to estimate, from D and «, the support S;, or the set of
neighbors j for 7, i.e., the players that have influence w}; 7# 0. We can thus separate the influence of neighbors of 7 from the
non-neighbors by defining the set of non-zero weights w; g = {w};|j € S;}. We denote the complement of a set A by A°.
Thus, w;; = 0 for j € Sf. We equivalently write w; g = 0. We are interested in recovering not only the support of each
player ¢, but also the correct sign of influence (i.e. positive or negative) of each neighbor j on .
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We consider the average cross-entropy loss between the strategy under w; and the observed outcome.

li(wi; D) = i Z ( ) 10g(0™) + (1 — a{™) log(1 —al(m))) : (14)

We compute the gradient and the Hessian of the sample loss:

M
Vei(wiD) = 12 > (0™ —a(™) e, (15)
m=1
M
Y (m) (g _ )y g(m)g(m) T
HM 2 V2, (w; D) = MZUi (1—-oy™yo"e™) (16)
m=1

We will often use the variance function 7; (w;; m) £ o?0; - ai(m)) as a shorthand, and write

i M Z 771 Wi; M m)q)(m) . (17)

We denote by H Z*JSVIS the submatrix obtained by restricting the Hessian H;*, pertaining to true weights, to rows and columns

corresponding to neighbors, i.e., players in S;. Likewise, H, ;”gsc denotes the submatrix restricted to rows pertaining to .S;
(neighbors) and columns to S§ (non-neighbors).

We will provide detailed analysis under sample Fisher matrix assumptions. We will omit the analysis for the population
setting that can be derived by imposing analogous assumptions directly on the population matrices, and making concentration
arguments that show these assumptions hold in the sampled setting with high probability. Recall from the main text that we
make the following assumptions that are reminiscent of those for support recovery under Lasso (Wainwright, [2009)), and
model selection in Ising models (Ravikumar et al.,2010). We first recall our assumptions from the main text.

Assumptions.
Amin (Hz SS) Z CVQCmin . (18)
m< Z<p<m>q> ) < Chas - (19)
I1H; 5es (Hy5) Il < 1=, (20)

such that Chyin > 0, Cryax < 00, and v € (0, 1]. In our notation, |||A|||s denotes the maximum ¢; norm across rows
of matrix A, and ||| A4]||2 denotes the spectral norm (i.e. maximum singular value) of A. A,,;,(A4) and Ayy,q.(A) refer
respectively to the minimum and the maximum eigenvalue of a square matrix A.

Analysis. We propose to solve the following regularized problem for each player ¢ € [n] separately.

arg mﬂén Ci(wi; D) + Aninallwil]a 2D
w; ER™

where Aps, g > 01is a regularization parameter that depends on the sample size M, the number of players n, and the
maximum degree (i.e. number of neighbors) d of any player. For brevity, we will omit the dependence of this parameter on
n and d, and simply write A,;. This problem is convex but not differentiable everywhere because of the L, penalty. Note
that since the problem is not strictly convex, it might have multiple minimizing solutions. For any such optimal solution w;,
we must have by KKT conditions,

where the subgradient #; € R™" 1! is such that

I%ij = sign(u?ij) S {il} if ’lf)ij 7é 0, and |IA€”‘ < 1 otherwise. (23)
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We would like to ensure the following conditions in order to recover the signed neighborhood for 7.

sign(kij) = sign(wy;), Vj € S; 24)
IZJZ‘j = 0, V] S Sf . (25)

Our analysis is built on the primal-dual witness (PDW) method (Wainwright, 2009). This method has the following steps.
First, only for the sake of analysis, we presuppose that some Oracle provides the true neighbors S;. Therefore, we solve the
following problem to recover the signs of true neighbors.

W;g =arg  min li(wi; D) + Aml|lwislh, (26)

(wi,s,0)€Rn 1

We then set the components of the dual vector «; that pertain to neighbors of ¢ to the sign of corresponding components in
w; . Thatis, &, ; = sign(w; ;), Vj € S;. We next set w; g = 0, and thus is satisfied. We then solve for #; g- by
plugging w; s, ki s, and w; ge in (22). Thus, we are left to show that (23) and (24) are satisfied. We impose conditions on
M, n, and d under which these conditions are satisfied with high probability. In fact, we prove a stronger result for 23)),
namely, strict dual feasibility for non-neighbors, i.e., \f%”| < 1forall j € 5¢.

We argue that our construction yields a unique optimal primal solution w;. Specifically, we invoke Lemma 1 from (Ravikumar
et al.,[2010) that states that so long as ||#; s<||cc < 1, any optimal primal solution w@; satisfies w; g- = 0. This is established
by our construction above. Moreover, Lemma 1 asserts that 1; is the unique solution to I) if A, (H Zj‘/fq g) >0, ie.,if
the sample Hessian under w; is positive definite when restricted to the rows and columns in the true support .S;. We show

. o ~ Crni . .
that assumption (T8) implies Ayin (H Fied S) > a? % > 0, and this guarantees that we correctly recover the signed
neighborhood of <.

To proceed, we define GM = —V/;(w}; D) and rewrite (22)) as
Vi;i(i; D) — Ve(wi; D) = GM — Ak (27)
Applying the mean value theorem component-wise, we can write (27) as
V20 (wi; D) (b; —wf) = GM — Ak — R, (28)
where
RY = (V@i D) - V2€i(wf;D)): (i — wf) |

(5)

for some vector w;”’ = t;w; + (1 —t;)w}, t; € [0,1]. Here, (A);'— denotes row j of matrix A.

We will now prove some auxiliary results that we will use in the proof of Theorem 2}
Lemma 1. We have that

Av Y 7\
PlllGM|| >2M2_T ) <2 D S 7S, ) T
(l K3 H — 4 2 _ ’Y — eXp 320[2(2 o 7)2 + Og(n) ’

which converges to zero at rate exp(fC’a,,y)\?V[M ) (where constant C., ~ depends on o and vy) whenever

8a(2 —7) [log(n)

Ay >
M=y M
Proof. We note that
M
1
G = =V (w);D) = —m§:1 a(o; a; )9

Zim

where | Z},,| < « for each component Z;", of random vector Z;". Moreover, E(Z;",) = 0 under w}, and Z;

L ZM
are independent. Invoking the Hoeffding’s inequality, we have that for any 6 > 0, l

M§?
M
PG> 0) < 20 (~r ) -
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where G, denotes the component at index u of vector G Setting § =
YAM M Ny
p(lGM| > ) < 2exp (— .
< YT A2 )

Then, applying a union bound over indices u € [n — 1], we get

A M ~42)2
My s _OAM ) _ M Y AM
P<”Gl oo = 4(2—7)) < 2n UeXp( 202 16(2 — 7)?

M 423,
2exp | — s LMy .
< cexp < 507 16(2 — 7y2 1 1o8()

2

Ce. A
Lemma 2. Let \pyd < f(y)T’::;andHGﬁ”Hoo < TM Then,

5
Dig — W < —AuVd.
sz,S wz,S| ‘2 = a2cmin M\f

Proof. We define a function F' : R — R that quantifies the change in optimization objective at a distance A; g from the
true parameters w; g. Specifically,

F(Ais) £ bi(w] g+ A s; D) — 4i(w] 5; D) + Ar(||w) s + Aq sl — |lwisl1) -

Note that F' is convex and F'(0) = 0. Moreover, F' is minimized for Ai,S = W; 5 — w; 5. Therefore, F(Aw) < 0. We
show that the function F' is strictly positive on the surface of a Euclidean ball of radius B for some B > 0. Then, the vector

A, s lies inside the ball, i.c.,
|[Wi,s —wigll2 < B.

This follows since otherwise, the convex combination tA; g -+ (1 — )0 would lie on boundary of the ball for some ¢ € (0, 1),
which would imply the contradiction

F(tAis+ (1 —1)0) < tF(A;5) + (1 —t)F(0) < 0.
Therefore, let A € R? be an arbitrary vector such that ||A||o = B. We then have from Taylor’s series
F(A) = Vei(w] g; D) T A + ATV2(w] g + 0A; D)A + Ay (|[w) g + Ally = [Jw] ]]1) , (29)

for some 6 € [0, 1]. We lower bound F'(A) by bounding each term on the right side of (29).
We let B = O\pv/d where we will choose O > 0 later. From Cauchy-Schwartz inequality,

Vi(wigiD)TA > —[|Vli(w] g D)|lsol|AllL (30)
> —||Vl(w) g D)l V|| A2 31)
> —(AM\/&)Z% , (32)

where in the last inequality we have used ||Al|l2 = B = Oy Vd, and
~[IVei(w} g; D)l = ~[IVE(w}; D)lloc = — | = Vli(w};D)lloc = —IGH|lc 2 — =~
by our assumption on ||GM ||, in the lemma statement. Next, by triangle inequality, we have

Ar(lwhig + Al = [[wisllh) = = AullAllh > = AuVdAllz > — (ArVd)?0. (33)
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We now bound the quantity ATvzé(w;S + 6A; D)A. We note that

ATV2(w)g+0A;D)A > min ATV2(w] g+ 0A;D)A
IAll,=B

min B2 A, (V2 0(w} w; g —|—9A D))
6e[0,1]

M
1 2 : 0 m m
= B2 ~min Anlin <M m(wis + HA, m) (p(l)q)(z)—r) .

0€[0,1]

v

m=1

Applying Taylor’s series expansion, we note that ATVQE(w;" s+ 0A;D)A

2 m1n ( Z 771 i, S, (m)(I)( ) >
—  B? max Ll g+ 0A;m) (@ IA o™’
max ‘M Z 1 (Wi g ) ) @ 2
S y M7 GAY @™ )"
= B*Agu(H;Y) - B? max Z wig+0A;m)(@" 0A) oo
06[0 1] 1 9
M

= B?0*Chyin — B? max Z i (w T+ OA; m)(q)(m) GA) ‘b(m)

0€[0,1] oo 9

Now, a simple calculation shows that |7}(-)] < «®. Moreover, we note for § € [0, 1],
m)' 5 m 7 m
(B 0A] < 1277 |ucl0AIL < 1977 |ucl[All < [[Ally < VallAll = OAnrd.

Putting all these facts together, along with our assumption (I9), we get

C'min

ATV2(w} g +0A;D)A > B?0*Ciin — B*a®(OApd)Crnax > B2a2T (34)
Omin . .
when Ay < %0C.0d Therefore, plugging the lower bounds from (30), (33)), and (34) in (29),
0 02 2C’min
F(A) > A2 d< 0+0‘) >0,
4 2
5 Cmin 02
for O = m. Thus, for A\y; < 50C.0d = lgcr‘:;id we must have
H’lf)i)s—w;SHQ S B = OAM\/a = m)\]\/[\/g
O
C? A
Lemma 3. Let \yyd < 13‘03:; jv and [|GM || < % Then

M
||Rz HOO S 5Cmax )\Md § 1 v § 1 .
)\M aCIQIIIH 4 2— 0 4
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Proof. We have for j € [n] \ {i} and some w( D = =t;w; + (1 —t;)wl, t; €[0,1],

.
RM = (vg( U). Dy — v%(w;‘;D))j (i — w?)

g

((rem:m) — i m)) @02DT) (i )

S

Q
3
Il
—

I
S
M= ]

. T
(@) (20 @ — wp)) PR (i~ w)),
1 J

m

=(7)

where ﬁy) is a point on the line between w,”’ and w}, by the mean value theorem. We note that

(sa ) ot
J

3

We thus write

M
1 —(J m * m m)’ . *
RY = 3@ ime™ (@ —wp) o) @ ;- wy)
m=1
L= =) T
= o > w@ime™ (@ —w)Teel (b —w)))
m=1

M
—(7 m ~ * m m)T /A %

q(m)

1
which is of the form Mqu’ where p, ¢ € RM. Thus, we have by Cauchy-Schwartz inequality,
1 1
M| _ T
[Ri1 = g7l d = gplpllollally -
It can be shown that p(™) = 37 ( )(1 - ?Em))(l - 2?1(-7")), whereby ||p]|eo < a?.

2
‘ > O since t; € [0, 1]. Therefore ||g||; = ¢"1, where1 € RM isa
2
vector of all ones. Moreover, since w; gc = w; g. = 0, we note that

.
Finally, we see that ¢(™) = t; H(D(j) (w; — w)

K2

M
1 A * 1 m m) " N *
Ly = 100 w)" (Mz@i)@%) ) @it

m=1

= (Wi — < Z ‘I’ﬂ S(I)(Z?S ) (Wi,s — w; g)

< C'ma.x Hwi,s _wi,SHQ :
Since v € (0,1], so
)\de S Cchrziin B < C“C’rgnin C“C’r2mn

100Chax 2 —7 — 100Cmax — 10Cmax

A
Therefore, we can invoke Lemmawhen [|GM]| < % Specifically, we then have for each j,

M 3 - (12 3 5 ’ 25Cmax |2
|R7,,] S (6% Cmawai,S —wi7SH2 S (0% Cmax W}\]\/j\/g = CQ )\ [d.

IBM |lsc _ 25Cmax
<
AM - aC?.

min

This immediately yields Ayd .
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We are now ready to prove our main result.

8022, (2—~\"
Theorem 1. Let M > — 7% (77) d?log(n), and Ay >

min

8a(2 — ) [log(n)
¥ M

. Suppose the sample satisfies
2
assumptions (18), (19), and 20). Define C., ., = m . Consider any player i € [n]. The following results hold
«Q -
with probability at least 1 — 2 exp(—Cy A3, M) — 1 fori.

1. The corresponding L1-regularized optimization problem has a unique solution, i.e., a unique set of neighbors for i.

2. The set of predicted neighbors of i is a subset of the true neighbors. Additionally, the predicted set contains all true

0
neighbors j for which |w | > T\/a)\ M- In particular, the set of true neighbors of i is exactly recovered if
a*Cmin
10
mln w;| > Vi .
JES l l]| 2C1mi1r1 M

Taking a union bound over players, our results imply that we recover the true signed neighborhoods for all players in the
game with probability at least 1 — 2n exp(—Co A%, M) .

8a(2 — ) [log(n)

Proof. Since \p; > , Lemma|€|holds. Thus, with high probability (as stated in the theorem statement),

vy M
we obtain ) ) \
M AM Y YAM
M o < < =, 35
since v € (0, 1]. Moreover, for the specified lower bound on sample size M, a simple computation shows
aC?. y
Ayd < —oin T 36
ME = 10Cmax 2 — (56)

Thus the conditions required for both Lemma.and Lemma.are satisfied. By our primal-dual construction, w; g = 0.
Furthermore, using (T8)), Amin(H; s M) >0, and so H Y, "5 1s invertible. Separating the rows in the support of ¢ and others,
we write (28) as

* M ~ * M pod
H; Scs(wis —wjg) = Gi,SC — AMRi,ge — Rl ,Se
* M * _ M o M
Hz ss(Wis —wjg) = Gi,S — Amkis — Rz‘,s .

These two equations can be combined into one as

M \—1 (~M . M M . M
H} SCS(Hi*,SS> (Gi,S — Amkis — Ri,S) = Gi,Sc — AmRige — Ri,SC .

2,

Recalling that ||&; s||cc < 1, we immediately get that Aas||Ri se||o0

< ||| H:SE s (HEE) T o (1GEs]loo + 1IRYSlloo +An) + 11Gselloo + IR Mse]loo
< 1= (1G5l + [IRYSlloo +Aar) + [1GYselloe + [|1RYsellso
< 1= + IGMoe + [1BM]]5
v 'Y)
< l—y+2+2
< o (1-9+ T+

Aos (1—%) .

Since v € (0,1] and Ay > 0, we immediately get ||4; s¢||oc < 1. Therefore, strict dual feasibility is established and (23))
is verified. Then, using Lemma 1 of (Ravikumar et al.} [2010), we note that any optimal solution w; of @) must have
W;,se = 0. In particular, we have w; s- = 0 as desired. Thus, we can focus on w; s. We now prove uniqueness of w; by

showing that A, (ﬁ%s) > 0. Let A =w; g — w;‘,s € RY. Then, using Lemma we have

[|[A]l2 < AV

5
052 C’min



Predicting deliberative outcomes

Note that

S
M=

Auin (H255) = Auin (

1
= Amin 7
(3

min nz(wz,S+ 7m) —4,8 ~ —1i,8 .
m=1

i (s m) @B )

m=1

M=

m m T
1 (Wi,55m) ‘I>(—i,)sq’(—i,)s >
1

< i

==

Performing a Taylor expansion around w; ¢, and making arguments similar to the proof segment between (33) and (34) in
Lemma 2, we can show that

Amin (ﬁ%s) 2 Oészin - CVB\/gHAHQCVmax

5a(C!

> 02Cmin — | =228 A yid
=« < C’min ) M
2 0420min _ CM2 C’min v

2 2—vy

C..;

> 2 Umin
- « 2 )

which is greater than 0. Therefore, H % g 1s positive definite, and Lemma 1 of (Ravikumar et al.,2010) guarantees that w; is
the unique optimal primal solution for ZT).

We finally argue about the only remaining condition (24). In order for neighbor j to be correctly recovered with sign, i.e.,
sign(w;;) = sign(w;;), it suffices to have

N " |w:<]|
‘wij - wij‘ < B) (37)
Moreover to recover the neighborhood of ¢ exactly, it is sufficient to show
min [y | > 2[is — wislloo , (38)
which implies (37). We note that
i : < || tlle € —o—AuVd
Hwi,S—wi,sHoo > Hwi,s—wi,SHQ = 20 M .
min
Using (38), it immediately follows that the neighborhood of i is recovered with correct sign if
10
min |w’| > ———— Ay Vd.
jESi| ”‘ - OZQCmin M
O

B. General game dynamics and convergence

In this section we provide an in-depth look at the game dynamics along with associated convergence guarantees.

Recall that in of our protocols, players take actions stochastically according to 0¥ and the best response mapping g; is unique
for each k. Assuming that the error sequence in updating {o*} is a martingale, our updates satisfy the conditions outlined in
(section 2.1 of (Borkar, [2008))) and we can analyze the stochastic evolution of each setting as a noisy discretization of a
limiting ordinary differential equation (ODE). In particular, Lipschitz condition is satisfied since g; and h; are both Lipschitz
continuous, step size condition is fulfilled since the sequence b*~1 = 1/k satisfies >, b*~! = coand Y, (b*71)% < o0,
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(SAP-FP/AA) ¢ = B7(Ai(qg—i +v7-i), 2z) — ai, 7o = Mg — 1) 39
(SAP-FP/PA) ¢ = B7(Ai(g—:) +774, %) — @iy 7 = MAi(g—s) — 1) (40)
(SAP-GP/AA) ¢ = Talgi + Ailq—s +7—i) — zi]) — a, 7 = Mg —74) (41)
(SAP-GP/PA) ¢; = Tlalg + Ailg—i) + i — 2] — qi, 7 = MAi(q—i) —14) (42)

and our iterates remain bounded since they remain confined to A(A). Thus, we can investigate the conditions under which
the fixed points of the limiting ODE are locally asymptotically stable (l.a.s.), and as a consequence, our discrete updates
would converge to a Nash equilibrium with positive probability (Shamma and Arslan, 2005). An equilibrium point s is said
to be La.s. if every ODE trajectory that starts at a point in a small neighborhood of s remains forever in that neighborhood
and eventually converges to s.

Our updates in (9) lead to the implicit ODEs (39)-(@2) for SAP-FP and SAP-GP under AA and PA settings, where A > 0, 7;
is an estimate for ¢;, and 7_; £ {71 # 1, ws; # 0}. We will call a matrix stable if all its eigenvalues have strictly negative
real parts. Let I denote the identity matrix. We now state results that characterize conditions under which different dynamics
lead to asymptotically stable equilibria.

Theorem 2. (SAP-FP/AA convergence to NE) Let (¢F,...,q", 21,...,2,) be a NE under the dynamics in (39). There
exists a matrix D such that the linearization of (39) withy > 0 is La.s. for X > 0 if and only if the following matrix is stable

—I+ (149D —yAD
AT “AT |-

Theorem 3. (SAP-FP/PA convergence to NE) Let the weight matrix W be stochastic. Let (qF,...,q5,21,...,2,) be a
NE under the dynamics in @0). There exists a matrix Dy with zero diagonal, and a block diagonal matrix Dy such that the
linearization of @Q) with v > 0is La.s. for A > 0 if and only if if the following matrix is stable

—I =+ (1 + ’}/)\)Dl —’Y)\DQ
AW =Ml |-
Theorem 4. (SAP-GP/AA convergence to CMNE) Let (¢, ...,q), 21,...,2,) be a completely mixed NE under the
dynamics in @1)). Then the linearization of (1) with v > 0is La.s. for A > 0 if and only if the following matrix is stable

I4+~yNW =AW
A =M |
Theorem 5. (SAP-GP/AA convergence to SNE) Lez (¢, ...,q%, 21, .., 2n) be a strict NE under the dynamics in {1).
The associated equilibrium point (¢; = ¢f,q—; = ¢*;,ri = ¢, r—; = ¢*;) is La.s. forany v > 0 and A > 0.

Theorem 6. (SAP-GP/PA convergence to CMNE) Let the weight matrix W be stochastic. Let (¢F,...,q5, 21, ., 2n)
be a completely mixed NE under the dynamics in (@2)). Then the linearization of @2) with v > 0 is La.s. for X > 0 if and
only if the following matrix is stable
I4+~yNW =AW
AW =M |

Theorem 7. (SAP-GP/PA convergence to SNE) Let the weight matrix W be doubly stochastic. Let (¢F, ..., 4}, 21, ., Zn)
be a strict NE under the dynamics in @2)). The equilibrium point (q; = q ,vi = Ai(q*;))ic[n) is La.s. for sufficiently small
Y\, where v > 0 and A > 0.

We now provide some insight into our proof techniques. We follow the general proof structure of (Shamma and Arslan,
2005). Specifically, we prove convergence to SNE via carefully crafted Lyapunov functions V that are locally positive
definite and have a locally negative semidefinite time derivative, and thus satisfy the Lyapunov stability criterion. The other
proofs track the evolution of game dynamics around an equilibrium, where ¢; = 0 and ; = 0. Specifically, we analyze
conditions under which the Jacobian matrix of the linearization is Hurwitz stable, i.e., all the eigenvalues have negative
real roots, and exploit the fact that the behavior of the ODE near equilibrium is same as its linear approximation when the
real parts of all eigenvalues are non-zero. Our discrete updates would then converge to a Nash equilibrium with positive
probability (Shamma and Arslan| 2005)).
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Recall that AA reveals more information about the evolution of neighbors’ strategy. As a result, the PA settings, i.e. and
([@2)), require additional subtle reasoning since at equilibrium 7 converges only to .A;(¢* ;) and not to ¢}. Since g; evolves
within A(A), stochasticity assumptions are required to ensure 7; stays within the probability simplex as well. Note that the
SAP-FP updates to strategies are smooth due to the entropy term (since 7 > 0), unlike SAP-GP. Consequently, the results
for SAP-GP require a separate treatment of completely mixed NE and strict NE, unlike SAP-FP where they can be analyzed
without distinction. Note that 7 > 0 ensures that best response is a singleton set and therefore we could leverage the ODE
formulations. Differential inclusions (Benaim et al.l 2005} 2006) could possibly be used to handle 7 = 0.

We now provide detailed proofs on convergence of dynamics. We restructure the theorem statements to have the results for
the active aggregator setting precede those for the passive aggregator setting. We use AA1, AA2 etc. to indicate that the
result pertains to convergence in an active aggregator setting. Likewise, we will use PA1 etc. for the passive aggregator
setting. We start with the active aggregator.

Theorem AA1l. (Convergence under SAP-FP/AA to NE) Let (¢, ...,q5, 21,...,2n) be a NE under the dynamics in
(BB9). There exists a matrix D such that the linearization of (39) with v > 0 is locally asymptotically stable for A > 0 if and
only if the following matrix is stable

—IT+ (144D —AD
A M|

Proof. Since T > 0, best response is a singleton set, and the unique best response ¢ can be obtained by setting the gradients
of the payoff functions to 0. In particular, we have the best response

Bi (Ai(o—i),zi) = ¢ (W) =( (Al(al)_ZZ) , (43)

T T

where ( is the softmax function with output coordinate ¢ given by

(C(x))e = eXP(Ie)/ Zexp(xk).
k

Now recall from (39) that we have the following ODE:

g = Bi(Ailg—i +77-i),2) — @ (44)
£F;(qi,q—i,7—i)
’f“i = )\<Qi — Ti). (45)

Since 57 maps it input to the simplex A(A), we note that the right side of is a difference between two probability
distributions. Therefore this difference must sum to zero. Moreover, since | A| = m, we have m — 1 degrees of freedom that
can be used to express this difference. Therefore, we can investigate the evolution of ¢; via a matrix N € R™*(m=1) of
(m — 1) orthonormal columns such that

N'N=1I,_1,and1) N =0,,_1,

where I,,,_1 is the identity matrix of order m — 1, and 1,,, and 0,,, are m-dimensional vectors with all coordinates set to 1
and O respectively. We will sometimes omit the subscripts for I,,, 1,,,, and 0,,, when the size will be clear from the context.
The equilibrium (g}, ¢* ;) corresponds to a point (¢;(t) = ¢}, g—;(t) = ¢*,;,r:(t) = ¢f, r—i(t) = ¢*,) of the dynamics. It
will be convenient to investigate the dynamics as the evolution of deviations around this point. Since ¢; is confined to A(A),
We can express

qi(t) = q; + Néxg,(t),

where 0z, (t) € R™~! is uniquely specified, and likewise r; = ¢} + dx,., (t) for some 0z, (¢). Thus, we can define a block
diagonal matrix A/ € R2"m*2n(m=1) with each diagonal block set to IV and all other elements set to 0, such that

(@(t) = afs-- s an() = any 1) = a5y ma(t) —an) T = Noa(t) (46)

where
0x(t) = (0mg, (1), ..., 0mq, (1), 02, (£), ..., 02, (t))—r € R2n(m—1)
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is formed by stacking together the deviations at time ¢ in a column vector. Then, the following is immediate from (@6)):

NT@r () =ais - an(t) = a5 (t) = a5 ora(t) —a) T = NTNOa(t) = da(t). (47)

Denote the Jacobian matrix obtained by taking derivatives of vector y with respect to vector x by J,y. We will linearize
¢ = Fi(qi,q—i,r—;) in @&4) around = (gF,49% 1,45, ¢" 1) using first order Taylor series. Then, since ¢ = 0, we note from

(@4) and @7) that

oxg, = N (¢ —q;) = N qi(t) = NTFi(qi,q—i, 7). (48)
Now, at equilibrium, we have ¢; = 0 for all ¢ € [n], and therefore we have from @[) that
Fl(q;k7 qiw 7"*_1) = Om

Let diag(b) be a diagonal matrix with vector b on the diagonal and all other elements set to 0. Ignoring the second order and
higher terms, we therefore have by the Taylor series approximation that

Fi(qi7q—i7r—i)

~ Y JaFilar a5 a5 (k= qi) + > I Filah, " 4 € s ) (i — ai,)
k=1 ak=qj, ki "=y,
= ZquFl(quq*—]wqik) N(quk + ZJTkFi(q;:7q*—k;7qikiark) N(S.Irk
k=1 =4y ki Te=qy,
= 7N5$qi +ZquFi(Qk,qikvq*—k) N(squ =+ ZJTkE(QZ7qikvqikiark) N&Erk
k#i k=q;, ki TE=4y,
= —Nézg, + (1+9X))_ DixNoxzg, — YA DyNoz,,,
k#i ki
S oA Wik AigZ;) — 2 YNy T
where D;;, = = V¢ — ,and V¢ (b) £ diag(¢(b)) — ¢(b)¢ ' (D) .
Define D;;, = N D;,N. Since N" N = I,,,_1, it follows immediately from (@g) that
dxg, = —0xq, + (147N Z D;éxg, — 7)\2 Doz, . (49)
k#i k#i
Linearizing (@3])), we see that the Taylor approximation results in
S, = M0xq, — Oy,). (50)
We define
0 D12 D13 . Dln
D21 0 D23 ce Dgn
D=| . : : :
Dy Dpo Dps ... 0

Combining (@9) and (50) together, we can write

~IT+ (149D —yAD

ox = \T Y ox.

The statement of the theorem now follows immediately from the Hurwitz stability criterion. O
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Theorem AA2. (Convergence under SAP-GP/AA to CMNE) Let (¢, ...,q5, 21, ..., 2,) be a completely mixed NE
under the dynamics in @1). Then the linearization of (@1) with v > 0 is locally asymptotically stable for X > 0 if and only

if the following matrix is stable
(1+~yNW =AW

by =M |-
Proof. Recall the ODE from #I):
¢ = alg +Ai(q—i +77-i) — zi] — (51

At equilibrium (g}, ...,q%, z1,...,2n), ¢ = 0 and 7; = 0. Therefore, using (56), we have:
i = algi + Ai(¢%;) — .

Since the equilibrium is completely mixed, ¢ is in the interior of A(A). We invoke Lemma 4.1 in (Shamma and Arslan,
2005) to get the following:

NN (Ailg*) —2z) = 0 (53)

Mafg + As(a™) — 2+ 0yl —a* = NNT (quin - zi+5y),

for dy sufficiently small, and N as defined in the proof of Theorem Then, for a sufficiently small deviation §z, where
dx is as defined in Theorem 1, we get the following dynamics:

G = NNT[A(q—; +77—;) — 2] (54)
i o= Mg —1) (55)

Linearizing these equations and noting that N " N = I, we get

qu,i = NT NNT(l—i—'y)\)ZwikNéqu - NT NNT’y/\Zwich;x,.k
ket ki
= (1+7A)NTZwikN5mqk - 'y)\NTZwikN(erk
ki ki
= (1+7A)Zwik§qu — 7)\Zwik5;vm,
ki ki

and

0z, = Ndzy, — dxy,).

It follows immediately that
s A+ AW
oz = { AT AL |0

where the weight matrix

0 w12 w13 co. Win
W21 0 w3 ce. Waop
W =
Wn1 Wp2 Wnp3 ... 0

O

Theorem AA3. (Convergence under SAP-GP/AA to SNE) Let (¢, ...,q5, 21, . .., 2,) be a strict NE under the dynamics
in @1). The associated equilibrium point (q; = ¢}, q—; = q*;,7i = ¢, r—; = q*,;) is locally asymptotically stable for any
v > 0and X > 0.



Predicting deliberative outcomes

Proof. Recall the ODE from (@T1):

qi
T

Halg + Ai(q—i +77—i) — 2] — @i
Agi — 14).

(56)
(57)

To prove the local asymptotic stability of the ODE dynamics, we will define a Lyapunov function V that is locally positive
definite and has locally negative semi-definite time derivative. Consider

233 (@

i=1

wh—t

We define the shorthand d; = ¢; + A;(q_; + y7_

1%

Also, we note that

n
> lldill®
i=1

This immediately implies

n
Vo Yl
i=1

Consider (B)

[Ta(d:)] "

whence we note

= (I

IN

(di
(gi

[ A

V(% qu‘ﬂ“z‘ﬂ"fi)

— g+ A — ) (ri — @) - (58)

i) — zi. Applying the chain rule, we see that the time derivative of V),
WY
3” !

- Z

- >‘2 Z ||rz - %HQ

Tgi + A Z

7‘]2 7%’)

_7«1

n
Tai = XYl = all.
i=1

i)_Qi||2

IIQJquz Qz_2ZqTHA

> |Ma(d
=1

> lIta(d
=1

> (Ha(d) — )" (a(d) —a)

(B)

+ )\Z gi—ri)

(59)

n
G- N3 Il - aill”
=1

= (ITa(d;) — q;‘)—r (TTa(d;) — g:)- Since A(A) is a convex set, the projection property implies

(Ma(d) — q;) < df (ald) —a),

ald) —a)" (Talds) — @)

()] (a(di) — q5) — (Ha(di) —q:) " @]
df (Ma(d:) — ¢i) — (Malds) — ;)" 4

—q;)" (Ma(di) — q)

+Ailgi + i) —zi — qf) " (Ua(di) — qi) .
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Now, we note from the definition of V in (38) that by decreasing the distances (g; — ;) and (¢; — ¢}), we can make
V(qi,q—i,ri, T—;) arbitrarily close to O from the right. In other words, we can consider a sufficiently small neighborhood
around the equilibrium such that as r;, ¢; — ¢, (B) tends to

(g7 + Ailg™; +0y) — zi — q) T (aldi) — qf)
= (Ai(g®; +0y) — ) (Ta(di) — qf),

an qi, q*—z + §y7 Zi
= a2 o <
g 4i=q;
for some sufficiently small 0y and IIa (d;) # ¢;. The last inequality follows since (¢7, ..., 4}, 21, . - ., 2n) is a strict Nash

equilibrium, whereby (a) (¢}, ¢* ;) is a pure strategy Nash equilibrium (since .4;(-) is a linear transformation and the payoff
maximization happens at the vertex), and (b) g; is a (strictly) best response to g* , and nearby strategies. Therefore, we see
from (39) that for a sufficiently small neighborhood around the equilibrium point,

n n n
Vo< = G@lP A (@) Ta = N M — il
=1 =1 =1
= = > (@l + XMl = aill?) + A (@i —ri) T
=1 i=1
n ] 1 n )
< = 3 (Gl + N - al?) + §Z(||Qi|\2+)\2||7"i—%|\2)
1 i=1

n
(sl * + X[l = aall?)
1

N = ﬂ'

.
Il

where we have invoked the Cauchy-Schwarz inequality in the penultimate line. Since this quantity is non-positive, we
see that V is locally negative semi-definite. Finally, it is clear from that V(¢;, q—s,7i,7—;) > 0 in the neighborhood
(@i, q—i>7i,7—;) of the equilibrium point (¢; = ¢/, q—i = ¢*;, 7 = ¢, r—i = ¢*;), and V(¢ ¢*,;, qf, ¢*;) = 0. Thus, V is
locally positive definite, and the statement of the theorem follows. O

We will now characterize conditions for convergence in the passive aggregator setting.

Theorem PA1l. (Convergence under SAP-FP/PA to NE) Let the weight matrix W be stochastic.  Let
(gF,..-,4q., 21, ..,2n) be a NE under the dynamics in {@0). There exists a matrix Dy with zero diagonal, and a block
diagonal matrix Dy such that the linearization of @0) with v > 0 is locally asymptotically stable for X > 0 if and only if if

the following matrix is stable
—I+(14+~4N)D;y —yADs

AW =Ml |-
Proof. We reproduce the ODE from (@0):
@& = Bi(Ailg—i) + 7)), 2) — (60)
i = AMAi(g—) — 74). 61)

Note that at equilibrium r; = 0, but unlike Theorem [AA1] 7; does not converge to ¢;. Specifically, we note that the
equilibrium (g}, ¢* ;) corresponds to a point (¢;(¢t) = ¢, q—i(t) = ¢*,,7m:(t) = Ai(¢*;)),i € [n], of the dynamics.
Therefore, we will instead linearize around this point. Since the weight matrix W is stochastic, we must have A;(¢* ;) €
A(A). Therefore, we can investigate the deviation of r; around .4;(¢* ;) with the help of matrix N defined in Theorem

In particular, we can express the deviation vector 6z = (6 gy, ..., 0%q, ,0Tr, ..., 02y, )" as:

:
(m@—ﬁww%ﬁ—ﬁwﬁ%ﬁuﬂﬁw»m@—AM%D — Nox(t), ©)

where the block diagonal matrix N is as defined in Theorem Linearizing around our equilibrium point and proceeding
similarly to Theorem[AAT] we get

dxg, = —0zq, + (1+7N) ZDikéa?qk — YAC;0xy,. (63)
ki
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where Al
Dy 2 Y NT ¢ ( i(0%) Z) N,
T T
1 Az *_ — %
G2 ZNTVC < @) — 2 ) N,
and

V((b) = diag(C(b)) — C(b)CT (b),
with ((b) the same as in Theorem Additionally, we have

Sxm. = )\Z Wik0Tq, — ANOTp,. (64)
ki
Recall that the weight matrix
0 w12 Wiz ... Wip
W1 0 w23 oo Waon
W =
Wnp1 Wp2 Wps ... 0
Define
0 D12 D]_g . Dln
N D21 0 D23 . Dgn
Dl - . . . . . ) and
Dnl Dn2 Dn?, e 0
cy 0 0 ... O
N 0o Cy 0 ... 0
Dy = | . .. )
0 0o o0 ... C,

Then, the proof follows by combining (63)) and (64)), since we can express the deviations as

. |-T4+Q+~4ND1 —yADy
5;5{ X% Y ox.

O

Theorem PA2. (Convergence under SAP-GP/PA to CMNE) Let the weight matrix W be stochastic.  Let
(q5,---,q, 21, .., zn) be a completely mixed NE under the dynamics in @2). Then the linearization of @2) with v > 0 is
locally asymptotically stable for A\ > 0 if and only if the following matrix is stable

(1+~yNW =AW
AW =Ml |

Proof. Recall the ODE from (@2):

Oalg + Ai(g—i) + 77 — zi] — @6 (65)

4
T

*

At equilibrium (qf, ..., ¢}, 21, .,2n),¢ = 0 and 7; = 0. Therefore, using (63), we have:
¢ = Halgi + Ai(¢~;) — zi]-

Proceeding along the lines of proof of Theorem[AAZ] for a sufficiently small deviation dz as defined in Theorem [PAT] we
can equivalently analyze the following dynamics:

G = NNT[Ai(g—) +7ii — zi]
7= Mg — 1)
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Linearizing these equations and noting N " N = I, we get

bxg = NT NNT(1+'y/\)ZwikN6qu - NT NNTW)\ZN&U,.,C
ki ki
= (1+ 'y)\)N—r Z Wik Nozg, — 'y)\NT Z Wik Ny,
ki ki
= 1+~ Z WikdTq, — YA Z Wik 0Ly,
ki ki

and
SCC” = )\Zwikéxqi—/\éxm.
ki

It follows immediately that

s (@AW =AW
5”3_{ AW VLS

where the weight matrix

0 w12 w13 .. Win
W21 0 w3 ce. Waop
W = .
Wn1 Wp2 Wn3 0

O
Theorem PA3. (Convergence under SAP-GP/PA to SNE) Let the weight matrix W be doubly stochastic. Let

(gf,-..,4q5, 21, ..., 2n) be a strict NE under the dynamics in @2). The associated equilibrium point (q¢; = ¢, r; =
Ai(q*;))ieln) is locally asymptotically stable for sufficiently small y\, where v > 0 and X > 0.

Proof. Recall the ODE from (#2):

¢ = Halg+Ai(g—) +vri— 2zl —a
AMAi(g—i) —7i)-

T

We will prove local asymptotic stability via a Lyapunov function V that is locally positive definite and has locally negative
semi-definite time derivative. Consider

V(i qisTi,T—i) £ %Z ((Ch —a) (@i —a;) + Mri—Aig=)' (ri — Az(‘]z))) (67)

i=1

‘We define the shorthand dNi e ¢; + Ai(g—;) + v7; — z;. Applying the chain rule, we see that the time derivative of V,

) n 8V T. n 8V T.
v o= Z(aqi> QL“F;(%) T

=1 .
= Y (e =) = 2D wkilre — Ak (q-) | 6 — N (ri = Ai(g—)) " (ri — Ailg—4)))
=1 k#i i=1

T

= Z( a—aq)" *)\QZHH Ai(g-i)|? - /\Z Zwm (re — Ak (=) | 4 -
i1

i=1 \ k#i
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Also, we note that
Sollgl? = > IMa(di) — gl
i=1 i=1
= 2 [Ma(d; II2+Z% %—2ZQTHAJ-
i=1

It can be shown that

(¢i —a) " di + l@il]> = (IFA(CL‘) - q;)TQHA(CZi) — i)
< (di — )" (Ma(di) — q:) )
= (g +Ailg—i) + 77 — 2 —qF) T (Tald;) — qi) -

As i, q; — ¢, this quantity tends to

(a7 + Aila) + A (Ailas) — ) — 5 —af) " (Tad) - a7)
= (Al + M Aem) — ) — =) (Tad) - )

= (1) Aig7) = A — =) (HA(ffi)—qé‘)
(A1 + 0% — A = 2) (Ha(dl)*qz‘)

which can be expressed in the form

9qi

(HA((L) - q;k)

< 0
qi=q;

when v is sufficiently small and TIa (JZ) # ¢, by arguing along the lines of proof for Theorem Therefore,

T
v < ZHq’LHZ +>‘Z Zwlm -Ak q k *Tk) AZZH’” z ||2
i=1 i=1 \ k#i
= =2 (Gl + X — Aila-s) Zzwm( (A (1) =) )
i=1 i=1 k#1
n 1 n )
< =D (Gl + Xl = Ailg-dlI?) + 5 D2 wk (N[l — Ax(g-n)|I* + [ldi]*)
i=1 i=1 k#i

by noting that wy; > 0 for all ¢ € [n], k # ¢ and invoking Cauchy-Schwarz. Furthermore, since W is doubly stochastic, we

have 7, ,; wy; = land 37, ; wy, = 1forall i € [n]. Thus, we may decompose the second term on the right in the last
equation as

1 .
5 DD wi (Nl = Ara-i)l1* + [ldll?)

i=1 ki
= ZZwm Ire — Ar(g—n)I|* + ZH%H Zw’“
i=1 k;ﬁz k#£i

= Zzmerk—Akq WP+ ZH%HQ

i=1 k#i
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The first term in the last equation may be interpreted as a weighted outgoing flow from player i to player & # i. Now
viewing this from the equivalent perspective of total incoming flow, we have

Vo< = (Il + Nl -
i—1
= = (llgll* + X||ri -
i—1
= = (gl + Xlr —
i—1
1 n
= 5; )\an A;i(
< 0,

Ai(g-2)l1%)
Ai(g-)l1?)
Ai(q-i)l?) +

q-)II” + [1il*)

Zzwm Ailg-i)|* + anzn?

i=1 k#i

2 n
+%Z|mf ()P Y wa + ZHW
=1

k#i

n

£ (Nl Adaml” 11l )

i=1

which implies that V is locally negative semi-definite. The local positive definiteness of )V may be argued similarly to the

proof of Theorem [AA3|and we are done.

O
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