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Abstract

Online Convex Optimization (OCO) is a powerful
framework for sequential prediction, portraying
the natural uncertainty inherent in data-streams
as though the data were generated by an almost
omniscient adversary. However, this view, which
is often too pessimistic for real-world data, comes
with a price. The complexity of solving many im-
portant online tasks in this adversarial framework
becomes much worse than that of their offline and
even stochastic counterparts. In this work we con-
sider a natural random-order version of the OCO
model, in which the adversary can choose the set
of loss functions, but does not get to choose the
order in which they are supplied to the learner;
Instead, they are observed in uniformly random
order. Focusing on two important families of on-
line tasks, one in which the cumulative loss func-
tion is strongly convex (though individual loss
functions may not even be convex), and the other
being online k-PCA, we show that under stan-
dard well-conditioned-data assumptions, standard
online gradient descent (OGD) methods become
much more efficient in the random-order model.
In particular, for the first group of tasks OGD
guarantees poly-logarithmic regret. In the case of
online k-PCA, OGD guarantees sublinear regret
using only a rank-k£ SVD on each iteration and
memory linear in the size of the solution.

1. Introduction

Online Convex Optimization (OCO) (Hazan, 2016; Shalev-
Shwartz, 2012) has emerged in the past two decades as a
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powerful and popular paradigm for modeling sequential pre-
diction problems in face of uncertainty. Its main strength
is that the notion of uncertainty considered is very strong
and involves worst-case scenarios, i.e., the sequence of loss
functions is considered to be selected by an adversary who
knows the prediction algorithm (perhaps up to potential
randomness used for prediction). At the same time, this
paradigm lands itself to tractable optimization, and theoreti-
cally efficient algorithms that provably minimize the regret
are known to exist.

Of course, when considering applications of this paradigm
to practical prediction tasks which involve very high di-
mensional settings and high-throughput rates, classical
polynomial-time efficiency may be prohibitive, and there is
a need for practically efficient algorithms, usually such that
require at most linear (in the dimension) memory and linear
runtime per prediction round.

Unfortunately, for several important online tasks such as
online linear regression and online PCA, state-of-the-art
methods require quadratic memory and at least quadratic
runtime per round, which greatly limits their applicability
to high dimensional data, see for instance (Garber, 2019a;b)
and references therein. Perhaps surprisingly, in both of
these cases, this is in clear contrast to their offline and even
stochastic counterparts, which admit significantly more ef-
ficient algorithms, under standard well-conditionedness as-
sumptions (e.g., moderate condition number of data matrix
in linear regression, or non-negligible eigengap in covari-
ance matrix for PCA). In particular, in both cases these
efficient algorithms are simply gradient descent / stochastic
gradient descent methods. It is thus natural to ask, if Online
Gradient Descent (Zinkevich, 2003a), which requires only
linear memory and linear runtime (putting aside to gradient
computation time) could be shown to be efficient for online
variants of such fundamental tasks.

Towards obtaining highly-efficient algorithms for online
sequential prediction, in this work we consider a weaker
variant of OCO, in which, while we still allow an adversary
to choose the set of loss functions (with complete knowl-
edge of the prediction algorithm), we do not allow him to
control the order in which they are supplied to the learner.
Instead, here we assume that the losses are observed in
a random order, according to a uniformly chosen permu-
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tation. We refer to this model as Random-Order Online
Convex Optimization (ROOCO). In particular, we note that
ROOCO forms a natural middle ground between the easier
and highly popular setting of prediction with a stochastic
adversary, who chooses a distribution over loss functions
from a certain family of distributions, and on every round
a loss function is sampled i.i.d. from this distribution, and
the more difficult standard OCO setting with an oblivious
adversary, in which the adversary also controls the order of
the loss functions.

It is quite clear that the proposed ROOCO model has several
major drawbacks in comparison to the standard OCO model,
even when focusing on practical scenarios: it clearly does
not capture sequences with temporal structure, such as those
we might expect to be inherit in applications such as online
portfolio selection (Cover, 2011; Agarwal et al., 2006) or
time-series forecasting (Anava et al., 2013). Nevertheless,
we argue that many scenarios of interest do not depend
inherently on time. For instance in prediction tasks in which
data is generated by many independent sources (such as a
web application that serves many individual and unrelated
clients or a router in a highly distributed computer network),
or when it is reasonable to assume that data is streamed
without particular order. Such scenarios may indeed be
faithfully modeled by ROOCO.

For further motivation, in Figure 1 we report results on a
simple online linear regression task with the MNIST dataset
(LeCun et al., 1998). We show that in the fully adversarial
setting of OCO, we can easily construct pathological, yet
not practically reasonable, adversarial orders over the data
that make OGD incur cumulative loss significantly higher
than under the much more plausible random-order scenario.

Our main algorithmic contribution is in showing that for
two types of fundamental applications: the first includes
prediction with sequences for which the cumulative loss is
strongly convex (though each individual loss function need
not even be convex), and hence generalizes as a special
case the important task of online linear regression in the
well-conditioned case, and the second being online k-PCA
in the well-conditioned case (i.e., under spectral gap in the
cumulative covariance matrix), the standard online gradient
descent method minimizes the regret with high-probability
while requiring only linear memory and linear runtime per
round (assuming the gradient vector is given). In particu-
lar, in the first case of sequences with cumulative strong
convexity, we show that OGD attains poly-logarithmic re-
gret with high probability. In the second case of k-PCA,
we show that with high probability, OGD only requires to
maintain a rank-k projection matrix, which is linear in the
size of the solution. Also, each iteration requires only a
rank-k SVD which requires nearly linear time to compute
(in the size of the solution). This significantly improves over

the current state-of-the-art complexities for the fully adver-
sarial OCO model which require quadratic memory and at
least quadratic runtime, for both online linear regression
and k-PCA. For sequences of convex losses, even when the
cumulative loss is strongly convex, the only method known
to obtain logarithmic regret in the fully-adversarial OCO set-
ting, is the Online Newton Step method (ONS), which also
require the losses to be exp-concave (Hazan et al., 2007).
ONS requires in general quadratic memory to store the sum
of outer products of gradients, and at least quadratic runtime
to compute to so-called newton direction. For k-PCA all
existing methods for the fully adversarial setting require to
store in memory the cumulative covariance which requires
quadratic memory and/or to compute SVD of potentially
high-rank matrices (Warmuth & Kuzmin, 2006a;b; Garber
etal., 2015; Allen-Zhu & Li, 2017; Carmon et al., 2019).

On the technical side, we leverage recent developments
in matrix concentration bounds for sampling without re-
placement (Mackey et al., 2014b) as our main non-standard
technical tool. For the £-PCA problem we rely on the ideas
introduced in (Garber, 2019a) for £ = 1 and later also used
in (Arora & Marinov, 2019) with arbitrary k, to show that
with a “warm-start” initialization (which is not difficult to
obtain in our setting), the iterates of OGD on the convex
relaxation, are of rank k& with high probability.
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Figure 1. Linear regression with MNIST. This experiment demon-
strates how the random order model gives rise to better perfor-
mance of OGD. We only consider images labeled “3” and “5” (a
total of 13454 images). In the adversarial setting, we partition
our data into alternating consecutive homogeneous blocks of size
1000, where each block either consists of only “3”-images or only
“5”-images. It can be seen that the cumulative loss for the adver-
sarial order case is much worse compared to the random order
case.
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2. Preliminaries

Given any positive integer m we use the standard notations
[m] ={1,2,...,m} and [[m]] == {0,1,...,m}. Matrices
are denoted by bold capital letters, vectors are bold lower-
case and scalars or entries are not bold. e; will denote the
ith standard basis vector in R?, equal to 1 in component i
and 0 everywhere else. The dimension of e; will always be
clear from context. For vectors in R? we let ||-|| denote the
Euclidean norm. The spectral norm of a matrix is denoted by
[IX]| = omax(X) where opax(X) is the maximum singular
value of the matrix X € R9*4, The Euclidean inner product
between two matrices is (X,Y) = Tr(X TY), and the cor-
responding Euclidean norm, called the Frobenius norm is
denoted ||X|| . Thatis, | X || r = (X, X)"/?. The symbols
Amax(X) and A\ (X) refer to the algebraic maximum and
minimum eigenvalues of a matrix X € R4*9,

Definition 2.1. Given a convex and compact set K C R?
and a real-valued function f, differentiable over K, we
say f is G-Lipschitz over K if for all x € K, we have
VI <G.

In particular, if f is convex, differentiable and G-Lipschitz
over a convex and compact K, we have that for any x,y €
K, f(x) = f(y) < (x—y) Vf(x) <Glx -y

Definition 2.2. Given a convex and compact set K C R?
and a real-valued function f which is differentiable over IC,
we say f is a-strongly convex over K if for all x,y € K,

Fx) < f) + (x=y)TVF(x) = §llx -yl

Moreover, if f is also twice differentiable over K, then, for
any x € K, V2f(x) = al.

Definition 2.3. Given a convex and compact set K C R¢
and a real-valued function f which is differentiable over
K, we say f is b-smooth if and only if its gradient is b-
Lipschitz, for some b > 0 over K, i.e., forall x,y € K,
IVf(x) =Vl <b-[|x—yl. If the function f is twice
differentiable over IC, the above condition is equivalent to
the following condition on the Hessian, V? f(x) =< bL.

3. Random Order Model

Online Convex Optimization. Online Convex Optimiza-
tion is posed as a repeated game between a learner and an
adversary. First, the adversary chooses 1" convex loss func-
tions f1, ..., fr from a fixed convex and compact domain
K C R? to the reals'. On each iteration ¢ € [T7, the learner
makes a prediction w; € K using some online algorithm A,
and suffers a loss of f;(w). In addition, we assume that the
Euclidean diameter of the set K is bounded by D, and that
forany w € K and all ¢ € [T], itholds that ||V f;(w)| < G,

'In this work we focus only on oblivious adversaries which
choose the entire sequence of losses beforehand, but with knowl-
edge of the algorithm used by the learner.

for some G > 0. The goal of the learner is to minimize the
regret, which is given by

T T
regrety (A) = D fu(we) = min 3" fulw).
t=1 t=1

Perhaps the simplest algorithm for OCO is the Online Gradi-
ent Descent (OGD) algorithm, which is an adaptation of the
classical projected (sub)gradient descent for offline convex
optimization. On each iteration, the algorithm picks the next
prediction as follows:

wit1 = e (we — 0V fe(we)), (1)
where for any wy € R? we denote

ic(wo) = arg min [w —woll .

Throughout the paper, we consider a variant of this stan-
dard setting: online convex optimization in a random order
model, in which the adversary can choose the set of loss
functions, but cannot control the order in which these loss
functions are presented to the learner. Instead, these losses
are observed in a uniformly random order. This is formally
stated in the following assumption.

Assumption 3.1 (random order assumption). We say that a
sequence of T' functions satisfies the random order assump-
tion if each of the functions is chosen by an adversary, but
their order is determined be a random permutation over T
elements.

3.1. Cumulative Strongly Convex Sequences

Our first suite of results concerns a family of online tasks,
which generalizes online linear and logistic regression in the
random order model (Assumption 3.1). As discussed in the
introduction, our aim is to obtain poly-logarithmic regret for
a sequence of functions whose average is strongly convex,
while each of the functions might not even be convex by
itself. In this subsection, the learner’s prediction is generally
assumed to be a vector in R?, and is denoted w;. Note that
the Hessian of each loss function is a d x d real matrix.

Throughout the discussion, we always assume that the fol-
lowing holds for the loss functions. Given a convex and com-
pact set K C R?, each of the functions fi, ... fr is twice
differentiable, b-smooth and with gradients bounded in ¢5-
norm over the domain K. Moreover D is the /5-diameter of
K. Next we present the main assumption that refers to the
Hessians of the loss functions and define “well-conditioned
data”.

Assumption 3.2 (cumulative a-strong convexity). Given
a € Ry and a convex and compact domain K C R4,
we say that a sequence of T twice differentiable functions
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fi,-.., fr over the domain K satisfies the camulative a-
strong convexity assumption, if

T
1 2
Yw e K : T til Ve fi(w) = al.

We consider three classes of functions to which our results
apply.

Definition 3.3 (quadratic functions). Let Aq,..., Ap be
a sequence of d x d real symmetric matrices. We define
the loss function f,(w) = swTAyw for every t € [T].
The sequence f1,..., fr satisfies the cumulative o-strong
convexity assumption (Assumption 3.2) if % Zthl A; >
al.

Definition 3.4 (strongly convex function composed with
linear transformation). Let A1, ..., A be a sequence of
d x d real matrices, and let g be a 3-strongly convex func-
tion. We define the loss function fy(w) = g(Asw) for
every t € [T). The sequence f1, ..., fr satisfies the cumu-
lative a-strong convexity assumption (Assumption 3.2) if
T S Al A= 5L

Definition 3.5 (general cumulative strongly convex se-
quences). Let f1, ..., fr be a sequence of functions from K
to R which are twice-differential over C (but not necessarily
convex). The sequence f1,. .., fr satisfies the cumulative
a-strong convexity assumption (Assumption 3.2) if the aver-
aged function % Zthl f+(+) is a-strongly convex over K.

Main Results Next we present our main results. In Ta-
ble 1 we summarize and compare our results to relevant
results in two related models. The first is the stochastic
model, where loss functions are drawn i.i.d. from a fixed
distribution. The second is the adversarial model, where
the order of the samples arrives at an arbitrary (possibly
adversarial) order. Recall that individual losses are allowed
to be non-convex, and we only assume the cumulative loss
to be convex.

The following theorem states our main result of this sub-
section, suggesting that under the random order model (As-
sumption 3.1), and for a sequence of loss functions that
satisfies the cumulative strong convexity assumption (As-
sumption 3.2), OGD guarantees poly-logarithmic regret.

Theorem 3.6. Let {fi}icr) be a sequence of loss func-
tions that satisfies the random order model and cumulative
a-strong convexity assumptions (Assumptions 3.1 and 3.2
accordingly). Then, for any 6 € (0,1), Online Gradient
Descent with step sizes 1, = = for any t € [T, gives with
probability at least 1 — § the following for quadratic loss
functions (see Definition 3.3)

L /p2
regrety = O (b(GJr?)Db)G log (?) logT> .
!

For strongly convex functions of a linear transformation (see
Definition 3.4), OGD with the same step sizes gives with
probability at least 1 — §

regrety = O (b<G+Db)G log <§> log T> .

o

Finally, for general loss functions with cumulative strong
convexity (see Definition 3.5), OGD with the same step sizes
gives with probability at least 1 — §

~ [ b? Db T
regrety = O <(GZ3)G <log 5 + d) log T) ,

where in all results we use O() to suppress logarithmic
dependencies on the dimension and other parameters, but
notonT.

In Section 4.1 we provide a proof sketch for Theorem 3.6.
The full proof is deferred to the appendix.

The next theorems show that the random order assumption
(Assumption 3.1) is crucial for the improved regret bounds
in Theorem 3.6. Specifically, there exists a sequences of
loss functions that satisfy the cumulative strong convexity
assumption (Assumption 3.2), and for which adversarial
order makes OGD suffer linear regret in T" with at least
constant probability; this is proved in Theorem 3.7. Fur-
thermore, in Theorem 3.8, we show that even the additional
assumption that each of the loss functions is convex by itself
(in combination with cumulative strong convexity) cannot
yield a polylogarithmic regret without the random order as-
sumption (Assumption 3.1); specifically, there exists such a
sequence where adversarial order results in (/7)) regret.

Theorem 3.7. Let K = [0,1]. There exists a sequence
{ft}re[m) of quadratic loss functions from KC to R, which are
©(1)-smooth and satisfy ©(1)-cumulative strong convexity
(Assumption 3.2), for which OGD with arbitrary positive
step-sizes {n; }re[r) and uniformly random initialization,
incurs linear regret with probability at least 0.4.

Theorem 3.8. There exist a choice of feasible set K and a
sequence of convex loss functions f1, ..., fr which satisfy
©(1)-cumulative strong convexity (Assumption 3.2), such
that any algorithm suffers Q(v/T) regret.

3.2. Online Principal Component Analysis

We recall the problem of online Principal Component Anal-
ysis (PCA) (Warmuth & Kuzmin, 2006b; Nie et al., 2013).
Fix 1 < k < d, where d is the dimension. In the online
setting, for each batch of m data points that arrives on round
te [T X; € R¥*™ (e., data-points as columns), with
covariance matrix M; = XtXtT , the online algorithm is
required to predict a projection matrix P; € R?** onto
a k-dimensional subspace of R¢ which belongs to the set
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Table 1. Regret guarantees for Online Gradient Descent under various models and assumptions. The X symbol indicates that a relevant
assumption is not needed. All results for the stochastic model are from (Hazan et al., 2007). The O notation hides logarithmic dependencies
in d and other parameters, but not in 7". SCLT stands for strongly convex functions of linear transformations (see Definition 3.4). For our
result with general loss functions we assume 7" is sub-exponential in d.

MODEL STRONGLY CONVEX? CONVEX? REGRET
STOCHASTIC X IN EXPECTATION @(\GQT)
IN EXPECTATION IN EXPECTATION ~ ©(=-logT')
QUADRATIC (DEF 3.3) CUMULATIVE CUMULATIVE O (”2((”73”’)(; log2 T) (THEOREM 3.6)
RANDOM “
ORDER -
SCLT (DEF 3.4) CUMULATIVE INDIVIDUAL O (“Gzifwc log? T) (THEOREM 3.6)
GENERAL (DEF 3.5) CUMULATIVE CUMULATIVE O (”z‘i(i‘%m’)g log T) (THEOREM 3.6)
X/ CUMULATIVE X/ CUMULATIVE ~ © (T") (THEOREM 3.7)
ADVERSARIAL X/ CUMULATIVE INDIVIDUAL O(+/T) (THEOREM 3.8)
X INDIVIDUAL o(T)
INDIVIDUAL INDIVIDUAL @(%2 T)

Zar = {P : PTP = 1.} before observing X;. The loss on
each round ¢ is then defined as

JiPy) = %0

The regret for the online PCA is given by

PP/ X3

regret, = Z IX; — PP/ X,|%

te(T)
_ _ T 2
g > IXe - PPTX I3
te[T]
= Tr(PP™M Tr (P, P, M
nax r( D= > T( +)
te[T) te[T]

2)

Since Problem (2) is non-convex, we consider a well
known convex relaxation that was proposed in (Warmuth &
Kuzmin, 2006b) which relaxes it by taking the convex hull

Sax = convex-hul {PPT | P € 7, }.

Thus, we introduce the symmetric matrix W, € Rdxd,
which belongs to the set Sy ;. Belonging to S, ;, amounts to
satisfying the constraints W; € {0 < W < I, Tr(W) =
k} (Warmuth & Kuzmin, 2006b). Using this, we can re-
formulate Problem (2) and get the following optimization
problem with linear payoff functions, allowing us to use
known algorithms such as Online Gradient Ascent (OGA).

> Te(WM,).
te(T)
(3)

In this paper, we assume that the data {X;},c[7 satisfy
the random order model (Assumption 3.1), i.e., the matri-
ces Xy,..., X are chosen by an oblivious adversary but

regrety = whax Z Tr(WM;) —
* te(T)

Algorithm 1 batch Online Principal Component Analysis
based on Online Gradient Ascent

input: T', L, Wy, step sizes {n; };>0
forr=0,..,T/L—1do
play W, and observe the block-averaged covariance

matrix M, = 1 ]E:;i)fl XX,
set Wrpy = 1Ils, , (Wr +1,M;)

end for

are supplied to the learner in a uniformly-chosen random
order. Our algorithm, Algorithm 1, is a variant of OGA
that predicts over blocks of L consecutive covariance ma-
trices. We denote the average over a length L block 7 of

(T+DL apo
- T Zt TL+1 -
i Z;ﬁ;)f; X;X,, and the average of all covariance ma-
trices as Ml = Zthl M, =1 Zthl XX/, where for
ease of presentation, throughout the rest of this paper we
assume, only slightly loosing generality, that 7'/ L is an in-
teger. This allows us to define the following linear payoff
function over blocks:

such covariance matrices by M, =

F, (W) :=Tr(WM,).
Thus, the corresponding regret minimization task, formu-
lated in Problem (3), becomes

max

regrety = L ( e
d,k

Tr(WM,)-Y Tr(WTMT)).
’ @

Algorithm 1 involves the projected-gradient mapping over
the set Sg,; and thus requires a full-rank SVD computation
in each iteration, at lease in worst-case.
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Next, we show that under an eigengap assumption this com-
putation can be replaced by a more efficient rank-k SVD
computation. First (in Lemma 3.9), we explore how the
projection onto Sg i, is constructed. We demonstrate that an
eigengap assumption suffices for the projection to have rank
at most k.

Lemma 3.9. Let Y be a symmetric matrix in R*™? and
write its eigen-decomposition as Y = 2?21 )\ivivg—. Sup-
pose that Y admits an eigengap A\i,(Y) — Ap+1(Y) > 1.
Then, it holds that the Euclidean projection of Y onto the
set Sq 1 is of the form:

k
Hsd.k[Y] = Zvivz?r'
=1

From this lemma we make the following observation, relat-
ing between the SVD of a point to project, and the resulting
projection.

Observation 3.10 (Low-rank projection, low-rank SVD).
LetY be a symmetric R*¢ matrix. If rank(Ils, , [Y]) <k,
then only the top k components in the SVD of Y are required
to compute the projection. Hence, only a rank-k SVD of Y
is required.

With the above observation in hand, we present the main re-
sults of this section. As reviewed above, it is known that the
online PCA problem, when cast as online linear optimiza-
tion over Sg 1, is learnable via a standard variant of Online
Gradient Ascent, which achieves an O(v/T) regret bound,
but requires a full SVD computation on each iteration. Next
we show that given a sequence of covariance matrices which
admits an eigengap with parameter s > 0, when partition-
ing the covariance matrices into length-L blocks with a
suitable choice of L, and initializing OGA with a proper
“warm-start” matrix (which is straightforward to obtain in
our random-order setting), the full SVD computation can be
avoided and replaced by only a rank-k SVD computation
per iteration (see Theorem 3.11).

Throughout the rest of this paper we assume that the fol-
lowing holds for the covariance matrices. All matrices M,
for t € [T] satisfy ||M¢|| < b for some b > 0 and also
IM:||r < C for some C' > 0. Recall also our assumption
that 7'/ L is an integer, where L is the size of the blocks
used to group the iterations.

Theorem 3.11 (convergence of Algorithm 1). Leté € (0, 1)
and suppose the data {M; = X; X/ },c[r) satisfy the ran-
dom order assumption (Assumption 3.1). Additionally, sup-
pose the average M = % Zthl M, admits an eigengap
s(M) = Ag(M) — Apgp1(M) > p > 0. Let W* € Sy 1
be the optimal solution of Problem (4). Consider parti-
tioning the matrices {My },¢[r) into length-L blocks with
block size L = O((b%/¢?)log(d/d)) 2, and running OGA

*For ease of presentation we assume 7'/ L is an integer.

for T/ L iterations with step sizes {1 }re[i7/1.—1]) With the
first iterate Wy € Sg 1, satisfying ||Wo — W*[|p < 7(,
for ¢ = p/(2 + 6by) and v = O(V'k/p), and step-sizes
- =O(Wk/(C\/T/L))

For T large enough it holds with probability at least 1 — §
that

regrety; = O((b/¢)C+/kT log(d/$))
and
V7 e [T/L—1]: rank(W.) = k.

Note that Theorem 3.11 relies crucially on an eigengap
assumption, asserting that the k largest eigenvalues of the
average of all covariance matrices are strictly larger than
all other eigenvalues. This assumption of a non-negligible
eigengap in the covariance matrix is very natural for PCA,
often observed in practice, and essential for the proof. In
Section 4.2 we provide a proof sketch for Theorem 3.11.
The full proof is deferred to the appendix.

3.2.1. COMPUTING A "WARM-START” MATRIX

We now discuss the possibility of satisfying the “warm-
start” requirement in Theorem 3.11. Recall that W*, the
optimizer of Problem (4), is the projection of the whole data
sequence M onto the set Sy 1, which corresponds to the
top k eigenvectors of M. To compute a warm-start, we can
take the covariance matrix over a block M’ of size at least
Ly:=0 % log d%) from the data, where ( is a parameter
to be determined, and similarly compute the projection of
M’ onto the set S 1, which we denote Wy. That is, W
corresponds to the top k eigenvectors of M.

Using Davis-Kahan sin § Theorem (see for instance Theo-
rem 2 in (Yu et al., 2014)), we have that

VEIM - M|
Ae(M) = A1 (M)
VEk VEk

[Wo — W7[|p <

where (a) follows from the choice of L together with an
appropriate concentration bound ( see Lemma A.11 in the
appendix). In particular, for {, = %, W satisfies the
requirements of Theorem 3.11 with probability at least 1 —
0(9).

4. Proofs: Main Ideas and Techniques

4.1. Proof Sketch for cumulative strongly convex losses

Here we provide a proof sketch for Theorem 3.6 that dis-
cusses the case of cumulative strongly convex losses under
the random order assumption (Assumption 3.1).
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Proof Sketch of Theorem 3.6. The first idea in our analysis
is to show that the regret of the original loss sequence can
be related to a loss of a batched loss sequence. Thus, letting
L be block size whose value will be set later on, we can
define a sequence of batched losses, V7 € [[[T/r] — 1]],

(T+1)L

T :Lz.ft

t=1L

Also, for any 7 € [[[T/L] — 1]] we denote by W the value
of wy at the beginning of each block 7.

Using the above definition together with the OGD update
rule, we can show that,

[7/1] 3y
LZF +—(1+logT)

T
Z ft(Wt
t=1

and note that the second term in the above expression scales
with the block size L.

The second part of our analysis shows that for an appropri-
ately large block size L > L, each batched loss function
F,(-) is («/2)-strongly convex with high probability. To
do so we use concentration inequalities for the Hessian
of each batched loss V2F,(-). Note that since the losses
arrive according to a random order permutation, this re-
quires us to build upon specialized Matrix concentration
inequalities (Mackey et al., 2014a) that apply to random
matrix permutations in the case of quadratic or general func-
tions and a version of Matrix Chernoff (Tropp, 2011) for
the case of strongly convex functions of linear transfor-
mations. For quadratic loss functions (but not necessarily
convex), the Hessian is constant and it is enough to take

Ly = O (i—i log(T/ 6)) For strongly convex functions

of linear transformations, Ly = O (L 1og(T/6)) suffices,
since the losses are convex and hence the Hessians are pos-
itive semidefinite, which allows to apply tighter Matrix-
Chernoff bounds. For general losses, for which the Hessians
cannot be treated as constant over the feasible set I, we

need to take Ly = O ( log(T/ 5)) which follows from

using a discretization argument of the set /C and using the
union-bound.

The last part of the proof shows that we can use this strong-
convexity of the blocks and translate it into a regret bound of
O(W log T') for the original sequence of losses and
decision points. Using the appropriate L := Ly concludes
the proof.

It is highly important to emphasize that the partitioning of
the losses into blocks of length L is only for the purpose of
the regret analysis, while our application of OGD is directly
on the original sequence of losses. O

4.2. Proof Sketch for online PCA

Here we provide a proof sketch for Theorem 3.11 that dis-
cusses the case of Online PCA. In the sketch we focus on
showing that with high probability,

Vr e [T/L —1]:rank(W,) = k.

Given the above holds, the regret analysis for showing
O(V/T) regret is quite standard (see e.g. (Hazan, 2016)).

Proof Sketch of Theorem 3.11. The first part of the proof
shows that with probability at least 1 — § we can bound
the spectral norm distance between the average covariance
matrix and every batch of size L > Lg, i.e., V7 € [[[T/L] —

1]},

T (r+1)L

Z Y M= Mo <c

t=1 t TL+1
where Ly = O (g—ilog %).

Conditioning on the event that the above inequality holds,
we are then able to show the following,

[WMW?* — W, MW_ | = O(by(). (5)

The proof of the above inequality relies on analyzing the
OGA update rule combined with exploiting the eigengap
property of the data Matrix M. The intuition is that OGA,
when initialized with a “warm-start” matrix, produces with
high probability iterates that remain close enough to the
optimum.

The next part of the proof works as follows: We assume by
induction that for some block 7 we have rank(W ) = k,
and use it to show that rank(W,;1) = k holds as well.
This obviously holds for 7 = 0 by the assumption of the
theorem.

In order to show that the induction step holds we examine
the unique structure of the Euclidean projection onto the set
S,k as captured in Lemma 3.9. We show that rank(W ;) =
k together with Eq. (5) implies that

)\k‘(WT + UTMT) 2 1 + )\k-l—l(w'r + T’TMT)- (6)

Combining Eq. (6) together with Lemma 3.9, implies that
rank(W ;1) = k, and the low-rank property holds also for
the next iterate.

O

S. Experiments

We conduct two sets of experiments demonstrating our the-
oretical findings for the online PCA problem. (Recall also
our experiment from the introduction, which considers the
online linear regression problem.)
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Figure 2. Average regret of full-SVD and k-SVD on synthetic data for k = {1, 3, 7}. The case of k = 2 behaves similarly (see Appendix).

5.1. k-SVD vs. Full-SVD

We compare the average regret of two algorithms: the first
is Algorithm 1 , where W, is computed via rank-k SVD.
The second is the same algorithm , but where W, is
computed via full SVD. We consider the following datasets,
where the samples (and therefore also loss functions) arrive
in a random order.

Synthetic Data A synthetic dataset generated as follows.
The data is sampled from a multi-variate Normal distribution
with zero mean and diagonal covariance matrix . For
each value of k, we have ¥;; = 1for1 < 4 < k and
Yii = gapx2~01 for k+1 < i < d. In our experiments
gap = 0.1, k = {1,2,3,7}, d = 1000, and the window
size is L = 10. We use 3% of the data to compute the
initialization Wy, and step sizes 7, = % The results on
the synthetic data set are the average of 10 experiments and
can be found in Figure 2 and in Table 2. It can be seen that
even though the dimensionality is high, using low rank-SVD
for the projections performs comparably to using full SVD.

Table 2. Results for synthetic dataset. ”bad projections” percent-
age, i.e. percentage of number of iterations in which the projection
in Algorithm 1 has rank greater than k, for different values of k
and with block size L = 10.

k=1
0.0082

SYN DATASET
BAD PRrROJ[%]

k=2
0.012

k=3 k=7
0.066 0.37

MNIST we use the training set of the MNIST handwritten
digit recognition dataset, which contains 60,000 28 x 28
images, which we split into 58200 images for testing, and
1800 images (3%) are used to compute the initialization
Wy and step sizes 7, = 10%\/5. We pre-normalized the
data by mean centering the feature vectors and scaling each
feature by its standard deviation and average the results of
20 experiments. We set L = 20 and k = {1,3,7,15}. The
results on the synthetic data set can be found in Figure 3 and
in Table 3. Similarly to the experiment on synthetic data, it
can be seen that even though the dimensionality is high, low
rank SVD for the projections performs comparably to using
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Figure 3. Average regret of full-SVD and k-SVD on MNIST data for k = {1, 3,7, 15}.

full SVD.

Table 3. Results for MNIST dataset. ”bad projections” percentage,
i.e. percentage of number of iterations in which the projection in
Algorithm 1 has rank greater than k, for different values of k£ and
with block size L = 20.

MNIST DATASET k=1
BAD PROJ[%] 0

k=3
0.23

k=7 k=15
0.21 0.14
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A. Analysis
A.1. Cumulative Strongly Convex Sequences

In this section, we present the main components for the
proof of Theorem 3.6. In the proof, we partition the (ran-
domly permuted) loss functions into consecutive blocks of
suitable (large enough) length L, and show that with high
probability all of these blocks are strongly convex. Then,
we apply appropriate regret analysis to each of the blocks,
which crucially relies on the cumulative strong convexity
property of all blocks, and get polylogarithmic regret in 7.

The next three theorems bound the block size required for
the cumulative strong convexity of the whole sequence to
propagate to all blocks. Theorem A.l considers the case
of quadratic loss functions (see Definition 3.3), Theorem
A.2 concerns the case of strongly convex functions of linear
transformations (see Definition 3.4), while Theorem A.3
refers to the most general case (see Definition 3.5).

Theorem A.1. Let { fi}ic1) be a sequence of quadratic
functions (see Definition 3.3) that satisfies the random or-
der and the cumulative «a-strong convexity assumptions
(Assumptions 3.1 and 3.2 accordingly). Then, for every
d € (0,1) and ¢ € (0, /2], with probability at least 1 — §
(over the random order of f1,--- , fr), forall T € [[T/L—1]]
it holds that

(r+1)L

Z V2 -

t TL+1

(a—e)l

, forany L > Lg, where Ly = O (g—zlog (dTT)>

Theorem A.2. Let { f;}ic|r) be a sequence of strongly con-
vex functions of linear transformation (see Definition 3.4)
that satisfies the random order and the cumulative o-strong
convexity assumptions (Assumptions 3.1 and 3.2 accord-
ingly). Then, for every 6 € (0,1), with probability at
least 1 — 0 (over the random order of f1,--- , fr), for all
vr e [[[T/L] — 1]] it holds that

(r+1)L

«
Z Vi z 5l

t TL+1
forany L > Lo, where Ly = O (£ log (4F)).

Note that for the case of quadratic functions or strongly
convex functions of linear transformations, the Hessian can
be treated as if it was constant over the domain K. In order
to handle the more general case where the Hessian is not
necessarily fixed, we must use additional geometric tools to
prove the following result.

Theorem A.3. Let {fi}cr : K — R be a sequence of
loss functions which satisfies the random order and «-strong

convexity assumptions (Assumptions 3.1 and 3.2 accord-
ingly). Assume that for every T € [[[T/1] — 1]] and w € K,
the Hessian of F.(w) is C1-Lipschitz over K. Then, for any
d > 0ande € (0,a/2), with probability at least 1 — 6 (over
the random order of f1,..., fr), forall T € [[[T/L] —1]]

and w € K it holds that
(r+1)L . §€ .
= 5 .
for any L > L, where
602 dT
Ly=0 (52 {log (5) +dlog (ch\/E/e)D :

V2F, Z V2 fe(w
t TL+1

The proof of Theorem 3.6 applies Theorems A.1, A.3 and

A.3, taking ¢ = O(«).

A.2. Proof of Theorem 3.6

The proof of Theorem 3.6 is based on a standard regret
analysis of OGD, which is combined with the cumulative
strong convexity property. We first begin with Theorem
A.4 and Lemma A.5 which bound the distance between two
consecutive OGD steps. Next, Lemma A.6 and Lemma A.7
bound the regret terms and complete the proof. We start by
recalling the Hilbert Projection Theorem.

Theorem A.4 (Hilbert Projection Theorem). Let KK C R?
be closed and convex and fix x € R%. It holds that

VyeK: |y -Te®)|? <y - x|

As indicated in the statement of Theorem 3.6, we assume
that { f; }+ € [T] is a sequence of b-smooth and C-Lipschitz
loss functions over the set /C, given in random order (As-
sumption 3.1). Observe the following simple fact.

Lemma A.5. for eacht € [T), it holds that

[Wer1 —we| < n:G.

Proof. Since w1 = Ix(wy — 0V fi(wy)), and us-
ing Theorem A.4, we have that |w;1 — wy||<||(w; —
mV fi(wi)) = wi| < niG. O

Recall the definition of F(-) = £ S°FDE £,(). Then,
we can reformulate the regret in the following way

T

D filw

t=1
T/L—1

=Y filwi) =L Y Fr(w")
t=1 7=0

For any 7 € [[T/r — 1]] we let W, denote the value of w;,
at the beginning of each block 7 of size L. Next, we obtain
the following bound.

T
regret;, = Z fe(wy) —
t=1

)
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Lemma A.6.
holds that

Under the assumptions of Theorem 3.6, it

T [/z] 3
Z (w) <LZF o)+ == (1+]1ogT).

Proof. In order to understand the regret analysis of all T'
samples, we begin by reviewing the regret analysis of a
length-L block 7.

(r4+1)L (r+1)L
Do filwe) = D [felWr) + filwe) = fi(wo)]
t=1+7L t=1+7L
(r+1)L (147)L
Z fi(w-) +G Z [we — W]
“)t 1+7L t=1+7L
14+7)L  t—1
< LF,( +G2 Z Z 15,
(®) t=14+7L j=147L

where (a) follows since F(-) is convex and G-Lipschitz,
and (b) follows from Lemma A.5. Generalizing the afore-
mentioned analysis to all 7" functions, we have

T T/L—1 T
Z (w) < L Z Fo(W.)+G®LY n,
- T/Lfl 2 -

L
<L Y F(n)+ SR 10T,
=0

where the last step holds from plugging-in our choice of
step-sizes and since Zthl % <1l+logT. O

Plugging the result of Lemma A.6 into Equation (7), we
have that

T
regret; = Z fr(wy) —
t=1

T/L—1 2

<1 Y [Frw) — Ew) + S0 o)
=0
(8)

1~
o

Next, we bound the first term in the RHS (8).

Lemma A.7. Denote the best fixed prediction in hindsight
by w* € arg minyex ZZ;I fe(w), and suppose that for
all blocks 7, the function F.(-) is a-strongly convex, for
some o > 0. Then, under the assumptions of Theorem 3.6,
it holds that

T/L—1

LY [F(w

< é [G?/2 4 (2G + 2Db+ 3Da)LG] (1 + log T).

- FT(W*)}

Proof. By Theorem A 4, for every ¢t € [T] it holds that

Wi — w12 < [[wp =V fe(wi) — w2
= [lwe = w* |2+ 07 ||V fe(wy) |2
— 277t(wt — W*)TVft(Wt).
Rearranging,

* 1 *
(we = W) TV fi(w) < g lhwe = w9 fulwo)l?

1 * (12
— —|lwypp — W%
e =

In addition, for every 7 € [[[7/L] — 1]] we have that
(we = W)V fi(wy) = (Wr — w*) TV fi(W,)
+ (Wt - VNVT)TVft(VNVT)

+ (W = w*) (Y fi(wy) = V fi(W)).

Combining both equations and using the Cauchy-Schwarz
inequality we get

1 *(|12 1 * (|2
< — — I _
= 277t||wt | 277tHWt+1 w|

Nt - -

+ S IV LW + [we = W |V fo(w-)|
+ lwe = WV fe(wi) = V fe(wr)]|

1 w 1 i
< T”Wt H2 - Tmuwt_i_l - W H2
+ 5|\Vft(wt)ll2 + (G + bD)||wi — W |.

Summing over L iterations (7L + 1),...,
get

((t +1)L) we

L(W, - w*) TV, (w,)

(tr+1)L |: 1

|| !
R
2 t

— 5 lWin

*HQ 5
Ui

< ) —w*||?
t=7L+1
2

G -
+ o+ (G Db v — .

Since all blocks are a-strongly convex,

L(FT(V~VT> - FT(“’*))
(r+1)L
< —
a tsz: [Ut Iw:
=7L+1

G? . al

£ o+ (G4 Db [we —Worl | = e — W

1
- wh||? - ol A w?
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Summing over all blocks gives
T/L—1

LY [Fr(Wr) = Fr(w")]

@

T/L—1 (t+1)L

DD

7=0 t=7L+1
D

1
w1 = i — P

T/L—1 (7+1)L

LIRS

2
{nt-i- (G + Db)||w¢ —
7=0 t=7L+1

w.l]

€))
Using properties of the norm, we get that
[we — w*|* < [Wr —w* || + w, — W, |2
+ 2wy — w[[|w; — |

< |[Wr — w¥||? + 3D Wy — wy.
Rearranging and plugging this into (I) we get

T/L—1 (t+1)L

m-m< > > [Ilwt w1
7=0 t=7L+1
w2 — & w —
— —||W1W — —||Wwy =W
277t t+1 2 t
3D« -
+fllwt Wl

quwt W (-

Ui -1

_a>

3DO¢ T/L—1 (t+1)L
> 2wl
7=0 t=7L+1
T/L—1 (t+1)L

<Y Wl

7=0 t=7L+1
where the last step follows from plugging-in our choice of
step-sizes and from defining nio := 0. Plugging (I) — (I)
back to Equation (9), we have

[7/1]
> {Ff(vm) - FT(W*)}
7=0
[7/L] (t+)L [
G 3D _
Z Z [m + (G + Db+ 204) [we — Wr||]
7=0 t=7L+1
1
<o [G? + (2G + 2Db + 3Da) LG] (1 +log T).

Back to the regret analysis, combining Lemma A.7 and
Equation (8) we get that

2y T/L—1
regret;, < (1+1logT)+ L Z F (w;)
7=0
T/L—1

—LZF w
7=0

where for the last step, note that « < b holds by def-
inition. In order for the conditions of Lemma A.7 to
hold, we must have that all blocks satisfy the strong
convexity assumption (Assumption 3.2) with high prob-
ability. We guarantee this using the smallest possible

0 ((G+ fb)GL logT) |

L =0 (Z—z log %) for the case of quadratic functions

(Theorem A.1), and L = O (£ log (4F)) for the case of
strongly convex functions of linear transformat1ons (The-
orem A.2). Finally, for general loss functions, we take

L=0 (%2 [log (45) + dlog (ClD\/a/e)D (Theorem
A3).

A.3. Proof of Theorem A.1
In the proof, we make use of the following classical matrix
concentration inequality from (Mackey et al., 2014a).

Theorem A.8 (Bernstein’s inequality for a combinatorial
matrix sum (Mackey et al., 2014a)). Consider an array
(A1)} =y of matrices in RY? that satisfy

Z Ajr=0 and ||Ajrl| <R Vpair (j, k) of indices.
Jik=1
Define the random matrix X = 2?21 A jr(j), where wisa

uniformly random permutation on {1, ... ,n}. Then, for all
t>0

—¢2
Pridpax(X) >t} <d-e _—
Dmax(X) 2 ¢} Xp{1202+4\/§Rt}
for

> AL

j,k=1

The following lemma applies Theorem A.8 and gives a tail
bound for a certain matrix X of interest.

Lemma A.9. Let My, ..., My be symmetric matrices in
R4 that satisfy |M,|| < b for every t € [T. Define the
random matrix

L

x=Y

=1

I T
Mz = 7 > M,
=1
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where 1 < L < T and 7 is a uniformly random permutation
on{l,...,T}. Then, forallt > 0

Pr{dmax(X) > t or Apmin(X) < —t}

—¢2
—ofd- A O
( P { 12102 + 8v/20t } )

Proof. Consider an array (A ; k);‘(jkzl of symmetric matrices
in R4*4 that satisfy

T .
A= My — 5> My, VEe[T],1<j<L .
! 0, otherwise
Therefore, we obtain
T
ZAM:Z [Mk—ZMt}_O
J,k=1 j=1k=1 t=1

Since ||M;|| < b and My is positive semidefinite, the maxi-
mum singular value of A j, is also bounded by || A ;x| < b,
where (4, k) are any pair of indices. Define the following
matrix

T L L T
X =3 Ajn) =D M) — T > M.
j=1 j=1 t=1

Finally, we apply Theorem A.8 from (Mackey et al., 2014a)
twice: once for X itself, which gives an upper bound on
the probability that Apax (X) > t, and once for —X, which
combined with the fact that Apin (X) = —Amax(—X) gives

P{ A\ nax(X) >t or Apin(X) < —t}

—¢2
<2 eXp{mﬂ n sﬂbt}
for
, L& 1 & ’
ot = kz::l Mk—Tth>

Il
N~
M)~
S
Sl
[M]=
£
[M]=
=
_|_
3~
VammeN
[M]=
£
\_/M

t=1

Using the fact that || M, || < b gives the desire result. [

Lemma A.10. Let M1, ..., Mr be symmetric matrices in
RX4 that satisfy | M;|| < b for every t € [T] and also
% Zle M; > ol for some positive constants o and b
and let  be a uniformly-chosen random permutation over
{1,...,T}. Then, for every § € (0,1) and ¢ € (0,/2],
with probability at least 1 — § (over the choice of ), it holds

that
L
Z (1) >_ €)Ia

forany L > Lo, where Ly = O ( log (42)).

h \

Proof. Recall the definition of the random matrix X =
Zf:l M, — % Z?:l M,. Using Lemma A.9, we get
that

—e“L
PO (X) > —eL}Y>1—d-
{ (X) eL} eXp{lQLb2+8\/§bsL}

—eL
. d - exp 16\/517} f0r5>2f
- d - exp %ZZ\L } otherwise

(10)

Using Weyl!’s inequality for the eigenvalues, we get

L
Amin < Z MT{'(])) > )\min( mln( Z M; >

j=1
L
Z )\min(X) + TO‘Tv

a)
Y
where (a) follows from the first assumption of Theorem A.1.

Since ¢ € (0, a/2], the relevant regime in Equation (10) is
the second one. Thus, combining Equations (10) and (11)

gives
o () 001

—£27
Zl—d-exp{ZibQ}.

Hence, we get that Equation (12) holds with probability
1 — 4, if L satisfies

(12)

24b? d
L> —1 5

O

. Since the Hessian V2 F; of each of the blocks 7 € [[[T/L] —

1]] is fixed, we can apply Lemma A.10 to all blocks simulta-
neously. To get that all length-L blocks satisfy the desired
property simultaneously with probability 1 — §, we apply
the lemma with 6’ = ¢§/[7/L] and take a union bound over
all [T/r] blocks. Thus, taking

2 T
Lon(b lg(;i,)—O(b logdé)

completes the proof.

A.4. Proof of Theorem A.2

The proof is simpler than that of Theorem A.1 since here
We use the Matrix Chernoff tail bound from (Tropp, 2011)
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(see Theorem 2.2 there) that considers positive semi-definite
matrices sampled without replacement, and get

L 1 T
Pr Amin Z MTr(j) <t-L- )\min (T Z Mz)

j=1 i=1

ZHM>}

mm(

<al'exp{—(1—t)2 5%

13)

Taking ¢ = 1/2, and using the fact that
Amin (% ZiT:1 Mi) > «, to get that all length-L
blocks satisfy this property simultaneously with probability
at least 1 — §, we apply this Matrix Chernoff with
§’ = 6/T/r and take a union bound over all 7/r blocks.
Thus, taking

b d b dT
L0:O< log6,>—0(lg 5)

completes the proof.

A.5. Proof of Theorem A.3

The proof applies a standard discretization trick. Since the
Euclidean diameter of the feasible set K is D, it is enclosed
within a hypercube in R¢ of side length 2D, which we
denote by K.. We now apply discretization to the hypercube
KC. by defining the discrete set N := K. N %Zd, for some

€0 > 0 to be determined later. Clearly, || < (2Dv/d/eq +
1)d.

Since N/ C K, we can apply the same argument used in
Theorem A.1 for each of the points in A/, and take a union
bound. Note that for each w € K, there exists a point
x € N such that |w — x||c < €0/V/d, which implies
in particular that ||[w — x|| < g¢. Moreover, each of the
Hessians of F,(-) is C;-Lipschitz continuous over R**9
and since F..(+) is convex, we get VT € [[T/L — 1]]

IV2F, (w) = V2E(x)]| < Ci[[w — x| < Cie.
Thus, we can use the same argument of Theorem A.1 to
conclude that for any

L> <6€b2 [1 og <d6T> +dlog (2D\/E/eo+ 1)D .

the following holds with probability at least 1 — ¢ for all
points z € A and for all 7 simultaneously:

(T+1

Z V2fi(x) = (a - e)L.

t TL+1

Combining all of the above, we get that for all w € X and
7 € [[T/L — 1]], with probability at least 1 — 4, it holds that

(T+1)L 3
Z V2 (w) = (a — Creg — )l = (o — 5L
t TL+1

In the last step, we choose €9 < 20 so that Cieg +¢ < 328
Using union bound analysis over the size [N, we get that
the size of block, L, must satisfy

L> <6€b2 [log <d6T) +dlog (4011)\/&/6 + 1)}) :

A.6. Proof of Theorem 3.7

We consider two loss functions h1(w) = —5w? + 6w — 1
and ha(w) = 5w? — 1, where the global minimum over
K = [0, 1] of both functions is attained at w* = 0. Con-
sider now running OGD for T iterations with arbitrary step
sizes {n: }re[r), where for iterations ¢ = L T/4 we
set fi(wy) = hy(wy), and fort = T/4+1,...,T we set
fie(w) = ha(wy) (wl.o.g. assume T'/4 is an integer). It is
immediate to validate that the cumulative loss in this case is
5-strongly-convex.

Now, suppose OGD in initialized with a point in the interval
[0.6,1] C K, which holds with probability 0.4 under our
random initialization assumption. Then, the attained regret
is

T T
regret;, = th(wt) - Z fi(w
t=1 t=1
T/4 T/4

= hi(w) =Y ha(w*)

)

+ Z hQ wt

t=T/441

CY

t=T/4+1
(1)

Note that (IT) is non-negative, since ho(w;) > ho(w*) over
the interval [0, 1]. Importantly, conditioning over the ran-
dom event that the initialization point is in the interval
[0.6,1], we have that forall t < T'/4+1, w; € [0.6, 1]. This
holds by straightforward induction: on each such iteration ¢
for which w; € [0.6, 1] (which holds for the initialization)
we have that 1} (w;) < 0, and thus w;; is also in [0.6, 1].
Hence, hy(wy) > hy(1) forall t < T/4 + 1. Therefore,

T/4 T/4
regret;, > Z hi(w) — Z hi(w™)

t=1

T/4 T/4

Zzhl Zh1 %
t=1
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(0.0, —1.0)
T T

Figure 4. Graphic description of h1(w) and ha(w)

A.7. Proof of Theorem 3.8

The proof follows in an almost straightforward manner from
the standard Q(v/T') lower-bound for OCO with convex and
Lipschitz losses (e.g., Theorem 3.2 in (Hazan, 2016)).

Given some algorithm for OCO A, let KC be a convex and
compact set and f1,..., fr/o be loss functions (assume
w.l.o.g. that T is even) such that the regret of .4 on the
sequence f1,..., fr/o w.rt. the set K is Q(V/T). Note
that according to the lower bound in e.g., (Hazan, 2016)
(Theorem 3.2), such a construction is always possible. Let
w* be the optimal solution in hindsight w.r.t. to the se-
quence f1,..., fr/2. Now, extend this sequence of func-
tions by adding the functions f;(w) := ||w — w*||? for
all T/2 < t < T. Clearly, w* is also optimal w.r.t. the
entire new sequence and in particular incurs zero loss over
J1/2415 - fr. On the other-hand, the algorithm A incurs
non-negative loss on fr/541, ..., fr. Thus, the regret of A
w.r.t. the entire sequence f, ..., fr is Q(v/T). The proof
is completed by noticing that the entire sequence f1, ..., fr
is at least 1-cumulative strongly convex.

A.8. Proof of Theorem 3.11

At a high-level, the proof of Theorem 3.11 consists of the
following steps.

Our algorithm runs by taking an OGA step and projecting
it onto Sy 1. The rest of the proof is dedicated to showing
that after an OGA step, the eigengap assumption holds as
required. The main lemma which shows that the predic-
tions remain low-rank is Lemma A.13. It relies on two
technical tools, Lemma A.11 and A.12, which show that
certain relevant expression are kept well-behaved along the
algorithm.

The next lemma bounds the spectral distance between the
whole sequence of T' symmetric positive semi-definite ma-

trices, and a block of L such matrices.

Lemma A.11. Let 0 < ¢ < band let {M;}c[7) be a se-
quence of T symmetric positive semi-definite matrices in
R4 that satisfies the random order assumption (Assump-
tion 3.1) and ||M,|| < bforanyt € T. Alsolet L > Ly

. 2 .
for a suitable Ly = O (2—2 log g). FixT € [[[T/L] —1]].
Then with probability at least 1 — § it holds that

1 T 1 (r+1)L
TZM”E > M| = MM, <<
t=1 t=7L+1

Proof. The left equality holds by definition. By the defini-
tion of the spectral norm for matrices, we have

1 1
HM - MT” = ZHLM - LMT” = ngax(LM - LMT)

1
L

a

—~
N

max{ Amax(ZM — LM, ), [Amin (LM — LM, )|},

where (a) holds as LM — LM, is a symmetric matrix.
Applying Lemma A.9 with t = (L, we thus get

Pr(omax (LM — LM,) < (L)

—(2L2
>1—0(d)-exp { 12Lb2 + 8ﬂb<L}

—C2L
> 11— . >~
2 1-0(d) exp{ 5z [

where (a) follows since ¢ < b. Plugging in the value of
L > Ly finishes the proof. O

At this point, we set { = 37—, for v = O(Vk/p). We
would like to have that for all blocks of length L in our
permuted sequence, the bound of Lemma A.11 holds simul-
taneously. Taking a union bound, we observe that picking

block size L > Lo for suitable Lo = O (% log %7 ) suf-
fices for this to hold with probability at least 1 — J. From

here on, we condition on this event, which is henceforth
denoted E.

Lemma A.12. Suppose that the assumptions of Theorem
3.11 hold, and that the event E holds as well. Fix 1 < 17 <
[T/L — 1] and assume that rank(W,_1) < k. Assume
also that |W,_1 — W*||p < ~C, fory = ©(Vk/p). Then

W, ~ Wl <7¢ and
[W*MW* — W, MW | < 2.
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Proof. We have

|[W*MW* — W, MW, ||
= [W*MW* - W"MW, + W"MW, - W, MW, ||

(S) W MW" = W) +[[(W" = W ) MW, |
a

(%) MWW = W[ + [ M[[[W-[[[[W" = W
(<_) 2[M|[[W* = W-|r (%) 20[[W* — W ||,

(14)

where (a) follows from the triangle inequality, (b) holds
by the fact that || ABJ| < ||A||||B|| for all matrices A and
B in R%*4, (¢) holds since ||[W.||, [[W*|| < 1 and also
|A|| < ||A||F for any matrix A € R?*<, and (d) holds by
the fact that || M, || < b and thus ||M]|| < b. The rest of the

proof is dedicated to getting an upper bound for the term
[W* = W|p.

IWe =W < Wy e Moy = W

= ||WT—1 - W*”%“ + 27]7’—1 <W7'—1 - W*a MT—1>
+ 07 My |7
S IWey = W 20 (Woy = W M)

2 VIRIW, WM - M,
/- Y Y
(S) [Wr_1— W*H% + 20,1 (Wro1 — W5 M)

+ 2001 V2RI W,y = W[ + 07y [ M |15
(15)

where (a) follows from Theorem A.4, (b) follows from
Holder’s inequality and from the fact that the rank of
both W* and W, _; is at most k& and (c) follows from
the event I described earlier. Next we aim to bound
the term (W,._; — W* M). In order to do so, we intro-
duce the following construction. Let W be the matrix in
{W € R Tr(W) = d — k,0 < W =< I} that satisfies
W’ 4+ W* =1, and note that W} W* = W*W’ = 0.

Thus, we have that

(W,_1 — W* M) = (W,_ I, — W* I,M)

= (W, W+ W, W, - W" WM + W% M)
= (W, W%, W*M + W* M)

+(Wo_1 — I;)W*, W*M + W* M)

= (W1 W1, WIM) + (W._1 — Ig)W*, W'M)
= Tr(W, W (WiM)")

+ Te(Wroq — L)WH(WM) T)

= T Wt WIWIM) o+ Tr(Weoy = 1) W W*M)
a

= Te (Wi MW, _) — Tr(M(W* - W*W,_; W*)),
M) (1)

(16)

where (a) holds since W*M corresponds to the top & eigen-
vectors of M, and also since W’ M corresponds to the low
n — k eigenvectors of M, and therefore both terms are
symmetric.

By the fact that W* M corresponds to the lower n — £
eigenvectors of M and W , it follows that W* M is pos-
itive semidefinite, and since W} W__; W7 is also PSD,
the term (I) in the RHS of (16) gives

@ = Te(W: MW* W, _, W*)
< A (W3 M) TH(W W, W)
o Ak1 (M) Tr (W Wi _y)

< (\(M

) = s(M)) Tr(WI W-_1),
(b)

where (@) holds as the non-zero eigenvalues of W* M are
the n — k lower eigenvalues of M, and (b) follows since M
admits an eigengap s(M).

Similarly, since the matrix W* — W*W__; W* is posi-
tive semidefinite, and since the eigenvectors of W* (with

nonzero eigenvalue) correspond to the top k eigenvectors of
M , the term (II) in the RHS of (16) gives

I) = Te(M(W* — W*W,_; W*))
> \(M) - Tr(W* — W*W,_; W*)
= A(M) - (k = Tr(W*W_1)).
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Plugging (I) and (II) back to Equation (16), gives

(W1 = W* M) = (1) — (II)

< MM - (k — Te (W' W)

+ (Ae(M) — s(M)) - TrH( W W)

= A(M) - (k — TH(W*W,_; + W W,_1))
—s(M) - Tr(WTW,_4)

(f) —s(M) - Tr((Ig — W)W, _1) (17)

0 —s(M)(k = (Wr_1, W¥))
1

= ——s5(M) - |W,_, — W*|]2

= =M [Woo = W7

< S W~ WO

(d)
where (a) and (b) hold since W% + W* = I, and
Tr(W._1) = k, (¢) holds since both W* 'W__; are
rank-k and thus [W,._; — W*|% = |[W,_4|% —
2 (W1, W*) + [[W*[2 = 2k — 2(W,_1, W*), and
(d) follows that s(M) > p. Plugging Equation (17) back to
Equation (15), we have that

HWT _W*”%
< Wi = W E = nr—1p - [[Womy = WHJE

+ 20 V2EC W1 — W[+ 02 [ M]3
(18)

We now recall that in order to prove the lemma, using Eq.
(14), it only remains to upper bound the term |[W*—W _|| 7.

We consider two cases. If ||[W* — W, _;||r < (/2 then
from Eq. (18) we have that

W, = W% <42 /4+ 2n-—1V2ky (P /2 + 02, C?,

where we recall C' is an upper-bound on the Frobenius norm
of any of the matrices M, and so, since M, _; is the aver-
age of L such matrices, we have |M,_1]|% < C?2. Since
¢,y are positive constants independent of the sequence
length T', due to our choice of step-size 7,_1, for any T'
sufficiently large, we have that

[W* = W-1][p <7¢/2 = [Wr = WT|p <AC

On the other-hand, if v¢ > |[W* — W._1||r > 7(/2,
using Eq. (18) again we have that,

W, — WH[% <9°¢ = nrm1py P /4

+ 20,1V 2kNC? /2 4+ 02 CP

<Y = nro1py? A+ 20,1V 2k ¢,

where the last inequality holds again for 7" sufficiently large.
In particular, we see that for v > 8v/2k/p we have that
|[W. — W*||p < ~¢. Thus, the lemma follows.

O

Lemma A.13. Under the assumptions of Theorem 3.11 and
assuming the event E occurs, the following holds for all
7 € [[[T/L] — 1]] simultaneously:

rank(W,41) = k.

Proof. The proof is by a simple induction over 7. For
the base case, clearly when initializing W with a pro-
jection matrix in Sg i, this holds. Fix now some 7. Recall
that W, = Ils, , (W, + ;M) and let Y, denote
W +n.M;. Using Lemma 3.9, it follows that a sufficient
condition for having rank(W 1) = k is

Ak(YT) >1+ )\k+1(YT)'

Recall that M denotes the whole data set, i.e. M =

+ S°7_ | M. On the one hand,

)\k:(Y‘r) - )\]C(WT + nTMT)
(2) )\k: (WT + nTM) + nT)\d(MT - M)

> A(Wr +0-M) — 0 |[M — M|

(% Me(Wo +n-(W* + WT)M(W* + W1)) — ¢
2 Me(Wr 1 WMW?) e

(%) A (Wr 410, W, MW,) — ¢

=1 [W MW" — W, MW_ ||

(:) Ak‘(WT) + nTAk(WTMWT)

=1 |WMW* — W _ MW_| —n,(

> 1 g A (W MW,) — 5, [W MW — W, MW, |
(£

—1.C

> 14 5 A(WIMW?) — 20, [W MW — W, MW, |
(9)

—1:C

(}Z) L+ 0 A (M) —n7(C + 4b7(),

where (a) follows from Weyl’s inequality for the eigenval-
ues, (b) holds under the assumption that the event £ occurs
and since W* + W% =1, (¢) holds since W*MW?* =0
and since W* MW" is positive semidefinite, (d) follows
from Weyl’s inequality, (e) and (f) hold since W, and
W, MW, share the same eigenspace and since under the
induction hypothesis A\; (W) = ... = \x(W;) = 1, (9)
follows from Weyl’s inequality, and (h) follows Lemma
A.12 and since W* corresponds to the top k eigenvectors
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of M. On the other hand,

)\k+1(YT) = )\k+1(WT + nTMT)

(S) )\k+1(WT + nTM) + nTAl(MT - M)

< Ae1(Wr +0:M) + 0 |[M — M- ||
(%) Me+1(Wor + 0 (W + W) M(W* + W7)) +10,¢
(: Aer1(Wr + 0, WMW?*) + 9.0 (WMWY ) +n.C

n Mer1(Wor + W MW™) 4+ 0 A1 (M) + 1.C

(S) Me41(We + 10 W MW 1) + 0 A1 (M

+ 0 [WMW* — W MW, |

e N7 Akg1 (M) + 1 [W MW?*

+n:C
(%) N A1 (M) +1-(¢ + 207C)

) +n:C

— W, MW, ||

where (a) follows from Weyl’s inequality for the eigenval-
ues, (b) holds under the assumption that the event E occurs
and since W* + W* =1, (c) follows from the fact that
W*MW? = 0 and using Weyl’s inequality, (d) follows
since W] corresponds to the n—k lower eigenvectors of M,
(e) follows from Weyl’s inequality, (/) follows since under
the induction hypothesis, the matrix W, + 7, W, MW is
rank-k and so its largest k + 1 eigenvalue is zero, and (h)
follows Lemma A.12. Thus, combining both of the above
bounds, we get

)‘k(Y‘r) - >‘k+1(YT)

2 140 A6(M) = 17 Agq1 (M)
— 17(2¢ + 6b7¢)

> 1+ n7(s(M) — 2¢ — 6b7¢).

Thus, for ¢ < ﬁ we have that A (Y,) — A\gy1(Y,) >
1 as required, thus rank(W,,1) = k, and the induction
holds. O

The rest of the proof of Theorem 3.11 follows by a standard
regret analysis for Online Gradient Ascent, see e.g. (Hazan,
2016; Zinkevich, 2003b) , which by plugging-in our stan-
dard step-size choice and length of the blocks L, directly
gives the O(\/T) regret bound listed in the theorem.

A.9. Proof of Lemma 3.9

The projection of Y onto Sy 1, is defined as the point in Sg x,
at minimal distance from Y, and is thus the solution of the
following minimization problem.

Lw-ov
wiin 5l 1%

Arora et al. show in (Arora et al., 2013) (see Lemma 3.2)
that the optimal W, denoted by W*, differs from Y only
by its eigenvalues, meaning that the projection operates
only on the eigenvalues. Let w,y € R" denote the eigen-
value vectors of W and Y (in non-increasing order), re-
spectively. Thus, the aforementioned minimization prob-
lem can be reformulated as follows (Wang & Lu, 2015),
where w belongs to the capped simplex set denoted by
S.={y:0<y<1,y'1=k}.

1
min g(w) i= 5w - y[3

weS.

By the definition of a projection and using first-order opti-
k times

mality conditions, w* = [1...10...0]" is the projection
of y onto S, if and only if for all w € S, it holds that

g(w) > g(w*) + Vg(w") " (w — w*) > g(w"),

which holds if and only if
(w* —y) (w—w")>0. (19)

Writing the left hand side of Equation (19) explicitly, we
indeed have that

k
LHSof(19) = Zwl—w y+Zyz—k
zkl zkl .
:Z 1_y2 Z - Z Wiyi
i=1 i=1 j=k+1
k
=D w) - Y .

«
Il
-

j=k+1

n
~ Ykt1 Z Wi

j=k+1

b
2

—
=

M=

(Y1 +1-1)1 —wy)

~.
Il
—

= yir1(k =) wi) =0,
=1

where in (a) we use the fact that ||w*||3 = k, and where
(b) follows since y admits a gap yx — yr+1 = (YY) —
Ak+1(Y) > 1. Thus, we can conclude that the projection
‘W* has at most £ non-zero eigenvalues, and hence has rank
at most k.

B. Additional Experiments

Here we present additional results for the online PCA exper-
iment of Section 5.1 for the case k = 2 with the synthetic
dataset.
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Figure 5. Average regret of full-SVD and k-SVD on synthetic data
for k = 2.



