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Appendix

A. Proof of the regret upper bound in Theorem 2

In this section we complete the proof of Theorem 2 for completeness. The proof is almost identical to that in (Agrawal et al.,
2017) except for the handling of the deferred UCB value updates.

The following lemma proves that ¥; is indeed an upper confidence bound of true parameter v; with high probability, and
converges to the true value with decent rate.

Lemma 15 (Lemma 4.1 of (Agrawal et al., 2017)). Forany { =1,2,3,..., in Algorithm 2, at Line 7 immediately after the
{-th epoch, the following two statements hold,

1. With probability at least 1 — %, noy \/48("1/T»‘);1(\/N€+1) 448 ln(\;ﬁé‘”‘l) > v, for any i € [N],

2. With probability at least 1 — ﬁ,for any i € [N],

n; 48(n;/T;) In(v/ Nl +1)  48In(v/ Nl 4+ 1) 144v; In(vV/N€+1)  144In(v/NE+ 1)
T T, * T, muis T, * T,

By the update rule, Lemma 16 can be extended to {®;} as follows.

Lemma 16. Forany{ =1,2 3, -, the following two statements hold at the end of the {-th iteration of the outer for-loop
of Algorithm 2.

1. With probability at least 1 — <, ©; > v; for any i € [N],

2. With probability at least 1 — Nie,for any i € [N],

i 1 Nl{+1 1 N+ 1

Proof. For any epoch ¢, let T and 0, be the value of T; and 9; at the last update. Then we have, 9; = ¢ and T] < 2T;.
Inherited from Lemma 15, we have ¢; = 0, > v;. And

< [V log(v/NZ+1) N log(VN{+1)
T} T ~ T; T; .

T~

ﬁi—’lji:ﬁ;_ ,<\/Ui10g(\/ﬁé+l)+log(\/ﬁg+l)

O

Once we establish Lemma 16, the proof of the regret upper bound in Theorem 2 is identical to that in (Agrawal et al., 2017).
We include the proof here for completeness.

The next lemma shows that the expect regret for one epoch is bounded by the summation of estimation errors in the
assortment.

Lemma 17 (Lemma A.4 of (Agrawal et al., 2017)). For any epoch ¢, if r; € [0,1] and 0 < v; < ©; hold for every i € [N]|
at the beginning of the (-th iteration of the outer for-loop in Algorithm 2, we have that

(1 +3° vi> (R(Se,8) — R(Se,v)) < 3 (94 — y).

€Sy €Sy

As a corollary, we have the following lemma, which is an analog to Lemma 4.3 of (Agrawal et al., 2017).
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Lemma 18. Given that r; € [0,1] for every i € [N, for any epoch ¢ = 1,2,3, ..., with probability at least % we have that

i log(VINE+ 1 log(vVNl+1
(uzvl) (50,8) — R(Sp,v)) < ([ VOBV L sV TR D,
i€S, g i
Proof. Combine Lemma 16 and Lemma 17. O

We will also use the following lemma which is proved in (Agrawal et al., 2017).
Lemma 19 (Lemma A.3 of (Agrawal et al., 2017)). If v; < 0; holds for every i € [N|, then we have that R(S*,0) >
R(S*,v).

Now we complete the proof of Theorem 2.

Proof of the regret upper bound in Theorem 2. Let E) be the length of epoch ¢. That is, the number of time steps taken in
epoch £. Note that E(¥) is a geometric random variable with mean (1 + 3, s, Vi)- As aresult,

E[Regr] = E ZE“’ — R(S¢,v))

g ZE(@) (R(S*,f,) — R(S, v) + 3)

L

<E E® Sy, ) — (S,v)+§
e (s

=F Z <1+ Zv,) (R(S*,'f)) —R(Se,f))—i-g) )
L{=1 1€Sy

where the first inequality is due to Lemma 19 and Lemma 16. Let AR(®) ) &f (1+ > ies, v;) (R(S*,0) — R(S¢,0) + 6/0)
for shorthand. We use Ti(é) to denote the value of variable T at the beginning of epoch ¢. By Lemma 18, we have

1 } : Z i v
EARO <> 1+ 9 v;log(vV NT + 1) n log(vVNT + 1)
T : T 7®
i€Sy €S, i i

As a consequence,

L
E[Regr] < Z

=1

O] 70

i€ES) i i

~ | =

<1+Zvi>+E 5 vilog(VNT +1) | log(VNT +1)

1€Sy

L
i 1 NT +1 1 NT +1
Vo3 g |3 (YN D) log(VNT 1)
/=1 1€Sy i i

SNlogT+E |[Nlog?(VNT + 1)+ Y \/viTi(L) log(VNT + 1)
1E€[N]

SNIog?(VNT +1)+ Y \/]E[viTi(L)} log(VNT + 1). (11)

i€[N]

Note that E[E¢] = 1+ 3, g, vi- We have

Z 'UiTi(L) Z v; < ZE E)] <

L L
1€[N] {=11€S, =1
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As aresult, by Jensen’s inequality we get that

(11) £ Nlog®(VNT + 1) + \/NTlog(\/NT +1),

which concludes the proof. O

B. Ommitted proofs for the FH-DUCB algorithm in Section 3
B.1. Proof of Lemma 5

By Lemma 15, we have that Pr[w‘) ] < NT2 Via a union bound, we have that

Pr-eM] < 3 P &) <

’LT7

13
T
Next we introduce the following concentration inequality for geometric random variables.

Lemma 20 (Theorem 1 and Proposition 1 of (Jin et al., 2019)). For any m i.i.d. geometric random variables x1, . ..,y
with parameter p, i.e., Pr[z; = k] = p(1 — p)¥, we have

- 1— 1-—
I T ) Sexp<_m.p).
i=1 2]) 8

Pr

Note that n; , is the sum of |7 (¢, 7;)| independent geometric random variables with parameter p = (by Observation 1).

_1
14+v;

. . 1 ;
Substituting v; > 35 NT and m = |T(i,7;)| > 4N1» we have & pp) — % and

Py [n <gu |T<z',n>@ < exp <—IT(im:) - 18”)

T 1- 1_;:1}.
< — L 4w
= CXPp ( ANv, 8

< T < 1
=P\ "6nN ) = N1

where the last inequality holds for T such that T > N* and T greater than a sufficiently large universal constant. By a union
bound, we have that

1

Prl-£@7 < —.
Pr-£®] < L.

Therefore, we have that
Pr[f] > 1 —Pr[-EW] + Pr[-£€@] > 1 - T

proving the lemma.

B.2. Proof of Lemma 6

We first state the following lemma, showing that for any item and before stage 79, the stage lengths quickly grows to T'/N.
Lemma 21. For eachi € [N] and T < 7o, if T is not the last stage for i, it holds that |T(i,7)| > (T/N)*=2 """

Lemma 21 can be proved by combining the condition P (4, 7) for 7 < 79 and 7 = 79 (also noting that ¢; » < 1 for all 7) and
the following fact (whose proof is via straightforward induction and omitted).

Fact 22. For M > 0 and a sequence ag, a1, az, . .. suchthata; > 1++/Ma;_1 foralli > 1, we have that a, > M2
forall T > 1.
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Now we are ready to prove Lemma 6.

Proof of Lemma 6. We have that | T (i, 9)| > 5% because of Lemma 21. We now prove that v; > /. This is because,

suppose the contrary, for T' such that 7 > N* and greater than a sufficiently large universal constant, conditioned on (1)
we have that

X Lo In(vNT2 +1) L 14 In(vNT? 4 1)

Vjrg < V5
0 Ti(TO)/Ui Ti(TO)

1 In(vVNT241) In(v/NT? +1)
§2\/ﬁ+0( T ).

which is at most 1/v/ NT', contradicting to the condition P (4, 7o) and that 7y is not the last stage.

Moreover, for T such that T > N* and greater than a sufficiently large universal constant, when 7 > 7g, using Ti(T) >

|T(i,70)| > 5% we have that

144v; In(v/NT? +1)  144In(v/NT? + 1
T(”') T(T)

V5 r <05+ ) < 2vu;.

By the condition P (%, ), when 7 > 79 and 7 is not the last stage, we have that

Applying Fact 22, we prove the desired inequality of this lemma. O

B.3. Proof of Lemma 7

Proof of Lemma 7. For the first stage, i.e., 7 = 1, since the number of epochs in this stage is at most 1/7" /N, we have that
2oeet(in(Pin — < /T/N for any item i. From now on, we only prove the lemma for 7 € [2, 7;(L)].

If 7 € [2,79], we have that | T (i,7)| < VB + 1. By £, we upper bound 207 (i) (Di,r — v;) by the order of

. 4(7—) . 2 2
\/T (| vin(VNT2 + 1) +1H(\FT ) < /TN 1 1)/N,
N 7" 7"

where the inequality holds due to that v; < 1 and Ti(T) > +/T/N forany T € [2, 7] (by Lemma 21).

When 7 > 7, we prove the lemma by considering the following two cases. The first case is that 0; -, < 1/v/NT. In this
case, we have that

ZZET(i,T) (ﬁi.ﬁ' - Ui) S T- f)i,‘r S T/N
In the second case where ¥; r, > 1/v/NT, by Lemma 6 it holds that v; > 1/(2v/NT). By EM | we have Vir > U5

)
Therefore, 0; » > 1/(2/NT). Also note that TZ—(T) > |T(i,70)| > 5% by Lemma 21, and [T (i, 7)| < 1+ ]TVTT’T
Altogether, we have that ) 0eT(i,7) (0i » — v;) is upper bounded by a universal constant times
7.1 v In(vVNT2? + 1) . In(vNT? + 1) - \/Tln(\/NTZ‘ +1) VT In(vVNT? + 1)
o () ) ~ ’
N 0ir T; T; N VNT b, ,

which is O(y/T In(VNT? 4 1)/N) for T > N*. 0
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C. Bounding the number of item switches for Algorithm 2

Since an assortment switch may incur at most 2K item switches, Theorem 2 trivially implies that Algorithm 2 (AT-DUCB)
incurs at most O(K N log T') item switches, which is upper bounded by O(N?log T') since K = O(N). In the following
theorem, we prove an improved upper bound on item switches for Algorithm 2.

Theorem 23. For any input instance with N items, before any time T, the number of item switches of Algorithm 2
(AT-DUCB) satisfies that U{*™™ < N5 1og T.

The proof of Theorem 23 includes a novel analysis with the careful application of the Cauchy-Schwartz inequality, which
will be presented immediately after this paragraph. However, we would like to first add a few remarks on the optimality of
the presented analysis. Indeed, we do not know whether the upper bound proved in Theorem 23 can be improved, and leave
the possibility of further improvement as an open question. Our preliminary research suggests that the number of the item
switches of Algorithm 2 is closely related to the maximal number of planar K -sets (i.e., the number of subsets P’ C P
where P is a given set of N points in a 2-dimensional plane, P’ = P N H for a half-space H). Very roughly, this relation
is suggested by Lemma 24, where the optimal assortment arg maxgc(n,s|<x R(S,v) can be viewed as a planar K -set
whether each item correspond to a 2-dimensional point (—v;, v;7;) and the half plane H = {(z,y) : y > r* - x + b} for
some parameter b. The continuous change of the the estimated optimal revenue 7* during the UCB algorithm may produce
many half planes, and lead to the item change in the K'-sets (assortments). Upper bounding the number of the K-sets would
result in an upper bound for the number of the item switches. To our best knowledge, the best known upper bound for the
number of planar K -sets is O(NK'/3) (Dey, 1998), and the best known lower bound is Nef(VIes K) (Téth, 2001). For
future work, it is very interesting to study whether these upper and lower bounds imply the bounds on the number of item
switches of our Algorithm 2.

Now we dive into the proof of Theorem 23.

We first analyze the optimization process of arg maxgcni,|s|<x (S, v) for any preference vector v. Define F'(v) &f

maxgciny,|s|<k (S, v). The following lemma characterizes the optimal assortment S given the preference vector v.
Similar statements can also be found in, e.g., Section 2.1 of (Rusmevichientong et al., 2010).

Lemma 24. For any preference value vector v > 0, let r* = F(v). Define g; = v;(r; — r*). Let o be the minimal
permutation of [N] such that g5, > go, for all 1 <i < j < N. (In other words, o is the sorted index according to value g,
with a deterministic tie-breaking rule). Then the optimal assortment S is given by S = {0; : 1 <i < K, g5, > 0}.

Proof. Let S* = argmaxgcn],|s|<k F(S;v). Then we have

ZiES* TV *
_LneST TV
1+ ese Vi

which implies that

Z vi(r; —r*) = Z gi=r". (12)

i€s* i€S*
Now we prove that S* = arg maxgsc(n),|s|<x (D ies 9i)- Suppose otherwise that there exists S' C [N] with |S'| < K
such that ),/ gi > > ;cge 9o = r*. It follows that ) . ¢, v;(r; — r*) > r*. Therefore,

Y ics ViTi
€S > 7,,*

R(S',v) =
1 + Eies/ V;

which contradicts to the definition of S*.

Now, note that o is a permutation of [N] such that g,, is non-increasing according to i. We have that
arg maxgc(ny,|s|<k (Yses9i) ={0i: 1 <i < K, gy, > 0}, which finishes the proof. O

The next lemma shows that F'(v) is monotonically decreasing in v.
Lemma 25. Consider two vectors v and v. If v; > v; > 0 for all i € [N], we have F(v) > F(v).
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Proof. Let S* = argmaxgcn],|s|<x R(S,v) and 7* = R(S*,v). Then we have ) ;. v;(r; —r*) = r*. According to
Lemma 24, r; —r* > 0 for all i € S*. Combining with the assumption that o; > v;, Vi € [N], we get D, o 03(r; —1*) >
Y iegs Vi(ri —r*) =7r*. As aresult,
i « T3U;
R(S*,1) = Dies Tl
1+ ZieS* V;
Therefore, F'(0) = maxgcny,|s|<kx R(S,?) > R(S*,0) > r* = F(v). O

Let m be the total number of times that Line 8 of Algorithm 2 is executed, and let 7MW« 72 « 70) << 7(M) pe
the time steps that Line 8 of Algorithm 2 is executed. In other words, only in the time steps in {7(") peo> the UCB value
vector ¥ is updated (where for convenience, we set 70 = 0). Let 9®) be the UCB value after the update at time (@),
and for convenience we let #(*) = (1,1,--- ,1). Define () = F(9)). Let p(p ) be the rank of item i according to value

gf P) def 5 )( — r(P)) with the tie-breaking rule defined in Lemma 24. We then have the following lemma.

Lemma 26. Let (52(? = ]I[pgp) > p;p)]. For any two items i,j € [N], the number of times that the relative order of i, j
changes is bounded by clog T for some universal constant c. That is,

S [5“’) £ 5Pt } <logT.

p=0

As a corollary, we have that
m—1

(p) (p+1) 2

> D e #6050 S N2 10g T
i,j€[N] p=0

Proof. Let Dl(p ) be the event that Line 8 is executed in Algorithm 2 for item 7 at time 7(?). In the following we prove that

-1 m—1

1 |:5(P) 6(P+1 i| <2 Z D (») +2 Z D(P)

3

bS]
Il
=)

)

For a fixed pair of items ¢, j, let {;ﬁq}qQ:l be the time steps that DZ@ " or Dj(ﬁ *) oceur. We only need to prove that

Pg+1—1
() (p+1)

> 1fa £ent) <1

P=DPq
forall ¢ € [Q)].
Note that at time interval [p,, Pq+1 — 1], ¥; and ¥; does not change. Therefore, (5(p =1Iv (7= — @)y < 9;(r; —r®)]. Ttis
implied by Lemma 25 that r(*) is monotonically decreasing. As a result, Zi";;q ' [ 6(’7}“)] <1 O
Now we are ready to prove Theorem 23.
Proof of Theorem 23. Let KP) = min{ ‘{z ) > 0}‘} Note that since 7(P) is non-increasing, K ) is non-

decreasing. Then we have, 5% = {i : p® < K®} Let S(v+0) = {i : p"™ < K®}. Then we have,
S(re+1) C §(p+1) and [S(To+1) \ §(Tesa)| — K+ _ K®). Tt follows that

|ST @ STr 1| < ‘STp P S’Tp+1’ + K+ _ (), (13)
Let z(P |S Tr @ STet | In the following we prove that
(x(p)/Q)Q < Z [ o 7& 5(p+1)]. (14)

i,jE[N]
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Note that |S(™)| = |S(»+1)| = K®). Define Z = S(») \ §(»+1) and Z’ = S(7»+1) \ S(»). Then we have that
x(P) = 2|Z| = 2|Z'|. Note that for all i € Z, we have that pgp) < K®) and pEpH) > K@), And forall j € Z’, we have

that pl(»p) > K and p§p+1) < K® It follows that 5%) =0, 61(5“) = 1foralli € Z,j € Z'. Hence, we have that

1
>0 £ 65) > 2] x| 2] = (27 /2)2,
,5€[N]
which establishes (14).

Combining (14) and Lemma 26, we have that Z;":_ll () /2)2 < N?log T. By the deferred update rule in Algorithm 2, we
have that m < N(1 + log T'). Applying Cauchy-Schwarz inequality, we get that

m—1

Z P < N logT.
p=1

Therefore, by (13) we have that

m—1 m—1
Z |5() @ §lmr1)| < Z(m(p) + KPth) _ gy < N5 og T, (15)
p=1 p=1

Note that there is no assortment switch at time steps where © is not updated. Therefore (15) directly leads to Theorem 23. [

D. Omitted proofs for the ESUCB algorithm in Section 4
D.1. Proof of Lemma 9
Proof of Lemma 9. We first prove the existence of 8*. Note that the uniqueness follows directly from statements 1) and 2)

in the lemma statement.

Proof of the existence of 6*. Let S* = arg maxgc|n}:s|<x R(S,v) and * = R(S*,v). We only need to prove that
G(6*) = 0*.

On the one hand, since G(0) = R(Sy,v), we have G(6*) < 6* be the optimality of S*. On the other hand, we will prove
that G(0*) > 6*. For the sake of contradiction, suppose G(6*) < 6*. Then we have,

D icSy Vil

— == =G0 <"
1+Zi€5’9* V; ( )

By algebraic manipulation we get } ;.5 vi(r; — 0*) < 6*. By the optimality of Sy« we have
Zﬂi(TZ‘—H*) < Z vi(ri—ﬁ*) < 0*.
i€ S* =

Dics* ViTi

As a result, we have R(S*,v) = [ES S

< 0*, which leads to contradiction.

Proof of statement 1). For the sake of contradiction, suppose G(6) < 6. Then we have

ZiGSG iU S 9’
1 + ZiGSQ Ui

which means that 3 ;5 vi(r; — 0) < 6. Note that v; > 0 for all i € [N]. By the optimality of Sp, we get

Z 1)1;(7”1‘70*) < Z ’U7(7‘179) < 207(7"179) §9<9*.

1E€ESg« 1ESg* i€Sy

By algebraic manipulation, we get R(Sp+, v) < 6*, which leads to contradiction.
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Proof of statement 2). By the optimality of S*, we have G(0) < G(6*) = 0* < 6. O

D.2. Proof of Lemma 11

Proof of Lemma 11. Observe that in the CHECK procedure, when b equals false, Sy is evaluated by Line 9 and with respect
to 6. When b is set to true, Sy will always be evaluated by Line 6 with respect to §;. This switch happens for at most
once. Therefore, we only need to show that for fixed any 6 € {6;, 0, }, and S} = arg maxgc(n,|s|<x (Yies 0ilri — 0)),
it holds that (assuming that there are L epochs)

L—1
D ISi @S| S NlogT. (16)
/=1

Suppose that there are n, items whose UCB values are updated after the /-th epoch. We claim that | Sy @ Sp41| < ng. This
is simply because .Sy corresponds to the items ¢ € [N] such that ©;(r; — ) is positive and among the K largest ones (and
thanks to the tie breaking rule). Therefore, any update to a single ©; will incur at most one item switch to .Sy, and n, updates
will incur at most n; item switches. Now, (16) is established because Y 7' [S} @ S 4l < i ne < Nlog T, where

the second inequality is due to the deferred update rule for the UCB values. O

D.3. Proof of Lemma 12

We now prove Lemma 12. For preparation, we first show that the UCB value ©; is valid throughout the execution of
Algorithm 6.

Lemma 27. For any invocation of CHECK(0;, 0., tmax), and for any epoch £ = 1,23, ..., during the algorithm, the
following two statements hold throughout the execution,

1. With probability at least 1 — 4]\;57,2, ﬁzm > v; for any i € [N],

2. With probability at least 1 — ﬁ,for any i € [N],

61@) < 196w; 1og(§)NT/5) n 292 logg;fT/é).
T T,

Proof. The proof is essentially the same as Lemma 16. O

Let #H be the event that the events described by Lemma 27 holds throughout the execution of Algorithm 6 for any ¢ and
i € [N]. We have that Pr[H] > 1 — 2.
Now we prove the following lemma.

Lemma 28. For any fixed 0 where G(0) > 0, define Sy = arg maxg.sc(n,|s|<k (Dies 0i(ri — 0)) . Suppose v; > v; for
all i € [N]. We have that

1+ > v | (6= R(S,0)) < D (6 = wi).

i€So i€Sp

Proof. Recall that Sy = arg maxg.sc(n),s|<k (D ;es vi(ri —0)). We then have that

1+ (9 - R(Se,v))

Zieé‘e ri0; Zieée ri0;

= 1+ V; 0 — — + =~ _Rgeav)
Z ( T+ 3cs, 0 1+ cq, 0 ( >
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D = Ti0;
= |1+ v; 0 — e - )+ T 1+ V| —————v; | . 17
Z ( 1+ § zeS‘ vZ Z Z 1 + E : ’U1 ( )

i€Sy i€5 i€So

Note that by assumption we have 9; > v; for all i € [N]. Therefore it holds that 1 + 3, g 0; > 1+ >, 5, v;. As aresult,

Z’I‘i 1+ Z’UZ 1+£1‘€§ — U; S ZTZ' (f}i—vi) S Z (@i—vi). (18)

i€Sy i€Se i€Sy i€Sy
On the other hand,
e, Tibi ) 1+ cq v
1+ v | |- =02 ) = €% g — oi(rs — 0) | . (19)
iezée ( 142 s, U 143 s, b lEZSQ
Note that by monotonicity (see Lemma 25) and our assumption (namely, G(6) > 6),
Z icSp TiTA}i ~
=20 = R(Sp,0) > R(Se,v) = G(0) > 0.
1 + ZiESQ (O
By algebraic manipulation, we get that
> bi(ri —0) > 6. (20)
ies‘e
Combining (19) and (20), we get that
Z‘eS‘ ri0; >
1+ v | |- —=——+] <0. 2D
zgg;e < 1 + Zieﬁ'g Vi

Plug in (18) and (21) into (17), we have that

14+ v (9 R(Sy, v ))72(@-—1&).

ZGSQ leég

We will also need the following Azuma-Hoeffding inequality for martingales.

Theorem 29. Suppose {X}, : k=0,1,2,3,...,} is a martingale and | X\, — Xy—1| < M almost surely for all k. Then for
all positive integers n and all positive reals ¢, it holds that

2
Pr[Xn — XO 2 6] S exp <—2€]\42> .
n

Now we are ready to prove Lemma 12.

Proof of Lemma 12. We prove that each of the statements (a)—(c) holds with probability at least 1 — §/(47'), given that the
UCB estimation of value v is valid (i.e., event H). Then Lemma 12 holds by a union bound.

Proof of statement (a). Note that we only need to prove that if G(6,) > 6., then with probability at least 1 — §/(4T),
CHECK (0, 0, tmax ) returns false.

For simplicity, we use the superscript (¢) to denote the value of a variable in Algorithm 6 at the beginning of epoch ¢. For
example, t(©) denotes the time steps taken at the beginning of epoch £. Now we prove that for large enough constants ¢, and
cs, and any fixed L it holds that

+(L)

Pr [Z (R(sgj), v) — GT) +(ea — 8)\/ Nt 1og? (NT/5)

T=1
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+ 3N 1ogd(NT/8) > 0 At D) < tmax} <1-3/(8T). (22)

Let 7, be the filtration of random variables upto epoch £. Let S(Z) = arg maxg.sc(ny,|s|<K (Zies ri(ﬁy) — 0)) . Then

Séf) is Jy—1 measurable. For simplicity we define S, = S ) Asa result,

e ;
0 _ _ 1) 0\ (0 |
; (GT R(Se,v)) 52::1 (t +1) ) (0T R(SE,UD

Note that (t““) — t(z)) follows geometric distribution given [Jy—; with mean (1 + D S, UZ'). Therefore with probability
at least 1 — 6/(167%) we have t!“*1) — () < 2410g(T/6) (14 X_,cq, vi) - Consequently, with probability at least
1—4/(16T2),

i( (e+1) )(9 — R(Sy,v ) ZZ410gT/5 <1+sz)( 00 _ R (Se’v>)+7

(=1 1€Sy

where the (z), notation denotes max {x, 0} . Under event H, it follows from Lemma 28 that

Z2410g T/9) <1+sz> v — R(Se,v ))+

1€Sy

L
< 241og(T/9) ZZ —vZ

(=114i€S,

L
196v;log(NT/6)  292log(NT/$)
< 241og(T/d) Z Z <\/ ey + =0
¢(=11i€S, 7 7

< 241og(T'/5) \/ 3927 ") v, 1og(NT/8) + 876N log?(NT/5)
i€[N]

Recall that in Algorithm 6 we define

L
P =3 a0 /7.

{=1

Since AEZ) follows geometric distribution, by concentration inequality (namely, Theorem 5 of (Agrawal et al., 2017))
Pr {’Dl@) < ;U{| < exp (fTi(L)vi/48> .

Therefore we get with probability at least 1 — 6 /(1672), for any i € [N],
Ti(L)vZ- < max {2117(;”, 144 log(NT/é)} .

Since every time step at most one item can be chosen, we get Eie[ N ﬁEL)

3 \/ T v; log(NT/6)

< t(L), Consequently,

i€[N]
< 3 /20l 1og(NT/8) + VI44N log(NT/6)
1€[N]

< \/QNt(L) log(NT/6) + V144N log(NT/6).
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Putting everything together, we prove Eq. (22) with c; = 688 and c3 = 21036. Note that
Tgl—{)ECK - R(Sé:), ’U)

is a martingale sequence for 7 = 0, 1,2, 3, . ... By Theorem 29 (using M = 2), with probability 1 — 6/(87?), we have that

H(L) H(1)
> (roex = 00) = D7 (RISET) = 0,) = 8Vt og(T/5).
T=1 T=1

Combining with (22), we get with probability at least 1 — §/(47), it holds that

(1)

Z (r(CTH)ECK 0 ) + @\/lemax log®(NT/8) + ¢3N log®(NT/8) > 0

T=1

in any of the epoch L such that t(/) < t,,.... Consequently, with probability at most 1 — & /(4T), the event that 5(*) < 6
never occur, which means that CHECK (0, 0,., tmax ) returns false.

Proof of Statement (b). Note that when the Algorithm returns false, the if-condition in Line 4 is always false. By the

optimality, we have 6* = G(6*) > R(Sé:), v) forany 1 < 7 < tpay. Note that (r&)  — R(Sé:), v)) is a martingale
sequence. Again, invoking Theorem 29, we have that with probability at least 1 — 6/(8T"), it holds that
(5
t(L Z R(Sy” v
t(L)
> t o) L) Z T&)ECK — 84/log(T/8) /tE) (Martingale concentration)

>0, — m (02 \/Nt L) log®(NT/6) 4 c3Nlog®(NT/68) + 84/t(L) 1og(T/5)) (By the if statement in Line 4)

Note that the time steps taken by the last epoch is bounded by 24(N + 1) log(T'/d) with probability 1 — 6 /(8T). As a result,
(co 4 8)/tF) < 2/t .y and 03/t(L) < 2/tmax. Consequently,

0, — t(T) <02\/Nt(L) log?(NT/8) + e3N log®(NT/5) + 84/t(E) log(T/é))

(CQ \/ Ntax log?(NT/6) + C3N10g3(NT/5)> ,

297"_

tmax

which proves statement (b).

Proof of statement (c). Let  be the time step when the if condition is first violated (and let £ = ¢, if the condition
holds throughout an execution). We first show that

t
E [Z (9l - R(Séf%v))] S \/ Ntiax log>(NT/8) + Nlog® (NT/5) (23)
T=1
holds with high probability. Note that the if condition is false for all ¢ < ¢. Therefore, 0, < ZT 1 CH)ECK +

Co \/ Ntmax 1og®(NT/8) + esN log®(NT/5). Applying Theorem 29, we have that with probability at least 1 — §/(8T'), it

holds that Zi - Zf—:l R(Sé:), V) < \/tmax 10g(T'/0). Note that 6; < 6,., we get (23) with probability at least
1= 5/(8T).

Then we show that given £,

tmax

(i = D0 —E | 3 8| S/ Ntmax log? (NT/8) + Nlog? (NT/5), (24)
t=t+1
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holds with high probability. Note that by assumption we have 6; < 6*. It follows from Lemma 9 that G(6;) > 6,. By the
same argument in the proof of statement (a), we have with probability 1 — 6/(8T"), it holds that

tmax

E| > (R(ng ) v) — 91) + ¢ \/ Nt oy 10g>(NT/8) 4 csNlog®(NT/8) > 0,
T=t+1
which implies (24).
Combining (23) and (24) with a union bound, we prove statement (c). O]

E. Lower bound proofs
E.1. Proof of Theorem 3

To prove Theorem 3, we first introduce the following more general theorem relating the expected regret with the number of
assortment switches.

Theorem 30. Forany N > 2, Ty > 4, fix a function g(T) such that g(T) € [ﬁ, %} and is non-increasing for T' > Tj.

For any anytime algorithm, there exists an N-item assortment instance I with time horizon T € [Ty, TZ] such that either
the expected regret of the algorithm for instant T is

E [Regr] > 755 VNTES
or the expected assortment switching cost before time T is
’ ~ N
E {\p; >} _E ;H[St 4 sm]] > Sona 0 1)

Before proving Theorem 30, we first prove Theorem 3 using Theorem 30.

Proof of Theorem 3. We set g(T') = %‘}(NT) It is easy to verify that the derivative of =T llnn(g 1) s

InT —In(NT) - Inln(NT)
TIn®TIn(NT)

<0

forall N > 2 and T > 2. Therefore g(7T') is non-increasing for all N > 2 and T > 2. Also note that for 7' > N and T
greater than a sufficiently large constant that only depends on C, we have that g(T) € {ﬁ, %} .

Now invoke Theorem 30, and we have that there exists an N-item assortment instance Z with time horizon T' € [Tp, T3]
such that either E [Regp] > =5= - VNT(In(NT))“ or

N NlogT
Eo@] >o(—)=(— 2"
] 2 (g(T)) (Cloglog(NT))’
proving Theorem 3. O

Proof of Theorem 30. Suppose that the expected number of assortment switches by the given policy for any input instance

is at most m for any time horizon T', we will prove the theorem by showing that there exists an instance with
2

. . . (1)
time horizon T € [Ty, T¢] such that the expected regret is at least = - 72+ %5,
Consider the assortment instance Z = (v, ), where v; = § and r; = 1 for any i € [N]. We will let the capacity constraint
be K = 1 for all assortment instances considered in this proof. By the assumption of the algorithm, the expected number of
N - 1+9(T5) 2
Son (3" Thus, there exists 77 such that 7} € [Tv, 1] and

T11+9(T02)]

assortment switches given input instance Z is at most

the expected number of assortment switches in time interval [77, is at most %. Otherwise, there are

1
log, (1+9(73))
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such disjoint intervals in range [Ty, 7;7] and the expected number of assortment switches is at least violating

N
) 8log, (1+4(77))”
the assumption. Let

. 2
.7:1(1) = {item 7 is not offered in time interval [T7, Tl1 +o(To )] given instance Z}.

Note that ) ", Prz[ﬁ]-'l(i)] < % +1< % for any IV > 2, because the expected number of items get offered in time interval

2
[T, Tl1 T )] is at most the expected number of assortment switches plus 1. Therefore, there must exist a set of items
I C [N] such that |I| > & and for any item i € I, Prz[ﬂ]—"l(l)] < 5. Let

i . . .. . L . 48
}'2( ) = {the number of times that item ¢ is offered in [1, T3] given instance Z is at most ~ Ly

Note that 7} is at least the expected number of times an item ¢ € I is chosen between [1, 73], which implies 77 >
BT, . Dier Prz[ﬁ}}m]. Thus there exists k& € I such that PrI[ﬂfQ(k)] < & since [I| > & Let F®) = }"l(k) N ]-"Q(k), we

N 12
have
()] > 1 — Prl=F®1 _ pri (k)>i
Pr{FO) > 1 - e - BT = 25
Now we consider the assortment instance Z(¥) = (v®), r) where v\ = 3+ 15\/ 30 and vj(-k) = 3 for j # k. We will

2
be interested in the regret of the algorithm at time horizon T11 Fo(To) First, we show that with high probability, no algorithm
can distinguish instance Z and Z(*) at time T} with high probability. Formally, we have the following lemma, the proof of
which is provided at the end of this section.
Lemma 31. We have that

1
<7a
- 24

where Prz][-| uses the probability distribution when running the policy using input instance T.

Pr[F®)] — Pr[F®¥)]
s Z(k)

Combining Lemma 31 with inequality (25), we have

1
Pr[F®] > —.
zuf) FHT = 24
2
Now, we lower bound the expected regret of the algorithm for instance Z(*) at time horizon T11 F9(T5) a5

E {Regﬂlwwg)] > E {RengHg(Tg) ]-‘(k)} . Pr []-—(k)]

a0 700 I
1l /N 1
2
> (T11+9(To) —T)- wyan 1
34 1 N 24
2 T 16\ :T,
o L ke o L e 25
= 7525 ! = 7525 ! ’
2
for any g(1¢) € [ﬁ, %} The third inequality holds because 3 + 7= ﬁ < 2 and TIHQ (1) > 70, and hence for
240
9(T3)
2 2
9(1§) = 5527w we have 79T > 0 > ory Let T = T 90 € [T, T2]. Since by assumption g(-) is a
2 +0

non-increasing function when 7' > Tp, we have that g(T") > g(1%), therefore

E [Regy| > 5. O

> T
7525

Finally we need to prove Lemma 31. First we introduce the following theorem on bounding the difference of the probability
for a certain event.
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Theorem 32 ((Pinsker, 1964)). For any probability distribution P, () on measurable space (X,X), for any event F € 3,
we have

IP(F) ~ QUF)| < |/ 5KLIPIIQ),

where KL(P||Q) is the KL-divergence between distribution P and Q).
Lemma 33. The KL divergence between two Bernoulli distributions with p; = % + Aandps = %

2

9IA
KL(puPQ) < T

Proof. The KL-divergence between two Bernoulli distributions with parameters p1, ps is
1—p1
1—p2

KL(p1,p2) = p1 ln% +(1=p1)In
2
Substituting p; = % + A and ps = %, we have
3A 9A?
KL = (1+3A)+ (= —A 1—-—= )< =
(p1,p2) ( ) +34A) + <3 ) ( 2>_ 9
where the last inequality holds by In(1 + z) < z. O

Proof of Lemma 31. Note that in our construction, the choice distribution at each time ¢ is a Bernoulli distribution. More
spemﬁcally, under instance Z, when item k is offered to the customer, the probability she chooses to purchase item k is

P2=1iT = 1, while under instance Z(¥), when item  is offered to the customer, the probability she chooses to purchase
2
item £ is
1,1 /N 1
2 T 16\ 24Ty 16 24T1 1 1 N
P = -+ — . (26)
341 N 3 + 1 N 3 24\ 24T
2 T 16\ 24Ty 2 16\ 24Ty

In event F(*), the number of times item & is offered is at most 4812 The total information available to the algorithm is

the set of choice distributions observed for item & since the choice distributions for other items are the same. Therefore,
combining Theorem 32, Lemma 33 and inequality (26), we have

1 48T) 1
<\3\/=- - KL < — O
>~ \/2 N (plapQ) 24

Pr[F®] — Pr[F®)]
z Z(k)

E.2. Proof of Theorem 8

The proof of Theorem 8 is similar to that of Theorem 3 except for that we divide the time periods with a different scheme. It
suffices to prove the following theorem in order to establish Theorem 8.

Theorem 34. Forany N > 2, T > 4, and M < log, log, T, we have that for any algorithm such that the expected number
assortment switches before time horizon T is E [\Il(dbbt)] < N M ' there exists an N-item assortment instance I such that
the expected regret of the algorithm for instance I at time horlzon T is

1 1
E > _— . JNT:a=m,
[Regr] > 7ooz

Before proving Theorem 34, we first prove Theorem 8 using Theorem 34.

Proof of Theorem 8. We set M = Llogﬂ%)]. It is easy to verify that M is at most log, log, T for T larger

than a universal constant that depends on C'. Now invoke Theorem 34, and we have that for any algorithm, there exists an
N-item assortment instance Z such that either E [Regy] > === - VNT(In(NT))“

E [q;;,assﬂ e (JV;W) —Q(NloglogT),

proving Theorem 8. O
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Proof of Theorem 34. Suppose that the expected number of assortment switches by the given policy for any input instance
is at most ¥ before time horizon T, we will prove the theorem by showing that there exists an instance such that the

expected regret incurred by the algorithm is at least ﬁ VN T2<1*2’M> .

Consider the assortment instance Z = (v, ), where v; = 3 and r; = 1 for any ¢ € [N]. We will let the capacity constraint
be K = 1 for all assortment instances considered in this proof. By the assumption of the algorithm, the expected number of
assortment switches given input instance Z is at most %. For any 5 < M, we define

1-2—7

Ty =127

By definition, we have that Ty =T. Therefore, there exists 5 such that 0 < 7 < M — 1 and the expected number of
assortment switches in time interval [7};), T(;1)] is at most % since there are M such disjoint intervals in range [1, 7. Let

fi) = {item i is not offered in time interval [T{;, 7{;4+1)] given instance Z}.

Note that ZZ PrI[—QY)] < % +1< % for any N > 2, because the expected number of items get offered during time
interval [T|;), T(;41)] is at most the expected number of assortment switches plus 1. Therefore, by an averaging argument,

we have that there exists a set of items I C [N] such that [I| > % and for any item i € I, Prz[ﬂgii)] < 2. Define the
following event

; 48T ;
gg” = {the number of times that item i is offered in [1, T{;] given instance 7 is at most %}

Note that 77 is at least the expected number of times an item ¢ € I is chosen between [1,T}], which implies Ty =

48T<” D ier Pr7[~GS"]. Thus there exists k € I such that Pr7[-G{"] < L since |[I| > &. Let G®) = " g, we
have that
0] > 1 — Prl-g®) — Prf-gP] > L
BrIg®) > 1~ Pr-g{¥] - Pri-gY)] > oo @

Now we consider the assortment instance Z(*) = (v(¥) ) where vl(ck)

k . .
=1i+L 2T andv](. ) = 3 for j # k. Using

the same proof of Lemma 31, we have that

1
(k) — N < —
B9 Prig®)] < gy
and combining it with inequality (27), we have that
1
P N
z<kr> [g } 24"

Now, we lower bound the expected regret of the algorithm for instance Z(*) as

E [Regr] > E [Regr [G0)] - Prig®)
I(k)

(k) T(k)
1 /N .
16 \/ 247,
2 TG ~Ty) 57 51
3+ 16/ 711,

1 N 1 1
> — Ty . > . \/NTz20-2-M),
= 7525 TUTD I\ Ty, < 7525 VN ’

<2andforj <M —1, M <log,log, T, we have that

The third inequality holds because % + % 5 4T( ;

1—2—3—1 1-2—J o—j—1 1_9—J

o— M
T(]+1)_T12]\/1 >T121M T12]VI>T121\I T121VI>2T121M_2T() D
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F. N log T item switch bound for ESUCB

In this section we show that a modification of ESUCB algorithm achieves O(N log T') item switches.

The modification is to use variables T; and n; without initializing in each CHECK (0}, 0,-, tnax) sub-routine. That is, move
the T; < 0,n; < O statement to the initialize phase of Algorithm 5. Note that n; /7; is still an unbiased estimation of v;,
and only concentrates better. As a result, the regret analysis applies directly.

Regarding the number of item switches, since the value of 7; and n; are not initialized in CHECK procedure, number of
updates in value 9; is bounded by log T" during the execution of ESUCB algorithm, instead of log? 7" when initialization is
executed in CHECK. Therefore we can give a better upper bound on the item switch of ESUCB algorithm. The following
theorem shows the item switch bound of modified ESUCB algorithm.

Theorem 35. The number of item switches incurred by ESUCB algorithm is bounded by O(N logT)).

Proof. Recall that Sy is calculated by Sy = arg maxge(n),|s|<x (D ;eq 0i(ri — 0)) for some 6 (Line 6 and Line 9 of
Algorithm 6). Observe that the value of b in Algorithm 6 can only be switched once in an invocation. Therefore the number
of switches in value 6 is upper bounded by O(log T'). The item number of item switch introduced by the change of 6 is then
bounded by O(N log T'). Now, consider an consecutive time steps where 6 is unchanged. We only need to show that for
fixed any 0, and Sj = arg maxgc(n,|s/<x (Dses 0i(ri — 0)), it holds that (assuming that there are L epochs)

L—1
D ISi @S| S NlogT. (28)
/=1

Suppose that there are n, items whose UCB values are updated after the ¢-th epoch. We claim that |Sy @ S¢41| < ne. This
is simply because .Sy corresponds to the items ¢ € [N] such that ©;(r; — ) is positive and among the K largest ones (and
thanks to the tie breaking rule). Therefore, any update to a single ©; will incur at most one item switch to .Sy, and n, updates
will incur at most n, item switches. Now, (28) is established because ZéLz_ll IS, @ Sy 1] < 25;11 ng S NlogT, where

the second inequality is due to the deferred update rule for the UCB values. O



