Momentum Improves Normalized SGD

A. Proof of Theorem 4

Theorem 4. Suppose that f and D satisfies (Al), (A2), (A3), and (A4). Further, suppose |V f (w0, &)|| < g for all & with
probability 1, and that F (W) < M for all W for some M. Then Algorithm 2 guarantees:
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where the O notation hides constants that depend on R, G, and M and a factor of log(T).

Proof. Notice from the definition of « that we always have
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where we defined Gg = D. Thus a; < 1 always.

We begin with the now-familiar definitions:

€ = V(@ &) — VF(Z)
¢ = V(7 &) — VF ()
gt - ’I’?Lt - VF(U_)})

Notice that E[{€;, €;)] = 026; ;. Now we write the recursive formulation for & ;:
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my = (1 — ap)my—1 + 4V f(Z, &)

= (1 = a)(VF(Wi—1) + é-1) + o (VF (@) + €)

=VF (W) + (1 — ap) Z(Wy—1, W) + a Z(Zy, W) + (1 — o) ér—1 + ey
€= (1 — ) Z(Wp—1, W) + e Z(Ze, W) + (1 — ap)ér—1 + ey

Unfortunately, it is no longer clear how to unroll this recurrence to solve for €, in a tractable manner. Instead, we will take a
different path, inspired by the potential function analysis of (Cutkosky & Orabona, 2019). Start with the observations:
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Define K; = m Then we use (a + b)? < (1 + 1/z)a? + (1 + x)b? for all 2 and the fact that €, is uncorrelated with
anything that does not depend on &; to obtain:
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where in the last inequality we have set x = a;. This implies:
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Let 0; = Gy — Gt—1. Then we have Ele;/+/Gn:—1] = 0 = E[e}/+/G¢nt—1). Therefore we have
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so that we have
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Now, observe that ;1 < 292, so that we have
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where we have used the fact that 7, is non-increasing.

Next, we tackle p2w We have
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Now, finally we turn to bounding (af,th_lm_z e T atGmtfl) lle:—1]|*. To do this, we first upper-bound
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So now we can upper bound ——+— — ——L—— and divide the bound by G.
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Next, we analyze G, /7 — Gg/7 Recall our definition §, = G; — G4_1, and we have 0 < §;, < 2g? for all ¢. Then by

convexity of the functlon €T xg/ 7 we have
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Therefore we have
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Now use Gy_q > g2t!/4,
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So putting all this together, we have
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Then since we set C' so that = 1/2, we obtain:
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Putting all this together, we have shown:

T T
R X log(T+2) 1 Gri1 €|
E|K, € KPP <E| =4 T log [ — ) — _
S Bl - Kl o () - Y
Now, define the potential &, = % + Ky 11]|ét41]|*. Then, by Lemma 2, we obtain:
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So summing over ¢ and taking expectations yields:
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Now, we examine the term Zthl 8|lé:]| — % By Cauchy-Schwarz we have:
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Finally, observe that since G; > g*t'/*, we have 1, < \7:7 Therefore Zthl n; < 2C+/T. Putting all this together again,
we have
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Observe that we have & < 37]—]\04 + Kig%.

Let us define Z = 3M + log(2¢*(T + 1)/D) + log(T + 2) + 32(log(T) + 1). Then we have
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Now we look carefully at the definition of G; and 7,. By Jensen inequality, we have
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The Theorem statement now follows. ]



