Streaming Coresets for Symmetric Tensor Factorization

A. Appendix

Well-Conditioned Basis: (Dasgupta et al., 2009) Let
A € R"¥4 3 rank d matrix. For p > 1, it has a dual
g = p/(p—1). A matrix U is said to be («, 3, p) well-
conditioned basis of A, if U spans the column space of

d
A gl < a,vx € RY ”!}‘Jﬁp < Band (a, B) are

d®™) and also independent of 7.

Theorem A.l1. Bernstein (Dubhashi & Panconesi, 2009)
Let the scalar random variables x1,xs,...,x, be inde-
pendent that satisfy Yi € [n], |v; — Elz;]] < b Let
X = YU xand let 0* = Y. | 07 be the variance
of X. Then for any t > 0,

Pr(X > E[X] +1t) <exp <2023f;/3>

Theorem A.2. Matrix Bernstein (Tropp et al., 2015) Let
X1,..., X, are independent d X d random matrices such
that Vi € [n)], || X;|| < band var(|X||) < 02 where X =
iy X, then for some t > 0,

P = E[IXI) 2 1) < dexp (1)

e-net argument: Here we discuss the e-net argument,
which we use to ensure a our guarantee for all query vec-
tor x from a fixed dimensional query space Q using union
bound argument. Similar use of the argument is discussed
in various applications (Woodruff et al., 2014).

Definition A.1. e-net (Haussler & Welzl, 1987) Given some

metric space Q its subset P C Q is an e-net of Q on ¢,
norm if, Vx € Q, 3y € P such that |x —y||, <e.

Let [[TAx|» = Y>>, [af x|?, where IT is a sampling ma-
trix which samples m rows from A with proper scaling.
Now we argue this Vx € Q, i.e. |[TIAx|]? = (1+e) [|[Ax]|]}
which is same as [|[IIUy ||} = (1 £ ¢€) [|[Uy|[;, where Uy =
Ax. Now with an e—net, we argue ¥x € Q, Q C R%.

Let B = {z € R"|z = Uy for some y € R¥ and 2], =
1}. From this set we intend to find a finite subset N which is
an e-net to the set. Now here we argue that if we can ensure
[Tw||? = (1 £ ¢) [|w]>,Yw € N then we can claim that
[Tz}, = (1+ €)|lz]},Vz € B which further imply that
HHAxHi =(1xe) HAng ,Vx e Q.

Let v € B whose closest e-net point is wi; € N such that
[v —wil|, < e. Now note that,

Mvi, = [Twy +TI(v — w1l

< (Mwall, + [TI(v — wi)]|,)”

< (e Iy —wi)l],)”

= (I+e+[I(wo/a+v—wi—wa/a)l,)’
< (

Repeated application of this argument yields

mwms(zmﬁ+aﬂpsczfs1+mo

By similar argument one can show that ||HVHZ >1—-0(e).
Finally by rescaling € by some constant factor we achieve
[Tz, € 1+ ¢ Vz € B.

Lemma A.1. There is an e-net N, with |N| < (2/¢)".

Proof. Let N be the maximal subset of y € R"™ in the
column space of A such that [y, = 1 and Vy # y' €
N, [y —¥'ll, > e Now as N is a maximal set, hence
Vy € B,3w € N for which |[w —y]|, < . Further
Vy #y’ € N two balls centered at y and y’ with radius /2
are disjoint otherwise by triangle inequality, [y — y'[|, <,
is a contradiction. So it follows that in a unit sphere in R¥
there could be at most (2/€)* such balls, i.e. the number of
points in N. O

Now we state the modified version of Sherman Morrison
which we use in the function Score(-).

Lemma A.2. Given a rank-k positive semi-definite matrix
M € R¥*? and a vector x such that it completely lies in
the column space of M. Then we have,

MftxxT Mt
M ™ —MT —
(M +xx7) 1+ xTMix

Proof. The proof is in the similar spirit to lemma 5.3. Con-
sider [V, X, V] = SVD(M) and since x lies completely in
the column space of M, hence Jy € R¥ such that Vy = x.
Note that V € R4*k,

M+ xxD) = (VEVT 4 vyyTvT)T
= VE+4yyh)tv?
—1yyTy -1
-V Efl_u Vv
1+yTy- 1y
vzt SIVTVyyTvIve-!
1+yTVTVE-IVTVy
MfxxT Mt
1+ xTMfx

= wmf

In the above analysis, the first couple of inequalities are by
substitution. In the third equality, we use Sherman Morrison
formula on the smaller £ x k£ matrix X and the rank-1 update
of yyT. O

A.l.LineFilter

Here we provide the proofs of the lemmas used to prove the

l+e+e(l+e) +|[I(v—wi —wa/a)|,)’ guarantee claimed in theorem 4.1 by LineFilter.
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A.1.1. PROOF OF LEMMA 5.1

Proof. We define the restricted streaming (online) sensitiv-

ity scores §; for each row 7 as follows,
T T

_ laix[” lu; y|?

S =SUup ——————— =Ssup —————

x Zg 1 |a x|P y Zj:l ‘uj yP

Here y = XV7Tx where [U,%, V] = svd(A) and ul
is the #*" row of U. Now at this i*" step we also define
[Ui, >, VZ} = SVd(Al) So withy = ziV?X and fl? is

the i*" row of U; we rewrite the above optimization function
as follows,

. |a) x|” [afy”

S§; = Sup ————— =sup

' x St alx|p v IOwE
_ jaf YI”
|u ylP+ 32 [alylr

Let there be an x* which maximizes s;. Corresponding

to it we have y* = %, VI'x*. For a fixed x, let f(x) =

P Ty |P alv|P
2 = faaly ando(y) = {53 By assumption
we have f(x*) > f(x),Vx
We prove this by contradiction that Vy, g(y*) > g¢(y).
where y = 3, VIx. Let Jy’ such that g(y’) > g(y )
Then we get x’ = V,; X'y’ for which f(x) > f(x*)
by definition we have f(x) = g(y) fory = X,V x. ThlS

contradicts our assumption, unless x’ = x*.

Now to maximize the score, §;, X is chosen from the row
space of A;. Next, without loss of generality we assume
that ||y|| = 1 as we know that if x is in the row space
of A; then y is in the row space of U;. Hence we get

Uiyl = llyll = L.

We break denominator into sum of numerator and the rest,
Tylp + Z;;ll [uly[P. Consider the de-

ie. Uiyl = 8]
nominator term as Z;;ll |f1]Ty|p > f(n) (Z 1l y|2)

From this we estimate f(n) as follows,

Z|u v = <Z|u y1)

(i) - 2/p ,i=1 1-2/p
< (Z |ﬁ;£y|2p/2> (le/(p—2))
j=1 j=1

i—1 2/p
Z (Z |ﬁ?y|P) (i)
j=1

Here equation (i) is by holder’s inequality, where we
have 2/p + 1 — 2/p = 1. So we rewrite the above

term as (Z |~Ty|p)2/1)( )1 2/P Z | y|2 _

1 — [aTy|%. Now substituting this in equation (ii) we get,

i—1 2/p 1 1-2/p
(Twsr) = (5)  a-lalyp
j=1
i—1 1\ P/21
(Tratvr) = (5) a-pryere
j=1

< su [ y|?

= Sy WIyP (/2 ATy PP
that this function increases with value of |4}y
maximum wheny = Hl‘;—u, which gives,

v

v

Note

So we get 3;

[ ”

(/P11 — [P

= |~
11" +

As we know that a function —%7 < min{1, a/b}, so we get
I; = min{1,:?/2~1 Huin}. Note that [; = /271 ||a,||”
when ||&;||” < (1/i)P/271. O

Here the scores are similar to leverage scores (Woodruff
et al., 2014) but due to p order and data point coming in
online manner LineFilter charges an extra factor of
i/~ 1 for every row. Although we have bound on the
ZZ" l; from lemma 5.3, but this factor can be very huge as @

increases which eventually sets many I =1.

A.1.2. PROOF OF LEMMA 5.2

Proof. For simplicity, we prove this lemma at the last times-
tamp n. But it can also be proved for any timestamp ¢;,
which is why the LineFilter can also be used in the
restricted streaming (online) setting.

Now for a fixed x € R? and its corresponding y, we
define a random variables as follows, i.e. the choice
LineFilter has every for incoming row .

LT
w; = {pi(ui y)?

0 with probability (1 — p;)

with probability p;

where u? is the i*” row of U for [U, X, V] = svd(A) and
Ty)P. In our on-

y = ZVTX. Here we get E[w;] = (u;
line algorithm we have defined p; = min{rl;/ Z;Zl ;,1}
where r is some constant. When p; < 1, we have
rluly?

i
’f’ZNZ/ Zij 2 . = .
j=1 Z;‘:l l 22:1 ‘ujTY‘p
rlulyl?

> .
Yl iy Tyl

As we are analysing a lower bound on p; and both the terms
in the denominator are positive so we extend the sum of first
1 terms to all the n terms. Now to apply Bernstein inequality

pi =
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A.1 we bound the term |w; — E[w;]| < b. Consider the two
possible cases,

T, |P
. u;
Case 1: When w; is non zero, then |w; —E[w;]| < % <
[l ylP(Cr, )i ) ylP (S, ), u)y|”
rluly|? - r

forp; =1, |w; — E[w;]| = 0.

. Note

Case 2: When w; is 0 then p; < 1. So we have

rl:; r\u?y\’) o 0
1> Ll T (Z;;ll})E;:} Tyl So |w; — Elw;]| =
Elw]| = |(u )| < Emb Tt

(0 L), [Tyl

So by setting b = = we can bound the
term |w; — E[w;]|. Next we bound the variance of the sum,
ie. S0 1. Leto? = var( Y0 w;) = Y, o2, since
every incoming rows are independent of each other and here
we consider o2 = var(w;)

= Y ot=d Elu?] - (Ewi)?

n
luly|?”
<
- z”: [l y PP (X ) 2oy () y P
= rlufylP
(S RS )

r

Note that [|[Uy/|[» = >=7_, [u]y|?. Now in Bernstein in-
equality we set t = e > " [uy|?, let

n

S S YOHUED W
j=1 j=1
which we bound as follows,

n 2
ox (6 Zj:l |U?Y|p)
P\ 202 1 0t/3

=
AN

- exp( —re(|[Uy|3)? )
) Oy I5)? 225-1 52 + ¢/3)

- <<2 Y, z}>

Now to ensure that the above probability at most 0.01, Vx €
Q we use e-net argument as in A where we take a union
bound over (2/€)*, x from the net. Note that for our purpose
1/2-net also suffices. Hence with the union bound over all

. kX D
x in 1/2-net we need to set 7 as O(%)

Now to ensure the guarantee for £,, subspace embedding for
any p > 2 as in equation (2) one can consider the following

form of the random variable,

o lulylP
wip =P . .
0 with probability (1 — p;)

with probability p;

and follow the above proof.

EX_
O(%) one can get

Finally by setting r as

P= Pr(|W — [[Ax|E] > e|Ax|g> <0.01

Since for both the guarantees of equation (1) and (2) the
sampling probability of every incoming row is the same,
just the random variables are different, hence for integer
valued p > 2 the same sampled rows preserves both tensor
contraction as in equation (1) and ¢, subspace embedding
as in equation (2). O

Now we give the detail proof of sum of upper bounds of
sensitivity scores, Y ., l;. The proof is novel because
of the way we use matrix determinant lemma for a rank
deficient matrix, which is further used to get a telescopic

sum for all the terms.

A.1.3. PROOF OF LEMMA 5.3

Proof. Recall that A; denotes the ¢ X d matrix of the first
1 incoming rows. LineF1ilter maintains the covariance
matrix M. At the (i — 1)*" step we have M = AT | A; ;.
This is then used to define the score I; for the next step 7, as
l; = min{z’p/z’léf/z, 1}, where &; = al (M+a;al)ta; =
al' (AT A;)a; and al is the i*" row. The scores ¢é; are also
called online leverage scores. We first give a bound on
>, €. A similar bound is given in the online matrix row
sampling by (Cohen et al., 2016), albeit for a regularized
version of the scores €;. As the rows are coming, the rank of
M increases from 1 to at most d. We say that the algorithm
is in phase-k if the rank of M equals k. For each phase
k € [1,d — 1], let i), denote the index where row a;, caused
a phase-change in M i.e. rank of (AT | A; _1)isk —1,
while rank of (A7 A;,) is k. For each such i, the online
leverage score €;, = 1, since row a;, does not lie in the row
space of A;, 1. There are at most d such indices 4y

We now bound the >, ;, ,_1€-  Suppose the
Jikt1

thin-SVD(AL A;,) = V;, VT, all entries in ¥;, being
positive. Furthermore, for any i in this phase, i.e. for
i € [ix + 1,41 — 1], V forms the basis of the row space of
A;. Define X; = VI (AT A;)V and the i row a; = Vb;.
Notice that each X; € R*** and X;, = X, . Also, X, is
positive definite. Now for each i € [iy, + 1,541 — 1], we
have Xz = Xi—l + bzbz1

So we have, él = a;‘F(AfAZ)TaZ = b;FVT(V(XZ,1 +
blb?)VT)TVbZ = blT(XZ‘,1 + blb;‘r)_lbz where the
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last equality uses the invertibility of the matrix. Since
X;—1 is not rank deficient so by using matrix determinant
lemma (Harville, 1997) on det(X;_1 + b;b?) we get,

det(Xi_l)(l + bZT(Xz—l)ilbz)

e

det(Xi_l)(l + bT(Xz—l + b,’b?)ilbi)
det(Xi,l)(l + él)

(#7)
det(Xi,l) exp(éi/2)

det(Xi,1 + blbLT)
det(Xi_l)

exp(€;/2) <

Inequality (i) follows as X, — (X;_; +bbT)~! = 0 (i.e.
p.s.d.). Inequality (i¢) follows from the fact that 1 + = >
exp(z/2) for z < 1. Now with &;, = 1, we analyze the
product of the remaining terms of the phase £ i.e.,

Hie[ik+1,¢k+r1] exp(€;/2)
which is,

S H det(Xl) S det(XikH,l) '
det(Xi,l) det(XikJrl)

ie[ik-i-l,ikﬂ—l]
Now by taking the product over all phases the term

exp <Zi€[1’id_1] éi/2> gets,

—en(@d-02( T 11
(ke[l,d—l]iE[ik+1,ik+1—1]

H det(Xik+1_1)>

ke[l,d—1] det(Xi,+1)

- det(Xiz—l)
=exp((d—1)/2) (W ke[gl]

exp(éi/2)>

= exp((d - 1)/2)(

det(XiHl _1) )
det(Xi,+1)

Because we know that for any phase k& we have
(Ag;+1—1Aik+171> = (Ag;—i-lAikJrl) so we get,
det(X;,,,—1) > det(X;, +1). Further between inter phases
terms, i.e. between the last term of phase £ — 1 and the
second term of phase k we have det(X;, 1) < det(X;, +1).
Note that we independently handle the first term of phase
k, i.e. phase change term. Hence we get exp((d — 1)/2)
as there are d — 1 many ¢ such that €; = 1. Due to these
conditions the product of terms from 1 to 74 — 1 yields a
telescopic product, which gives,

exp( > éi/2>

ie[l,id—l]

exp((d —1)/2)det(X;,—1)
det(Xi1+1)

IN

- exp((d — 1)/2)det(Ag;Aid)
- det(Xi,41)

Furthermore, we know é;, = 1, so for i € [ig4, n], the matrix
M is full rank. We follow the same argument as above, and
obtain the following,

exp (

_ exp(1/2)det(ATA)
2 ei/2) = det(A] 1 Ai 1)

i€[iq,n] tq+1

exp(1/2)[| Al
- det(Ade_HAidH)

Let a;, +1 be the first non independent incoming row. Now
multiplying the above two expressions and taking logarithm
of both sides, and accounting for the indices i), for k €
[2,d],

S < d/2+ 2dlog A - 210g [la |

i<n
< d/2+ 2dlog||Al — min2log ||a;].

Now, we give a bound on Y7  [; where [; =
min{1,i?/2=1e”?} < min{1,n?/2~1e"/?}. We consider
two cases. When éf/z > nl=P/2 then [; = 1, this
implies that & > n?P~L. But we know >/ | & <
O(d + dlog||A|| — min; log||a;||) and hence there are at-
most O(n'~2/?(d + dlog||A|| — min, log ||a;]|)) indices
with ZNZ = 1. Now for the case where éf/2 < nlfp/z, we get
éf/Q_l < (n)(1=P/2(1=2/p)  Then S | np/Qfléf/Q _
Z’P_l np/Zfléziz/Z—léi < 2?:1 n172/péi is O(nl—z/p(dJr

7=

dlog||Al| — min; log ||a;|])). O

A.2. LineFilter+StreamingLW

As we know that any offline algorithm can be converted
into a streaming algorithm by using merge and reduce
method (Har-Peled & Mazumdar, 2004), so we apply merge
and reduce on (Cohen & Peng, 2015). The results in (Cohen
& Peng, 2015) is better than the results of (Dasgupta et al.,
2009; Woodruff & Zhang, 2013; Clarkson et al., 2016) in
terms of sampling complexity, ignoring the € factor in it.
Now we discuss the guarantee that we get from the stream-
ing version of (Cohen & Peng, 2015).

A.2.1. PROOF OF LEMMA 4.1

Proof. Here the data is coming in streaming sense and it
is feed to the streaming version of the algorithm in (Co-
hen & Peng, 2015), i.e. StreamingLW for ¢, subspace
embedding. We use merge and reduce from (Har-Peled &
Mazumdar, 2004) for streaming data. From the results of
(Cohen & Peng, 2015) we know that for a set P of size
n takes O(nd® logn) time to return a coreset Q of size
O(dP/?(log d)e=®) where C' is a constant. Note that for
the St reamingLW in section 7 of (Har-Peled & Mazum-
dar, 2004) we set M = O(dP/?(log d)e~°). The method
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returns Q; as the (1 + d;) coreset for the partition P; where
|P;| is either 2'M or 0, here p; = €/(c(j + 1)?) such
that 1 +0; = [[;_o(1 + p;j) < 1+¢€/2,Vj € [logn].
Thus we have |Q;| is O(d*/?(logd)(i 4+ 1)%~°). In
St reamingLW the method reduce sees at max log n many
coresets at any point of time. Hence the total working space
is O(dP/?(log"! n)(log d)e=?). The St reamingLW never
actually uses the entire P; and run offline Lewis Weight
based sampling. Instead it uses all ); , where j < i. Now
the amortized time spent per update is,

[log(n/M)]

2.

i=1
[log(n/M)]

3

i=1

1

P .
57 Qi1 Tog Qi)

1

S (M0 + 1)1 log Qi) < dplogd

So finally the algorithm return Q as the final coreset of
O(d”*(log" n)(log d)e~®) rows and uses O(dplogd)
amortized update time. O

Next we discuss the proof of the guarantee of the improved
streaming algorithm i.e. LineFilter+StreamingLW.
Here we do not pass an incoming row directly to
StreamingLW, instead first we feed it to LineFilter,
if it samples then the row is further passed on to
StreamingLW.

A.2.2. PROOF OF LEMMA 4.2

Proof. Here the data is coming in streaming sense. The
first method LineFilter filters out the rows with small
sensitivity scores and only the sampled rows (high sen-
sitivity score) are passed to StreamingLW. Here the
LineFilter ensures that StreamingLW only gets
O(n'=2/7d), hence the amortized update time is same
as that of LineFilter, i.e. O(d?). Now similar to
the above proof A.2.2, by the St reamingLW from sec-
tion 7 of (Har-Peled & Mazumdar, 2004) we set M =
O(dP/?(log d)e~®). The method returns Q; as the (1 + J;)
coreset for the partition P; where |P;| is either 2¢ M or 0,
here p; = ¢/(c(j + 1)) such that 1 +6; = [[;_,(1 +
pi) < 14 ¢€/2,Yj € [logn]. Thus we have |Q,| is
O(dP/?(logd)(i + 1)'% ). Hence the total working
space is O((1 — 2/p)'*dP/?(log"! n)(logd)e=®). So fi-
nally LineFilter+StreamingLW returns a coreset Q
of O((1 — 2/p)*°dP/? (log'® n)(log d)e>) rows. O

Note that LineFilter+StreamingLW also returns
a slightly improved sampling complexity compare to
StreamingLW. We get this benefit due to the sublinear
size sample, which LineFilter returns.

A.3.KernelFilter

In this section we discuss the supporting lemma for proving
the theorem 4.3. First we show the reduction from p order
operation to ¢q order operation, where ¢ < 2. While doing
that we go from d dimensional vectors to its corresponding
higher dimensional vector depending on the value of p.

A.4. Proof of Lemma 4.2

Proof. The term |x”y|P = [xTy|l?/2)|xTy|[P/2]. We de-
fine |x"y|lP/2) = xTy| = |[(x@WP/2 yolr/21)|? and
IxTy|P/21 = |xTy| = |(x®!P/?] yx!P/21}|2. Here the
x and x are the higher dimensional representation of x
and similarly ¥ and y are defined from y. For even val-
ued p we know |p/2| = [p/2], so for simplicity we
write as [xTy[P/? = |xTy|. Hence we get [x"y[P =
|(x@P/?, y@P/?)|? = |%xTy|? which is same as in (Schecht-
man, 2011). Here the vector x is the higher dimensional
vector, where % = vec(x®P/2) € RP/? and similarly y is
also defined from y. Now for odd value of p we have x =
vec(x@®=1/2) ¢ RCP=1/2 and % = vec(x@®*+1/2) ¢
R(®+1)/2 Similarly ¥ and y are defined from y. Further
note that |x7y| = |x7y|®—1/(P+1) which gives |x"y|P =
|(x@P—D/2 yo-1/2)| . |(x@P+t)/2 ye(r+)/2)| =
X7y [xTy| = |%Ty|?/(P+1) It completes the proof. []

Here the novelty is in the kernelization for the odd value p.
In the following supporting lemmas, we will see the benefit
for our above kernelization method.

A.4.1. PROOF OF LEMMA 5.4

Proof. We define the online sensitivity scores s; for each
point ¢ as follows,

laf x|”

5 =

= sup
(xlIxl=13 1A}

Let A be the matrix where its ;" row &; =

VeC(aJ®d’-p/2-‘) e RY"' . Further let A; are the cor-
responding matrices A; € R?*? which represents first 4
streaming rows. We define [ﬁi, ﬁi,vi] = svd(Ai) such
that a7 = 473, V7. Now for a fixed x € R? its corre-
sponding x is also fixed in its corresponding higher dimen-
sion. Here 3, V7% = # from which we define unit vector
y = z/||Z||. Now for even value p (Schechtman, 2011), we
can easily upper bound the terms s; as follows,

alx? A7

S; =

eellxl=1y 1A pxl=1y [ A2

2T 12

u! .

sup I e
liyll=1y Uyl

Here every equality is by substitution from our above men-
tioned assumptions and the final inequality is well known
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from (Woodruff et al., 2014; Cohen et al., 2015). Hence
finally we get §; < [[;]|? for even value p as defined in
KernelFilter.

Now for odd value p we analyze s; as follows,

laf x|

S; =

sup
xllxll=1} [[Ax][p
|éT)'(|2p/ p+1)

= sup
][%] =1} 2 j<; 18] X[/ HD)

|aT %|2p/(p+1)

2p/(p+1)
2p/(p+1)

lar y‘2p/(p+1)

wivl=1y [Ty 52/ E e

|ﬁiTy‘2p/(p+1)

= su

p
(%[l1%l=1} || A%]|

wllyli=1y Uiy ||2e/ (p+D)
= sup  |aly|?/ (D)
{¥lliyll=1}
= ||1’1i||2p/(p+1)

The equality (i) is by lemma 4.2. Next with similar assump-
tion as above let [U;, 3%;, V;] = svd(A;). The inequality
(ii) is because ||Uiy||2p/(p+1) > ||U;y|| and finally we get
5 < l~i as defined in KernelFilter forodd p value. [

A.4.2. PROOF OF LEMMA 5.5

Proof. For simplicity we prove this lemma at the last times-
tamp n. But it can also be proved for any timestamp t;
which is why the KernelFilter can also be used in re-
stricted streaming (online) setting. Also for a change we
show this for £, subspace embedding. Now for some fixed
x € R consider the following random variable for every
oW 1.

W.p. D;

f|aiTx|p w.p. (1 —p;)

1/p; — 1)|aTx|P
W:{up )laTx|
Note that E[w;] = 0. Now to show the concentration of
the expected term we will apply Bernstein’s inequality A.1
on W = >"" | w;,. For this first we bound |w; — E[w;]| =
|w;| < b and then we give a bound on var(W) < o2

Now for the i timestamp KernelFilter defines p; =
min{1, l; /ZJQZ } where 7 is some constant. If p; = 1
then [w;| = 0, elseif p; < 1 and KernelFilter samples
the row then |w;| < |alx|P/p; = |al x|P 22:1 Li/(rl;) <
1A x|plal =P 5, I/ (rlal x|P) < ||Ax|lp S27_, I/r
Next when KernelFilter does not sample the
ith row, it means that p, < 1, then we have
Uo> ool 355000 = rlad x|/ ([Ax]E 305 1)

>
rlalx|P/(||Ax|[2 327, I;). Finally we get [afx[P <

A5 325, b/
Ax|[B >0 1 /7
Next we bound the variance of sum of the random variable,
ie. W=>" w.Let, 0% =var(W) = 31" var(w;) =
o E[w?] as follows,

= laix[*/p;

o? = z:]]":[w2
i=1 i=1
D lal =y 1/ (r)
i=1 j=1
= JAx|p)lalx* Y 1/ (rlal x]?)
i=1 j=1

< Ax|PY i/
j=1

So for each i we get |w;| <

n

IN

Now we can apply Bernstein A.1 to bound the proba-
bility P = Pr(|W| > e||Ax|F), Here we have b =

1Ax[|p >20_y U /r,0® = || Axl5, 327,

I;/r and we set
t= eHAxﬂg, then we get

. (el Ax|p)?

< eXp( = — )
20| Ax|[z7 Y0y 1 /7 + el Ax|l3F 320 1 /3r

B 77’62||AXHZP
= exp T
2+ e/3)1Ax|" X251 1y

- ((2 + e/_i’>;€;?_1 l})

Now to ensure that the above probability at most 0.01, Vx €
Q we use e-net argument as in A where we take a union
bound over (2/¢)*, x from the net. Note that for our purpose
1/2-net also suffices. Hence with the union bound over all
x in 1/2-net we need to set r = O(ke 2 Y7, 1)

Now to ensure the guarantee for tensor contraction as equa-
tion (1) one can define

W:{wm—mﬁwp

—(af x)?

W.p. Pi
w.p. (1 —p;)

and follow the above proof. By setting the r =
O(ke=? 377, ;) one can get following Vx € Q,

n n
d@fx)P=e) afxp) <0.01

P= Pr<|W —
j=1 j=1

One may follow the above proof to claim the final guarantee
as in equation 1 using the same sampling complexity. Again
similar to LineFilter as the sampling probability of the
rows are same for both tensor contraction and /,, subspace
embedding, hence the same subsampled rows preserves both
the properties as in equation (1) and (2). O
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A.4.3. PROOF OF LEMMA 5.6

Proof. Let é; = ||llz|| Now for even value p we have
Sr L= z From lemma 5.3 we get Y | ¢7 is

O(dp/2(1 + log ||A\| — d~P/? min,; log ||4])). Now with

[u,2,V] = svd(A) we have a7 = vec(al ®@?/?) =
vec((uI'ZVT)P/2). So we get |A] < o??. Hence

S Liis O(d?/? (14-p(log | Al —d="/? min; log [lai]))).

Now for the odd p case 37, I; = 327, &/@* From
lemma 5.3 we get >.1, ¢ is O(d"/?1(1 4 log |A|| —
d= /21 min, log ||4;]). Now with [u, 2, V] = svd(A) we
have a7 = vec(al ®@/P/21) = vec((u]'ZVT)IP/21), So
we get |A|| < o"™/% Hence 7, @ is O(dP/21(1 +
(p + D(og Al — d-17/2] mirTog a,[))). Now Lt
¢ is a vector with each index cl is defined as above.

Then in this case we have > i, I; = ||¢ ||§Z;§ZIB <

nt/(P+1)]|¢||2P/ P+ which is O(nl/(m—l)dp/z(l ¥+
1)(log | Al — d= 7/} min; log [|a;[))»/**+1). 0

Now for LineFilter+KernelFilter first we pass
every incoming row to LineFilter by setting r such
that a coreset returned from it will give an 1/3 approxi-
mation factor. Next when we pass the sampled rows to
KernelFilter, there we set r to get the final coreset C
with € approximation. Note that due a factor of n in the
coreset size for odd value p returned by KernelFilter,
hence we get a O(n(P=2)/(®*+P)) along with extra factors
of (dk)'/* in the final coreset size.

A.5.p = 2 case

In this subsection we state the guarantees of our algorithm in
the matrix case, where the rows of the matrix are coming in
online manner. First we give a corollary stating one would
get by following the analysis mentioned above, i.e. by using
the scalar Bernstein inequality A.1.

Corollary A.1. Given a matrix A € R"¥¢ with rows
coming one at a time, for p = 2 our algorithm uses
O(d?) update time and samples O(%(d + dlog||A| —
min,; log ||a;||)) rows and preserves the following with prob-
ability at least 0.99, ¥x € R? (1 — €)||Ax|]? < ||Cx|]? <
(1+ )| Ax].

Just by using Matrix Bernstein inequality (Tropp et al., 2011)
we can slightly improve the sampling complexity from fac-
tor of O(d?) to factor of O(dlogd). For simplicity we
modify the sampling probability to p; = min{rl;, 1} and
get the following guarantee.

Theorem A.3. The above modified algorithm samples
O(‘“?zgd(l +log ||A|| — d~* min; log ||a;||)) rows and pre-
serves the following with probability at least 0.99, Vx € R?

(1 - e)llAx|* < |Cx||* < (1 + €)l| Ax]|?

Proof. We prove this theorem in 2 parts. First we show
that samphng a; with probability p; = mln{rl“ 1} where
I; = al (AT A;)fa; preserves |[CTC| < (1 +¢)|[ATA].
Next we give the bound on expected sample size.

We define, u; = (AT A)~'/?a; and we define a random
matrix W corresponding to each streaming row as,

W, — (1/p; — Du;u? with probability p;
] —ud? with probability (1 — p;)
Now we have,
ZNZ' = aiT (A;T_lAi_l + aiaiT)Tai

V

al(ATA)Ta; = ul'u,

For p; > min{rul u;, 1}, if p; = 1, then ||[W;| = 0, else
p; = rulu; < 1. So we get ||[W;| < 1/r. Next we bound
E[W?].

EW?] = pi(1/pi — 1)*(wu] )* + (1 — p;) (] )?
= ( u;u i)/piﬁuz' i/T

Let W = >""" | W, then variance of |W

ar([W) = D var(|[Wi]) Z [I'W1?)
i=1 i=1
< ZujujT/r <1/r
j=1

Next by applying matrix Bernstein theorem A.2 with appro-
priate r we get,

—€2/2
2/r+ 6/(37‘)) = 0.01

This implies that our algorithm preserves spectral approx-
imation with at least 0.99 probability by setting 7 as

O(logd/€?).

Then the expected number of samples to preserve {5 sub-
space embedding is O(>"", l;(logd)/e?). Now from
lemma 5.3 we know that for p=2,5" 1 is O®d(1 +
log||Al]) — min, ||a;||). Finally to get Pr(||W]| >
€) < 0.01 the algorithm samples O( %4 (1 + log || A || —
d~! min; log ||a;||)) rows.

Pr(| W] > ) < dexp (

A.6. Latent Variable Modeling

Under the assumption that the data is generated by some
generative model such as Gaussian Mixture model, Topic
model, Hidden Markov model etc, one can represent the
data in terms of higher order (say 3) moments as 73 to
realize the latent variables (Anandkumar et al., 2014). The
tensor is reduced to an orthogonally decomposable tensor by
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multiplying a matrix called whitening matrix W € R4*%,
such that WTM,W = I,.. Here k is the number of latent
variables we are interested and My € R?*? s the 2@ order
moment. Now the reduced tensor 7. = T3(W, W, W) is
ak x k x k sized orthogonally decomposable tensor. Next
by running robust tensor power iteration (RTPI) on 7, we
get the eigenvalue/eigenvector pair on which upon applying
inverse whitening transformation we get the estimated latent
factors and its corresponding weights (Anandkumar et al.,
2014).

Note that we give guarantee over the d X d x d tensor where
as the main theorem 5.3 (Anandkumar et al., 2014) has
conditioned over the smaller orthogonally reducible tensor
T, € RF*kxk Now rephrasing the main theorem 5.1 of
(Anandkumar et al., 2014) we get that the ||M3 — T3|| <
e||W || =3 where M3 is the true 3-order tensor with no noise
and 7~§ is the empirical tensor that we get from the dataset.
Now we state the guarantees that one gets by applying the
RTPI on our sampled data.

Corollary A.2. For a dataset A € R™? with
rows coming in streaming fashion and the algorithm
LineFilter+KernelFilter returns a coreset C
which guarantees (1) such that if for all unit vector x € Q,
it ensures €y_,., |aTx|> < ||W|73. Then applying
the RTPI on the sampled coreset C returns k eigenpairs
{ i, vi} of the reduced (orthogonally decomposable) tensor,
such that it ensures Vi € [k],

Ve — vill <8e/Ai and | Mgy — Ai| < 5e

Here precisely we have Q as the column space of the W,
where W is the whitening matrix as defined above.

A.6.1. TENSOR CONTRACTION

Now we show empirically that how coreset from
LineFilter+KernelFilter preserves 4-order tensor
contraction. We compare our method with two other sam-
pling schemes, namely — uniform and LineFilter(2).
Here LineFilter(2)isthe LineFilter withp = 2.

Dataset: We generate a dataset with 200K rows in R3°.
Each coordinate of the row is set with a uniformly generated
scalar in [0, 1]. Further, each row were normalized to have
£ norm as 1. So we get a matrix of size 200K x 30, but
we ensured that it had rank 12. Furthermore, 99.99% of
the rows in the matrix spanned only an 8-dimensional sub-
space in R3° and its orthogonal 4 dimensional subspace was
spanned by the remaining 0.01% of the rows. We simulated
these rows to come in the online fashion and applied the
three sampling strategies. From the coreset returned from
these sampling strategies we generated 4-order tensors T
and we also create the tensor 7 using the entire dataset.
Three sampling strategies are Uniform, LineFilter(2)
and LineFilter+KernelFilter.

Uniform: Here, we sample rows uniformly at random. It
means that every row has a chance of getting sampled with a
probability of 1/n. Intuitively it is highly unlikely to pick a
representative row from a subspace spanned by fewer rows.
Hence the coreset from this sampling method might not
preserve tensor contraction Vx € Q.

LineFilter(2): Here we sample rows based on on-
line leverage scores ¢; = a} (ATA;)7'a;. We define
a sampling probability for an incoming row i as p; =
ci/ (Z;Zl ¢;). Rows with high leverage scores have higher
chance of getting sampled. Though leverage score sampling
preserved rank of the the data, but it is not known to preserve
higher order moments of the data.

LineFilter+KernelFilter: Here every incoming
row is first feed to LineFilter. If it samples the row
then it further passed to KernelFilter, which decides
whether to sample the row in the final coreset or not.

Now we compare the relative error approximation,
ie, |[T(x,x,x,x) — T(x,%x,x,%x)|/T(x,x%x,x,%), be-
tween all three sampling schemes mentioned above.
Here we have T(x,x,x,x) = > . ,(alx)! and
T(x,%,X,X) Zciec(c?x)‘i. In table (3), Q is
set of right singular vectors of A corresponding to
the 5 smallest singular values. This table reports the
relative error approximation | er[Q] T(x,x,%X,x) —
Yoxeiq T (xx,%,%)|/ X ciq) T (%%, %,%). The table
(4) reports for x as the right singular vector of the smallest
singular value of A. Here we choose this x because this
direction captures the worst direction, as in the direction
which has the highest variance in the sampled data. For
each sampling technique and each sample size, we ran 5 ran-
dom experiments and reported the mean of the experiments.
Here, the sample size are in expectation.

Table 3. Error with x € Q

SAMPLE | UNIFORM | LINEFILTER(2) LINEFILTER
+KERNELFILTER
200 1.1663 0.2286 0.1576
250 0.4187 0.1169 0.0855
300 0.6098 0.1195 0.0611
350 0.5704 0.0470 0.0436

Table 4. Error with x as right singular vector of the smallest singu-
lar value

SAMPLE | UNIFORM | LINEFILTER(2) LINEFILTER
+KERNELFILTER
100 1.3584 0.8842 0.6879
200 0.8886 0.5005 0.3952
300 0.8742 0.4195 0.3696
500 0.9187 0.3574 0.2000




