Scalable and Efficient Comparison-based Search without Features
Supplementary Material

This supplementary material contains:

1. Proofs of Theorem 1 and Theorem 2.

2. Additional experiments on comparing different embed-
ding techniques.

3. Additional plot of the 2-PCA of the learned embedding
in the movie actors face search experiment.

A. Proof of Theorem 1

Proof. Without loss of generality, assume that 0. = 1. Let
y be a binary random variable such that p(y = 1|w, b, x) =
®(zTw + b). Then,
argmax I[z;y | (w,b)]
(w,b)eH
=argmax {l — Egz[H(y | w,b,x)]} (D)
(w,b)eH

= arg min/ H[®(x"w +b)| N(x; p, Z)dz
(w.b)eH JRd

= arg min/ H [®(t)] N (t;0,w” Zw)dt (2)
(w,b)eH JR

= argmaxw’ Sw. 3)
(w,b)eH

In (1), we use (2) and the fact that, as the hyperplane is
passing through g,

| [ oty =1k, b )N (i Be | = H(1/2) 1.
Rd

In (2), we use the fact that 7w + b ~ N (0, w? Zw),

by properties of the Gaussian distribution. Finally, in (3),

we start by noting that, for all ¢1, ce such that ¢1/co > 1,

H [®(c1t)] < H [®(cqt)] for all ¢ with equality iff ¢ = 0.

Hence, if 52 > o2, then

/ H[®(t)|N(t;0,52%)dt = / H [®(6t)] N (t;0,1)dt

R R

< / H [®(at)] N(t;0,1)dt = / H [®(t)] N (t;0,02)dt.

R R

Therefore, maximizing w”? Xw minimizes the expected en-
tropy of y. O

B. Proof of Theorem 2

For simplicity, we will assume that d = 1; Section B.1
explains how to generalize the result to any d > 1. Denote
by z; the location of the target object, and let N'(Z; fip, om )
be the belief about the target’s location after m observations.
Without loss of generality, let ag = 1. In this case, the
updates have the following form.

02 = 0%+ Buok, 4)

2
Hm+1 = Hm + A0y * By

where z,, € {1} with P(z,,, = 1) = ®(a¢ — puy, ), and

am =c/\/ o2 +1,
Prm = _02/(031 +1),

=2

We start with a lemma that essentially states that o2, de-
creases as 1/m.

Lemma 1. For any initial 0 > 0 and for all m > 0, the

posterior variance o2, can be bounded as

: 2
min{0.1, 0} < o2
m+1 -

max{10, 03}
m+1

m —

Proof. From (4), we know that

o2

2 2 O 2

Ot = (1 C o2 +1>am
m

First, we need to show that

f(z) = (1—02$il>x

is increasing on R~ (. This is easily verified by checking
that

fx) = (1—62xi1> +x(1—c2($+11)2) >0,

for all x € R~ Next, we consider the upper bound. Let
b = max{10,03}. We will show that 62, < b/(m + 1)




by induction. The basis step is immediate: by definition,
0(2) < b. The induction step is as follows, for m > 1.

m—1
(e by b
b+m/)m~ m+1
b
—_1-2—__ ™" <y
b+m m+1

> b+m—c2(bm+b) <0
— m(l—c*b)+b(1—c*) <1-b2c*—1) <0,
~0.27

where the first inequality holds because f(z) is increasing.
The lower bound can be proved in a similar way. O

For completeness, we restate Theorem 2 for d = 1.

Theorem 2 (Case d = 1). If the answers follow equation 1,
then for any initial j1g and 0% > 0 and as m — oo,

o2 =0,

M — Tt

almost surely.

Proof. The first part of the theorem (02, — 0) is a trivial
consequence of Lemma 1. The second part follows from the
fact that our update procedure can be cast as the Robbins-
Monro algorithm (Robbins & Monro, 1951) applied to
g(p) = 2®(xy — ) — 1, which has a unique root in u = x;.
Indeed, z,, is a stochastic estimate of the function g at y,,,,
i.e., E(z) = 2®(py, — x¢) — 1. The remaining conditions
to check are as follows.

o the learning rate v, = amafn satisfies

o0 . 2 o0
c-min{oj,0.1 1
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m=0 UO+1 mm

(o) oo 1
2 2 2
E_O’ym < (¢-max{og,10.0}) E 3 <o

e |zp| < 1forallm

Almost sure convergence then follows directly from the
results derived in (Robbins & Monro, 1951) and (Blum
et al., 1954). O

B.1. Extending the proof to d > 1

In order to understand how to extend the argument of the
proof given above to d > 1, the following observation is
key: Every query made during a search gives information

on the position of the target along a single dimension, i.e.,
the one perpendicular to the bisecting hyperplane. This can
be seen, e.g., from the update rule

wl )7

tmJm

Y1 = (Em +TWi,, G @

which reveals that the precision matrix (i.e., the inverse
of the covariance matrix) is affected only in the subspace
spanned by w;, ;.

Therefore, if we start with 3o = 0'(2) I, we can (without loss
of generality) assume that the search procedure sequentially
iterates over the dimensions. At each iteration, the vari-
ance shrinks along that dimension only, leaving the other
dimensions untouched. Conceptually, we can think of the
case d > 1 as interleaving d independent one-dimensional
search procedures. Each of these one-dimensional searches
converges to the corresponding coordinate of the target vec-
tor x4, and the variance along the corresponding dimension
shrinks to 0.

In general, one should consider the fact that the optimal
hyperplane is not always unique, and the chosen hyperplane
might not align with the current basis of the space. This case
can be taken care of by re-parametrizing the space by using
a rotation matrix. However, these technical details do not
bring any new insight as to why the result holds.

C. Performance of Embedding Methods

We evaluated the quality of the object embedding learned
by our embedding technique GAUSSEMB on two real world
datasets with crowdsourced triplet comparisons: Music
artists (Ellis et al., 2002) and Food (Wilber et al., 2014).

We compared our model to the state-of-the-art baselines,
CKL and t-STE. We measured accuracy—the percentage
of satisfied triplets in the learned embeddings on a holdout
set using 10-fold cross validation. Since the “true” dimen-
sionality of the feature space is not known a priori, we also
vary the dimensionality D of the estimated embedding be-
tween 2 and 30. The results are presented in Fig. 1.

Overall, on both datasets, GAUSSEMB showed similar per-
formance to t-STE, correctly modeling between 83% and
85% of triplets, and outperformed CKL. We can conclude
that the noise model considered in this paper reflects the
real user behaviour on the comparison-like tasks well.

D. Movie Actors Face Search Experiment

We illustrate the results of performing 2-PCA on the learned
embedding from the movie actors face search experiment in
Fig. 2. It appears that the two principal components align
well with gender and race. Note that this embedding was
obtained solely from the triplet comparisons collected prior
to the experiment (slightly more than 40000 triplets in total).
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Figure 1. Evaluating embedding methods on two real world datasets: Music artists, n = 400 music artists with 9090 triplet comparisons
after removing repeating and inconsistent triplets, and Food, n = 100 images of food with 190376 collected unique triplets.

Figure 2. 2-PCA on learned embedding.
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