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Abstract

Motivated by the repeated sale of online ads via
auctions, optimal pricing in repeated auctions has
attracted a large body of research. While dynamic
mechanisms offer powerful techniques to improve
on both revenue and efficiency by optimizing auc-
tions across different items, their reliance on exact
distributional information of buyers’ valuations
(present and future) limits their use in practice.
In this paper, we propose robust dynamic mech-
anism design. We develop a new framework to
design dynamic mechanisms that are robust to
both estimation errors in value distributions and
strategic behavior. We apply the framework in
learning environments, leading to the first pol-
icy that achieves provably low regret against the
optimal dynamic mechanism in contextual auc-
tions, where the dynamic benchmark has full and
accurate distributional information.

1. Introduction

Motivated by the popularity of selling online ads via auc-
tions, pricing in dynamic auctions has been extensively stud-
ied in recent years. Dynamic auctions open up the possibility
of linking the auction rules and payments across time to en-
hance revenue or welfare. Formally, dynamic mechanism
design considers an environment in which the seller has ex-
act distributional information over the buyers’ values for the
items, for the current stage and all future stages, and designs
revenue-maximizing dynamic mechanisms that adapt the
auction rules based on the buyer’s historical bids (Thomas &
Worrall, 1990; Bergemann & Viliméki, 2010; Ashlagi et al.,
2016; Mirrokni et al., 2016a; 2018; Deng et al., 2019b).
This line of study provides simple dynamic mechanisms, in
terms of descriptive complexity, that compare favorably to
the revenue-optimal dynamic benchmark. However, these
mechanisms are clairvoyant and rely on exact knowledge of
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future value distributions to align buyers’ incentives (across
time) and guarantee desirable outcomes. This strong require-
ment limits the application of dynamic auctions in practice
because the seller may only have access to approximate
models of distributions. As one attempt to address this con-
cern, Mirrokni et al. (2018) consider another extreme and
propose non-clairvoyant dynamic mechanisms, which do
not rely on any information about the future. They show
that a non-clairvoyant dynamic mechanism can achieve a
constant approximation of the revenue-optimal clairvoyant
dynamic mechanism that knows the future in advance.

In this work we take an intermediate stance where the de-
signer can model present and future distributional infor-
mation subject to an estimation error. Designing revenue-
optimal and incentive-compatible auctions in this framework
is challenging for the following reason: when the seller’s
distributional information is not perfectly aligned with the
buyer’s true value distributions, it is impossible for the seller
to offer a prior-dependent dynamic mechanism in which the
optimal strategy for the buyer is to report her valuation truth-
fully at every stage (i.e., dynamic incentive-compatible).
Furthermore, in a dynamic mechanism the buyer’s misre-
port can potentially affect auctions for all future items. We
overcome these obstacles and provide a robust dynamic
mechanism where the extent of the buyers’ misreports and
the revenue loss can be related to and bounded by the esti-
mation error of the buyers’ distributions.

We then apply our robust dynamic mechanism to the prob-
lem of robust price learning. In particular, we focus on
contextual auctions, where a buyer’s valuation for an item
depends on the context that describes the item, but the re-
lationship between the buyer’s valuation and the context is
unknown to the seller. The seller’s task is to design a pol-
icy to adapt the mechanism based on the buyer’s historical
bids, with the objective of maximizing revenue. Previous
results (Amin et al., 2014; Golrezaei et al., 2019) give a
no-regret policy against the optimal static mechanism in
which the auction ignores the history and does not evolve
over time. However, Papadimitriou et al. (2016) have shown
that the revenue gap between optimal static and dynamic
mechanisms can be arbitrarily large. We tailor the structure
of our robust dynamic mechanism to a learning environment,
leading to a no-regret policy against the optimal clairvoyant
contextual auction that knows the relationship in advance.
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Related Work

Our work is closely related to the recent work by Deng et al.
(2019a), which provides a robust dynamic mechanism de-
sign framework for the non-clairvoyant environment. They
provide a no-regret policy in contextual auctions against a
constant approximation of the optimal clairvoyant mech-
anism. In contrast, we provide a robust dynamic mecha-
nism design framework for the clairvoyant environment and
design a no-regret policy against the optimal clairvoyant
contextual auction without any approximation.

Moreover, robust dynamic mechanism design for the clair-
voyant environment is more challenging than robust dy-
namic mechanism design for the non-clairvoyant environ-
ment. In a non-clairvoyant environment, there exists a
concrete dynamic mechanism from Mirrokni et al. (2018),
which is a mixture of the give-for-free auction, the posted-
price auction with an entry fee, and the Myerson’s auction.
Using such a concrete mechanism as a starting point, one
only needs to provide a framework to make this mecha-
nism robust (Deng et al., 2019a). In contrast, we consider a
clairvoyant environment, and the revenue-optimal dynamic
mechanism (with perfect prior knowledge) is given by a con-
vex program based dynamic program, i.e., it is computed
via a dynamic program in which each transition is computed
by a convex program (see Section 3.3). To overcome the
difficulty of analyzing a convex program based dynamic
program, we both develop new technical tools for analysis
and provide structural insights of its optimal solution.

Dynamic Mechanism Design. For a review of the liter-
ature, readers are encouraged to refer to (Bergemann &
Vilimiki, 2019) for a comprehensive survey. Bergemann &
Vilimiki (2010) propose a generalized VCG mechanism to
the dynamic environment where the buyers receive private
information over time, called the dynamic pivot mechanism,
which achieves welfare-maximizing outcomes. Kakade et al.
(2013) combine the dynamic pivot mechanism and the vir-
tual valuation idea (Myerson, 1981) to design a virtual-pivot
mechanism. Athey & Segal (2013) propose a team mecha-
nism that is efficient and budget-balanced.

The line of research on revenue-maximizing dynamic mech-
anism design was initiated by Baron & Besanko (1984)
and Courty & Hao (2000). Pavan et al. (2014) generalize
the Myersonian approach (Myerson, 1981) to the dynamic
setting and provide characterizations of dynamic incentive-
compatibility. Papadimitriou et al. (2016) provide an ex-
ample that demonstrates the revenue gap between the static
and dynamic mechanism can be arbitrarily large. More-
over, they show that it is NP-Hard to design the optimal
deterministic auctions even in a dynamic environment with
a single buyer and two items only. Ashlagi et al. (2016)
and Mirrokni et al. (2016b) independently provide fully
polynomial-time approximation schemes to compute the

optimal randomized mechanism. Our work is mainly built
on top of the framework of bank account mechanisms from
(Mirrokni et al., 2018; Deng et al., 2019b), which relies
on exact knowledge of valuation distributions. They pro-
vide a general framework to design the revenue-maximizing
dynamic mechanism, called bank account mechanisms. In-
spired by the framework, Deng & Lahaie (2019) and Deng
et al. (2020) provide statistical tools to test and measure dy-
namic incentive compatibility. However, such a framework
considers a setting where the seller has a perfect informa-
tion about the buyer’s distributions. In contrast, our robust
dynamic mechanism works in an environment where the
seller’s distributional information is not perfect.

Robust Price Learning. Our work is also related to dy-
namic pricing with learning (see den Boer (2015) for a
recent survey). There has been a growing body of literature
on price learning with non-strategic buyers (Cohen et al.,
2016; Lobel et al., 2018; Leme & Schneider, 2018; Mao
et al., 2018). In their models, the buyers have fixed val-
uations and are non-strategic, and therefore, the problem
can be reduced to a one-shot auction where the buyer acts
myopically without considering future. However, Edelman
& Ostrovsky (2007) provide empirical evidence that the
buyers participating in the online advertising markets do
act strategically. The study of robust price learning with
strategic buyers was initiated by Amin et al. (2013) and
Medina & Mohri (2014). When the valuations are fixed and
the buyers are impatient, the revenue regret has been shown
to be O(loglogT) by Drutsa (2017; 2018). For learning
in the contextual auctions, Amin et al. (2014) develop a
no-regret policy in a setting without market noise. Recently,
Golrezaei et al. (2019) enrich the model by incorporating
market noise. All of these results are no-regret against op-
timal static mechanisms that ignore the history, while our
policy is no-regret against optimal dynamic mechanisms.

2. Preliminaries

A dynamic auction model describes an environment where a
seller (he) sells a stream of 1" items that arrive online, based
on the reports by strategic buyers. In an online environment,
an item must be sold once it arrives. For the sake of clarity,
we will focus on the case with a single buyer (she). Our
results can be extended to multi-buyer settings by using the
techniques from Cai et al. (2012).

In line with the literature (Deng et al., 2019a), the ¢-th item
arrives at stage ¢ and the buyer’s valuation v; € [0, a] is
drawn independently (but not necessarily identically) ac-
cording to the cumulative distribution function F;. We as-
sume that the density function f; of F; is upper bounded
by cy /a; where ¢ ¢ 1s a constant. The domain bounds a; are
public and enrich the model to reflect the fact that item valu-
ations may have different scales. We normalize the domain
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bound sequence so that ), a, = 7. We consider a setting
where the seller’s distributional information is imperfect:
the seller only has access to an estimated distribution F}.

After the buyer learns her valuation v, at the beginning of
stage t, she then submits a bid b; to the seller who then
implements an outcome with an allocation probability and
a payment. We restrict our attention to the case where the
bid b is always in the set V; = [0, a;]. For convenience, let
Vit = Hﬁ,zl Vi be the set of all possible sequences of the
buyer’s bids for the first ¢ stages. Similarly, let AV; be the
set of distributions over V; and let (AV)* = HE,:l (AVy)
be the set of all possible sequences of distributions for the
first ¢ stages. For convenience, we use the notation a4
to represent a sequence (ay/, . .., azr) of a between stage ¢/
and stage t”. In general, a clairvoyant mechanism can be
characterized by a sequence of allocation and payment func-
tions: (1) the allocation function maps historical bids and
seller’s distributional information F(LT) to an allocation
probability: z; : V! x (AV)T — [0,1]; (2) the payment
function maps historical bids and seller’s distributional infor-
mation F(LT) to a payment: p; : V! x (AV)T — R. Given
b1+ and F{; 7, the utility u; of the buyer with true valu-
ation Ut is Ut (Ut; b(l,t); F(l,T)) = V¢ - T¢ (b(lvt); F(l,T)) —
| (b(l,t)Q ﬁ'(LT)). A dynamic mechanism is non-clairvoyant
if no prior knowledge about future stages is available, and
therefore, the allocation rule and the payment rule of a non-
clairvoyant dynamic mechanism at stage ¢ can only depend
on F(Lt) and b1 +). We will focus on how to make the
revenue-optimal clairvoyant mechanism robust.

Estimated Distributional Information. Following the
setup in (Deng et al., 2019a), we relax the standard assump-
tion of exact distributional information (Ashlagi et al., 2016;
Mirrokni et al., 2018; Deng et al., 2019b) and consider an
environment where the seller’s distributional information is
estimated with an error A.

Assumption 2.1 (Deng et al. (2019a)). There exists a cou-
pling between a random draw v from Fy and a random draw
Oy from Fy such that vy = O + ay - €; with e, € [—A, Al

The assumption states that samples from the estimated dis-
tribution have a bounded bias. Looking ahead to our ap-
plication into contextual auctions, such a bias comes from
that the seller does not have perfect information about the
relationship between the buyer’s valuation and the context.

Utility-maximizing Buyer. We assume the buyer’s valua-
tion is additive across items. At stage ¢, the buyer aims at
maximizing her time-discounted cumulative expected utility
S A"t - Eug], where 4 € (0,1) is the discounting
factor and the expectation is taken with respect to the true
distribution F(; 7). The discounting factor implies that the
buyer is less patient than the seller. We note that Amin et al.
(2013) showed that it is impossible to obtain a no-regret

policy when the buyer is as patient as the seller.

Incentive Constraints. The buyer’s best response in a dy-
namic mechanism depends on her strategy in future stages.
When the seller has perfect distributional information, the
classic notion of dynamic incentive-compatibility (DIC) re-
quires that reporting truthfully is always the buyer’s optimal
strategy, assuming that she plays optimally in the future
(Mirrokni et al., 2018). However, exact DIC is no longer
possible to achieve in prior-dependent dynamic mechanisms
when the seller only has approximate distributional infor-
mation. We consider 7y, ry-approximate DIC (Deng et al.,
2019a): assuming the buyer plays optimally in the future
(optimally now no longer means truthfully), the buyer’s bid
should deviate from v; by at most 7, at stage ¢t. Formally,
there exists b; € [v+ — nt, v + 1] that belongs to

argbmax Uy (Ut; b1, F(l,T)) +v-Uy (b(l,t)§ Fa,m; F(I,T))
(n(1,7)-DIC)

for all vy, b(l,tfl)- Here Ut(b(l,t)QF(l,T);F(l,T)) is the
continuation utility that the buyer obtains in the future: for
t<T, U (b(l)t); Fa,m; F(LT)) is defined recursively as

EoiinFoss [ MaX Ut 41 (Ve415b(1,041); F(l,T))
t+1
+ 5 - Ui (b141); Fa ) F(l,T))} ;

while Ur (b 1y; Fia,1y; F(LT)) =0.

Participation Constraints. We assume that the buyer
weights realized past utilities equally, and therefore, ex-post
individual rationality requires that for all vy 7y:

T
Z ue (Vg5 v(1 1) F(l,T)) >0

t=1

(ex-post IR)

For convenience, we will use the phrasing “for F; 7y to
refer to the environment where the true distributions are
F(1,1). For example, that a mechanism is 7(; 1)-DIC for
F(1,7) means that the mechanism is 7(;,7-DIC when the
true distributions are F{; 7).

2.1. Bank Account Mechanism

Even in an environment where the seller has perfect distri-
butional information F(l,T) = F(1,1), the first challenge in
designing a dynamic mechanism is that the descriptive com-
plexity of the mechanism could be exponentially large. In
general, the allocation functions and the payment functions
depend on the entire sequence of historical bids. We will
focus on a simpler, special class of dynamic mechanisms.
called bank account mechanisms. For our purposes, this is
without loss of generality, because Mirrokni et al. (2018)
showed that any dynamic incentive-compatible and ex-post
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individual rational mechanism can be converted to a bank
account mechanism without loss of revenue.

The salient feature of a bank account mechanism is that it
uses a single non-negative real number bal;, called bank
account balance, to summarize the history. Henceforth, the
allocation and payment function at stage ¢ only depends on
bal;, b;, and the seller’s distributional information.

Definition 2.2 (Bank Account Mechanism (Mirrokni et al.,
2018)). A bank account mechanism B = (x, p, balU) for
F (1,T) 1s specified by a tuple constituted by x, p, and balU
such that for each stage t:

(1) A stage mechanism x(bal, b;), p;(bal, b;) is parameter-
ized by a balance bal € R, which is incentive-compatible
for the stage for every bal > 0: for any v, and by,

vg - x¢(bal, vy ) — pe(bal, vy) > vy - z(bal, by) — pi(bal, by);
(stage-IC)

(2) The mechanism is not necessarily individual rational for
the stage. However, the expected utility is balance indepen-
dent if the buyer reports truthfully:

5 [vs - x(bal, v) — pe(bal, vy)] = ¢, (BI)

v~ Fy
where c; is a constant not dependent on bal;

(3) A balance update policy balU; : Ry x V. — R that
maps the previous balance and the buyer’s bid to a new
balance, satisfying balU;,1(bal;, b;) > 0 and

balUt+1(balt, bt) S balt + bt Tt (balt, bt) — pt(balh bt)
(BU)
balyy1 can be defined recursively as bal; = 0 and

balt+1 (b(l,t)) = balUt+1 (balt (b(l,t—l)) 5 bt) .

We will use the notation x¢(b(1,¢)) and x;(bal, b;) where
bal = bal(b(1 1)) interchangeably since (b1 +)) and
x¢(bal, by) are the same; similarly for p;.

Note that (BI) implies that the buyer’s historical reports
have no impact on her future expected utilities, assuming
she reports truthfully in the future. Therefore, when the
seller has perfect distributional information, if the stage
mechanism for every stage is stage-IC, a backward induction
argument can demonstrate that the mechanism is exactly
DIC. Moreover, (BU) ensures that the non-negative balance
always lower bounds the buyer’s utility provided truthful
reporting. Thus, the bank mechanism is ex-post IR.

3. Core Bank Account Mechanism

It is inconvenient to directly analyze the bank account mech-
anism since we need to relate the stage mechanisms with
different bal > 0 to ensure that (BI) is satisfied. A refined

characterization called core bank account mechanism (Mir-
rokni et al., 2016b), provides a more convenient way to
ensure (BI). The full proofs of this section are deferred
to the full version. After introducing the notion of a core
bank account mechanism (Definition 3.1), we develop a
novel program to compute the revenue of such a mecha-
nism, even when the seller’s distributional information is
imperfect (Section 3.1). We then introduce basic operations
for editing core bank account mechanisms (Section 3.2),
which enable a unification of core bank account mechanisms
(Lemma 3.5) as well as a dynamic program for computing
the revenue-optimal mechanism when the seller’s distribu-
tional information is perfect (OPT-BAM). The latter will
serve as the base mechanism for our robust mechanisms.

Definition 3.1 (Core Bank Account Mechanism (Mirrokni
et al., 2016b)). A core bank account mechanism (g, y) for
F(LT) is constituted by a family of functions g = g1,y and
Y = Ya,r)- g¢ maps a history b ) to a non-negative real
number and y, maps by 4y to the stage allocation. Moreover

(1) ys is the sub-gradient of g with respect to b;

(2) g; is consistent, symmetric, convex in by, and weakly
increasing in by, where g is consistent if

gt—1 (b(l,tfl)) - vaﬁt [gt (b(l,t71)7 'Ut)} = xt(9),
where x+(g) is a number dependent on g but independent of
b(1,t—1); g is symmetric if g1 (b(l)t,l)) = g1 (b’(u_l))
implies gy (b(1,4-1),bt) = g (bl(u_l), be).

A bank account mechanism B(g, y; F(I,T)) satisfying stage-

IC, BI, and BU for F(LT) can be constructed from a core
bank account mechanism (g, y) as follows:

bal;y1 (b(l,t)) =9t (b(1,t)) — pe(g) (1
T (balt(b(l,t—l))v bt) =U (b(l,t)) 2
Dt (balt(b(l,tfl))a bt) =Yt (b(l,t)) “ by

by
- / Yt (b(l,t71)7b)db 3)
0

s¢(baly (b1,e-1))) = E, g {/ Yt (b t—1y,v)dv
0

+xe(9) — te—1(9) + pe(g) )
pe(bale(b1,i—1)), be) = Pe (bale (b 1—1y), be)
+ S¢ (balt(b(lvt_l))) (5)

where p:(g) = infp,, 9t(b@1.1))-

Intuitively, the function g maintains the state of the core
bank account mechanism, which can be viewed as a variant
of the bank account balance from (1). The function y defines
the stage allocation rule z;. By the celebrated Myerson’s
Lemma (Myerson, 1981), p; is the unique payment rule
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derived from x; such that (x, p;) constitutes a stage-IC and
stage-IR mechanism. A mechanism (z;, p;) is stage-IR if
for any balance bal > 0, and for any v,

Ty (bal, vt) S — Py (bal7 vt) >0 (stage-IR)

We refer to the stage-IC and stage-IR mechanism (x, p)
as the local-stage mechanism. The payment function p; is
computed as the sum of p; and s;, where s, only depends
on the historical bids b(; ;1) and does not depend on b;.
The stage mechanism (x, p) can be interpreted as follows:

(1) The seller first charges a spend s; from the buyer before
the buyer learns his valuation v;;

(2) The seller runs the local-stage mechanism (z, py).

Note that s, is independent of the buyer’s bid b, at stage
t, and therefore, the stage mechanism (z;, p;) is stage-IC.
It is straightforward to verify that the expected utility at
stage t is always —x¢(g) + pe—1(g9) — p(g), independent
of baly (b(l,t—l))- Moreover, BU is satisfied with equality
such that balUHl(balt, bt) = balt + bt . xt(balt, bt) -
pt(balg, by ). Since both g and y are symmetric, we abuse the
notation slightly and let g; (g:—1(b(1,t—1)), b+) = g¢(bc1,1))
and y; (gtfl(b(l,tfl))y bt) = yt(b(l,t))~

3.1. Revenue of Core Bank Account Mechanism

Let d; (baly (b1,t—1)),b:) = @¢(baly(b 1)), b) - by —
pe(baly(b1,t—1)),b:) be the buyer’s utility from the
local-stage mechanism (x;,p;). By taking the equal-
ity in BU, we have bal;;1(b(1+)) = bali(bg¢—1)) +
ﬂt (balt(b(l’t_l)),bt) — St (balt(b(yl,t_l))). Plugglng in
(1) and (4), and noticing that [ v (b1,i—1),v)dv =
ti¢ (bal(b(1,4—1)), vi)) we have:

9t(b1,t)) = gi—1(ba,e—1)) + e (balt(b(l,t—l))7 bt) - xt(9)
— EUtNFt [’llt (balt(b(lvt,l)), ’Ut)]. (6)

Equation (6) is useful because it connects the transition
between g;1(b(1,4—1y) and g¢(b(1,4)) to the buyer’s utility
obtained from the local-stage mechanism at stage ¢. This
connection enables a convenient way to compute the revenue
of a core bank account mechanism.

Definition 3.2 (Revenue Tracking Program). For a core
bank account mechanism {g,y) for F,1), we consider

a revenue tracking program . (&; B(g, y; F(LT)); Fu,my)

to compute the revenue of implementing B(g,y; F1,1))
when the buyer’s true distribution is F(1 7). We define

Yi—1(&; B(g, y; F(LT)); Fu,r)) to be =§ whent = T and

E [yt(&vé) vy + ¥ (g€ v1); B(g, 3 Famy)s F<1,T>)]

when t < T, where the expectation is taken over vy ~ F;
and v, is the buyer’s bid that maximizes her continuation
utility when her true value is v;.

The revenue tracking program provides a tool to compute
the revenue, even when the seller’s distributional informa-
tion is not perfectly aligned with the true distribution. Let
Rev(B, F1,1y) be the revenue of implementing B when
the buyer’s true valuation is F{y 1.

Lemma 3.3. Rev(B(g,y; F(1,T))7 F1,1)) can be com-
puted as Yo(go; B(9,y; Fu.1)); Fa,m) + kr(9)-

The proof of Lerpma 3.3 is based on the fact that the quantity
Yo(g0; B(9,v; F(a,1)); F(1,1)) can be written as

Yo(g0; B(g,y: Fum)s Fary)

Z yt(vél,t)) : vl/f - Ev(1,T) [gT(’UELT))}
t
(7N

where the expectation is taken over F(; 7). Recall that
Yt(v(, 4)) defines the allocation rule by (2). Therefore,

=By p

Bui o[22 9t (v(y 4y) - 03] is exactly the expected reported
welfare, i.e., the welfare computed from the buyer’s reported
bids. Moreover, using (6) that connects g and the buyer’s
utility, we can show that gT(vELT)) is equal to the buyer’s
reported utility plus pr(g), i-e.,

T
gr(V(1.m)) = pr(g) + Z {xt (bal ({1 4—1y): be) - be
t=1
— Dt (balt(vél,t_l))vvi)] ®)

We can then compute the revenue by taking the difference
between reported welfare and reported utility.

3.2. Operations on Core Bank Account Mechanism

Given a core bank account (g, y) for F(LT), we can apply
modifications on (g, y) to obtain a new core bank account
mechanism (g’,y"). We introduce three basic operations
that we will use to modify a core bank account mechanism.
These operations change the dynamics of the core bank
account mechanism, and are useful for us to unify the core
bank account mechanism (Lemma 3.5) and make it robust
(Definition 4.6).

(1) A follow-the-history operation at stage t is defined as
gg(b(u)) = 91/571(5(1,t71)) + 9:(b(1,4)) — 9e—1(b,e—1))
y;(b(l,t)) = yt(b(l,t))’

By (2) and 3), @i(b1,p) = #;(ba) and pi(be ) =
Py (b(1,1)) for any b(y ¢—qy. Therefore, (x;, p;) under (g,y)
is the same as (x}, p;) under (g, yy’) for the same history.

(2) A follow-the-state operation at stage t is defined as

9t (b(1,t)) = 9¢(91—1(b(1,e-1)), br)
yi(b(l,t)) = yt(ggfl(b(l,tfl))a bt)~
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By (2) and (3), for historical bids b(; ;1) and bzl t—1) if
gt—l(b(l,t—l)) = 92_1(17/(17,5_1)), then It(b(l,t—1)7 bt) =

xfe(b/(u_l)’bt) and p¢(b1i-1),br) = ﬁ;(bl(l,t_nabt) :
Therefore, for two histories mapped to the same state,
1Al

(x4, pt) under (g, y) is the same as (x}, p;) under (g’, y').

(3) A state-shift operation at stage ¢ is defined as,

91(bayy) = ge(b,ey) +0  and  y; (b)) = ye(bap))s

for some §. Basically, a state shift operation simply follows
(g, ) so that the local-stage mechanism remains the same.
However, there is an additional term J that is added to the
state transition function.

Remark 3.4. It is worth noting that, although the local-
stage mechanisms are maintained for all the operations, the
stage mechanism might not be the same since the payment
pt includes an additional term, the spend s; that depends
on xt(q"), pi—1(g"), and pi(g’) according to (5).

3.3. Optimal Core Bank Account Mechanism

The next lemma demonstrates that any core bank account
mechanism (g, y) can be turned into a core bank account
mechanism (¢’, y') with x¢(¢’) = Oforall ¢ and ur(g') =0
with the same revenue.

Lemma 3.5. For a core bank account mechanism (g, y)
for F (1,T), We construct a core bank account mechanism
(¢',y") with x+(¢") = 0 forall t and p7(g’) = O that shares
the same revenue as (g,y) as follows:

® 90 = 90—y, xt(9) — pr(g);

o Fort >0, gi(b1y) = gi_1(b1,—1)) + ge(b1e)) —
gi—1(b(1,4—1)) + xe(g) and yi (b1 ¢)) = ye(be,p))-

In this construction, we apply a follow-the-history operation
and a state-shift operation with § = x;(g) for stage ¢t > 0,
and shift the initial state down by >, x¢(g) + p17(9)-

Utility Interpretation. Under truthful bidding, the buyer’s
utility is @ (baly (b1 ¢—1), v¢) — s¢ (baly (b1 4—1))) at stage
t and the expected utility is E,,_ . [ii (baly(b14-1)), ve)]—
s¢(baly(b(1,4-1))). The spend s;(baly(b(1,,—1))) is can-
celled, after taking the difference. When x(g) = 0, the tran-
sition function (6) of g at stage ¢ can be interpreted as: first
subtract the buyer’s expected utility at stage ¢ and then add
the buyer’s realized utility at stage ¢. Therefore, for a core
bank account mechanism with x;(g) = 0 and pr(g) = 0,
we can interpret the state g;(b(1,¢)) as the promised utility
of the buyer, which is the sum of the realized utility for the
first ¢ stages and the expected utility in the future.

Dynamic Programming. We are now ready to design a
dynamic programming algorithm (Mirrokni et al., 2016b)

to compute the revenue-optimal core bank account mech-
anism. Let ¢;_1(&; F(l,T)) be the optimal revenue for the
sub-problem consisting of stages from ¢ to 7', when the
buyer’s true distribution is F(LT) and the current state is
& > 0. Through backward dynamic programming from
stage T to stage 1, we can compute ¢;_1(&; 13'(17T)) from
the following program (OPT-BAM):

max E__p {zt(f,vt) cvp + @y (ht(&vt); F’(l,T))}
st (z(&,4),4(,-)) is a stage-IC and IR mechanism
Vo, €+ @i(E, vp500) — By g [6(E, 055 01)] > 0
(OPT-BAM)

where (&, v;0) = v - z(&v) — Gi(€,v). In
the above program, the free variables are z;(¢,-) and
G+(&,-) while the state transition function h:(&,v;) =
£+ (& ve300) — E, g, [t (€, vy;v)] is determined by
z¢(&,v¢) and Gy (€, v¢), and ensures consistency. Henceforth,
the task of the program is to find a local-stage mechanism
(z¢(€, ), G:(&,+)) that is stage-IC and stage-IR and maxi-
mizes the objective.

The optimal initial state is & = arg max,, > do(&o; F1.7))
and let B(g g2 Yjess f?‘(LT)) be the optimal mechanism. A

FPTAS can be obtained by approximating ¢ (-; F(q 1))
by piece-wise linear functions with polynomial-many
pieces (Mirrokni et al., 2016b).

3.4. Mismatch between ' 7y and F(LT)

Before we end this section, we provide the first component
of our robust dynamic mechanism that quantifies the revenue
loss due to the mismatch in distributional information. The
next lemma demonstrates that the gradient of the revenue
function in terms of the state is at least —1, which enables
us to relate the revenue loss to the amount of state shift.

Lemma 3.6. For any stage t, state { > 0, and 6 > 0,
e(§+ 05 F i) = ¢6(&5 Fayry) — 0.

With Lemma 3.6 at hand, we can shov&A/ that the revenue of
the optimal dynamic mechanism for F{; 7y is close to the
revenue of the optimal dynamic mechanism for F; 7.

Lemma 3.7. Let ¢ (ég;; }3’(177«)) be the revenue of the opti-

mal dynamic mechanism for F(l’T) and let ¢¢ (56; F(1,T))
be the revenue of the optimal dynamic mechanism for F(q .

Then, 0 (&6 Fivmy) = 00 (65 Fa.m) — O (A, a0)

4. Robust Bank Account Mechanism

In this section we provide the central contribution of this
paper: a framework to make the optimal bank account mech-
anism for F‘(LT) robust against the estimation error and the
buyer’s misreport when the true distributions are Fi; . We
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first show that the magnitude of the misreport can be related
to the estimation error and the sequence of a1, 7). Next, we
demonstrate how to design a revenue robust mechanism in
which the revenue loss can be related to the magnitude of
the misreport and the estimation error. The full proofs of
this section are deferred to the full version.

4.1. Misreport from the Buyer

Since the seller does not have perfect distributional informa-
tion, there is no way for the seller to compute the buyer’s
expected future utility exactly. As a result, the seller is
not able to design a prior-dependent dynamic mechanism
achieving exact dynamic incentive-compatibility.

To this end, we modify a core bank account mechanism
(g,y) for F(LT) to obtain a dynamic mechanism that is
n(1,7)-DIC for F; 1). To begin with, note that for an ar-
bitrary core bank account mechanism (g, y) for F(LT), the
corresponding bank account mechanism B(g, y; F(LT)) is
stage-IC and BU for F(l,T)- Moreover, both of these prop-
erties do not depend on the the buyer’s true distributions
in a single buyer environment. Hence, B(g, y; F(LT)) is
stage-IC and BU for F{; 7). Recall that BU ensures ex-post
IR, and thus, B(g, y; F‘(LT)) is also ex-post IR for Fy ).
However, B(g,y; F(l,T)) is no longer BI for F{; ). To
overcome this difficulty, we generalize the definition of BI.
Definition 4.1 (Approximate BI). A bank account mecha-
nism for F(y 7y is d(1,7)-Bl if, for each t and any bal > 0,
there exists a constant c; independent of bal such that

Ey,~F, [Vt - 2¢(bal, ve) — pr(bal,vt)] € ¢+ [—0¢/2,6:/2].
(0(1,7)-BD

Under Assumption 2.1, for the same stage mechanism, the
difference between the expected utility under Fyand F, is
at most Aay. As aresult, B(g, y; F(LT)) is 0(1,7)-BI with
d0; = 2Aa;. Combining these observations, we have the
following lemma on B(g, y; F(LT)) for Fiq 7y:

Lemma 4.2. For a core bank account mechanism (g, y)
Sfor F(LT), B(g,y; F(LT)) is stage-IC, 0y 1y-BI with §; =
2Aay, BU and ex-post IR for F(y 1.

For a bank account mechanism satisfying 6, 7)-BI for
F(1 1), the range of expected utility is d, for the ¢-th stage.
Therefore, no matter how the buyer misreports in the first
(t — 1) stages, her expected utility in the ¢-th stage can only
fluctuate by at most §; under truthful reporting. The fact that
the stage mechanisms are stage-1C for F{; 1) implies that
the buyer’s expected utility at a stage is maximized when
she reports truthfully. Therefore, we are able to upper bound
the continuation utility from a misreport.

Lemma 4.3. For a dynamic mechanism that is stage-1C
and (1, )-BI for F(1 1), for any b ;1) and vy, the dif-
ference between the continuation utility of reporting any

b € [0, a¢] and the continuation utility of reporting v, truth-
fully is bounded by Zg:tﬂ S

As a result, once the dynamic mechanism posts a risk for
the buyer to misreport at stage ¢, we are able to bound the
magnitude of the buyer’s misreport. To do so, we mix the
dynamic mechanism with a random posted-price auction at
every stage, with probability A.

Definition 4.4 (7, 1)-DIC Mechanism). Given a bank ac-
count mechanism B = {(x,p,balU) satisfying stage-IC,
d(1,7)-Bl and BU for F( 1), we construct a bank account

mechanism B = (z,p,balU) by mixing B(z,p; F(LT))
with a random posted price mechanism with probability
A. In particular, the random posted price mechanism at
stage t posts a price uniformly from [0, a;]:

(1) Z(bal,b;) = (1 — \) - z(bal, b)) + X - &,

(2) ﬁ(bal,bt) = (1 — A) p(bal,bt) + A- %’_
(3) balU(bal, by) = (1 — ) - balU(bal, by).

Note that a random posted price auction is stage-IC and
stage-IR. Moreover, in a random posted price mechanism
with a price uniformly drawn from [0, a;] at stage ¢, it can
be shown that a misreport with magnitude m; will cause
the buyer a utility loss zm—i Since the buyer is a utility-
maximizer with discounting factor -y, we have the following

lemma on the magnitude of misreport for each stage.

Lemma 4.5. For B = (7,p,balU) constructed ac-
cording to Definition 4.4 from a 6. )-BI mechanism,
the mechanism B is stage-IC, 0, 1y-BI and BU for
Fq,1y. Moreover, the mechanism is 1 1)-DIC with n, =

\/2—;’5 . ZtT/=r,+1 A=t - 0y and ex-post IR for F(y 1.

4.2. Revenue Robust Mechanism

Given the construction in Definition 4.4 and Lemma 4.5,
any bank account mechanism B for F(LT) can be turned
into a 7(;,7)-DIC mechanism B for F{; 1) by mixing B
with a random posted price auction for each stage with
probability A. Excluding the random posted price auction,
the remaining mechanism is in fact B with probability (1 —
A) such that for stage ¢, the misreport of the buyer is at most
ne. Given 1 1), we construct a revenue robust mechanism
in which the revenue is robust against the buyer’s misreport.

Definition 4.6 (Revenue Robust Mechanism). For a core
bank account mechanism (g,y) for F(LT), assuming the
magnitude of the misreport at stage t is at most 1, we
construct a revenue robust core bank account mechanism
(g,9) with 8, = Aay for all t such that gy = go and

Gi(bi,ey) = 9e(Ge—1(b1,e—1)), be) + B +me
gt(b(l,t)) = yt(gtfl(b(l,tfl)% bt)~
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Basically, we apply follow-the-state operations for every
stage with an additional state shift 3, + 7;. Therefore, in

B(g,7; F(1,1)), the local-stage mechanism is the same as in

B(g,y; F‘(LT)) if the state is the same. Moreover, when we
update the state, the next state is shifted up by 5; + 7;. The
reason why we shift the state up is that, by Lemma 3.6 we
do not have a bound on the revenue loss when the combined
effect of the estimation error and the buyer’s misreport re-
sults in a smaller state in the next stage, but we do have one
when the combined effect results in a larger state.

Lemma 4.7. (7, 7) constructed according to Definition 4.6
is a core bank account mechanism for F r). When

B = Aay and 04(€) = V¢ (&; B(g9,y; F1.r)); Flar)) satis-
fies 0.(E+6) > 0.(§) — dforallt, £ >0, and 6 > 0,

Rev(B(g, g FA‘(I,T))7 F(1,T))

> Rev(B(g,v; F(I,T))vﬁ(l,T)) -0 (Z(Aat + 77t)> .

t

In particular, the condition in Lemma 4.7 is satisfied by the
revenue-optimal mechanism by Lemma 3.6.

4.3. Final Mechanism

We are ready to construct our robust bank account mech-
anism. We first compute the optimal bank account mech-
anism B (g| g Yjéss F(l)T)) for the estimated distributional
information F(LT) (Section 3.3). We then compute the rev-
enue robust mechanism (g, §) from (g, y) (Definition 4.6),
and finally, mix in a random posted price mechanism to
obtain B(g‘éa gy ﬁ‘(LT)) (Definition 4.4).

Theorem 4.8. Under Assumption 2.1, B(g‘ e Ugss F(LT))
is stage-1C, BU and ex-post IR for F( 1). The mechanism
is 0(1,my-BI with 6y = 2Aay and 1, 1)-DIC and ny =

2a: A T —
\/ aAt 'Zt’:t-‘rl ’yt, tat/for F(LT)'

In the worst case, the revenue loss from the random
posted price auction is at most the expected welfare
AY  Evnr, [vd] < XY, ap = AT. Moreover, we can es-
tablish an upper bound on the total magnitude of the buyer’s
misreport >, 7 = O(y/A/X - T). Finally, combining
Lemma 3.7 and Lemma 4.7, we have:

Theorem 4.9.

RGV(B(§|53737\53,F(l,T))7F(1,T))
> Rev(B* (Fum), Far) — OAT + /AJX-T)

where B*(F(1 1)) is the optimal clairvoyant mechanism for
F(1,1), where A is the bias bound in Assumption 2.1. The
revenue loss is minimized when \ = A%, which results in
revenue loss O(A3T).

5. No-Regret Policy in Contextual Auctions

In this section, we apply our robust dynamic mechanism in
a learning environment, leading to policies that achieve low
regret against the optimal clairvoyant mechanism (which has
full and accurate distributional information) in the domain
of contextual auctions.

5.1. Contextual Auctions

In a contextual auction, the item at stage ¢ is represented
by an observable feature vector ¢; € R¢ with ||(sllo <
1. In line with the literature, we assume that the feature
vectors are drawn independently from a fixed distribution
D with positive-definite covariance matrix (Golrezaei et al.,
2019). The buyer’s preferences are encoded by a fixed
vector o € R and the buyer’s valuation at stage ¢ takes the
form vy = a;({o, {;) + n¢), where n; is a noise term with
cumulative distribution M;. The distribution M; and the
feature vector ¢; are known to the buyer in advance, but the
buyer’s preference vector o remains private. In line with
the literature (Deng et al., 2019a), we make the following
technical assumption that upper bounds the sequence of
domain bounds a;:

Assumption 5.1 (Deng et al. (2019a)). For all stages t, we
assume that Zt, < Qv < ¢, - t where ¢, is a constant.

Assumption 5.1 limits the portion of welfare and revenue
that can arise in the first ¢ stages, for any ¢. Its purpose is to
rule out situations where a large fraction of revenue comes
from the initial stages, under which a large revenue loss may
be inevitable since it is impossible for the seller to obtain a
good estimate of o from just the first few stages.

Our task is to design a policy 7 that includes both a learning
policy for o and an associated dynamic mechanism policy
to extract revenue. At the beginning of stage ¢, the learn-
ing policy estimates F, using information (a¢, {3, My, and
b(1,t—1)) while the dynamic mechanism policy computes
the stage mechanism (¢, p;) at stage t. Let Rev(m; F(q 1))
and Rev(B; F(1,1)) be the revenue of implementing pol-
icy m and mechanism B for F(; 7y, respectively. More-
over, let B*(F{1 1)) denote the revenue-optimal clairvoyant
dynamic mechanism that knows F(; 7y in advance. The
regret of policy 7 against the dynamic benchmark is de-
fined as Regret”(F1,7)) = Rev(B*(Furm): Far) —
Rev(; F(1,7y). Our objective is to design a policy with
sublinear regret for both the clairvoyant and the semi-
clairvoyant environments.

5.2. Clairvoyant Environment

Due to space limitations, the details of our no-regret poli-
cies are deferred to the full version. Our robust dynamic
mechanism enables a no-regret policy in the clairvoyant
environment.
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Theorem 5.2. There exists a policy such that the T-stage re-
gret of the contextual auction in a clairvoyant environment is
O(T% ) against the optimal clairvoyant dynamic mechanism
that knows the buyer’s preference vector in advance.

5.3. Semi-clairvoyant Environment

We can generalize our results to a semi-clairvoyant envi-
ronment. In a semi-clairvoyant environment, the seller
does not know the time horizon 7' and he obtains the
estimated distributions in W > 1 batches, specified by
(1 =1,72, - ,7w,Tw+1 = T + 1). The j-th batch con-
tains the estimated distributions for items arriving between
stage 7; and stage (741 — 1). In other words, letting BB; be
the set of stages in batch j, the seller obtains the estimated
distributions for batch j at the beginning of stage 7; and not
before, so that the mechanism at stage ¢t € B, can only de-
pend on F( 1,7;41—1)- Henceforth, in the contextual auction,
the seller can learn the information about stage t € B; (i.e.,
at, C¢, and M) at the beginning of stage 7.

However, in the worst-case scenario, a semi-clairvoyant en-
vironment will degenerate to a non-clairvoyant environment
in which each batch only contains one stage, and Mirrokni
et al. (2018) demonstrate that the approximation ratio be-
tween the optimal non-clairvoyant mechanism and the op-
timal clairvoyant mechanism is at most % To circumvent
this impossibility and obtain a no-regret policy against the
optimal clairvoyant mechanism, we introduce a measure to
capture the revenue gap between the semi-clairvoyant and
the clairvoyant mechanism:

Definition 5.3. Given B, w and a(, 1, we define a mea-
w
sure V(Ba,wy, aq,r)) = 22500 \/2ies, 9-

The regret of our policy in the semi-clairvoyant environ-
ment depends on V(B(1,w), a(1,7)), and the regret is sub-
linear when V(B(1,wy,a,r)) = o(T). Observe that,

w w
ijl s /Ztij a? < Zj:1 Ztij a; = T. Therefore,
the difference between V(B (1w, a(1,1)) and T is captured

2
\/2tes, ai and

D oie B, @~ Such a difference is small for batch j when there
exists a stage ¢ € B; such that ay is close to ), ay,
J
which implies that there is no much difference between fo-
cusing on stage ¢’ only and the stages in batch B;, since the
revenue contribution from stages other than ¢’ from B; is
relatively small. Therefore, when the difference between

2 . . .
D e s, @ and > _tep, @t is small, a semi-clairvoyant en-

vironment degenerates to a non-clairvoyant environment.

by the sum of the difference between

We obtain a no-regret policy by combining our robust dy-
namic mechanism with a carefully designed learning policy.

Theorem 5.4. There exists a policy such that the T-stage
regret of the contextual auction in a semi-clairvoyant envi-

ronment is O (T% +V(Ba,w), a(LT))) against the opti-
mal clairvoyant dynamic mechanism that knows the buyer’s
preference vector in advance. In particular, the regret is
sublinear when V(B(1 wy, a(1,1y) = o(T).

6. Conclusion

In this paper, we provided a new framework for designing
dynamic mechanisms that are robust to estimation errors
in value distributions as well as to strategic behavior. We
applied the framework to design policies for contextual
auctions that are no-regret against the revenue-optimal dy-
namic mechanism that has full information about the buyer’s
distributions, in both the clairvoyant environment and the
semi-clairvoyant environment.

A natural direction to consider in the future is to improve
the revenue loss bound of our robust dynamic mechanism
as well as our no-regret policies. Is it possible to design a
robust dynamic mechanism or no-regret policy with smaller
revenue loss? Or could we provide a lower bound for the
loss? It would also be interesting to apply our framework to
contextual auctions with other kinds of valuation structures,
and other dynamic auction environments more generally.
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Appendix
A. Omitted Details for No-regret Policies in Contextual Auctions

We provide high-level idea of our no-regret policies in this section while the full proofs are deferred to Appendix E.

A.1l. The Learning Policy

Our learning policy is adapted from the learning policy proposed in (Golrezaei et al., 2019). In both environments, our
learning policy partitions the entire time horizon into K phases, such that the partition is specified by (t1 = 1,¢o, - ,txk,
tx+1 =T + 1). The k-th phase spans between the ¢-th stage and the (51 — 1)-th stage with length £, = ¢;,41 — t5. Let
E}, be the set of stages in phase k.

At the beginning of the £-th phase, we update the estimation of o using the buyer’s bids from the (k — 1)-th phase, denoted
by 6. For the estimation, we sample w; uniformly from [0, 1] for ¢ € Ej_1, where Ej_; = ={te€ Ep1|th—1 —t>
clog ¢i,_1 } for some constant c. In other words, we will only use the information from the stages that are at least ¢ log £
ahead of the end of phase (k — 1). &7, is set to be

arg min Lp_ 4
lloll<1 (@),

where

Lica(o) == > [ 1o = arwilog (1= Mi(w; — (0,¢)))

teEy_q
+ 1{bt < ag- wt} IOg (Mt(wt — <O’, Ct>))i| .

Since we run the estimation after the (k — 1)-th phase, the seller has access to all information required to compute the loss
function £_1 (o), i.e., the buyer’s bids in the (k — 1)-th phase.

Note that when the buyer reports truthfully, £ _1 (o) is exactly the negative of log-likelihood corresponding to . We do
not change our estimation throughout the k-th phase and the next update happens at the beginning of the (k + 1)-phase. As
a result, based on the estimate &, we compute the estimated distribution in phase & as Ft(vt) = M, (Z—z — (6%, Ct>> for
allt € Ej.

We say a lie is a misreport from the buyer that results in 1{b; > a; - wy} # 1{vy > a; - wi}. Let L1 = {t € B4 |
1{b; > a; - wi} # vy > ay - wt}} be the set of stages in which the buyer lies. For a dynamic mechanism that is

n(1,7)-DIC, we have vy — iy < by < vy + n;. Hence, if |as - wy — v¢| > M, any misreport from the buyer does not result in a
lie. Therefore, a lie occurs only if v € [a; - wy — Ny, ar - wy + 1¢]. By a martingale argument on the sequence of lies, we can

obtain that the total number of lies caused by the dynamic mechanism is O (Zt Bt o ) Moreover, the buyer has an

additional motivation to misreport to change the seller’s estimation for the future phases. However, for ¢ € Ek_l, such a
gain is relatively small since the buyer discounts the future.

Let B(A(1,x)) be a mechanism by mixing a dynamic mechanism B with the random posted-price auction with probability
Ay for stage t € Ej. In the random posted-price auction at stage t, the price is drawn from [0, a;] uniformly at random.

Lemma A.1. In a dynamic mechanism B ()\(1’ K)) constructed from a 1y, 1)-DIC dynamic mechanism B, the additional

o) (ﬁ +loglr+ e s, g) with probability 1 — -

misreport at stage t € Ek is O (f 62) Moreover,

Given this upper bound on | Lj_1], the following lemma bounds the estimation error of &.

Lemma A.2 (Proposition 7.1 (Golrezaei et al., 2019)). With probability 1 — , the estimation error for phase k is
_ Ly_ log (£ _1-d
Ap= ok~ o =0 (d- el | flslicrd])

A.2. No-regret Policy in the Clairvoyant Environment

In the clairvoyant environment, our learning policy simply partitions the entire time horizon into two phases, such that the
first phase spans between stage 1 and stage 7 and the second phase spans between stage (7T + 1) and 7. For stages in the
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first phase, we will run the random posted-price auction with probability 1. Therefore, by Lemma A.1 and letting 7, = 0
for t € E1, we have |L;| = O(alogT), which implies that Ay = O(T~/2) the with probability at least 1 — T~ by
Lemma A.2.

Applying Theorem 4.9, the revenue loss at phase 2 is at most O(T~/6) when Ay = O(T~*/2). Under Assumption 5.1,

the total revenue loss is at most O(T’JK + Tl_a/ﬁ). By setting o = %, we have,

Theorem A.3. The T'-stage regret of a contextual auction in a clairvoyant environment is O(T%) against the optimal
clairvoyant dynamic mechanism that knows the buyer’s preference vector in advance.

A.3. No-regret Policy in the Semi-Clairvoyant Environment
A.3.1. SEMI-CLAIRVOYANT MECHANISM

To begin with, we first design a semi-clairvoyant mechanism when the seller’s distributional information is perfect, i.e.,
F1 1y = F(1,1). Let the optimal bank account mechanism for stages in B, be (¢?*,y?*). We show that the revenue loss of

running (g7*, y7*) separately for B3; against the optimal clairvoyant mechanism is 0] (V(B(LW), a(LT)).

Lemma A 4.
W . .
ZRGV (B(gj*,y]*; F(ijTj+1_1))’ F(Tj»7j+1—1))>
j=1
> Rev (B*(F(LT))»F(LT)) -0 (V(Bawy,an.1))) -

To obtain a no-regret policy, we make an assumption on the measure that V(B(1,w), a(1,1)) = o(T); or otherwise the
semi-clairvoyant environment will degenerate to a non-clairovyant environment, in which it is impossible to obtain a
no-regret policy.

A.3.2. LEARNING PoLICY

In the semi-clairvoyant environment, Our learning policy partitions the entire time horizon into K = [logT'| phases where
T is the time horizon, such that the partition is specified by (t1 = 1,t9,- -+ ,tk, tx+1 =T + 1), in which ¢;, = 2F=1 The
k-th phase spans between the ¢-th stage and the (¢;+1 — 1)-th stage, and therefore, the length of phase k is exactly £, = tx.
Note that the partition can be implemented even when 7 is not known in advance.

To align our learning policy with the arrival of batches in the semi-clairvoyant environment, for each B; that has stages
in phase k and also stages in future phases, we will split B; into two batches such that the first batch is B; N Ej, and the
second batch is B; \ Ej. We will continue this process until all batches are contained in some phase Ej,. Notice that such an
operation will create at most ' = O(logT') more batches, and therefore, the revenue loss by running the optimal dynamic
mechanisms for new batches is at most O(V(B(LW), a1,7))) by Lemma A.4. Therefore, we will focus on the case in which
all batches are contained in some phase Ej, from now on.

A.3.3. HYBRID MECHANISM

If a static mechanism is offered in each phase, since the estimation is fixed in each phase, the only incentive for the buyer
to misreport is to change the estimation in the future. However, in a dynamic mechanism, the buyer has an incentive
to misreport in order to change the stage mechanism offered in the future stages within the same phase. As previously
mentioned, the buyer’s misreport is related to estimation error for each phase, but if the average magnitude of the misreport
in a phase is close to the estimation error, or even worse, higher than the estimation error, it is impossible to obtain a much
better estimation in the next phase.

Although the static mechanism does not have a good revenue performance, it does remove the buyer’s incentive to misreport
in order to change the stage mechanism of the same phase. Motivated by this insight, we develop a hybrid mechanism,
which contains both dynamic stages dependent on the historical bids and static stages independent of the history. In other
words, we make a trade-off between the revenue loss and the number of lies. We are able to show that an additional sublinear
revenue loss is enough to substantially reduce the number of lies.

Let (g, y) be any core bank account mechanism and (gh¥*7id yh¥trid) be the hybrid mechanism that modifies (g, ). In



Robust Pricing in Dynamic Mechanism Design

(ghvbrid yhybridy e will modify (g, y) for each phase k. The high level idea is that we are going to offer static mechanisms

for the stages in which a, is small and offer dynamic mechanisms for stages in which a, is large. One can interpret this
procedure as an implementation of online bundling for the stages in which a, is small. More formally, we partition the
stages in E}, into two sets according to the size of a;: for a fixed w € (0,1), let E¥ = {t € Ex|a; < £Y}. We are going to
offer static mechanisms for stages in £’ and dynamic mechanism for stages in E}, \ EY.

Let t* be the minimum index of a stage in E} such that ), . .o B Ot 2 t(k), where w and ¢(k) is an adjustable parameter.

We will then offer a give-for-free mechanism for stages in {t € Ej, | t < t*} such that we always allocate the item to the
buyer without charging anything; and for for stages in {t € E}, | t > t*},

o If the state g; > E[v;], we will offer a give-for-free mechanism with an extra payment E[v;], i.e., we allocate the item
to the buyer and charge the buyer E[v;], no matter what her bid is;

e otherwise, always allocate nothing to the buyer and charge her nothing;

Due to the martingale nature of the state g, the probability that g; < [E[v;] is small if we properly choose ¢(k) that
is sublinear in terms of £. To limit the magnitude of the buyer’s misreport, we again mix B(ghvtrid qhvbrid, Fu,m)
with a random posted price mechanism with probability A\; for stage ¢ € Ej, as constructed in Definition 4.4 to obtain
‘B(ghybriai7 yhybrid; F(l T))

Lemma A.5. With properly chosen 1(k),
Rev (B(ghyb”d, yhyb”d; F(l,T))a F(LT))

> Rev (3(97% Fary), F(I,T)) -0 (T%(“’H)) - Z Akl
k

and in B(ghvorid yhvbrid, F(LT)), Do, < 0 (K,lcf‘“) with probability at least 1 — ifor any phase k.

A.3.4. FINAL PoLICY

We are now ready to put together our learning policy, the robust bank account mechanism, the semi-clairvoyant mech-
anism, and the hybrid mechanism to obtain a robust dynamic contextual auction policy for the semi-clairvoyant envi-
ronment: (1) at the start of phase k, estimate 6 = arg min| (<1 Li—1(0); (2) then construct the semi-clairvoyant
hybrid mechanism (gsemi-hybridk g semihybrid.ky. and then implement the robust semi-clairvoyant hybrid mechanism
<§semi,h,ybrid,k gsemi,hybrid,k:>.

For the first few phases with length less than 7°/%, we simply bound the regret by >, >, B, 0t = O(T®/%). For
0, > T°/6, from Lemma A.4 and Lemma A.5 the revenue loss from the semi-clairvoyant hybrid mechanism is
0 (V(B(LW), ag,ry) + Tzt 4 Dok )\kék). As for the robust semi-clairvoyant hybrid mechanism, by Lemma 4.7,

~ —1y .
the revenue loss is O (Zk i+ Lio/ %‘) By Lemma A.2, Ay, = O(¢, ) and we can set \;, = ¢, " and w = %, which
yields:

Theorem A.6. The T'-stage regret of the robust dynamic contextual auction policy in the semi-clairvoyant environment is
0 (T% +V(Ba,wy, a(LT))) against the optimal dynamic mechanism. When V(B wy, a(1,1)y) = o(T'), then our policy is

with no-regret.

B. Helper Lemmas

Lemma B.1. In a single buyer setting, every stage IC and IR mechanism {(x,p) can be represented by a mixture of

posted-price auctions such that the probability density to offer a posted price r is f(r) = dfl—(:).

Proof. We show that such a mixture of posted price auctions preserve the allocation rule and payment rule. By the celebrated

Myerson’s lemma (Myerson, 1981), a mechanism is IC if and only if the allocation rule is monotonically non-decreasing,

dx

ie., dEf") > 0 for all valid r. Therefore, the density function of posted prices f(r) is well-defined. Moreover, for a buyer
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with bid b, his allocation probability is b r)dr = b da(r) dr = x(r), which implies that the allocation probability is
p y 0 0 —ar p p y

preserved. Moreover, Myerson’s lemma (Myerson, 1981) demonstrated that the payment rule is uniquely determined by the
allocation rule: p(b) = fob r- dz(:) dr, which is exactly the payment collected from our mixture of posted price auctions for
valuation v. O

Lemma B.2. Forv € [0 — A, D + A] and any stage IC and IR mechanism (x,p), we have u(v) — A < u(v) < u(v) + A
where u(v) = z(v) - v — p(v).

Proof. Since (x,p) is a stage IC and IR mechanism, by Lemma B.1, we can equivalently offer a mixture of posted price

auctions such that the probability density to post a price 7 is f(r) = dfl(:) . Therefore, we can express the utility of the buyer

for valuation v; as [ dfi—(:) (v — r)*dr. We first show the first inequality:

z(v)-v—pv) = / di;(:) (v—7r)Tdr

g/d%f)(MA—rmr
< d%(:)(@—rﬁdr—kA

=z(0) -0 —p(d) + A

where the first equality follows that (x, p) is stage-IC and Lemma B.1. By a similar argument, we can prove the second
inequality. O

The following is a corollary of Lemma B.2, which demonstrates that the difference of expected utility due to the mismatch
of distributional information can be related to the estimation error.

Corollary B.3. For F(y 1) and F(l,T) satisfying Assumption 2.1, and for any stage IC and IR mechanism (x, p), we have
By~ fu(v)] = Aay SE, g [u(vr)] < Eopop, fu(v)] + Aay.

The following lemma demonstrates that the difference of expected welfare due to the mismatch of distributional information
can be related to the estimation error.

Lemma B.4. For F(y ) and 13'(17T) satisfying Assumption 2.1, and for any stage IC and IR mechanism (x, p), we have
Boinr[e(ve) -ve] = (cf + 1)Aay < E, _p [we(ve) - vi] < Eoop[we(ve) - ve] + (¢ + 1) Ady

Proof. Since (x, p) is an stage IC and IR mechanism, by Lemma B.1, we can equivalently offer a mixture of posted price

auctions such that the probability density to post a price r is f(r) = d%(r"). Denote the distribution that €, follows as Gy.

We first show the first inequality:

Evinr[we(ve) 0] = E,p [we(ve + €erar) - (v + €rar)]
dx(r
= / C;?S ) ’ Evtwﬁt [l{vt + €ap > T'} . (Ut + qat)]dr
dx(r)
< | = Byon Mo+ Aar 2 v} - (v + Aay)]dr
dx(r)
< | =5 Boen Mo+ Aap 2 v} - (v + Aay)]dr
= / di;gr) ’ Evtwﬁ‘t [1{1)15 + Aay > T} . ’Ut]d’l" + Aay
dx(r)
—_ d,r . Evt’\‘}:—‘t [1{Ut Z ’/’} © Ut —+ 1{T — ACLt S V¢ S 7’} . Ut]d'l" + Aat

d'f' —Aay

vaﬁt [24(ve) - ve] + 7dmt(7’) : [/ vg - fe(ve)dvg | dr + Aay
E,, g [zt(ve) - ve] + (cp +1)Aay 9)

IN
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where the last inequality follows that v; < a; and fi(v;) < Z—’: By a similar argument, we can prove the second
inequality. O

C. Omitted Proofs of Section 3

C.1. Proof of Lemma 3.3

Proof of Lemma 3.3. Consider the expression in (7) and notice that from Definition 3.1, y; (UE1 t)) corresponds to the stage
allocation rule, and thus, yt(vzl 75)) - vy adds the reported stage welfare, i.e., the stage welfare computed from the reported

bid, to the result. Therefore, all that remains to show is that gT(vELT)) equals to the buyer’s reported utility plus pr(g).
Notice that that

T
gr(ba,1)) Z —gi-1(be-1))) (10)
where by (6), we have
9t(b,ty) = gi—1(b1,i—1)) = Ge(bale (b1 t-1)), be) — B, _p [@(bali(ba 1)), ve)] — xe(9) (11)
Moreover, by (4), the additional payment s; under g is
se(bali(b1i—1))) = E,, g [ (bali(b1,e—1)), ve)] + xe(9) — pe—1(9) + pe(9) (12)
Let ug(bal, -) = @4 (bal, ) — s¢(bal). Plugging (12) into (11), we have
gi(baey) = ge—1(b1,t—1)) = ue(baly(b1i—1y), br) — pe—1(g) + pe(9) (13)

Plugging (13) into (10), we have

T
gr(ba,r)) = Z (ue (baly(bri—1)),be) — pe—1(9) + 1e(9))
: t=1
= Z Ut (balt(b(l,t—l))a bt) + pr(g)
t=1
where the second equality follows the telescoping sum of i and the fact that pg = go. O
C.2. Proof of Lemma 3.5

Proof. First, it is straightforward to verify that y; is a sub-gradient of g; with respect to b; and g; is symmetric, convex in by,
and weakly increasing in b;. For the consistency of ¢’, we will show that x,(¢’) = 0 forall t € A:

E, .z [9:(b(1,e—1), ve)] = E, -z [9: 1 (b(1,e=1)) + ge(b1,e—1),v) — ge—1(b1,e—1)) + Xt (9)]
=g; 1(bae-1)) + E, -z [9¢(b(1,6—1),v¢)] = gt—1(b(1,4—1)) + Xx¢(9)
= gi-1(b1e-1)) = xe(9) + xe(9)
= géfl(b(l,tA))-
where the third equality follows the fact that g is consistent. Finally, we show that for all £ and b(; 1), g;(b(1,¢)) > 0.

Claim C.1. For a core bank account mechanism (g,y) with x:(g) = 0 for all t, we have po > p1 > -+ > pr(g) where
pe(g) = infp .,y ge(b(1e))-

Proof. Let (b(1,t))min = argming, , g¢(b(1,)). Notice that we have

1t < ¢ ((b(1,4-1))min; 0)
= 9t ((b(1,4=1))min) + @t (bals (b(1,¢—1))min; 0) — B, _z [ (bals (b1 t—1) )min, ve)] — x¢(9)
= gt((b(l,tfl))min) - Evt,\,Ft [Ut (balt(b(l t— 1))mma Ut)]
= Mt—1 — Evt,\,Ft [Ut (balt(b(l t— 1))m1m Ut)]
< -1
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where 1 (b(1,¢)) = 2¢(b(1,¢)) -bs — Dt (b(1,¢)) and ¢, Py, and baly are derived from B(g, y; F(l,T)) according to Definition 3.1.
Moreover, the first equality follows the definition of ;. O

By Claim C.1, it suffices to show that pur(¢’') = infp, . g7(ba1,1y) > 0. However, from our construction, we have for all
b(l,t),

T
gibae) = g6+ Y (gr(bae) — gr—1(bae—1) + xe(9) = ge(bn) — Y xwr(9) — nr(g). (14)
t'=1 t'=t+1

Therefore, for b1 1), we have g7.(b1, 7)) = g7(b1,1)) — pr(g), which implies that pr(g') = pr(g) — pr(g) = 0. Thus,
we have finished showing that (g’, ¢} is a valid core bank account mechanism for F(l,T)-

As for the revenue performance, notice that, (14) implies that

T
9:(9i—1(b1,e-1)),b) = ge(9e—1(b(1,0-1)),be) — Z xt(9) — nr(9)
t'=t+1
T T
= gt (92_1(13(1,“)) + Y xw(9) + nr(g), bt) - > xwlg) = prlg)-
t'=t t'=t+1
Thus, for all £ > 0, we have
T
9:(&,be) = <§+2Xt’ + pr(9), b> - Z xe(9) — pr(g) 15)
t'=t t'=t+1

( 1)) By Lemma 3.3

For convenience, let 0;(¢) = ¢(& B(g', s Fa )i Fa ) and pe(€) = ¥u(& B(g, y; Fam))s F
= po(go) + pr(g). We prove by

and the fact that pi7(g") = 0, all that remains to show is that 6y (go — >, x¢(9) — pr(9))
a backward induction from ¢t = T to t = 0 to show that for all £ and £ > 0.

T
0 (é— > xtf(g)—uT(9)> = pe(§) + pr(9).

t'=t+1

It is obvious that the base case t = T is true since 07 (§ — ur(g)) = —€ + pur(g) = pr(€) + pr(g) by the boundary
condition. Assume it is true for all ¢ > ¢ and for ¢ — 1, notice that by the construction of y; and (14), we have

T
Y1 (9i-1(bt—1)), be) = e (9e-1(b(1,e-1)), be) = e <92—1(b(1,t1)) + Z xe(9) + pr(9), bt) (16)

t'=t

Therefore, we have

1 (& - Z xe(9) — uT(g)>

T
Ep~p, [ (f th' — 17 (9); Ut) “vt + O <g£(€— > xel9) _MT(g)ﬂ]t))]
T
:vaﬁt[ t(&,0t) - v + pr (gtﬁ th/ —pr(g),v) + > Xt’(g)+MT(g)> +uT(g)]

t' =t t'=t+1
=E, g [Ye (& ve) - e+ pe (96 (& ve))] + pr(9)
= pt—1(§) + pr(g)

where the second equality follows (16) and the induction hypothesis, while the third equality follows (15). O
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C.3. Proof of Lemma 3.6

Proof. We prove by a backward induction from ¢ = T to ¢t = 0. It is true for the base case when ¢t = T since
¢r(§+0; Fumy) = =€ — 0 = ¢r41(&; Fa, 1)) — 9 by the boundary condition.

Suppose it is true for all ¢ > ¢. Fort — 1 and § > 0, let the local-stage mechanism (z;(§, -), G:(€, -)) be the optimal solution
of the program OPT-BAM for ¢;_1(§; F(1,1)). Notice that since £ + 3 > &, (2:(§, ), (&, -)) is also a feasible solution

of the program OPT-BAM for ¢;_1(§ + §; F(I,T)). By using (z:(, ), 4:(&,)) as a solution, the corresponding transition
function h} satisfies

hi(&+0,00) = E+ 0 + 1w (& v 00) — By g, [0 (&, vg501)] = ha(€,v0) + 0.

vl
Therefore, we have
$r-1(§ +9; F(LT)) > B, g [20(& ve) - ve + Ge(hy(€+ 6, v1); Z5(1,1"))]
=K, _p (26 v0) v+ de(he(€,v0) + 63 Fu 1)
>E, g2 v0) v+ ¢y (he(€,v0); Fary) — 6]
= ¢t—1(f§ﬁ(1,T)) -0

where the last inequality follows the induction hypothesis. O

C.4. Proof of Lemma 3.7

Proof. The first inequality directly follows the choice of fa‘. For the second inequality, we prove by a backward induction
from ¢t = T to ¢t = 0 to show that for all ¢ and £ > 0

T T
N (5 +2A Z atf;F(LT)) > ¢1(& Fary) — (e +5)A Z ay. (17)

t'=t+1 t'=t+1

It is obvious that the base case is true for ¢ = T". Suppose it is true for all ¢’ > ¢. For ¢t — 1 and £ > 0, let the local-stage
mechanism (2 (&, -; Fi1,1), G:(€, -3 F(1,1))) be the optimal solution of the program OPT-BAM for ¢;_1(&; F(1,71))-

Since (2¢(§, ;3 F(1,1), G:(&, s F(1,1))) is a stage IC and IR mechanism, such a mechanism can be a feasible solution for
dr—1(E+2A ZtT,:t ay; F(LT)) if it satisfies the consistency constraints of program OPT-BAM. By Corollary B.3, we have

E'Ut""Ft [ﬁt(gvvt; vt)] - Aat S EutNﬁ‘t [ﬁt(fa Ut vt)] S EUtNFt [ﬁt(£7’()t;vt)] + Aa’t (18)

Let hy (&, -; F1,7)) be the transition function for ¢;1(§; F(1,1)) and let h{(§ + A Zf/:t ag, - F(LT)) be the transition
function when using (z¢(&, -; F(1,1)), P (&, 5 Fla,1))) for ¢z —1(§ + A ZZ::,: ag; F(LT)). Therefore, we have

T T
hi (& + QAZatH'Ut;F(l,T)) =£+2A Zat’ + ¢ (&, ve; 83 Flary) — B, [ (€, v5; v Fam)] (19)

t'=t t'=t
where 4 (£, ve; ve; Fli,my) = ve - 2e(§, ve; Fury) — (€, ve; Fia,y). Moreover,
ht(§> Ut; F(1,T)) =+ ﬁt(fa Ut; Ut; F(1,T)) - ]Ev;~Ft [ﬂt(f; Ui; U,/:; F(l,T))] (20)

Comparing (19) and (20) and combining with (18), we have

T T
he(&, v Fury) + Aag + 24 Z ar < hy(§+ 2Azat’>vt§F(1,T))
tr=t+1 =t
T
S ht(f,vt;F(l,T))—FSAat—i—ZA Z Q! (21)

t'=t+1
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Therefore, (z:(§, ; F(1,T)), Gr(&, F(LT))> is a feasible solution for ¢;_1 (€ + 2A ZtT/:t ag; F(le)).
By Lemma 3.6 and (21), we have

T
o (R (€ +2A Z Ay, Vs F(l,T)); F(LT))

t'=t

T
> ¢e(ha(&ve; Fury) + Dag + 24 Z av; Famy) — 208a;
t'=t+1

T
> ¢y (he(& v Flamy) + Aag; Fary) — 28ay — (cp +5) - A Z ay (22)

t'=t+1

where the last inequality is by the induction hypothesis. Since ¢;_1 (- |F) optimizes over all possible choice of local-stage
mechanisms and (2:(&, -; F(1,1)), ¢: (€, s F1,7))) is a feasible solution for ¢; 1 (£ + A ZtT,:t at; F(1,1y), we have

T
Gr-1(E+20) av; Far)
t'=t
T A~ A
2(§, v Fary) - ve + o (R (€ 4 2A Z av v Fam)i Fary)

t'=t

>E, .5

T
> vaﬁt [Zt(gavt|F) e (bt(ht(favt; F(l,T)) + AClt§F(1,T)) —2Aa; — (Cf + 5) A Z at’]
t=t+1

= ¢:(§; Famy) — (Evtht [2e(§ves Famy) - vl — By g, [2e(6s v Flumy) 'Ut])
- (EUtNFt [¢t (ht(f>vt; F(l,T))Z F(1,T))] - EvtNFt [¢t (ht(é-avt; F(LT)) + Aay; F(l,T))])
T
— (e +5)-A- Z ay — 2Aay (23)
t'=t+1

where the second inequality follows (22). All that remains to show is the two terms in the big brackets of (23) can be
bounded. Using Lemma B.4 for the first term, we have

Eo~r, [26(& v Famy) - o] SE, g [26(& v Flary) -] + (cp + 1) Aay (24)

Moreover, for the second term, we have

Ey~F, [¢t (ht(gvvﬁF(l,T));F(l,T))]
=B~ [0 (€ + (&, 0085 Fury) — Bogor [0 (€ 055055 Faom))s Fary) |
=E, .z (04 (€ 4 0e (&, ve + €ras; v + evas; Fumy) — By, [06(€, 05300 Fay)| Faomy) | (25)

By Lemma B.2, we have

§+ (&, v v Fary) — Eyor, [ (&, vi; vy Fam)] — Aay
< EF (& v + €an; v + €ar; Fury) — Bogor, [00(€, 015015 Flu,m))]
<&+ (& v 05 Fary) — Borer, [00(€, vgs v Fayy)] + Aay

By Lemma 3.6, we have

b1 (€ + e (&, ve + evar; ve + erar; Fiay) — By op, [0e (€, 05505 )] Faory)
< ¢y (f + ﬁt(favt; Ut; F(1,T)) - Eu;~F,, [ﬂt(gavzlf; 'Ug; F(l,T))] + Aay; F(l,T)) +2Aa (26)
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Combining (25) and (26), we have

,NFf[@(ht(f,Ut;Fu T))'F(1 T))]
—vaFt [0 (& + @ (& ves v Fu o)) — B, [0 (€, 05055 Fum) ) Far)|
E,, g, [00(€ 4+ @(& v + rar; v + €ras; Fary) — Boyor [0:(€, 05504 Fam)l Fam) ]
<E,, g, [00(§+ (& 0505 Fary) = Boor, [0(€, 05015 Fiury)] + Aag; Fary) | + 244y (27)

We finish the induction by plugging (24) and (27) into (23). O

D. Omitted Proofs of Section 4
D.1. Proof of Lemma 4.2

Proof. Since B(g, y; F(l,T)) = (x, p, balU) is stage-IC and BU for F(LT), the mechanism is also stage-IC and BU for F{; 1)
by the observation that these two properties do not depend on the underlying distributions. Recall that BU implies ex-post
IR. Therefore, B(g, y; F(1,1)) is also ex-post IR for F{y 7).

As for the balance independence property, since the local-stage mechanism (¢, p;) constructed by B(g, y; F(l’T)) according
to Definition 3.1 is a stage-IC and IR mechanism, by Corollary B.3, for any bal > 0, we have

Ev,~r, [0t - zi(bal,v) — pe(bal,vg)] — Aay <E, g [vr - 2e(bal, vi) — pe(bal, vy)]
< Ey,~r, [ve - z¢(bal, v) — pe(bal, v)] + Aay.

Using the fact that p;(bal, v;) = p;(bal, v;) + s¢(bal) and (z;, p;) is BI for F(LT), we have
Ey,mr, [ - ze(bal,v) — pr(bal, v)] € [ — Aay, ¢ + Aay]

wherec=E, _z [v; - 2¢(bal,v;) — pi(bal, vy)] is a constant independent of bal. Therefore, we prove that B(g, y; F(LT))

Ut

is 6(1,T)'BI with 5t = QACLt for F(I,T)'

D.2. Proof of Lemma 4.3

Proof. We consider a fixed combination of b(; ;) and v;. Let (X, Py) be a random variable representing the stage

mechanism at stage t'. Let (X777, PPT T) be the sequence of stage mechanisms corresponding to the optimal play

t=t+1
Truth ful Truth ful T . .
for stages between ¢ and (7T'—1) and let (X Py ) be the sequence of stage mechanisms corresponding
t=t+
to playing truthfully for stages between ¢ and (7" — 1).
By playing truthfully for all stages between ¢ and T, the buyer’s utility is

uTruthful )
t - (XTruthful PTr uthful)

Z 'Y v,/NF,/ {'Ut’ . th/“ruthful(vtl) . Pti,’ruthful (vt’)}‘| )

!’
PEL =t

As for the optimal play, the buyer’s utility is at most

T

WOPT E(xgrr porr [ S 4By ep, [m?x {vy - XZTT (b) — P,OPT(b)}H
t/=t+1 t=t4+1

T

= ]E(XOPT POPT) [ 'Yt e Evt/wFt/ |:Ut' . XtQPT(Ut/) - Pt(/)PT(Ut’):|‘| .
t/=t+1

t'=t+1

where the second equality is due to the fact that the mechanism is stage-IC for F(; 7. Since the mechanism is 0, 7y-BI, we
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have
Ue(baos Farys Far) <uft”
T
< uz"ruthful + Z ,yt/—t 'Bt’
t/=t+1
S U(b1,t—1y, ve; Fa,my; FIT) Z A By
t'=t+1
O

D.3. Proof of Lemma 4.5

Proof. Since for each stage, both the stage mechanism (z, p) and the random posted price mechanism are stage-IC, the
mixing of them are also stage-IC. For d(; 7)-BI, notice that we apply the same random posted price mechanism for all
bal > 0, which is indeed a mechanism does not depend on bal. Therefore, the random posted price mechanism is BI for any
distribution. Mixture of a §(; 7)-BI mechanism and a BI mechanism result in a ¢(; 7)-BI mechanism. Moreover, it is easy to
check that the mechanism is BU since the balance update rule is scaled to keep track on (z, p) only and the random posted
price mechanism generates non-negative utility for the buyer. Recall that BU implies ex-post IR. Therefore, the mechanism
is also ex-post IR.

For 71 7)-DIC, notice that the buyer’s expected utility gain in the ¢-th round is at most ; because the mechanism is
d(1,7)-BL Therefore, for a buyer who discounts the future with discounting factor +, the expected gain in the future by

misreporting at round ¢ is at most Zf,:t 41 vt/_t(St/. However, in the random posted price mechanism at round ¢, the utility
loss of a buyer with true valuation v; from overbidding in a magnitude of my is

vet+my b 2
— Ut m
/ db= —L.
v Q¢ 2at

t

By a similar calculation, the utility loss of a buyer with true valuation v; from underbidding in a magnitude of m; is also

2
5. Thus, we have
at

T
Z 7 '5t’:>mt§ % Z ’)/tlit'(st/.

t'=t+1 t'=t+1

D.4. Proof of Claim D.1
ClaimD.1. 3,1, = 0(,/37).

Proof. Notice that we have

DT ST = vm S 4t
t t

—— bt —t41
[4A , [4A ~
< ~ Zat Z Z Y —tay < )\\/Zat\/lfyzat
\/ 7 o ¢ 7
_E= T
T—r ™

where the first inequality follows the Cauchy-Schwarz inequality. O
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D.5. Revenue Robust Mechanism

Definition D.2 (Revenue Robust Mechanism). For a core bank account mechanism (g, y) for F(LT), assuming the misreport
of the buyer at stage t is at most 1, we construct a revenue robust core bank account mechanism (g, §) such that go = go
and

® Gi(b14)) = 9:(Ge—1(b(1e—1)), bt) + Be +nes

e Gi(b1,t)) = Ye(Ge—1(b(1,6—1)), be).

where By > Aay forall t.

Lemma D.3. (g, 9) constructed according to Definition D.2 is a core bank account mechanism for F, (1,T)-

Proof. We verify that (g, §) is a core bank account mechanism for F(LT) by checking the requirements in Definition 3.1.

First, §¢(b(1,1)) is the sub-gradient of g; (b1 +)) with respect to b since

3§t(b(1,t)) N 6gt(§t—1(b(1,t71))vbt)
ob, b,

where the second equality uses the fact that y; is a sub-gradient of g; with respect to b;.

= yt(gt—l(b(l,tfl))v b) = gt(b(l,t))

Next, G¢(b(1,¢)) is convex in b; and weakly increasing in b; since g (g¢—1(b(1,¢—1)), b¢) is convex in b; and weakly increasing
in b;. Moreover, by the definition of g, g is symmetric. Finally, to check the consistency of g, we have
Gi—1(ba 1)) —E,, 5 19:(b1.0)] = Gi—1(bai-1)) — E,, 5, [9:(Ge-1(ba e-1)), be) + B + mi
= Gi—1(bat—1)) = (Ge—1(ba1,e—1)) + Be +mt)
=By —m

where the second inequality uses the fact that g is consistent. Therefore, we have

Jt—1 (b(l,t71)) - EvtNFt [gt (b(l,tfl)a Ut)] = Xt(fi)
where x;(g) = —8; — 1:. Moreover, since we shift the state up, g (b(1 +)) > 0 for all b(y ). O

For convenience, we consider a program 0; (&) = ¢:(&; B(g, y; F(LT)); F(LT)).
Lemma D.4. When 8; = Aay and 0 satisfies (£ + ) > 0,(£) — d forallt, £ > 0, and 6 > 0, we have
Rev(B(g, ; F(I,T))vF(l,T))
2 ReV(B(%% F(I,T))vﬁ(l,T)) —(cs+3) Z(Aat +7me).

t

Proof. Let (z(,-), 4 (&, -)) be the local-stage mechanism in B(g, y; F‘(LT)). Moreover, let 4, (&, -) be the utility function
of (z:(&,),G:(§,+)). Notice that by our construction, the local-stage mechanism used by B(g, ¥; F(LT)) is the same as
B(g,y; F(LT)) when they share the same state.

For convenience, let p;(§) = wt(f;B(g,gjgﬁ(l,T));F(LT)). By Lemma 3.3 and the fact that ur(g) > 0 from our
construction, we have

po(Go) < Rev(B(§,5 Fum), Fary) (28)
0o(g0) = ReV(B(gvy;F(I,T))vﬁ(l,T)) (29)

Next, we prove by a backward induction from ¢ = 7" to t = 0 to show that for all ¢,

T

pe(€) = 0:(6) = > (s +2)Aap + By + (cj +3)me) (30)
t/=t+1
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For the base case where ¢t = T, it is true since we have 6;(§) = p;(£) = —£ by the boundary condition. Assume it is true
forall ¢’ > t, for t — 1, we have

pt-1(8) =Eunr, [2e(&07) - vp + pe(3e(€,01)) ]
= ]E'UtNFt |:zt(§7 Uilf) : ’U1/5 + Pt (5 + at(§7 Ug) - ]EUQ/NF,L [at(§7 vilt/)] + ﬂt + nt>i|

=E;, g [Zt(gavt/t) vy 4 pe(§ 4 Ge (&, vp) — ]Eugwpt [ (&, v)] + B + Ut)] (3D

In the last equality, we assume € follows G; and we let 0, be the valuation drawn from Fy and v} be the reported bid given
the buyer’s true valuation is v; + a;€;. Therefore, we have v] € [vy — Aay — n4, v¢ + Aay + 7). By Lemma B .4, we have

Eq 5, [26(6,00) vl > By g [26(6,0¢) - 0] — (cp + 1)(Aag + ;) (32)

Moreover, by Lemma B.2, we have

+ e (&, 0¢) — Eyrep, [a: (& v))] — Aay + By
at (f; Uz/f) - Evg’wﬁ‘t [at (6’ U;t/)] + ﬁt + Mt
SEF(E0) — B, p, 08, v )] + Aay + B + 2m (33)

Henceforth, from (33), we have

Pt (5 + (&, vg) — EygNﬁt [ (&, v))] + B + 77t)

T

> 0, (& + (&, v)) — By, [ (&, 0)] + Be +ne) — Z ((cr +2)Aay + By + (¢ + 3)mw)
t=tt1
T
> 0, (& + (&, ve) — Eyrep, [a:(&,v))] — Aay + Br) — 20a; — 2n; — Z ((cs +2)Aay + By + (¢ + 3)ny)
t=t+1
T
> 0p(§ 4 0e(, vp) — Eyrep, [a:(&,v)]) — Aay — By — 2 — Z ((cg +2)Aay + By + (cp + 3)nw) (34)
t=t+1

where the first inequality follows the induction hypothesis and the last two inequalities follows the assumption in the lemma
statement that 6,(£ + §) > 0;(£) — 6 for 6 > 0. We finish the induction by plugging (32) and (34) into (31). Finally, we
finish the proof by combining (30) with ¢ = 0, (28), (29), and the fact that gy = go. O

E. Omitted Proofs of Appendix A
E.1. Proof of Lemma A.1

Proof. First, since the mechanism is 7(;, 7y-DIC, the misreport within phase k at stage ¢ is bounded by 7;. We next bound
the additional misreport for changing the estimation for the next phase. Note that the utility gain starting from phase k is at
most 3/, 7"~ - ay. Under Assumption 5.1, ayr < ¢, - t'. Therefore, we have fort € Ejy_1,

L —t Ca

t'—t Y
Z vy cap < Cq - 5 < 575
ek (L= 7 (=74

Recall that at round ¢, our robust dynamic mechanism is mixed with a random posted price auction with price uniformly
drawn from [0, a;] with probability A. Therefore, the additional misreport /m; for t € Fj_; is at most

A @<67‘1:m< 26a'at<\/§ _ G
"2, T (1—7)2- 68 T VR Y E - R D W SR

where the last inequality is due to a; < ¢, -t < ¢q - Ug.
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To bound the number of lies, for t € Ej,_1, Let L(j) be the number of lies for the first j stages in F)_; and EL(j) be the
expected number of lies from stage (£;_1 + 7). Recall that since we sample w; uniformly from [0, 1] and notice that a lie
occurs only if

Vg — M — My < G - wy < Vg F N+ My,

which happens with probability at most 2¢y - %tm' Therefore,

. "t 4
EL(])ﬁQCf‘ ;t+m .
k

witht = {1 +jand ' = % Notice that E[L(j) — L(j — 1) — EL(j)] = 0, which implies that L(j) — Zg/zo EL(5")
forms a martingale. Henceforth, by multiplicative Azuma’s inequality (see Lemma 10 (Koufogiannakis & Young, 2014))
and denoting ¢ = |E},_1|, we have

By setting § = 2log ¢,/ ( Zﬁ;lo EL(j")), with probability at least 1 — é, we have

1
L(t)=0 1ogek+Z<Z+M> ~0 1og/zk+ZZ—Z
k"t

teky, teky,

E.2. Omitted Proofs for Semi-clairvoyant Mechanism

Our semi-clairvoyant mechanism is simply to run the optimal dynamic mechanism for each batch separately. To prove
Lemma A .4, we first show that:

Lemma E.1. There exists a dynamic mechanism for F( 1y such that its revenue performance is Z?:l Elv] —

0) (logT- VI, a3>.

Proof. Let t* be the first stage ¢ such that Z:/:l Efvy] > 3logT - \/25:1 a?,. Consider the following simple bank
account mechanism.

e For the first t* stages, run a give for free mechanism, in which the item is always allocated to the buyer without payment
while the balance update policy increases the balance by the buyer’s reported bid. Formally, for ¢ < ¢*,

x¢(bal, b)) = 1, pe(bal,b;) = 0, and balU(bal, b;) = bal + by;

e For the remaining stages, run a give for free mechanism with entry fee E[v;] if the balance is enough. Formally, for
t > t*,if bal > E[v],

x¢(bal, by) = 1, p(bal, by) = E[vy], and balU(bal, b;) = bal + by — E[uv];
otherwise, when bal < E[v¢], run a null mechanism

x¢(bal, by) = 0, p(bal, b;) = 0, and balU;(bal, b;) = bal.



Robust Pricing in Dynamic Mechanism Design

Lety, = >.\,_, E[vy] for t < ¢* and y; = Zi;l E[vy]. Notice that the balance bal, — y, forms a martingale. Therefore,
by Azuma’s inequality, we have for ¢ > t*,

Pr[bal, < E[vy]] = Pr[bal; — yp+ < —(y¢» — E[vy])]

e — Elvg 2
con(5350)

T
< exp Ay arlosT =
a 2 25:1 ag B

where the second inequality is due to E[v;] < a; < 4/ ZtT/:l af,. Therefore, by union bound, we have

1
Pr[3¢,bal, < E[vy]] < T
As a result, with probability at least 1 — %, we can obtain revenue
T T t* T
S Elul = 3 Blul - Y Elod > 3 Elu] - 41ogT
t'=t*+1 t'=1 t'=1 t'=1
which concludes the proof. O

Therefore, by running the optimal dynamic mechanism separately for batch j suffers a revenue loss at most O(, [ e B, a?).
Taking the summation over batches concludes the proof of Lemma A.4.

F. Hybrid Mechanism

To reduce the the number of lies, observe that the buyer has no incentive to misreport if the mechanism is static, i.e., the
mechanism does not depend on the history. However, offering a static mechanism may cause huge revenue loss (Papadim-
itriou et al., 2016). We make a trade-off between the dynamic mechanism and the static mechanism to develop a hybrid
mechanism, which contains both dynamic stages dependent on the history and static stages independent of the history. The
full proofs of this section are deferred to Appendix F.3.

We first partition the stages in E}, into two sets according to the size of a;. More precisely, for a fixed w € (0, 1), let
Ey = {t € Egla; < {{} be a subset of Ej, in which the magnitude of a; is bounded by ¢4. We are going to offer static
mechanisms for stages in £}’ and dynamic mechanism for stages in Ej, \ Ey.

1 .
Moreover, let ¢* be the minimum index of a stage in Ej; such that >, . .. Br Ot 2 405 (D) log ¢}, and let EY = {t|t <
t*,a; € E}'} be the set of stages that are in E} and before t*. If such ¢* does not exist, simply set t* = {1 — 1.

Definition F.1 (Hybrid Mechanism). For a core bank account mechanism (g, y) for F (1,6n41—1), We construct a hybrid

mechanism (ghvridk yhybridky o phase k:

. gg,yb’rid,k = go+ ZteE;ﬁ vaﬁt [Ut];

o Fort </t
- gfybrid’k(b(l,t)) = g?flf”d’k(b(l,tfl)) + gt(b(l,t)) - gt—l(b(lﬁfl));

- yfyb”d’k(b(u)) = yt(b(l,t))i
As fort € Ey,

e Fort € Ei \ EY, ifgfngrid’k(b(ufl)) > gi—1(ba1—1))
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hybrid,k hybrid,k
- g (b)) = 9.0

g~ bii—1)) + 9:(b1.4)) — gi—1(b,e—1));
(1 f)) Yt (b(l t))

otherwise, ghyb”d k(b(u)) = gfyl{”d k(b(l t—1) and yhyb”d k(b(l,t)) =0.

hybrid,k
- Y (ba

e andfort € Ek hyb”d k(b( ) = gfylrld (b(1,t—1)) + by — E [ve] and yhyb”d k(b(u)) =1;

UfNFf
hybrzd k
e and finally for t € EY \Ek, if g, (bai-1) 2 E, 5 [v¢]

= g (b)) = g b o) + b — By, g, [0

_ y?ybrid,k(b(l t)) —1;
otherwise, ghyb”d k(b( ) = gfyl{”d (be1,t—1y) and yhyb”d k(b(lyt)) =0.

hybrid,k hybrid,k:> hybrid,k

It is easy to verify that (g Y satisfies the requirements in Definition 3.1, except that g might not be
symmetric. However, (1)-(5) is still well-defined with respect to the historical bids b(; ;) and Lemma 3.3 still holds. We can
apply the technique in (Mirrokni et al., 2016b; 2018) to make it symmetric without any revenue loss while maintaining all
the desired properties given in this section.

Intuitively, we first shift the initial state up by » _, - E;ﬁ’ v~ |Vt] and for the first (k — 1) phases, we apply follow-the-history

operations so that the constructed hybrid mechanism implements the same local-stage mechanism as (g, y). For phase k, if
the state is smaller than a threshold dependent on ¢, we offer a null local-stage mechanism in which the allocation probability
is always 0. Otherwise, for stage t € Ey, \ EY, i.e., the stage in which a; is large, we apply a follow-the-history operation so
that the local-stage mechanism is the same as (g, y). As for the stages with small a;, we change the local-mechanism such
that the allocation probability is always 1 no matter what the reported bid is. In particular, for ¢ € Ev e ghyb”d k(b(ljt)) >0
for all b, ;) since the initial state is shifted up by ), B By g, [v¢].

Lemma F2. Let I) = U, I and I = U, ¢, 15 be the events such that

If = {U(1,t—1) |t e Ey\ Ef 79?yl1md k(v(l,t—l)) < gtfl(’U(l,t—l)>}

and

I ={vae) |t € B\ BY, g/ " (014-1)) < E,, g [ve]}.

We have Pr [ UL < %

U(1,ek+1—1)~ﬁ(1,ek+1—1)
Lemma F.2 demonstrate that the probability that a null mechanism is offered is small, assuming the buyer reports truthfully.
The argument is based on the martingale nature of ¢/"v""*% k(b(u)) — 9¢(bc1,¢))- In particular, due to our construction of

ghybrzd k’ we have

gﬁfl{ﬁd’k(b(l,t—l)) gt—1(b1—1)) = ghyb”d k(b 1.6)) — 9¢(b(1t))

fort < ¢, ort € Ey \ EY when I; does not happen. As a result, the martingale dynamic of gpybrid: k(b(l,t)) —9:(bap)
only happens for ¢ € EY}’, in which a; is small. The next lemma demonstrates the revenue loss of our hybrid mechanism is
small.

Lemma F.3.
Rev (B( hybrid,k yhybrzd k. F(l fk+1)) (1 €k+1))

w—+1
> Rev(B(g. 4 Foy 1 -1) Faenn) — 006 log 4).

The revenue loss simply depends on the choice of w. To show the revenue performance, the key observation is that once
neither event I; nor I, happens, the total welfare obtained in (gv0rid:k o hybrid.k) iq at Jeast the total welfare obtained
n (g,y) since (ghvbridk ohybrid.k) either follow the local-stage mechanism of (g, y) or its local-stage mechanism is a
mechanism that always allocates the item. Moreover, we exploit the martingale nature of g"¥*"*%*¥ and ¢ to show that the

, , 1w _ .
expected final utility of the buyer in (g"v0rid-F ¢ hvbridky s at most O(¢ ,3( ") 1og ¢4 ) higher than the expected final utility
n (g,y).
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F.1. Misreport in Hybrid Mechanism

Let B(ghvbridk o hybrid.k, F(Lgkﬂ_l)) be the bank account mechanism mixing B(ghvtrid:k o hybrid.k, F(l,ngrl_l)) with
a random posted price mechanism with probability A\, as constructed in Definition 4.4. As a result, Theorem 4.8 and

Claim D.1 applies. We will then shift the initial state in Definition F.1 with an addition amount O( %’:&ﬂ) so that

Lemma F.2 holds even when the buyer misreports while the additional revenue loss is O( %K k). Let next(t) = min{t’ €

Ey |t € By \ EY,t' > t}, which computes the minimum index of the future stage that is not in EY’. The following lemma
characterizes the number of lies.

Lemma F.4. In B(ghvbridk ohybridk, F'(l,gk“_l)), |Lg| = O (6,167‘” log ﬁk) with probability at least 1 — zik'

Intuitively, the local-stage mechanisms for ¢ € E‘,‘: are static and moreover, the local-stage mechanisms for ¢ € E} \ E,‘: are
static, because the probability that event I5 happens is small even when the buyer misreports. Therefore, the gain from the
misreport in stage ¢ € EY with next(t) — ¢ > 3log ¢) can only be obtained after 3 log ¢;, rounds, which is relatively small.
Thus, the buyer has less incentive to misreport in these stages, which results in a small number of lies.

F.2. Direct Computation of the Hybrid Mechanism

In order to apply the framework of revenue robust mechanism in Section 4.2, it requires that 6,(§) =
V(& B(gMvbrid, yMvbrids By py); Fia ) satisfies that 6,(€ 4+ 6) > 6,(¢) — & forall ¢, £ > 0,and § > 0.

In order to fulfill the requirement, we directly compute the optimal hybrid mechanism. For convenience, let
hybrid ¢, fr (1,6,,1—1)) be the optimal revenue for the sub-problem consisting of stages ¢ to ({441 — 1) with distribu-

tion F(l ¢4.1—1)> When g; 1 maps the history to £. For the boundary cases, qﬁh”b”d k(§~ F(17Zk+1—1)) = —¢£. We compute
pybridk e, F 1,)) from program OPT-BAM with ¢, (&; F 1,1)) replaced by ¢hyb”d ke F(LT)):

e Fort < ( ort € E; \ E¥, apply program OPT-BAM to compute ¢/"*5" " (¢; F(LT));

o Fort € EY,
- 1f§ 2 Evt’\’ﬁ‘t [/Ut]’ set <Zt7 (jt> such that 2t (57 ’Ut) = 1land 4t (5’ vt) = Oforall Uts
— otherwise, set ¢?§§Md’k(§; F(I,T)) = —o0.

o Forte By \ EY,

-if¢>E [ve], set (z¢, G;) such that z;(€,v;) = 1 and ¢ (€, v¢) = 0 for all vy;
— otherwise, set (z¢, G;) such that z; (£, v;) = 0 and g;(&, v:) = 0 for all v;.

v~ Fy

Notice that the mechanism derived from ¢} *"""* is static for t € E¢ and fort € E¥ \ EY is static with high probability,

since the probability that event I5 happens is small. Moreover, for other stages, the local-stage mechanism is computed from
program OPT-BAM, in which Lemma 3.6 is applicable. Therefore, with high probability, hyb”d * has the desired property
for us to apply the framework of revenue robust mechanism in Section 4.2.

Lemma ES. For anyt, { > 0, and § > 0, with probability 1 — 1, ¢{*""** (¢ + 6; Fy 1)) > ¢/ (& Fary) = 6,
exceptfort € B¢\ EY and € < E,, .z vl

F.3. Proofs of Hybrid Mechanism

F.3.1. A VALID CORE BANK ACCOUNT MECHANISM

We first verify the hybrid mechanism in Definition F.1 is a valid core bank account mechanism, except that ghvbridk

not be symmetric.

might

hybrid,k . hybrid,k hybrid,k .

First, it is straightforward to verify that v,
convex in b;, and weakly increasing in by.

is a sub-gradient of g, with respect to b; and g, is symmetric,
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For the consistency of g"¥*"id:* we will show that x;(g"¥*"i®¥) = 0 for all t. First, for t < £, g"¥*"i4:* simply follows g,
and thus, x; (¢""""*) = x4(g) = 0. For t € By \ EZ, if g2 " (b(14_1)) > ge-1(b(1._1))> we have
R [ hyb?"id,k'(b

hybrid,k
s [ Ly I (

(Lt-1): )] =E, g (92 b1t—1)) + 9e(b(1,¢—1), v¢) — Ge—1(b(1,1-1))]

= Q?yllmd’k(bu 1) +Ey g [9t(bai—1),v0)] — gi—1(b1,i-1))]

= ?i!b”dk( 1t71))—Xt(9)

hybrid,k
=927 (bae-1)

where the third equality follows the fact that g is consistent and the last equality uses the fact that y:(g) =

0. If gV *(bai—1y) < g-1(ba—1)). we have g*" (b iy v) = g/ (b1—1)). Therefore,

hybrid,k hybrid,k wbrid, k
vtwﬁt[ T (b1 1y, ve)] = 9227  (b—1)), and thus, Xt (ghviridky = 0.

Fort € EY, if g/} k(b(u)) > E, _p,[vi], then we have

hybrid,k hybrid,k
e~ By [Qty " (b(1,t71)’vt)] = vaﬁt l9.27 o (

b(l t— 1)) =+ Ve — ]Evtwls} [Ut]]
= gilgﬁnd’k(b(l,tq)) +E, .5 [ve — E, .5 [vt]
= gfflfMd’k(b(LtA))

Otherwise, when g,"*}"'" k(b(l 1) < Evtwﬁ} [ve], hybridky

show that for all ¢ and b(; 4), ghyb (b(1,t)) > 0. By Claim C.1, it suffices to show that ngl,l(ghyb”d’k) > 0.

we provide a null mechanism and thus (g = 0. Finally, we

‘We first show that for all ¢ < ¢*,
gglybrid>k(b(17t)) > gt(b(l,t)) + Z Evtwﬁt/ [ve]
veBY t<t/ <t

hybrid,k

by an induction from ¢ = 0 to ¢ = ¢*. The base case ¢t = 0 is obviously true since g, =90+ B E, -z [vg].

Assume it is true for all ' < ¢t and for ¢, if t € Ek , we have
hybrid,k hybrid,k
g R b)) = g (b m)) + b — E,, .z [vi]

> gr—1(be1,e—1)) +bs + Z By, ~f, [ve']
vEBY t<t/ <t

Z gt (b(l,t)) + Z Evt/wﬁ‘t/ [Ut/]
veEBY t<t/ <t
where the first inequality follows the induction hypothesis and the second inequality follows (6) such that

9t(b1,1)) — gi—1(b1—1y) = ¢ (baly(bg 1)), be) — E,, gl (baly (b(1,t-1)),v¢)] < by

where @ (b(1,1)) = 2¢(b(1,1)) - bt — Pe(b(1,+)) and x4 and p is derived from B(g, y; F(LT)) according to Definition 3.1. The
inequality follows 1 (balt(b(17t_1)), bt) <biandE, _p [T (balt(b(l t—1))s vt)] > 0. On the other hand, if ¢ ¢ E‘,‘;’ we
have

gthbed’k(b(l,t)) = gffl{rid’k(b(mfl)) + gt(b(l,t)) - gt—l(b(l,tfl))

> gi-1(b,e—1)) + 9¢e(br,ey) — ge—1(b(1,e-1)) + Z E,, 5, v¢]

teBY t<t/ <t~
= g(bap) + Z E,, ~p, [0r].
veBy t<t/ <t
Therefore, we finish the proof of the induction. As a result, we have u;~ > 0. As for ¢ > t*, by our construction,
the update rule is in the form of either g/"*""*® k(b(l ) = gthy?”d k(b(l’t,l)) +C, — Cy if ghyb”d k(b(l}t,l)) >
or ghyb”dk(b(u)) = gfﬂﬂl’”dk(b(l’t,l)) Thus, ghyb”dk(b( ) = 0 for all by, and ¢t > t*, which implies that
M£k+171(ghyb7'1d,k) > 0.
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F.3.2. PROOF OF LEMMA F.2

hybrid,k(

Proof. Letd;(va ) = g v,) — 9e(va) — ZtEE;’ E,, .z, [v:] and we have

de(v(1,p)) = de—1(v(1,4-1)) + (gfyb”d’k(v(l,w)—gf‘”?”dk( V(1 H>)) — (9:(v(10)) — ge—1(v(14-1))) -

For t € Ej \ EY, by the construction of ghyb”d ok

Xt (ghyb”d k) =0, fort € EY, we have

B, 5 de(va )]
= di(va-n) + (vaﬁt [g7" " (v1.1))] = g?ylly”dk<v(1,t71))) - (vaﬁt [9¢(v(a,)] — gtfl(v(l,t—l)))

=di—1(v(1,4-1))-

, we have d¢(v(1,4)) = di—1(v(1,4—1)). Moreover, since x;(g9) =

and in addition, we have |d;(v(1,4)) — di—1(v(1,4—1))| < 2a;. Therefore, d;(v(;,)) forms a martingale with bounded
difference 2a; for t € £} and dy = 0.

Notice that event I; occurs when ¢t € Ej, \ EY and

g?ybm‘d,k(v(l b)) — 9 (v) = di () Z E,, .z, [vv] <O.

t'eEY
Moreover, event I occurs when ¢t € £} \ E,“: and
g™ (w) = di(van) + 9ewan) + Y By g, oe] <E, g (o] < 0 < 6
v eEy
Since g¢(v(1,¢)) > 0, the above inequality holds only if
di(vr,ey) < 4 — Z By, ~8, [vy] < *% Z By, ~8, [ve/]

t'eBy t'eBy

where the last inequality is due to ), By E, -z [v)] > 402 2(wtD) log £}, > ¢¢. Thus, either event I; or event I> happens
only if

1
di(van) < =5 Y By, [vv]

t'e B
From Azuma’s inequality again, we have

1 46 og £y, 2@‘”“ log ¢y 1
Pr dt(v(l’t)) < 2 Z ]EWNFt [Ut] =P <_22 = €%p Zt/eEw at = 62

a
~ ! w !
reBy > eBw <t Ut

where we use the fact that ) -, Ew a? <4, dueto Y, g, @ = ©(L), in which the maximum is obtained when there are

4y 1= stages with a; = £ . Finally, applying union bounds on ¢}, stages, the probability that either event I; or event I is at
1

most O(4,)- O

F.3.3. PROOF OF LEMMA F.3

Proof. For simlicity, let T' = {1 — 1 in this proof. Let
p(§) = Pe(&; B(ghybrid7k» yhywd’k; F(l,T))% F(l,T))

and A R
9t(‘f) = Y:(&; B(g, y; F(l,T)); F(l,T))-
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From Lemma 3.3, we have
Rev (B(ghybrid,k) yhybrid,k; F(I,T)) F(l T)) = po (ghybnd k) + NT(ghybrid,k) > po(ggybrid,k:)
Rev(B(g,y; F1,1)), F1,1)) = 00(g0) + 17 (9) = 0o(g0)

where we use the fact that pp(g"v?""4*) > 0 and pur(g) = 0. If neither I; nor I happens, from our construc-
tion of (ghvbrid:k yhybridk) e have for each ba,ry. if t € E}, then yhyb”d k(b(u)) =1 > y(bap); otherwise,
yfyb”d’k(b(17t)) = 1¢(b(1,¢))- Recall that from (7), we have

hybrid,k hyb dk hybrid,k
polge”"" ") = v<1 ~Fa.m Zy v (V1)) - ve] — Evp lg7""" (va1,m))]
90( hybrid,k

Y90 )= Eq,(l,ﬂw}:ﬂ(l,ﬂ Zyt U(l,t)) v — ]Ev(LT) [QT(U(LT))]
t

Therefore, we have

hybrid,k
EU(I,T)NF(I,T) [Z Y o (U(l’t)) ' ’Ut} 2 EU(I,T)NF(I,T) [Z yt('U(l,t)) ' vt]' (35)
t t
Next, we compare By, . [97"" " (v(1,7y)] and Eq, . [97(v(1,7)]. Notice that we have
hybrid,k
977" (vam))
_ gybmd k i Z ( hybrid, k )) gizyllymd k(U(l,t—l)))
hybrid,k hybrid.k (, hybrid,k hybrid,k hybrid,k
=gg"" 4 Y ( PO () = g2 ('U(l,tfl))> + > <9ty oay) = g2 (U(1,t71)))
teEy teE\Ey
hybrid,k hybrid,k
=go+ Z E,, .z v + Z (gtly (vae) — 9.2 (U(Ltfl))) + Z (9:(vap) = 9i-1(v(a-1)))
teFw teEyY tEEL\EY

Let di(v1 ) = gpybrid: k(v(u)) —gt(vay) — ZteE;; E,, .z, [ve], which forms a martingale with dy = 0, and bounded
difference 2a; for t € £}’ and difference 0 for t € Ej, \ EY.

Notice that ), B a? < £, in which the maximum is obtained when there are 7"~ stages with a; = ¢%. By Azuma’s

inequality, we have
—¢2 42
Pr(ldr(va )| > t] <2exp | m=———5 | < 2exp (w> )
o 2 ZteE;j daj 8€,16+

Liw
Lett = 4£,§( 1) log ¢}, and we have

$(w+1) 2
Pr |:|dT(’U(1 T))| > 4€ logf :| Ti

Finally, since |dr (v, 7)) <2, a; = T for some constant ¢, we have

hybrid,k 1(w+1) 2
E'U(l T) [gTy (U(l,T))] > _Ev(l,T) [gT(U(l,T))] - Z Evtht [vt] (4615 logék + ﬁ ’ 2CT)
teEy

> =Ky, 1 lor(va,m)] - 80 “ ™ 1og ty — (36)

2
T
By Lemma F.2, the probability that either I; or I happens is O(%) Moreover, the revenue loss when either event happens

is at most Zt a; = cT'. Therefore, the revenue loss caused from events I; and I5 is at most c. Combining with (35) and
(36), we finish the proof. O]
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F.3.4. PROOF OF LEMMA F.4

hybrid,k hybrid,k:>
’

Proof. Since (g Y is a valid core bank account mechanism for F(LT), the bank account mechanism
B(ghvbridk yhybrid.k, ]3'(17T)) is stage-IC, 6(1 7)-BL, BU and ex-post IR for F{ 1) with §; < Aya, for all ¢ by Lemma 4.2.
As for t € EY, the stage mechanism (x¢, p;) is indeed static such that 2:(£,b;) = 1 and p; (€, b;) = 0 for all £ > 0 and b;.
Therefore, §; = 0 for t € E};. To bound the total magnitude of misreport, we apply Claim D.1 to obtain an upper bound

Oty /52).

By Lemma 4.5, we have B(ghvbtridk qhybrid.k, F(LT)) is stage-IC, 6(1,7)-BIL, BU and ex-post IR for F{; 7). Moreover,
B<ghybrid,k7 yhybrid,k; FA‘(LT)) is 77(17T)'DIC with n; = \/% : ZZ::tJrl ’}/t/_t(st/ for F(I,T)' Therefore, for t € Ey, \ Ekw,

we have
Mo |28 /1
Z Q¢ N )\k Z Q¢

teER\EY teEL\EY

A 1 o
S D
tEBL\EY

tEEL\EY t/=t+1

2Ak 1—2w _ lew 20Ak
< B i el = i 2 67

for some constant ¢, where the first inequality follows the Cauchy-Schwarz inequality and we use the fact that

1
S e me & < 04~ inwhich the maximum is obtained when a; = (¢ forall t € Ey\ By'. When £~ /4% < 3",

T
E At —tay

t'=t+1

at
the misreport is relatively small compared to ) 7, B E, -z [v¢]. Therefore, Lemma F.2 still holds even the buyer misreports.

Therefore, with probability 1 — O(%), the buyer is indeed facing a static mechanism even for stage t € E} \ E’;;’. Finally,
for t € EY with next(t) — ¢ > 3log1 T, we have

2a ) 2a )
t ’_ t ’_
N = SV E Yty < N E Yty
ki ko p—t13logy T
vy

IN

2a; Ay, _ ZT: ay l [2cas Ay, <@ [2¢A\y,
Ak 8 - T Ak - T e

t'=t+3log1 T
y

where the last inequality is due to a; > 1. Therefore, we have

Z < 20Ak
LTS N

teEY next(t)—t>3log1 T
¥

For t € EY{ but next(t) —t < 3log1 T, we simply use the fact that , < a;, which implies 7, /a; < 1. Moreover, the
Y

number of such ¢ is at most | Ej, \ E¥| - 3log1 T = O(£,~“ log £1.). We finish the proof of bounding the number of lies by
v
combining all three cases and applying Lemma A.1, and thus, we have

A
|Li| = O (5,1;‘”(1/ Tk +log f) + 10g€k> =0 (£, “logty)
k

because we assume ﬁ—: < 1. O

F.3.5. PROOF OF LEMMA E.5

Proof. We prove by a backward induction from ¢ = T to ¢t = 0. It is true for the base case when ¢t = T since
¢r(§+0; Fury) = =€ — 0 = ¢r41(&; Fa,1)) — 9 by the boundary condition.



Robust Pricing in Dynamic Mechanism Design

Suppose it is true for all ¢ > ¢. Fort — 1 and £ > 0, if t € E}, \ E}’, we can apply a similar argument as in the proof of
Lemma 3.6. For ¢t € E}’, we can again apply a similar argument as in the proof of Lemma 3.6 since the stage mechanisms
are the same for all £ > 0.

Fort € EY \ E¥, Lemma E2 holds when we shift the initial state up by an additional O(,/ %’: - £k). Therefore, with

probability 1 — O(%), the buyer is facing a static mechanism, and thus, we can apply a similar argument as in the proof of
Lemma 3.6. O



