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We present the proofs of our main results and various claims in this supplement.

A Equivalence of GRAMPA and regularized quadratic relaxations
We first establish the equivalence of similarity matrices defined by (3), (11) and (12), as claimed
in Section 1.3.

Lemma A.1. The similarity matriz X defined by (3) is the minimizer of the unconstrained program
(11), and aX is the minimizer of the constrained program (12) for some (random) scalar multiplier
a > 0.

Proof. To show that X solves (11), note that the objective function in (11) is quadratic, with first
order optimality condition
A2X + XB? —2AXB+n*X =1J.

Setting x = vec(X) and writing this in vectorized form with Kronecker products
(I, ® A= B®1L,)% + n°L2]x = 1,0,
we see that the vectorized solution to (11) is
X=[1,®A-B&L,)? +7n,:] 1,2 € R,
Applying the spectral decomposition (2), we get
1

X = (v, @ u;) (v; @ uy Tln = _Tnry
%:()\i—ﬂj)2+772(] (05 @) Loz %:(Ai—uj)2+n2

_
T3 v
Dl vec(uv) ), (A1)

which is exactly the vectorization of X in (3).
Recall that X denotes the minimizer of (12). Introducing a Lagrange multiplier 2ax € R for the
constraint, the first-order stationarity condition is

A2X + XB? —2AXB +n?X = aJ,
and hence X = aX. To find a, note that 1"X1=01TX1=n. Furthermore, from (3) we have
o (ui, 1)%(v;,1)?
1'X1=) 5.
%: (Ai = ) +

Hence o > 0. These claims together establish the lemma. O



B Resolvent representation

As noted in the Section 2.3, the proof of Theorem 2.2 hinges on a resolvent representatlon of
the similarity matrix X which we prove in this section. To ease the notation, we let X £ 7]X
throughout the proofs.

Recall that for a real symmetric matrix A with spectral decomposition (2), its resolvent is

wiu,
/\—z !

for z € C\ R. Then we have the matrix symmetry RA(Z)T = R4(z), conjugate symmetry R(z) =
R4 (Z), and the following Ward identity.

Lemma B.1 (Ward identity). For any z € C\ R and any real symmetric matriz A,

Ra()Ra(e) = fia(z)

Im z

Proof. By the definition of R(z) = R4(z) and conjugate symmetry, it holds

i R(z) _ R = RG) (A= =A=D ot - pe)RG).

Y
I\
Y

Im 2 z—

O]

Proposition B.2. Consider symmetric matrices A and B with spectral decompositions (2), and
suppose that | Al| < 2.5. Then the matriz X £ nX, where X is defined in (3), admits the following
representation

X=— Re?{ Ra(2)JRp(z +in)dz, (B.1)
2T T

where
I'={z:|Rez| =3 and |Imz| <n/2 or |Imz|=n/2 and |Rez| < 3} (B.2)

is the rectangular contour with vertices £3 +in/2 (See Fig. D.1 for an illustration).

Proof. We have

oy T
’U]Uj

X = Uy J——
T
= nZuiuiTJRB()\i +in)Rp(\i —in)

= ImZuiuiTJRB()\i + in) (B.3)

by Lemma B.1. Consider the function f : C — C™*™ defined by f(z) = JRp(z + in). Then each
entry fge is analytic in the region {z : Imz > —n}. Since I" encloses each eigenvalue A; of A, the
Cauchy integral formula yields entrywise equality

/()
i e = FON). (B.4)



Substituting this into (B.3), we obtain

X =tm Y wia] <—21ﬁfr&dz) - ;ReﬁRA(z)f(z)dz, (B.5)

which completes the proof in view of the definition of f. O

C Tools from random matrix theory

Before proving our main results, we introduce some useful tools from random matrix theory. In
particular, the resolvent bounds in Theorem C.6 constitute an important technical ingredient in
our analysis.

C.1 Concentration inequalities

We start with some known concentration inequalities in the literature.

Lemma C.1 (Norm bounds). For any constant € > 0 and a universal constant ¢ > 0, if n > d >
(logn)5+6¢  then with probability at least 1 — e‘c(log”)HE,

(log n)l—i—e

Proof. See [EKYY13b, Lemma 4.3], where we fix the parameter { = 1+¢ in [EKYY13b, Eq. (2.4)].
The notational identification is ¢ = V. OJ

Lemma C.2 (Hanson-Wright inequality). Let z be a sub-Gaussian vector in R™, and let M be a
fixed matriz in C™*™. Then we have with probability at least 1 — § that

.
2T M — T M| < 2C212, | M| og(1/9),

where C'is a universal constant and | z||y, is the sub-Gaussian norm of z.

Proof. See [RV13, Section 3.1] for this complex-valued version of the Hanson-Wright inequality. [

Lemma C.3 (Concentration inequalities). Let «, 3 € R™ be independent random wvectors with
independent entries, satisfying

Bl =E[f] =0,  Elo?] =E[?] =

1

1k Ik
maX(EHaZ‘ ]7EH61’ ]) < nd(k_Q)/Q’

for each k € [2, (logn)t0lelen], (C.1)

For any constant € > 0 and universal constants C,c > 0, if n > d > (logn)%t%, then:

1+e

(a) For each i € [n], with probability at least 1 — e~c(1o8™) ™

|| < (C.2)

<
N



(b) For any deterministic vector v € C", with probability at least 1 — e_c(log”)He,

‘vTa’ < (logn)**e <HU\/H§O + HU\/U;) . (C.3)

Furthermore, for any even integer p € [2, (log n)lolog logn];

E HvTam < (Cp)P (”1}/‘%’0 + ”f/!;)p (C.4)

(c) For any deterministic matriz M € C" ™, with probability at least 1 — e_c(log”)l+5,

1 + 2||M||oo HMHF
2+42¢
Moa——Tr M| <(l + .
o o - T ‘ (ogn) < \[ o (C 5)
" T QHMH ”MHF
2+4-2¢ [e'e]
o MB’ < (logn < + > C.6

Proof. See [EKYY13b, Lemma 3.7, Lemma 3.8, and Lemma A.1(i)], where we fix £ = 1 + €. O

Next, based on the above lemma, we state concentration inequalities for bilinear forms that
apply to our setting directly.

Lemma C.4 (Concentration of bilinear forms). Let o, f € R™ be random vectors such that the
pairs (ag, B;) for i € [n] are independent, with

Blo)=E[3) =0,  El})=E@=1  Bas)> T

n

Let M € C™ ™ be any deterministic matriz.

a) For any constant € > 0, suppose (C.1) holds where n > d > (logn)%T%. Then there are
(a)

universal constants C,c > 0 such that with probability at least 1 — e*‘:(log")ug,
oM - 12T 1| < € o (L ate + g ©7)
= g n F \/& o . .

(b) Suppose that oy, f; are sub-Gaussian with |||, = ||Billp, < % for a constant K > 0. Then

for any D > 0, there exists a constant C = Ck p only depending on K and D such that with

probability at least 1 —n= P,

1—o? Clogn

a'MpB - 1M ]| (C.8)

n

TrM‘g

Proof. In view of the polarization identity

0TMB= Lot 8) Mla+ )~ (o 5) Mla—6),



it suffices to analyze the two terms separately. Note that

202

4207 ™M, E [(a—B)TM(a—ﬁ) = =Tl

E[(a+8)" M(a+8)| =

which yields the desired expectation E[a" M 3] = % Tr M. Thus it remains to study the deviation.
To prove the concentration bound (C.7), we obtain from (C.5) that, there is a universal constant
¢ > 0 such that with probability at least 1 — e—c(o8 ")HE,

1 2
(@ 5) Mt 5) - Bl(a:+ )" Mo 0| < o)™ (L1l + 107 ).
from which (C.7) easily follows.
The sub-Gaussian concentration bound (C.8) follows from the Hanson-Wright inequality [HWT1,
RV13]. More precisely, note that max{||ac+ B[y, | — Bllys } < llatllys + 18]l4 < 2K/Vd, so taking
§ =n~P/2 in Lemma C.2 yields that with probability at least 1 — n=2,

logn

(0 8) M(a8)~E|(a+8) Mlat )| < Cro—or [M]|r,

n

which completes the proof. O

C.2 The Stieltjes transform

Denote the semicircle density and its Stieltjes transform by

/2D
p(x) = %\/4 —z2 l{gj<2y and mo(z) = / ! p(x)dx = il L (C.9)

T —z 2

respectively, where mg(z) is defined for z ¢ [—2,2], and V22 — 4 is defined with a branch cut on
[—2,2] so that V22 — 4 ~ z as |z| = co. We have the conjugate symmetry mg(z) = mg(Z).
We record the following basic facts about the Stieltjes transform.

Proposition C.5. For each z € C\ R, the Stieltjes transform mq(z) is the unique value satisfying
mo(2)? 4+ zmo(z) +1=0 and Immg(z)-Imz > 0. (C.10)

Setting ¢(z) £ min(|Re z — 2|, | Re z + 2|), uniformly over z € C\ [~2,2] with |z| < 10,

) <
Imo(2)| <1, |[Tmmg(2)| 2 |[Imz|, and |Immg(z2)| = ¢(2) + [ Im 2| z'f]Rez| <2
| Im z|/y/C(2) + |Imz|  if |[Rez| > 2.
(C.11)

For © € [-2,2], the continuous extensions

+ A . - A .
mq (r) = lim mg(z mqn (x) = lim mg(z
0 ( ) z—x: z€CT 0( ), 0 ( ) z—x: z€C— 0( )

from C* and C~ both exist. For all x € [—2,2], these satisfy

ma:(x)2 —I—xm(jf(x) +1=0, ma“(x) =my (), %Immf{(m) = 1 Immy (z) = p(x), |m6—L(:U)| =1.

" (C.12)



Proof. (C.10) follows from the definition of mg. (C.11) follows from [EKYY13a, Lemma 4.3] and
continuity and conjugate symmetry of mg. For the existence of ma“ (and hence also my ), see
e.g. the more general statement of [Bia97, Corollary 1]. The first claim of (C.12) follows from
continuity and (C.10), the second from conjugate symmetry, the third from the Stieltjes inversion
formula, and the last from the fact that the two roots of (C.10) at z = z € [~2,2] are m (z) and

mg () = mg (), so that 1 = mg (z)mi (z) = [m (z)|>. O

C.3 Resolvent bounds

For a fixed constant a > 0 and all large n, we bound the resolvent R(z) = Ra(z) over the spectral
domain

D = Dy U Dy, where
Dy ={z€C:Reze[-3,3], |Imz| € [1/(logn) 1]}, and
Dy ={ze€C:|Rez| €[2.6,3], |[Imz| <1/(logn)?}.

Here, D; is the union of two strips in the upper and lower half planes, and D5 is the union of two
strips in the left and right half planes.

Theorem C.6 (Resolvent bounds). Suppose A € R™*™ has independent entries (a;;)i<; satisfying
(13) and (14). Fix a constant a > 0 which defines the domain D, fix e > 0, and set

b = max(16 + 3¢ + 2a,3 + 3¢ + 5a/2), b = max(16 + 4¢ + 2a,4 + 5¢ + 6a).

Suppose n > d > (log n)b/. Then for some constants C,c,ng > 0 depending on a and e, and for all
n > ng, with probability 1 — e~clegn)loglogn) “4pe following hold simultaneously for every z € D:

(a) (Entrywise bound) For all j # k € [n],

C’(log n)2+28+a

[Rjk(z)| < Nz (C.13)
For all j € [n],
C(log n)2+2€+3a/2
|R;j(z) —mo(2)] < 7 - (C.14)
(b) (Row sum bound) For all j € [n],
e}rR(z)l‘ < C(logn)ttete, (C.15)
(c) (Total sum bound)
T Cn(logn)®
11" R(2)1 —n-mp(2)| < —————. (C.16)

T Vd

The proof follows ideas of [EKYY13b], and we defer this to Section E. As the spectral parameter
z is allowed to converge to the interval [—2,2] with increasing n, this type of result is often called
a “local law” in the random matrix theory literature. The focus of the above is a bit different from
the results stated in [EKYY13b], as we wish to obtain explicit logarithmic bounds for |Imz| <
1/ polylog(n), rather than bounds for more local spectral parameters down to the scale of |Im z| <
polylog(n)/n.



D Proofs of guarantees for the correlated Wigner model

Our main result, Theorem 2.2, is an immediate consequence of the following theorem.

Theorem D.1. Fizx constants a > 0 and k > 2, and let n € [1/(logn)*,1]. Consider the correlated
Wigner model with n > d > (logn)® where co > max(32 + 4a,4 + 7a). Then there exist (a,k)-
dependent constants C,ng > 0 and a deterministic quantity r(n) = r(n,n,d,a) satisfying r(n) — 0
as n — 0o, such that the following holds: For all n > ng, with probability at least 1 — n=19, the
matriz X £ 77)?, where X is defined in (3), satisfies

1
max | X < C(logn)f—,
a1l < Cllogn)™-

1— o2

Ui

r(n) o o 1
SC’( ” —i-?—k(logn) \/77> (D.1)

If there is a universal constant K for which a;; and b; are sub-Gaussian with @y, ||0ij|lp. <

K/\/n, then the above holds also with k = 1.

Proof of Theorem 2.2. Let ¢ = 1/(64C?) and ¢ = 1/(2C), where C'is the constant given in Theo-
rem D.1. Then under assumption (17), we have

max Xbmo(k) —

Cllogn)* i < Cllogn)* g Yo = CVE < 178,

SO maxysr, (k) | Xke| < 1/(8n). We also have Co/n < C¢ =1/2 and 1 — ¢ > 7/8 and Cr(n) < 1/8
for all large n, so that maxy, Xpr, x) > (7/8 —1/8 —1/2 —1/8)/n > 1/(8n). This implies (18). [

In the rest of this section, we prove Theorem D.1, following the outline presented in Section 2.3.

Note that the mapping B ~— II] BII, for any permutation IL, induces vj H;rvj and X — XII,,
since JII] = J. By virtue of this equivariance, throughout the proof, we may assume without loss
of generality that II, = I, i.e. the underlying true permutation m, is the identity permutation.
Then we aim to show that X is diagonally dominant, in the sense that ming Xz > maxgs Xy

In view of Lemma C.1, we have that || A|| < 2.5 holds with probability 1 —n~" for any D > 0 and
alln > ng(D). In the following, we assume that | A|| < 2.5 holds. On this event, by Proposition B.2,
we get that

Xpo = % Rejg(e;RA(z)l)(e}RB(z +in)1)dz (D.2)

Note that one may attempt to directly apply (C.15) to bound the row sums e} Ra(z)1 and
e, Rp(z +in)1. This would yield

(e Ra(2)1)(e] Rz +in)1)| S (logm)>+2+21,
and hence |Xps| < (logn)?t2+2¢. However, this estimate is too crude to capture the differences
between the diagonal and off-diagonal entries. In fact, the row sum e; R4(2)1 does not concentrate
on its mean, and the deviation e} Ra(z)1 —mo(z) and e/ Rg(z + in)1 — mo(z) is uncorrelated for
k # £ and positively correlated for k = ¢. For this reason, the diagonal entries of (D.2) dominate
the off-diagonals. Thus it is crucial to gain a better understanding of the deviation terms. We do
so by applying Schur complement decomposition.



D.1 Decomposition via Schur complement

We recall the classical Schur complement identity for the inverse of a block matrix.

Lemma D.2 (Schur complement identity). For any invertible matriz M € C"*™ and block decom-
position

A B
v=le )

if D is square and invertible, then

-D-'c¢s D'+ D 'csSBD! (D-3)

Ml [ S ~-SBD™! ]
where S = (A— BD~'C)~L.

We decompose egR A(2)1 and eZRB(z + in)1 using this identity, focusing without loss of gen-
erality on (k,¢) = (1,2). Let Ra12 € C?*? be the upper-left 2 x 2 sub-matrix of R4, and let

RSQ) € C(n=2x(n=2) he the resolvent of the (n — 2) x (n — 2) minor of A with the first two rows
and columns removed. Let a{ and ag be the the first two rows of A with first two entries removed,
and let A € R?*("=2) be the stacking of a] and a. .

The following deterministic lemma approximates eIR A(z)1 based on the Schur complement.

Lemma D.3. Suppose |z| < 10, and
[1R412(2) — mo(2)I]| <6 (D.4)

where 0 < 6 < min. ;<10 |mo(2)|/2. Then for a constant C >0 and k = 1,2
el Ra(2)1 = mo(2) (1 - af R{? (2)10-2) | < C (1 + [ Ra()1]) . (D.5)

Proof. Tt suffices to consider k = 1. Applying the Schur complement identity (D.3), the first two
rows of R4 are given by

[RA,IQ —RA,IQAOTRSQ)} : (D.6)
Thus

1
S | L S I

= [1 0] Rans (12— AT RGP 1,00).
Denote Aa 2 Ra15(2) — mo(2)T. Then
e Ra(2)1 = [1 0] (mo()T + Ax) (12— 4] R{P1,0) .
=mo(2) (1= o R{P10) + [1 0] A (12— A7R(P1,0)

=mo(2) (1—af R{P100) +0 (5 (1+ HAIRQ”M,QH)) , (D.7)



where the last equality applies (D.4). We next upper bound HAIRSQ)ln—2H' In view of the fact

that C' > |mg(z)| > ¢ for absolute constants ¢ and C, the assumption (D.4) implies that R4 12 is
invertible with [|R;%,| < 1. Using (D.6) again, we have

ATRY1, 5 =1 - RiY, [er e] ' Raln. (D.8)

It follows that
AT RS0 S 1+ |e] Rata| + [ Rala| S 1+ | Ralall . (D.9)
The desired bound (D.5) follows by combining (D.7) and (D.9). O

D.2 Off-diagonal entries

Without loss of generality, we focus on the off-diagonal entry Xis:
1
X2 = %Ref (elTRA(z)1> <e;RB(z + in)l) dz.
r

For the given value a > 0 in Theorem D.1, and for some small constant ¢ > 0, let b, b’ be as
defined in Theorem C.6. Under the given condition for ¢y in Theorem D.1, for € > 0 sufficiently
small, we have ¢o > b’ and ¢y > 2b—thus d > (logn)? so Theorem C.6 applies, and also Vd >
(logn)®. Fix the constant x, where k = 1 in the sub-Gaussian case where [|a;;||y,, [|bijllg < 1/v/7,
and k > 2 otherwise. For ease of notation, we define

5 — (log n)* 230/ 5, — M 5y = (logn)” 5y = M (D.10)
Vi N Vi Vi

Note that we have §; = o(1) for each i = 1,2,3,4, and also 6;63n = o(1).

D.2.1 Resolvent approximation

Define an event £ wherein the following hold simultaneously for all z € T

[Ra12(2) — mo(2)I]| S 61 (D.11)
[RB2(2 + in) — mo(z + in)I|| < 61 (D.12)
[RA(2)1|o S 02/ (D.13)
[Rp (2 + )1l < d2v/n. (D.14)

Applying the resolvent approximations given in Theorem C.6, we have that

P{gl} >1— e—c(logn)(loglogn)‘
In the following, we assume the event &£ holds.
On &, by Lemma D.3, we get that uniformly over z € T,

el Ru(2)1 = mo(2) (1 - aIR§§2>1n_2) + 0 (8169v/7) (D.15)
el Rp(z + in)1 = mo(z + in) (1 - b;Rgz)ln,z) +0 (6162/n) . (D.16)



Each of (D.15) and (D.16) is itself O(d2y/n), by (D.13) and (D.14). Then multiplying the two, we
have

[elTRA(z)l} [eQTRB(z + in)l}
= mg(z)mo(z + in) (1 — alTRgz)ln_g — b;Rgz)ln_z + alTRSQ)Jn_gRgQ)@) + 0 (515371) .
It follows that
7§ [elTRA(z)l] [eQTRB(z +1in)1| dz
= ﬁmo(z)mo(z +in)dz — a]—g - b;—h + aIsz + O (515371) , (D.17)
where
g2 ﬁmg(z)mo(z + in)RSQ)(z)ln_gdz,
= ?{mo(z)mo(z + in)RSBH)(Z +in)1,_2dz,
M A 7€ mo(2)mo(z + i) R4 (2)Tn_2 RV (= + n)dz. (D.18)

D.2.2 Term-by-term analysis

Next, we bound the individual terms of (D.17). By the boundedness of mg(z), we have

7{ mo(z)mo(z + in)dz = O(1). (D.19)
r
Define the event £ wherein the following hold simultaneously:

ol g| + 38| < 81 (lglloe + NAllo) + 81 (llgllz + 1A 2) (D-20)

| Mba| < 61| M oo + 8311 M| . (D.21)

Note that the triple (g, h, M) is independent of the pair (a1,b2) and a; and be are independent.
Hence, by first conditioning on (g, h, M) and then applying (C.3) and (C.6), we get that

]P){gz} Z 1-— n_D

for any constant D > 0,! and all n > ng(D), in both the sub-Gaussian (k = 1) and general (x > 2)
cases. Henceforth, we assume &5 holds. It then remains to bound the ¢5 and ¢, norms of g, h, and
M.

Recall that T is the rectangular contour with vertices +3 4= i7. Let us define another contour
(to be used later) I' inside I', with vertices £2.6 +17, cf. Fig. D.1. Define the event £3 wherein the

!The constant D can be made arbitrarily large by setting the hidden constants in (D.20) and (D.21) sufficiently
large.

10
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Figure D.1: Nested contours I' and I".

following hold simultaneously for all z € T UT":

HR“2 (2)1n_ QH < Sy, (D.22)

[R5+ im1as| < oavi (D.23)

1] R (2)1, 0 — mo(2)(n — 2) ]N(sgn, (D.24)

17 ,RY? ><z+in>1n 2 = mo(z + in)(n — 2)| < dsn. (D.25)

By Theorem C.6, we have that P {£3} > 1 —e~clogn)(loglogn) Ty the following, we assume the event
&3 holds.
Note that
lolloe 5 5up 1™ (2)Ln-2lloe S 821/, (D.26)

where the second inequality holds in view of (D.22). Similarly, in view of (D.23), we have that
|h]lco < d24/n. Furthermore,

~

9] % sup [ RGY ()30 RGY G im) | < sup | RZ 1|2

2R(12) (z + i77)H < d3n.

(D.27)
The ¢5 bounds of g,h and M are deferred to Lemma D.4 below. Applying (D.24), (D.25), and
Lemma D.4 with Ry = RSQ) and Rp = Rg ) we get [lg]13 < nlog A nlog% and || M| r <

Combining the above bounds on the norms of g,h, M with (D.20), (D.21), and (D.19), and

plugging into (D.17), we conclude that on the event {||A|| <2.5}N&E NENEs,

|X12‘ = 27

7{ le] Ra(2)1][e] Rp(z + in)1]d

1 1 1 1
< 1+4044/nlog = 4 03n— + 6162n < 62n— = (logn)" —, D.28
\/ p PO 2SO (logn) 7 (D.28)

where in the third step we used §;63n = o(1) and 17 < 1 so that d4v/n = (logn)*/? > | /nlog %+171/4.

11



D.2.3 Bounding the norms of g,h and M

Lemma D.4. Suppose ||A|| < 2.5 and [1TR(2)1| S n for all z € T U and both R(z) = Ra(z)
and R(z) = Rp(z +in). Define

g= ﬁmo(z)mo(z +in)Ra(z)1dz
h = émg(z)mo(z +in)Rp(z +in)ldz

M = j([ mo(z)mo(z +in)Ra(z)JRp(z + in)d=.
r

Then ||g|]* < nlog 1A% < nlogf and | M||% < %2

Proof. Since ||A]| < 2.5, the function mo(z)mo(z +in)Ra(z)1 is analytic in z in the region between
IV and T. Tt follows that

g= % mo(z)mo(z +in)Ra(z)1dz = ¢ mo(w)mo(w + in)Ra(w)1ldw.
r I
Thus

ol @ = §, duw mo(eymoz+ inmatw)ma(w — )1 Ra(w) Ra(:)1

= — jgdz : dw mo(z)mo(z + in)mo(w)mo(w — in)1 T Ry (w)Ra(2)1

Q_ f dz 7{, dw mo(z)mo(z + in)mo(w)mo(w — in)lTRA(Zi : SA(w)

(d) fdz j([, P (D.29)

where (a) applies conjugation symmetry of mg and R4; (b) changes variables w — w which reverses
the direction of integration along I'; (¢) follows from the identity

Ra(z)Ra(w) = (A~ ) (A—w) " = 2[4~ 2"~ (4—w)]= —[Ra(2) - Ra(w)

(D.30)
and (d) holds because |mg(z)| < 1 and [1TRa(z)1| < n for all z € TUT” by assumption. For either
z or w in the vertical strips of T’ UT” of length O(n), we apply simply |z —w| = 7. For both 2z and w
in the horizontal strips, i.e. | Im z| = /2 and |Imw| = n/4, we apply |z —w| 2 | Re(z) — Re(w)| 4.

This gives
1
Hg||2,§n( / dx/ > < nlog-—.
Ix—m+n n

For ||h||?, we have similarly

1

17 Rp(z+in) — Rp(w —in) 1

2—_ z w mo(z)mo(z + in)mo(w)mo(w — 1
A2 = = f d= . dw momas + inmatuwymou — iy A=A

X e
n ¥4 —_——
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We may again bound |z —w + 2in| 2 7 if either z or w belongs to a vertical strip, or |z —w + 2in| 2
| Re(z) — Re(w)| + 1 otherwise, to obtain ||| < nlog(1/n).

Finally, we bound ||[M||p. Since |A|| < 2.5, the function mo(z)mo(z + in)Ra(z)JRp(z + in) is
analytic in z in the region between I'” and T, so

M = ﬁmo(z)mo(z +in)Ra(z)JRp(z +in)dz = : mo(w)mo(w +in)Ra(w)IRp(w + in)dw.

Consequently, by the same arguments that leads to (D.29),

M]3
= Te(M*M)

= 7{ dz ?{/ dw mo(z)mo(z + in)mo(w)mo(w — in) Tr [RA(Z)l]_TRB(Z +in)Rp(w — in)llTRA(E)]

— j{ dz 7{/ dw mo(z)mo(z 4 in)mo(w)mo(w — in)1" Ra(w)Ra(2)11" Rp(z + in)Rp(w — in)1

1T(Ra(2) = Ra(w))1 17 (Rp(z + in) — Rp(w —in))1
z—w z4in — (w —in)

— ﬁdz j{/ dw mo(2)mo(z + in)mo(w)mo(w — in)

1 1
§n2j<1{dzj{ dw —.
r sz —w| |z —w + 2in|

If 2z or w belongs to a vertical strip of I UT’, of length O(n), then |z — w| - |z — w + 2in| = n?;
otherwise, |2 — w| - |z — w + 2in| = (| Re(z) — Re(w)| + n)? = (Re(z) — Re(w))? + n?. Then

2 2 n?
M|z Sn dm S —.
+77 n

D.3 Diagonal entries

Without loss of generality, we consider the diagonal entry Xii:
1
X1 = 5 Re jaf el Ra(2)1] |17 Rp(z + in)es | d=.
T r

By similar arguments as in the off-diagonal entry Xis that lead to (D.15) and (D.16), we obtain
that for all z € T,

el Ra(2)1 = mo(2) (1 . aIR§>(z)1n_1) + 0 (8102v/)
el Rp(z + in)1 = mo(z + i) (1 - blTRg)(z)ln_l) +0 (8185/m) .
It follows that
[elTRA(z)l} [1TRB(2 + in)ed

= mo(2)mo(z + in) (1 —a/ RV1,_, — 17 RDp, + aIR(A”Jn,le)bl) +0 (5:03n) ,

13



where respectively, a? and bir are the first rows of A and B with first entries removed; and RS)

and Rg) are the resolvents of the minors of A and B with first rows and columns removed. Thus,
we get that

7? [elTRA(z)l] [1TRB(z +in)ey| dz
= jémo(z)mo(z +in)dz —ai g — b{ h+ a] Mb; + O (5153n), (D.31)
where
g& ?gmo(z)mg(z + in)R(Al)(z)ldz,
h £ ﬁmg(z)mo(z + in)Rg)(z +in)1dz,
M = ﬁmg(z)mg(z —|—in)RE41)(z)JRg)(z + in)dz.

By the same argument as in the off-diagonal entry X2, we can control each term above. The
only difference is that for the bilinear form, instead of using (C.6), applying Lemma C.4 to control
a] Mby gives an extra expectation term (1 — o?)n~! Tr M. Therefore, we obtain that for any fixed
constant D > 0, with probability at least 1 — n~P, for all sufficiently large n,

1—o?

‘Xll — R

1
5 logn)® —. (D.32)

Vi

Denote by &4 the event where the following hold simultaneously for all z € I":

Tr M
e— ’S(
n

[A=Bl 5o

12,1R1(41)(z)1n_1 — mo(z)n‘ < dsn

lT_le)(z +in)l,—1 —mo(z + in)n‘ < 3.

n

By the assumption (16) and Theorem C.6, we have that P {£,} > 1 —n~" for any constant D > 0
and all n > ng(D).

We defer the analysis of Tr M to Lemma D.5 and Lemma D.6 below: Assuming £, holds and
applying Lemma D.5 and Lemma D.6 with R4, Rp replaced by RS), Rg), respectively, we get

2 1
L Reme(ar) = 27 E o) ("2 + 53’) . (D.33)
n n n n

Setting r(n) = o, (1) + J3, we get

14



D.3.1 Analyzing the trace of M
Lemma D.5. Suppose ||A| < 2.5 and |A— B|| < o and

‘1TRA(Z)1 - mo(z)n‘ < d3nm,
’1TRB(Z +in)l — mo(z + in)n’ < I3, (D.34)
for all z € I'. Define
M = 7{ mo(z)mo(z +in)Ra(z)JRp(z + in)dz.
r

Then
1 1 o 03
’ITM:,%m z)mg(z +1n)(mo(z + in) — mo(z dz+0<+>.
M = - mo(<)mo(z + ) (mo( + in) — mo(2) s
Proof. Applying the identity
Rp(z+1in) — Ra(2) = (B — (2 +1in)) "' = (A= 2)"' = Rp(z + in)(A — B+ in)Ra(2),

we get Rp(z+in)Ra(z) = %(RB(Z +in) — Ra(z) — Rp(z+in)(A — B)RA(z)). Therefore
TrM = 7{ dz mo(z)mo(z + in) Tr [Ra(2)IRp(z + in)]
r

= ﬁdz mo(2)mo(z +in)1" Rp(z + in)Ra(2)1
= j7 b d2 mo(2)mo(z + in)1" (Rp(z + in) — Ra(2) — Rp(z + in)(A — B)Ra(2)) 1. (D-35)
To proceed, we use the following facts. First, it holds that
17 Rz +in)(A — B)Ra(2)1] < |17 R (e +im) | 14 = BI | Ra(1]],

For z € I' with Im z = £7/2, in view of the Ward identity given in Lemma B.1 and the assumption
given in (D.34), we get that

2 n
IRA(2)1)* = 1T Ra(2)Ra(2)1 = 5' Im1"Ra(2)1] S "

For z € T with Rez = +3, we have that |Ra(2)1]]> < n||Ra(2)||*> < n thanks to the assump-
tion ||A|| < 2.5. Similarly, we have |Rg(z +in)1||* < n/n. Combining these bounds with the
assumption that ||A — BJ| < o yields that

‘1TRB(z +in)(A - B)Ra(2)1| < %"
Then applying |mg(z)| < 1 and (D.34), we obtain

1 1 . . o 19
M = - mo@)mo(e +in) (o + in) = mo(2))dz + O (772 ; ;) |

15



Lemma D.6. Let I' be the rectangular contour with vertices +3 +in/2. Then

Im [}é mo(z)mo(z +in)(mo(z + in) — mo(2))dz| = 2w + 0,(1).

Proof. By Proposition C.5, the integrand is analytic and bounded over
{z€eC: |2]<9,2¢[-2,2], z+in ¢ [-2,2]}.

Hence we may deform I' to the contour I'c with vertices (24 ¢) £ e, and take ¢ — 0 (for fixed 7).
The portion of I where | Re z| > 2 has total length O(e), so the integral over this portion vanishes
as ¢ — 0. We may apply the bounded convergence theorem for the remaining two horizontal strips
of I'¢c to get (recall that contour integrals are evaluated counterclockwise):

jgmo(z)mo(z +in)(mo(z + in) — mo(z))dz
) 2
= /2 mg (x)mo(z +in)(mo(z +in) —my (z))dz + /_2 mg (z)mo(x + in)(mo(z + in) — m (z))dz,

where mg and my are the limits from C™ and C~ defined in Proposition C.5. Now applying the

bounded convergence theorem again to take n — 0, we have lim,_,o mo(z +in) = m¢ () and hence

li o)z + i) (ma= + i) = ma(2))d

2
/ mg (z)mg (z)(mg (z) — mg (z))dx = /2 imd (x)|? - 27ip(z)de = 2ri,
the last two steps applying (C.12). Thus the imaginary part of the integral is 27 + 0, (1) for small
1. [

E Proof of resolvent bounds

In this section, we prove Theorem C.6. The entrywise bounds of part (a) are essentially the local
semicircle law of [EKYY13b, Theorem 2.8], restricted to the simpler domain {z : dist(z, [-2,2]) >
(logn)~*} and with small modifications of the logarithmic factors. The bound in (b) follows from
(a) using a straightforward Schur complement identity. The bound in (c) is more involved, and
relies on the fluctuation averaging technique of [EKYY13b, Section 5]. We provide a proof of all
three statements using the tools of [EKYY13b].

For each statement, it suffices to establish the claim with the stated probability for each indi-
vidual point z € D. The uniform statement over z € D then follows from a union bound over a
sufficiently fine discretization of D (of cardinality an arbitrarily large polynomial in n) and standard
Lipschitz bounds for mg and Rj;, on the event of ||A|| < 2.5—we omit these details for brevity.

E.1 Notation and matrix identities

In this section, for S C [n], denote by A®) € R™™ the matrix A with all elements in rows and
columns belonging to S replaced by 0. Denote

R¥)(2) = (A®) — 1)~ e C".
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Note that R%)(z) is block-diagonal with respect to the block decomposition C* = C% @ C[\S,
with S x S block equal to (—1/2)Ijg and ([n] \ S) x ([n] \ ) block equal to the resolvent of the
corresponding minor of A. (We will typically only access elements of R(S) in this ([n]\S) x ([n]\ S)
block, in which case R‘¥) may be understood as the resolvent of the minor of A.)

For i € [n], we write as shorthand

(5)
iS={itus, > = >

k ke[n]\S
We usually omit the spectral argument z for brevity.

Lemma E.1 (Schur complement identities). For any j € [n],

1
R—jj =ajj —z— Z a]kRM agj. (E.1)
For any j # k € [n],
' ' (7k)
Ry = —Ry; 3 aueRy) = Ry R | —aje+ > ajeRE am | (E2)
l £m
Ry;
efR=e RV + —* . elR, (E.3)
RJJ
11 (BRy)? (E.4)
Roe Ry RYRj R
For any j,k, 0 € [n] with j ¢ {k,(},
Ru:R.
R = Ry} + =5, (E.5)
Jj

These identities hold also for any S C [n] with R replaced by RYS) and with j,k,¢ € [n]\ S.

Proof. For all but (E.3), see [EKYY13a, Lemma 4.5] and [EYY12, Lemma 4.2]. As for (E.3), it is
equivalent to verify that (E.5) holds also for £ = j, which simply follows from R,(C]j) = 0, due to the

block diagonal structure of R(). O

E.2 Entrywise bound

_ 1+e .
c(logn) for a universal constant

We say an event occurs w.h.p. if its probability is at least 1 — e
¢ > 0. Let us show that (C.13) and (C.14) hold for z € D w.h.p.
We start with (C.14). Note that the jth row {aj; : k € [n]} is independent of AU) and hence

RU). Applying (E.1), (C.2), and (C.5) conditional on AU), w.h.p. for all j,

1 (4) 242 2”RJ)||OO HR ||F
—+z+ - E R ‘ = ‘ E R + — E RY, ‘ < (1 € + + .
Rjj : H i ke aej Wk (logn) <\/& Vid n )
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Note that |RY) s < [|RD], |RD|r < v/n||RY)|, and d < n. For z € Dy and any S C [n], we
have [|[R®)| < 1/|Imz| < (logn)®. For z € Dy, we have |R()| < 10 on the event ||A| < 2.5,
which occurs w.h.p. by Lemma C.1. Then in both cases, we get

1 b 1 %R(j) < (logn
—tz+— <—.
Rj; n o=t Vd

)2+2&+a
(E.6)

Since |z| < 10, |R,(€Jk)| < (logn)?, and d > (logn)*t4, this implies 1/|R;;| < (logn)®. Let
my(z) = n~1 Tr R(z) be the empirical Stieltjes transform. Then

()

()
1 NI 1 0| (EB5)
my =Y RY)| = SRjj+ > (R - RUN| =
k k

~ nlRj| T nlRyl Y n

2 T 2
12}%‘_ lej &I _ IR|* _ (logn)®
n k

Using d < n and combining with (E.6), w.h.p. for all j,

1 1 2+4+-2e+a
Lo iml< (logn)

(E.7)
Ry Vd
Then by the triangle inequality, also w.h.p. for all j # k,
‘ 1 1| _ (log n)2t2eta
Rj; Ry | ™ \/a ’
SO
mpy -1 Rkk — Rjj ’Rkk — Rjj 1 1 (log n)2+25+2“
— —1=1n ——— | <max | ———"| = max |Rp| | =— — <
B ‘ ‘ zk: Rjj |7k Rjj o Rjj  Rpe| ™ Vd
For d > (logn)*™e+4a this implies 2|R;;| > |my| > |R;j;|/2 w.h.p. for all j. Then also
o o 2R —
‘1 - - i m*n‘ < max 7‘3” R < aximﬂ R = 2 max i — L )
Rjj  mn|  [Rjjl[mal B[Ryl ma] koo [Ryjl | Rl kR Bk
50 242¢+
1 1 1 era
< (logn)™r==r (E.8)
Rj;  my, Vd
Combining with (E.7), w.h.p. we have
(log n>2+2s+a 3
— = <" 1 e,
mn+z+mn T, Irn] S NG < (logn)

Solving for m,, yields

—2 41 k22 —4—22r, + 12

2
where the right side denotes the two complex square-roots. Note that |22 — 4| = |z — 2| - |z + 2| >
(logn)~?|z| and |z| > (logn)~® for all z € D. Then, as (logn)~% > |r,|, we have |22 —4| > |zr,| >
|7n|?. Letting mgo be the Stieltjes transform of the semicircle law, and letting mg = 1/mg be the

my €
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other root of the quadratic equation (C.10), we obtain by a Taylor expansion of the square-root
that

. - 2| [l
— — < <
min(|m, — mol, |m, —mol|) < | (1 + e 4|) ENGOEETl (E.9)

where ((z) is as defined in Proposition C.5.

To argue that this bound holds for |m,, — myg| rather than |m,, — mg|, consider first z € D; with
Imz > 0. In this case m,, € C4 and mg € C_. Furthermore, note that (C.11) 1mphes Immg(z) >
(Imz)/+/¢(2) + Im 2z, and hence Immy = (Immo)/|m0\2 —c(logn)=%/+/((z) + Im z. Since
Im my >0 and Irn| < (logn)~%, (E.9) must hold for |m, — mg| rather than |m, — m0| The same
argument applies for z € Dy with Imz < 0. For z € Dy, we have ||mo(z)| — 1| > ¢ and hence
|mo(z) — mo(2)| > ¢ for a constant ¢ > 0. Consider the point 2z’ € D; N Dy with Rez’ = Rez
and Im 2" = (logn)~®. Note that for all z € Do, |d%mo(z)| < 1 and, on the event ||A] < 2.5,
|Lmy,(2)| < 1 also. Thus [mg(2) —mo(2")] < C(logn)~® and [m,(z) —my(2')| < C(logn)~®. Since
we have already shown that (E.9) holds for |m,(2") — mo(z")| in the previous case, this implies also
that (E.9) must hold for |m, — mg| rather than for |m, — mo].

Applying |Im z| > (logn)~?, (E.9) yields w.h.p.

2+4-2¢+3a/2

Vd

1
1 — mol < (logn)?Jry] < 108

(E.10)

Recalling (E.8), |Rj;| < (logn)® and |m,| < 3|R;;|, we get

24-2e+a 24-2¢+3a

(logn) < (logn)
vd "~ Vd

Combining the last two displayed equations gives the weak estimate

|Rj; — mal| S |RjjlImal - (E.11)

(log n)2+2&+3a

Rii —mgl| <

Since d 2 (logn)4T4e+6e by assumption, this and |mg(2)| < 1 imply |R;;| < 1 w.h.p. Then applying
the last display and (E.10) to the first inequality of (E.11) yields the desired estimate
)2+2e+3a/2

Vd

To show (C.13) for the off-diagonals, we now apply (E.2), (C.2), (C.6) conditional on RU*),
IRj;| S 1, |IRY| <1, |RUM||o < (logn)?, |RUP||p < /n(logn)®, and d < n to get w.h.p.

(logn

|Rjj —mo| < |Rjj —mn|+ [mn —mo| S

(5k)
Ril = | Ry ||IRD)| |—aj + ZajeRJ "

< (logn)*+2 (\1[ . 2\|R\;’j)||oo N |R(jk)||F> _ (]ogn\)/2:r28+a‘
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E.3 Row sum bound

We now show that (C.15) holds for z € D w.h.p. Set

Z; = Za,kRk] Zazk ( ) (E.12)

where the last equality holds because R,(C? =0 for k # i. Applying (E.2),
e/ R1 = ZRij = Ri;i — Rii Z;.
J

Then applying (C.14), w.h.p. for every i € [n],

eIR1’ <142 (E.13)

Applying (C.3) conditional on A®), w.h.p. for every i € [n],

20 < (o | B oL RO [FL el ROLE (B14)
f
For the second term above, we apply |R®|| < (logn)® w.h.p. to get
ZZ: ‘egR(i)llz <1"RORM1 < (logn)?*n. (E.15)
k
For the first term, we apply (E.3), (C.13), and (C.14) to get, w.h.p. for all k # 1,
’e;R@h‘ — |e/ R1 - Z’f? .ejm‘ < ’e;m‘ n C(log%Hm ejm‘ . (E.16)

Applying d > (log n)*T4+2¢ and substituting (E.15) and (E.16) into (E.14) and then into (E.13),

we get that

maxy, |e] Rl\
Vd

Taking the maximum over ¢ and rearranging yields (C.15).

‘ej Rl‘ <1+ (logn)+ ( + (log n)“) (E.17)

E.4 Total sum bound

Finally, we show that (C.16) holds with probability 1 — e—cllogn)(loglogn) o) » = D As above, we

set
Z = Zaszk] Zazk (ekR(l ) (E.18)

Note that if we apply (E.15), (E.16), and (C.15) to (E.14), we obtain w.h.p. that for every ¢ € [n],
|Z;| < (logn)'*ete, (E.19)

The main step of the proof of (C.16) is to use the weak dependence of Z1, ..., Z, to obtain a bound
on n1 Y, Z; that is better than (logn)!™s+2. The idea is encapsulated by the following abstract
lemma from [EKYY13b].
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Lemma E.2 (Fluctuation averaging). Let = be an event defined by A, let 24,..., 2, be random
variables which are functions of A, let p be an (n-dependent) even integer, and let z,y > 0 be

deterministic positive quantities. Suppose there exist random variables ZZ-[U], indexed by U C [n]

and i € [n] \ U, which satisfy Zi[m = Z; as well as the following conditions:

(i) Let a; denote the i row of A. Then Zl-[U] is independent of {a; : j € U}, and E; [ZZ.[U}] =0
where E; is the partial expectation over only a;.

(ii) For any U C S C [n] with |S| < p, and for any i ¢ S, denote u = |U| + 1 and

ER S U] (E.20)
T:-TCU

Then for a constant C' > 0 and any integer r € [0, p),

r

E []I{E} )ZZ.S’U’r] < (y(C’:I:u)“) .

Furthermore,
xz < 1/(p°logn).

(i4) Let A C R™™ be the matrices satisfying Z, i.e., == {A € A}. Let A; = {B ¢ R : B() =
AD for some A € A}, and define the event Z; = {A € A;}. For a constant C > 0 and any

2
U,S,i as above, E [H{El} ‘Zf’U‘ ] < nCr,

w) For a constant C' > 0 and any U C |n], 1{= Z[U] < yn®.
(iv) y : y

(v) For a constant e >0, P[Z] > 1 — e—c(logn)t*<p

Then for constants C',ng > 0 depending on C,e above, and for all n > nyg,

TL_l Z Zz

(2

> py(2® +n~ 1| < (C'/p)P.

P [1{5}

Proof. See [EKYY13b, Theorem 5.6]. (The theorem is stated for 1 +¢ = 3/2 in condition (v), but
the proof holds for any € > 0.) O

The important condition encapsulating weak dependence above is (ii). Applying (ii) with U = (),

the condition requires first that each |ZZ-[S]|, and in particular each |Z;| = |Zim]|, is of typical size

Czxy. In the application of this lemma, for S = U and i ¢ U, we will define the variables ZZ[V] for

() €V C U such that the quantity ZiU U in (E.20) is the variable Z; with its dependence on all
{a; : j € U} projected out by an inclusion-exclusion procedure. Then condition (ii) requires that Z;
depends weakly on {a; : j € U}, in the sense that |Z7Y| is of typical size 2!UIt1y- (C(|U]+1))VI+1,
which is roughly smaller than |Z;| by a factor of z|U| for each element of U. Assuming 1/\/n <
x < p~12, the above then estimates the average [n =1 Y, Z;| to be of the smaller order p*?yx? < zy.
We refer the reader to the discussion in [EKYY13b] for additional details.

We will check that the conditions of this lemma hold for Z; as defined by (E.18), with the
appropriate construction of variables ZZ-[U]. To this end, we first extend (C.13), (C.14), and (C.15)
to R®) for |S| < logn in the following deterministic lemma:
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Lemma E.3. Suppose (C.13), (C.14), and (C.15) hold with the constant C = Cy for a deterministic
symmetric matriz A, some z € D, and all j,k € [n]. Then for all S C [n] with |S| <logn, and all

j#keln\s,

(S) 200 (log n)2+25+3a
[R;;(2) —mo(z)] < a , (E.21)
g 20 logn 2+2e+a
R ()| < 2R (B.22)
]e]-TR(S)(z)l\ < 2Cy(logn)ttete, (E.23)

Proof. For integers s > 0, let
S .
Al = max{\Rg»j) —mol: |S|=s, j€[n]\ S},
S .
A° = max{|R§.k)| 2 |Sl=s, j# k€ n] \S}
When (C.13) and (C.14) hold, we have that A? < Cy(logn)?t25+32 /y/d and A2 < Cy(logn)?t2e+2/\/d
for s = 0. By (E.5), we have for each s > 1 and * € {d, o} that

(A2)?

A <A+ —F
s+1 s |m0| _Agl

(E.24)
Assume inductively that for some s < logn,

AS <

® Q,

2+42e+3a 2+42e+a\ S 2+42e+a 242e+a\ S
Co(logn) (1 N 4Co(logn) ) A< Co(logn) (1 N 4Cy(logn) )

Nz imolvd A= imolvd
(E.25)

Applying d > (logn)®+4e+2¢ |mg| > ¢, and s < logn, this implies in particular that

2C((log n)?+2et3a 2Cy(logn)?+2eta
Vd ’ Vd '

We then have |mg| — A? > |mg|/2 for d > (logn)*+4+62 5o (E.24) yields

d
Ad <

AL <

2A9
A1 <max(A7, A7) (1 + | 8,) < max(A;, A?) <1 +
mo

4C, (log n)2+25+a>
Imo|Vd '

Thus both bounds of (E.25) hold for s + 1, completing the induction. This establishes (E.21) and

(E.22).

To show (E.23), set
s = max{]e}rR(S)l\ DSl =s, j ¢S}

When (C.15) holds, Ty < Cy(logn)' 5+, Applying (E.3) and the bound |mg| — A? > |mg|/2, we

have ( ) 2+42e+3
FE.22 4 1 e+3a
Tar < (14 24%/|mo|)Ts < <1+ Co(logn) )rs,
Imo|Vd

Thus I'y < 2@ for all s < logn. O
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Lemma E.4. Fiz z € D. Let Z; be defined in (E.18). For U C [n] not containing i, define
(zU) U)

Z ik R(ZU) Z a;x(e R ()1

Let = be the event where
e (C.13), (C.14), and (C.15) all hold at z, for all distinct j, k € [n],
o |a;j| <1 foralli,je€ [n|, and
o ||A]l <2.5.

Let p € [2, (logn) — 1] be an even integer, and set

_ (log n)2+2s+a
\/g 9

for a sufficiently large constant C' > 0. Then all of the conditions of Lemma E.2 are satisfied.

y = C"Vd(logn)~¢

Proof. Condition (i) is clear by definition, as row a; of A is independent of R(V),

To check (ii), note first that the bound = < 1/(p®logn) follows from d > (logn)!6+4+2¢  For
UCSandi¢sS we write

ZSU _ Z (_1)\T|Z[(5\U)UT]

T:TCU
((i5\U)UT)
= 3 )Y a(e] RSN
T: TCU k

— Zaik Z (=1)Tl(e) RUES\UIUT) g +Zam Z (—=1)Tl(e] RES\U)UT) 1)

keU T: TCU\{k:} T: TCU
23 agay + Z ik -
keU

We claim that deterministically on the event =, there is a constant C' > 0 such that for any
W,V C [n] disjoint with [W U V| <logn, and any ¢ ¢ W UV, we have

Y (ym (e,TRWUTh) < J(Czw)®, (E.26)
T:TCW
where w = [W| + 1, 2 = (logn)?t?**2/\/d, and §j = Cv/d(logn)~'~¢. We will verify this claim at
the end of the proof. Assuming this claim, we apply it above with V' =4S\ U and either W = U
or W =U\ {k}. Then setting u = |U| + 1 > w, we have on E that

o] < G(Cru)V,[Be] < H(Ca) VI (E.27)
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Let 7 be any even integer with » < p < (logn) — 1. As ag, [ are independent of row a; of A by
definition, we have for the partial expectation [E; over a; that

5 [ 2]
(iS)

=E; |1{Z} Zazkak-i-zazkﬁk

keU

r

T

(#S)

< I|ax] < §(Czw)P! and |8y] < §(Cxw)VH for all k} - E Z a;po + Zalkﬂk
keU

We apply (C.4) for the conditional expectation E;, with v having entries vy = «y for k € U,

v = P for k ¢ iS, and v = 0 otherwise. Recall that w < |U] < |S] < logn. Since Czxw < 1 and

|U|(Czw)?V! <« (n — |U|)(Czw)?U+2 by the definition of 2 and d < n, the bounds (E.27) imply
lollee < H(Czw)V,lollz < V20 - g(Caw) T

Then for a constant C’ > 0, (C.4) gives

B[

Then taking the full expectation and setting y = C’(logn)y > C'ry (since r < p < logn) yields
condition (ii).
For condition (iii), we have

z5 U‘ ] < (C'r(Czu))

E [n{zi}

27 <29 3 EngEp e
T:TCU
((eS\U)UT)
— 9lUl Z Z Elasraiw]E [ﬂ{_l}( TR( iS\U)UT) )(eZ/R((Zs\U)UT)l)
T: TCU k,k'
((eS\U)UT)

_ 9lU] Z Z E[a?]E [R{Ei}

T:TCU

. 2
eI;FR((zS\U)UT)l‘ ] ’

where the second line applies the independence of a; and A®). Note that on Z;, we have HA || < 2.5.
Then applying |U| < logn, the norm bound [|R(ENDYT) || < (logn)® on Z;, and E[d?] < C?/n,
we get (iii). For (iv), we apply the condition |a;;| < 1 by definition of =, together Wlth the bound
IR < (logn)® on . Finally, (v) holds by the probability bound of 1 — e~(lcg™"™** established
for (C.13), (C.14), (C.15), (C.2), and in Lemma C.1.

It remains to establish the claim (E.26). For W = (), this follows from (C.15). Assume then
that w > 1, and write W = {ji1,...,jw—1} (in any order). For a function f : R"*" — C and any
index j € [n], define Q; f : R**"™ — C by

(Qif)(A) = f(A) — f(AD).

Note that if f is in fact a function of A, ie. f(A) = f(AY) for every matrix A € R™ ™,
then Q,f(A) = f(A®)) — f(AUS). Fix i and V, and define f(A) = e/ RV)1. This satlsﬁes
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f(A) = f(AV)) for every A. Then by inclusion-exclusion, the quantity to be bounded is equivalently
written as
S ()T YD) = (@), - QuQu F)(A).
T: TCW
We apply Schur complement identities to iteratively to expand Q;,_, ... @;, f: First applying
(E.3), we get

. v 1
Q; f(A) = el RV1—e] RWV)1 = R W) e/ RV)1.
J1j1

Then applying (E.3), (E.4), and (E.5) to the three factors on the right side above, and using the
identity

vyz — TF = ay(z — 3) + 2(f — 9)T + @ — )7

we get
) R)
.0 _ p( 1 }%j1j2 T p(V) ) ( J1J2 T p(jaV)
@i ) = B i) '<R(.V?'ej2R b | e o | e
J171 J2J2 i T VedeT

V) p(V)

Rijz (R)j2j1 . (1 ; el RU2V)q

Vv 2V J1 :

Rﬁjz Rjﬁd

Applying (E.5), (E.4), and (E.3) to each factor of each summand above, and repeating iteratively,
an induction argument verifies the following claims for each ¢t € {1,...,w — 1}:

© Qj,...Q; f(A) is a sum of at most []'_] 4s summands (with the convention [[°_, 4s = 1),
where

e Each summand is a product of at most 4¢ factors, where
e jach factor is one of the following three forms, for a set S C VUW: Rg.}j) for j,k ¢ S distinct,
or I/Rg) for j ¢ S, or ejTR(S)l for j ¢ S. Furthermore,

e Each summand of Qj, ... Q;, f(A) satisfies: (a) It has exactly one factor of the form e;-rR(S)l.
(b) The number of factors of the form 1/ Rj(f) is less than or equal to the number of factors

of the form R;“z) for j # k. (c) There are at least ¢ factors of the form Rg.i) for j # k.

Finally, we apply this with ¢ = w — 1 and use the bound
t—1
H 4s < (4w)"™.
s=1

By Lemma E.3, since |[W U V| < logn, we have |R§i)\ < C(logn)?t?=ta/\/d, ]Rgf)| > |mg|/2, and
\ejTR(S)l\ < C(logn)'™7® on the event =. Thus we get

C'(loen 24-2¢+a\ w1 _
@ Qu ()] < (a0 (CREE) T Ctoga e < (Clau
for x = (logn)**2+2/y/d and § = Cv/d(logn)~'7¢, as claimed. O
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We now show (C.16) holds for z € D with probability 1 —e~¢(legn)(loglogn) The diagonal bound
(C.14) implies
Cn(log n)2+25+3a/2
Vd
To bound the sum of off-diagonal elements of R, we apply (E.2) to write

Z Rik = — Z R“ZZ = —1my Z Zi — Z(R“ — mo)Zi. (E.29)

ik i i

|Tr R —n - mg| < (E.28)

Applying (C.14) and (E.19) yields
n(log n)3+35+5a/2
Vd

Then applying Lemma E.2 with z,y, = as defined in Lemma E.4 and with p being the largest even
integer less than (logn) — 1, we have
C(log n)16+3s+2a

n_lzZ,- \/g

with probability 1 —e—c(ogn)(oglogn) " Qince 1T R1 = Tr R+ Z#k Rk, multiplying (E.31) by n-mq
and combining with (E.28)-(E.30) yields (C.16).

Z [(Rii —mo)Zi| < ¢ (E.30)

1{E} < C(logn)'? - Vd(logn)~¢ - (logn)*+4e+2e/d <

(E.31)

F Proof of Lemma 2.3

We now prove Lemma 2.3. Assume without loss of generality that I, is the identity matrix. For
any k > 2 we have

E [layl"] = (p(1 = )2 [p(1 = p)F + (1 = p)p*

L-p et 1
nd(k—?)/? - nd(k—2)/2'

Thus, the moment conditions (13) and (14) are satisfied. In addition, we have that for all i < j,

ln [(Aij —p) (Bij — p)]

Ela;jbi;] = y

1 9 s—p 1—o?
= — — = <
d(ps 7) n(l—-p) — n ’

where the last equality holds by the choice of o2. Thus, (15) is satisfied. Moreover, let Ajj =

5 (aj — bij) - Tt follows that E[A;;] = 0 and
2p(1 —s)

(20_2d)k/2 - n(QO-Qd)(k72)/2

E [|Aij‘k} =

where the last inequality is due to o > i%s Thus, by applying Lemma C.1 and 2(logn)” < 202d <
n where the upper bound follows from p(jl —5) < s(l —s) < 1/4, there exists a constant C' > 0
such that for any D > 0, with probability at least 1 — n~" for all n > ng(D), we have ||Al| < C
and hence ||A — B|| < v/2Co. Thus (16) is satisfied.
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G A tighter regularized QP relaxation

As discussed in Section 1.3, GRAMPA can be interpreted as solving the regularized QP relax-
ation (12) of the QAP. We further explore this optimization aspect in this section. As a further
step toward understanding convex relaxations of the QAP, we analyze the following intermediate
program between (10) and (12):

min [AX — XB|% + (| X|[%
XeRan

st. X1 =1, (G.1)

where we enforce the sum of each row of X to be equal to one. The above program without
the regularization term 7%|| X ||% has been studied in [ABK15] in a small noise regime. As we are
analyzing the structure of the solution rather than the value of the program, the exact recovery
guarantee for GRAMPA (and hence for (12)) does not automatically carries over to the tighter
program (G.1). Fortunately, we are able to employ similar technical tools to analyze the solution
to (G.1), denoted henceforth by X°¢.

The following result is the counterpart of Theorem D.1 and Theorem 2.2:

Theorem G.1. Fix constants a > 0 and k > 2, and let n € [1/(logn)*,1]. Consider the correlated
Wigner model with n > d > (logn)® where ¢y > max(34 + 11a,8 + 12a). Then there exist (o, K)-
dependent constants C,ng > 0 and a deterministic quantity r(n) = r(n,n,d,a) satisfying r(n) — 0

as n — 00, such that for all n > ng, with probability at least 1 —n=19,
1
max |n- X5 < C(logn)*—, G.2
mas o X < Cllogn)" - (G2)
4(1 - o?) <r(n) o 1 )
max |n-Xp - ——| <C|—=+ = + (logn)"— | . G.3
2 o, () - , T (logn) G (G.3)

If Nl@ijllpys [|6ij |1y < K/v/n, then the above guarantees hold also for k = 1, with constants possibly
depending on K.
Furthermore, there exist constants ¢, > 0 such that for all n > ng, if

(logn)™* <n<c(logn)™  and o <cn, (G.4)

then with probability at least 1 —n=19,
in X, > X Q.5
min X, (k) Wﬁ%ﬁé ke (G.5)

Compared with Theorem 2.2, the theoretical guarantee for the tighter program (G.1) is similar
to that for (12) and the GRAMPA method. In practice the performance of the former is slightly
better (cf. Fig. G.1). Furthermore, Theorem G.1 applies verbatim to the solution of (G.1) with
column-sum constraints X '1 = 1 instead. This simply follows by replacing (A, B, X,II,) with
(B,A, X T,101]).
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Figure G.1: Fraction of correctly matched pairs of vertices by GRAMPA and the tighter QP (G.1)
(both followed by linear assignment rounding) on Erdés-Rényi graphs with 1000 vertices and edge
density 0.5, averaged over 10 repetitions.

G.1 Structure of solutions to QP relaxations

Before proving Theorem G.1, we first provide an overview of the structure of solutions to the QP
relaxations (12), (G.1) and (10). Using the Karush-Kuhn-Tucker (KKT) conditions, the solution
of (G.1) can be expressed as

<u17:U/> <'U‘77 1> T
XC = —_— .
zj: O = g2 2 ()

where p € R™ is the dual variable corresponding to the row sum constraints, chosen so that X€ is

feasible. Since
<U]71>2
X1=> i — 13)2 + 72 uit j = ZWZ s

’.7

where

(vj,1
A G.7
Z (Ai — 15) —|—T] (G.7)

Solving X1 =1 yields

p=y <“1>u (G.8)

so we obtain ) )
c __ T
X ZWT U;U; JU] 5 (Gg)
7]

Let us provide some heuristics regarding the solution X€. As before we can express 7; via
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resolvents as follows:

1 (v;
= —Im - 1 I vl |1
n Z /\+177 [mz )\—i-m) KA
1
= ;Im[lTRB(/\i +in)1]. (G.10)

Invoking the resolvent bound (C.16), we expect 7; ~ * Im[mq(A; +in)], where, by properties of the
Stieltjes transform (cf. Proposition C.5), Im[mg(A; + in)] =~ Im[mo(\;)] = mp(Xi) as n — 0. Thus
we have the approximation

1 1 1 Ty T
X~ — wiu; Juiv;
””ZZJ‘ N — )2 +n2ph) 0T

Compared with the unconstrained solution X defined in (3), apart from normalization, the only
difference is the extra spectral weight %1) according to the inverse semicircle density. The effect
is that eigenvalues near the edge are upweighted while eigenvalues in the bulk are downweighted,
the rationale being that eigenvectors corresponding to the extreme eigenvalues are more robust to
noise perturbation.

Remark G.2 (Structure of the QP solutions). Let us point out that solution of various QP relaz-
ations, including (10), (G.1), and (12), are of the following common form:

Ui

X = I S
(Ni = ) + 72

uiu:Svjva, (G.11)

ihj

where S is an n X n matriz that can depend on A and B. Specifically, from the loosest to the tightest
relaxations, we have:

e For (12) with the total sum constraint, S = aJ, where the dual variable o > 0 is chosen for
feasibility. Since scaling by o does not effect the subsequent rounding step, this is equivalent
to nX that we have analyzed.

e For (G.1) with the row sum constraint, S = 1" is rank-one with pu given in (G.8).

e For (10) without the positivity constraint, S = pl' 4+ 1v" is rank-two. Unfortunately, the
dual variables and the spectral structure of the optimal solution turn out to be difficult to
analyze.

e For (10) with the positivity constraint, S = pl" +1v" + H, where H > 0 is the dual variable
certifying the positivity of the solution and satisfies complementary slackness.

G.2 Proof of Theorem G.1

We now apply the resolvent technique to analyze the behavior of the constrained solution X and
establish its diagonal dominance.
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G.2.1 Resolvent representation of the solution

We start by giving a resolvent representation of X€ via a contour integral.

Lemma G.3. Consider symmetric matrices A and B with the spectral decompositions (2), and
suppose that ||A|| < 2.5. Then the solution X of the program (G.1) admits the following represen-
tation

X© = % Re ﬁ F(2)Ra(2)IRp(= +in), (G.12)

where T' is defined by (B.2) and

N 2i
 1TRp(z+in)1 —1TRp(z —in)1’

F(z) (G.13)

Proof. By (G.10) we have 7, ' = nF()\;). This leads to the following contour representation of X¢
analogous to (B.1) for the unconstrained solution:

1
c T T

—
o
N

Im

D F(M\i)uiu IRp(X; + in)

—~
o
=

Im[ L ﬁ F(z)RA(z)JRB(z—l—in)]

—2mi

= ;ReﬁF(z)RA(Z)JRB(Z +in),

where (a) follows from the Ward identity (Lemma B.1); (b) follows from Cauchy integral formula
and the analyticity of F' in the region enclosed by the contour I'. O

G.2.2 Entrywise approximation

For some small constant € > 0, let b,b’ be as defined in Theorem C.6. Under the assumptions of
Theorem G.1, we have ¢y > V' for € sufficiently small, so that Theorem C.6 applies. Recall the
notation dy,...,d4 defined in (D.10). For sufficiently small ¢ > 0, we may also verify under the
assumptions of Theorem G.1 that §; = o(1) for each i = 1,2,3,4, and

and 3 <7’ (G.14)

5163n <1 623n < (logn)~

7 7 - yn

We also assume throughout the proof that the high-probability event ||A| < 2.5 holds.
Thanks to (C.16), we can approximate F'(z) by

~ 1 2i
F(z) = nmo(z + in) — mo(z — in) (G.15)
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and approximate X by

Ko % Re é F(2)Ra(2)IR5(> + in) (G.16)

-1 1
P SR
™ r mo(z +in) —mo(z — in)

The following lemma makes the approximation of X precise in the entrywise sense:

RA(2)JRp(z +in). (G.17)

Lemma G.4. Suppose (G.14) holds. On the high-probability event where Theorem C.6 holds and
also ||A|l < 2.5,

1X¢ — Xlle... <

~

826 logn)”*
23 < (log ) (G.18)

— n\/ﬁ Y
where d2,03 are defined in (D.10).

Proof. For notational convenience, put G(z) = 2i/(nF(z)) and G(z) = 2i/(nF(z)). Note that
|Im(z)| < n/2 for z € T', and thus Im(z + in) and Im(z — in) have different signs. Therefore

G(2)| = [Im G(2)| = |Tmmo (= + in)| + | Tmmo (= — in)| Z .
where the last step follows from (C.11). Furthermore, by (C.16), we have sup,cr |G(z) — G(z)| <
2C93. In view of (G.14), 63 < 1. Hence we have |G(z)| 2 n and

~ 163
sup |F(z) — F(2)| S ——.
sup | F(2) = F(2) S 2

Finally, by (G.12) and (G.16), we have
(X = Xl < j{ dz|F(z) = F(z)|lef Ra(2)1llef Rp(z +in)1].
r

By (C.15), for all k,£, |e] Ra(2)1| < d2¢/n and |e] Rp(z +in)1| < d24/n. Combining the last two
displays yields the desired claim. ]

In view of the entrywise approximation, we may switch our attention to the approximate solution
X© and establish its diagonal dominance, assuming without loss of generality 7, is the identity
permutation. The proof parallels the analysis in Section D so we focus on the differences. To make
the scaling identical to the unconstrained case, define

< 1
Y 2 nX© = o Ref f(2)RA(2)IRE(z +in), (G.19)
T
with

2i
mo(z +in) — mo(z —in)’

fz) £
Compared with the unconstrained solution (B.1), the only difference is the weighting factor f(z).

We aim to show that with probability at least 1 — n~2, for any constant D > 0, the following
holds:
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1. For off-diagonals, we have

max Yie| < (logn)™ //n. (G.20)
2. For diagonal entries, we have
. 4(1 - 0?) r(n) o 1
min | Yz, — < + — + (logn)® —. G.21
y -~ y T (logn) NG (G.21)

In view of Lemma G.4, this implies the desired (G.2) and (G.3). Finally, analogous to Theorem 2.2,
under the assumption (G.4) with constants ¢ = 1/(64C?) and ¢/ = 1/(2C), for all sufficiently large
n?

4(1 — o2 1
M Z l > C <T(n) _|_ % —I—2(logn)”> ,
L) 81 n n N4l

implying the diagonal dominance in (G.5).

G.2.3 Off-diagonal entries

Let us first consider Yi2. Recall that for z € I', we have |Im(z +in)| 2 n, |Im(z —in)| 2 1, and
these imaginary parts have opposite signs. Then

2 2

1
z)| < . . = . . S ) G.22
TS ol + 1) —maGe =]l ~ TommoCe )]+ [mmaCe =i ~ 7 (&%
where the last step applies (C.11). Analogous to (D.17), we get
27Y12 = Re (% f(z) [elTRA(z)l] [eQTRB(z + in)l} dz)
r
T T T 515%71
:Re(a—alg—th—i—aleg)—i—O ” , (G.23)
where
as 7{ f(z)mo(2)mo(z + in)dz, (G.24)
r
g= j{ f(z)ymo(2)mo(z + in)RSZ)(z)ln_gdz, (G.25)
r
h£ j{ f(z)mo(z)mo(z + in)RSQ)(z +in)1,_odz, (G.26)
r
A . (12) (12) .
M = 7{ f(2)mo(z)mo(z +in)R, 7 (2)In—2R5" (2 + in)dz. (G.27)
r

Here the constant Re « is in fact equal to 27, which is consistent with the row-sum constraints.
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Indeed, opening up mg(z) and applying the Cauchy integral formula, we have

2i
Rea = Re ¢ d . . +i
e e Zmo(z i) —mee — i) mo(z)mo(z + in)

1 9 .
= /p(:v)dee%dz : .mo(z +in) :
x —zmo(z +in) — mo(z — in)

- /p(:n)dx Re [(—Wi) mo(»”:: :7;;)(—96:1;2796) - iﬁ)]

— o / p(2)dz Re {2317:;&?(;?;7)] — o / p(z)dz = 2. (G.28)

As in Section D.2.2, to bound the linear and bilinear terms, we need to bound the £, ,-norms
and fy-norms of g,h and M. Clearly, by (G.22), the {s-norms are at most an O(1/n) factor of
those obtained in (D.26) and (D.27), i.e., [|gllco < 2v/n/n and || M || < 031/1. The f3-norms need
to be bounded more carefully. The following result is the counterpart of Lemma D.4:

Lemma G.5. Assume the same setting of Lemma D.4, and define M, g, and h as in (G.25-
G.27) with Ry, Rp in place of R4, RyY. Then |M|% < n*/n, |lg* < nlog(1/n), and |||} <
nlog(1/n).

Proof. We start with ||M||r, as the arguments for ||g|| and ||| are analogous and simpler. Recall
the contour I from Fig. D.1. Proceeding as in the proof of Lemma D.4, we have

Sl
= — j{ dz?! dw mo(2)mo(z + in)mo(w)mo(w — in) f(2) f(w) x
r r/
11T (Ra(2) = Ra(w))ln~ 1T (Rp (s + in) — Rip(w — i) 1

mo(z) — mo(w) mo(z + in) — mo(w — in)

)
Z—w z+in — (w — in)
)

= — édz 7? dw mo(2)mo(z + in)mo(w)mo(w — in) f(2) f(w —w z+in— (w—in)

@
+ (II),

where (II) denotes the remainder term. Applying (C.16), (G.22), and the boundedness of my, the
residual term is bounded as

(015 83  d= § w1 Fw) S TSN ()

1 1
[z —wl |z +in— (w—in)| ~ n* ~

3

To control the leading term (I), let us define the auxiliary contours -y with vertices (2 + 2n) +
(n/2)i and ~" with vertices £(2+ n) £ (n/4)i. By first deforming I" to « for each fixed z € T, then
deforming T to -, and finally taking the complex modulus and applying |mg| < 1, we get

015 f d= § dolg(o) )|l ol — ol =)
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The reason for performing these deformations is that for any z € yU~+/, since Re z € [—-2—2n, 2+ 27,
we have from (C.11) that Immg(z + in) < /n+ {(z) and —Immg(z — in) < /n+ ((2), where
((z) is as defined in Proposition C.5. Then we obtain from (G.22) the improved bound |f(2)| <

1/4/n+ ((z), and hence
\(I)|§fdz 1 1 ‘mo z) — mo(w ' mo Z+f’7)—m0(1lf—i77)“
y V@ Vit Z-w z+in — (w —in)
To bound the above integral, for a small constant ¢y > 0, consider the two cases where |z —w| >

co and |z —w| < cp. For the first case [z — w| > ¢o, we simply apply |mo| S 1 and /n+ Kk > /1 to
get that

j{j{ I dus 1 1 ‘mo 2) — mo(w ’mo Z+%n)_m0(lf}_in)’§1.
lz—w|>eo V1 +C() vV + C(w z—w z+in — (w —in) U

(G.30)

In the second case |z — w| < ¢p, we claim that for ¢y sufficiently small, we have
[mo(2) = mo(w)| S Vi +C(2) + Vi + ((w (G.31)
[mo (2 +in) —m ( 1"7|<\/77+C )+ Vn+((w (G-32)

Indeed, if ¢(2) > co, then (G.31) and (G.32) hold because /7 + ((2) + \/77 + ¢(w) =< 1. If instead
((z) < co, say, Rez > 2 — ¢y, then from the explicit form (C.9) for mg(z) we get 1 + mg(z) =

/2 _
2= z+ z22=4 and hence

1+ mo(2)] S Iz =2/ + V]2 = 2[l2 + 2] < V] = 2| < v/ +((2)

Furthermore, since Rew > Re z — |z — w| > 2 — 2¢p, we also have |1 +mp(w)| < /7 + ((w). Then
(G.31) follows from the triangle inequality. The case of Rez < —2 + ¢y, and the argument for
(G.32), are analogous.

Having established (G.31) and (G.32), we apply

(Vi + Vit Cw ) /i max(C(2), ((w)

Vin+CE)Vn+¢(w) T \/n+min(¢(z), {(w))
\/77+mm(<(z), (w))+\/IC(2)—<(w)I <14 |z — w|
\/77+ min(¢(z), ¢ (w)) V1

to get
%% s dus 1 1 ’mo z) — mo(w ‘ mo Z+f77)—m0(7{)—177)
2= w|<eo Vi +¢(2) v+ C(w z—w z+in — (w —in)

57{7{ dzdw |1+ |z — vl .1 -
l2—w|<co Vv |z —w||z +in — (w — in)|

Then divide this into the integrals where |z — w| < n and |z — w| > 7, applying

1 1 1
%7{ dz dw - - ,S%% dzdw — < —
|[z—w|<n |Z - w||Z +1n — (w - 177)| |z—w|<n n n
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and

%% dz dw |z — vl L

n<|z—wl|<co \/77 |Z - sz + 177 - (w - 177)‘
1 1 1 1 1

<]{}{ dzdw —— = < —— < = (G.33)
VIS Jyslz—wl<e [z — w32~ \/myn

Combining with the first case (G.30), we get |(I)] < 1/n. Finally, combining with (G.29), we get
|M||% < n?/n as desired.

Next we bound ||g||. Proceeding as in the proof of Lemma D.4 and following the same argument
as above, we get

1 & g ()T (2) = mo(w)] o3
Lol S f = § w0 (%)

b gL 1 mo(z) — mo(w)) 93
géd w'd Vin+CE) v+ w) 2wl +O<"73>'

For |z — w| > ¢p, we have

7{]{ doduy L 1 [mo(2) — mo(w)|
|z—w|>co VN +¢(z) v+ ¢(w) |2 — wl

. <j£ \/vviTz)dZ) (7{ \/n%qw)dw) <1
For |2 — w| < co, we apply |mo(z) — mo(w)| S v/1+¢(2) + v/n+ ((w) as above, so that
%ﬁ wl<en dzdw\/niC \/77+1§ |m0(72:Z|0(w)|
S P vt e fa
(y{dzx/i 7{ \/7>

Combining the above yields ||g||> < nlog(1/n). The argument for ||h||? is the same as that for
lgll?. O

< log(1/n) - log(1/7).

Finally, proceeding as in (D.20)—(D.21) and using the preceeding norm bounds, we obtain from
(G.23):
1 02 5102 62
Yio| S 1464 nlog 4Ry 2100 o M
Vi U Vi

with probability at least 1 —n~", for any constant D. This implies the desired (G.20) by the union
bound.

= (logn)"™ //n,
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G.2.4 Diagonal entries

We now consider Y7;. Following the derivation from (D.31) to (D.32) and using Lemma G.5 in

place of Lemma D.4, we obtain, with probability at least 1 — n~" for any constant D,

1—0?_ Tr(M)
e

1
Y — R < (1 jR——
11 o n N(Ogn) \/ﬁ’

(G.34)
where
W y{ f(z)mo(z)mo(z + in)RS)(z)JRg)(z +in)dz.
r

The trace is computed by the following result, which parallels Lemma D.5 and Lemma D.6:

Lemma G.6. Suppose 83 < n?. Assume the setting of Lemma D.5. Define
M = y{ f(z)mo(2)mo(z + in)Ra(z)JRp(z + in)dz.
r

Then

Lpyiary = 37 g (U+253> .
n n 0

Proof. Analogous to (D.35), we have L Tr(M) = (I) — (II), where

(I) = i jl{ f(z)mo(2)mo(z + in)llT(RB(Z +in) — Ra(z))1dz
177 r n

(I1) = i j(I{ f()ymo(z)mo(z + in)llTRB(z +in)(A — B)Ra(2)1dz.
in Jr n

To bound (II), consider two cases:
e For z € " with |Im z| = 1/2, by the Ward identity and (C.16), we have

n

IRA(2)1]* = 727\ Im1"Ra(2)1] S —(|Immo(2)| + O(d3)).

3

and similarly,

1R (= + in)1]* S —(| Immo(z + in)| + O(3)).

n
n
Thus it holds that

‘1TRB(Z+ in)(A— B)RA(z)l) < n?a <\/| Immg(z) Immg(z + in)| + @) .

Using (C.11) and (G.22), we conclude that

2/ Tm mg(2) Immy(z + in)|
mmg(z + in)| + | Immg(z — in)|

|f(2)]V/[ Tm o (2) Immo (2 + in)| < I =1
for all z € I' with |Im z| = n/2.
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e For z € I" with Re z = +£3, since

, [1TRp(z +in)(A — B)Ra(z 1| < no.

Furthermore, by (G.22), |f(2)] < % for all z € I'. Combining the above two cases yields
)

5 (1+¥2) 4+ 2= 2,

since 63 < 12 by the assumption.
For (I), applying (C.16) again and plugging the definition of f(z) yields

—2 mo(z)mo(z +1 mo(z + i) — mo(2) z @
_nf} olw)molz + 1) i i) +O<n2>'

mo(z 4+ in) — mo(z — in

We now apply an argument similar to that of Lemma D.6: Note that
Imo(z +in) —mo(z — in)| = Im(mo(z + in) —mo(z —in)) Z n

by (C.11), so the integrand is bounded for fixed 7. Then deforming I" to ' with vertices +(2+¢)=+ie,
taking € — 0 for fixed 7, and applying the bounded convergence theorem, we have the equality

) mo(z +in) — mo(2)
fi;m()(z)m()(z + ”7)m0(z + i77) — m()(Z — iT])

= 72m+a:m x+1i mo(@ + i) — mg (2) x 2m_:cm x+1i mo( + in) = m (2) x
= [, m@mote i) Se I e [ i w4 S

(G.35)

We show that these integrands are uniformly bounded over small n: For any constant § > 0
and for |z| < 2 — §, we have the lower bound

Imo(z + in) — mo(z — in)| = 2Immo(z + in) 2 /C(x) +1 > V6. (G-36)
Then the above integrands are bounded by C/+/§ for |x| < 2 — 4. For |z| € [2 — §,2], let us apply
[mo(@ +in) —mg (2)] S V() +n

as follows from (G.31) and taking the limit w € C* — 2. We have also |m{ (z) — mg (z)| =

V(@) < V/C(z) +n, so that

[mo(@ + in) —mg ()] S v/C(z) +n.

Combining these cases with the first inequality of (G.36), we see that the integrands of (G.35) are
uniformly bounded for all small 7.
Now we apply the bounded convergence theorem and take the limit n — 0, noting that

lim,)—0 mo(z + in) = mg (z) and lim, o mo(z — in) = my (z). We get

lim % mo(z)mo(z + in) mo(= + i) = mo(2) dz

n—0 mo(z + in) — mo(z — in)
m @) = mg @)y [P g
- [t @O =0 e [ s =4

This gives (I) = (8+0,(1))/n+O(d3/n?). Combining with the bound for (II) yields the lemma. [

Finally, combining (G.34) with Lemma G.6 and 03 < n from (G.14), and applying a union
bound yields the desired (G.21).
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H Signal-to-noise heuristics

We jllstify the choice of the Cauchy weight kernel in (4) by a heuristic signal-to-noise calculation
for X. For simplicity, consider the Gaussian Wigner model B = A + 0Z, where A and Z are
independent GOE matrices. We assume without loss of generality that 7 is the identity, so that
diagonal entries of X indicate similarity between matching vertices of A and B. Then for the
rounding procedure in (5), we may interpret n=! Tr X and (n 2 Diid X2 )1/2 ~n~!| X||F as the

average signal strength and noise level in X. Let us define a corresponding signal-to-noise ratio as

_ E[TrX]
E[[| X ||7]/2

and compute this quantity in the Gaussian Wigner model. R

We abbreviate the spectral weights w(\;, it5) as w;;. For X defined by (3) with any weight
kernel w(x,y), we have

TrX = Zwij : uiTij . uiij.
tj

Applying that (A, B) is equal in law to (OAOT,0OBOT) for a rotation O such that O1 = \/ney,,
we obtain for every k that

E[Tr X] = Zn Elwij - ui (exef Jv; - u; vj].
ij

Then averaging over k =1,...,n and applying ) eke;— =1 yield that

TrX ZEw,] (u] v)?].

For the noise, we have

IXI7 =Te XX = wijwp(u) Jv;)(ug Jvg) Tr(uw
i?j7k7l

] Uguk E w (u; Jv]

Applying the equality in law of (A, B) and (OAOT,0BOT") for a uniform random orthogonal
matrix O, and writing r = O1//n, we get

E[|IX|3] =" n? Elwd (u] r)*(v] r)?].
ij

Here, r = (r1,...,7r,) is a uniform random vector on the unit sphere, independent of (A, B). For
any deterministic unit vectors u, v with wlo = a, we may rotate to u = e; and v = e +v1 — a2es
to get

0[2
El(u' )20 )% = Elr - (ar1 + V1= a2ry)?] = o®Elrf] + (1 — o)) E[rr}] = 1(:;-2%)’

where the last equality applies an elementary computation. Bounding 1+ 2a? € [1, 3] and applying
this conditional on (A, B) above, we obtain

e cn
E[IKI3) =~ > Elw})]
ij
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for some value ¢ € [1, 3].
To summarize,

Sy Bl 1) (1] v)°]
Vi Blwh, )?)

The choice of weights which maximizes this SNR would satisfy w(\;, p;) oc (u; vj)2. Recall that
for n=1*¢ <« 02 < n~° and 4, j in the bulk of the spectrum, we have the approximation (9). Thus
this optimal choice of weights takes a Cauchy form, which motivates our choice in (4).

We note that this discussion is only heuristic, and maximizing this definition of SNR does not
automatically imply any rigorous guarantee for exact recovery of 7*. Our proposal in (4) is a bit
simpler than the optimal choice suggested by (9): The constant C' in (9) depends on the semicircle
density near \;, but we do not incorporate this dependence in our definition. Also, while (9)
depends on the noise level o, our main result in Theorem 2.2 shows that 1 need not be set based
on o, which is usually unknown in practice.

SNR =

References

[ABK15] Yonathan Aflalo, Alexander Bronstein, and Ron Kimmel. On convex relaxation of
graph isomorphism. Proceedings of the National Academy of Sciences, 112(10):2942—
2947, 2015.

[Bia97] Philippe Biane. On the free convolution with a semi-circular distribution. Indiana

University Mathematics Journal, pages 705-718, 1997.

[EKYY13a] Laszlé Erdés, Antti Knowles, Horng-Tzer Yau, and Jun Yin. The local semicircle law
for a general class of random matrices. Electron. J. Probab, 18(59):1-58, 2013.

[EKYY13b] Laszl6 Erdés, Antti Knowles, Horng-Tzer Yau, and Jun Yin. Spectral statistics of
Erdés—Rényi graphs I: local semicircle law. The Annals of Probability, 41(3B):2279—
2375, 2013.

[EYY12] Laszl6 Erdés, Horng-Tzer Yau, and Jun Yin. Bulk universality for generalized Wigner
matrices. Probability Theory and Related Fields, 154(1-2):341-407, 2012.

[HWT1] D. L. Hanson and F. T. Wright. A bound on tail probabilities for quadratic forms in
independent random variables. Ann. Math. Statist., 42:1079-1083, 1971.

[RV13] Mark Rudelson and Roman Vershynin. Hanson-Wright inequality and sub-Gaussian
concentration. FElectron. Commun. Probab., 18:no. 82, 9, 2013.

39



