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Abstract

We consider the problem of learning in Lin-
ear Quadratic Control systems whose transi-
tion parameters are initially unknown. Recent
results in this setting have demonstrated effi-
cient learning algorithms with regret growing
with the square root of the number of decision
steps. We present new efficient algorithms that
achieve, perhaps surprisingly, regret that scales
only (poly)logarithmically with the number of
steps in two scenarios: when only the state transi-
tion matrix A is unknown, and when only the state-
action transition matrix B is unknown and the
optimal policy satisfies a certain non-degeneracy
condition. On the other hand, we give a lower
bound that shows that when the latter condition is
violated, square root regret is unavoidable.

1. Introduction

The linear-quadratic regulator model (LQR) is a classic
model in optimal control theory. In this model, the dynamics
of the environment are given as

Xeel = AyXy + Byuy +wy,

where x; and u, are the state and the action vectors at time
t, A, and B, are transition matrices, and w; is a zero-mean
i.i.d. Gaussian noise. The cost function is quadratic in both
the state and the action. An interesting property of LQR
systems is that a linear control policy minimizes the cost
while keeping the system at a steady-state (stable) position.

In this work, we study the problem of designing an adaptive
controller that regulates the system while learning its param-
eters. This problem has recently been approached through
the lens of regret minimization, beginning in the work of
Abbasi-Yadkori and Szepesvari (2011) that established an
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O(\/T) regret bound for this setting albeit with a computa-
tionally inefficient algorithm. The problem of designing an
efficient algorithm that enjoys O(v/T) was later resolved by
Cohen et al. (2019) and Mania et al. (2019). The former
work relied on the “optimism in the face of uncertainty”
principle and a reduction to an online semi-definite problem,
and the latter work used a simpler greedy strategy.

Following this line of work, it has been believed that an
O(\/T) regret is tight for the problem. This appears natural
as it is the typical rate for many imperfect information (ban-
dit) optimization problems (e.g., Shamir, 2013)."! On the
other hand, one could suspect that better, polylogarithmic
regret bounds, are possible in the LQR setting thanks to
the strongly convex structure of the cost functions. Often
in optimization, this structure gives rise to faster conver-
gence/regret rates, and indeed, in a recent work, Agarwal
et al. (2019b) have demonstrated that such fast rates are
attainable in the related, yet full-information online LQR
problem endowed with any strongly convex loss functions.

In this paper, we show two interesting scenarios of learn-
ing unknown LQR systems in which an expected regret
of 0(10g2 T) is, in fact, achievable. In the first, we assume
that the matrix B, is known and show that polylogarithmic
regret can be attained by harnessing the intrinsic noise in the
system dynamics for exploration. In the second, we assume
that A, is known and that the optimal control policy K, is
given by a full-rank matrix. Both results are attained using
simple and efficient algorithms whose runtime per time step
is polynomial in the natural parameters of the problem.

We complement our results with a lower bound showing
that our assumptions are indeed necessary for obtaining im-
proved regret guarantees. Specifically, we show that when
B, is unknown and the optimal policy K, is near-degenerate
(i.e., with very small singular values), any online algorithm,
whether efficient or not, must suffer at least Q(ﬁ ) regret.
To the best of our knowledge, this is the first Q(v/T) lower
bound for learning linear quadratic regulators (that partic-
ularly holds even when the learner knows the entire set of
system parameters but the matrix B,, and even in a single-
input single-output scenario). Concurrent to this work, Sim-

"More precisely, this is very often the regret rate in bandit prob-
lems with no “gap” assumptions regarding the difference between
the best and second-best actions/policies.
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chowitz and Foster (2020) suggest a different lower bound
construction that relies on uncertainty in both A, and B,,
and thus does not contradict our positive findings.

1.1. Setup: Learning in LQR

We consider the problem of regret minimization in the LQR
model. At each time step ¢, a state x, € R? is observed and
action u, € R¥ is chosen. The system evolves according to

Xeel = AwXy + Byuy +wy,

where the state-state A, € R9*¢ and state-action B, € R4*¥
matrices form the transition model and the w; are i.i.d. noise
terms, each is a zero mean Gaussian with covariance matrix
o2I. At time ¢, the instantaneous cost is

= erQx, + u,TRu,,
where O, R > 0 are positive definite.

A policy of the learner is a mapping from a state x € R¢ to
an action u € R* to be taken at that state. Classic results
in linear control establish that, given the system parameters
A, By, O and R, the optimal policy is a linear mapping from
the state space R? to the action space R¥ in an infinite-
horizon setup. We thus consider policies of the form u; =
KX, and define the infinite horizon expected cost,

T
>+l (Q+K"RK)x,

=1

)

1
J(K) = lim
— 00

where the expectation is taken with respect to the random
noise variables w;. Let K, = arg ming J(K) be an (unique)
optimal policy and J, = J(K,) denote the optimal infinite
horizon expected cost, which are both well defined under
mild assumptions.> We are interested in minimizing the
regret over T decision rounds, defined as

T
Ry = Z(erQx, + u,TRu, —J*).

=1

We focus on the setting where the learner does not have a
full a-priori description of the transition parameters A, and
B,, and has to learn them while controlling the system and
minimizing the regret.

Throughout, we assume that the learner has knowledge of
the cost matrices Q and R, and that there are constants
g, & > 0 such that

o

‘We further assume that the learner has bounds on the transi-
tion matrices, as well as on the optimal cost; that is, there

R| < a1, and |07l IR < o'

s

These hold under standard, very mild controllablity assump-
tions (see Bertsekas, 1995) that we implicitly assume throughout.

are known constants ¢}, v > 0 such that
lAcll, | B|| < 9, and J, < v.

Finally, we assume that there is a known stable (not neces-
sarily optimal) policy Ko and v > 0 such that J(Kp) < 1.’

1.2. Main results

Our first result focuses on the case where the state-action
transition matrix B, is known (but the matrix A, is un-
known).

Theorem 1. There exists an efficient online algorithm
(see Algorithm 1 in Section 3.1) that, given the matrix B, as
input, has expected regret

E[Rr] = poly(ag', a1, 9, v, 1,d, k) O(log® T).

Next, we consider the dual setup in which only the state-
state matrix A, is known. Here we require an additional
non-degeneracy assumption for obtaining polylogarithmic
regret.

Theorem 2. Suppose that the optimal policy of the system
satisfies K*K*T > il for some constant u, > 0 that is
unknown to the learner. Then there exists an efficient online
algorithm (see Algorithm 2 in Section 3.2) that, given the
matrix A, as input, has expected regret

E[R7] = poly (u;l, aal, a9, v, 1, d, k) 0(log2 7).

Finally, we show that our assumption regarding the non-
degeneracy of the optimal policy K, is necessary. Our
next result shows that without it, the expected regret of
any algorithm is unavoidably at least Q(1/7T), even in simple
one-dimensional (single input, single output) systems.

Theorem 3. For any learning algorithm and any o > 0,
there exists an LOR system (in dimensions d = k = 1)
which is stabilized by the policy Ky = 0 and for which
ar=ag =1, = 1and v = 202, such that the expected
regret of the algorithm is at least Q(o>\/T). This is true
even if the algorithm receives the matrix A, as input.

1.3. Discussion

Our results could be interpreted as a proof-of-concept that
faster, polylogarithmic rates for learning in LQRs are pos-
sible under more limited uncertainty assumptions. This is
perhaps surprising in light of the aforementioned work of
Shamir (2013), that established Q(v/7T) regret lower bounds
for online (bandit) optimization, even with quadratic and
strongly convex objectives (as is the case in our LQR setup).

3Regarding the necessity of this assumption, see the discussion
in Mania et al. (2019); Cohen et al. (2019).
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The questions of whether polylogarithmic regret guarantees
are possible under more general uncertainty of the system
parameters, as well as whether the squared dependence on
log T is indeed tight, remain open. Our lower bound, how-
ever, shows that more assumptions are required for obtaining
stronger positive results.

Our results focused on the expected regret compared to the
infinite-horizon performance of the optimal policy K,. As
far as we know, this is the first analysis that bounds the
regret in expectation rather than in high-probability (and
without additional assumptions, e.g., as in Ouyang et al.,
2017). Indeed, in previous analyses we are aware of, there
was always a small probability where the algorithm fails
and incurs very large (possibly exponentially large) regret.
Here, we address this low-probability event by employing
a novel “abort procedure” when our algorithms suspect the
system has been destabilized; this ensures that the expected
regret remains controlled. The question of whether our
regret bounds hold with high probability remains for future
investigation. We remark that in the analogous multi-armed
bandit setting, it is well-known that the logarithmic expected
regret bounds of UCB-type algorithms can be converted into
high probability ones, and so it is a natural question whether
the same holds for LQRs.

We also remark that the infinite-horizon cost of the opti-
mal policy can be easily replaced in the definition of the
regret with the finite-time cost of K, (up to additional ad-
ditive low order terms). This is since the expected costs of
any (strongly) stable policy converge exponentially fast to
its expected steady-state cost. One could also consider a
different definition of the regret, akin to that of “pseudo-
regret” in multi-armed bandits, where the learner has to
commit at each time step to a linear policy K, and incurs
its mean infinite-horizon cost, J(K;). (This is the type of
notion considered in several recent papers, e.g., Fazel et al.,
2018; Malik et al., 2019.) We note, however, that in the
unbounded LQR setting there are subtleties that make this
definition potentially weaker than the actual expected regret
that we focus on; for example, the learner could choose K;
so as to deliberately blow up the magnitude of the states
and thereby boost the estimation rates of the unknown sys-
tem parameters, but at the same time, J(K;) would remain
controlled and no significant penalty in the regret will be
incurred.

1.4. Related work

The subject of linear quadratic optimal control has been
studied extensively in control theory. Importantly, Lai et al.
(1982) establish asymptotic convergence rates of system
identification, while Polderman (1986a) show the necessity
of said identification for optimal control. More generally,
it is known that greedy control strategies only converge

to a potentially large subset of the parameter space (see
e.g., Kumar, 1983; 1985; Polderman, 1986b), and that in
the context of our assumptions this subset is a singleton
containing only the true system parameters. While this
may allude to our positive findings, the asymptotic nature
of existing results makes them insufficient for establishing
finite-time (polylogarithmic) regret guarantees, which are
the focus of this work.

The topic of learning in linear control has been attracting
considerable attention in recent years. Since the early work
of Abbasi-Yadkori and Szepesvari (2011), a long line of
research has focused on obtaining improved regret bounds
for learning in LQRs with a variety of algorithms (Ibrahimi
et al., 2012; Faradonbeh et al., 2017; Abeille and Lazaric,
2018; Dean et al., 2018; Faradonbeh et al., 2018; Cohen
et al., 2019; Abbasi-Yadkori et al., 2019a;b). To the best of
our knowledge, our results are the first to exhibit logarithmic
regret rates for LQRs albeit in a more restrictive setting.

A closely related line of work considered a non-stochastic
variant of online control in which the cost functions can
change arbitrarily from round to round (Cohen et al., 2018;
Agarwal et al., 2019a;b). Other notable works have studied
the sample complexity of estimating the unknown param-
eters of linear dynamical systems (Dean et al., 2017; Sim-
chowitz et al., 2018; Sarkar and Rakhlin, 2019), improper
prediction of linear systems (Hazan et al., 2017; 2018), as
well as model-free learning of LQRs via policy gradient
methods (Fazel et al., 2018; Malik et al., 2019).

2. Preliminaries
2.1. Linear Quadratic Control

We give a brief background on several basic properties and
results in linear quadratic control that we require in the
paper. For a given LQR system (A, B) with cost matrices
O, R > 0, the optimal (infinite horizon) feedback controller
is given by

K(A,B,Q,R) =—(R+B"PB) 'B"PA, (1)

where P is the positive definite solution to the discrete Ric-
cati equation

P=0+A"PA-A"PB(R + BTPB)“BTPA. )

In particular, for the system (A,,B,) we have K, =
K(A4, By, Q,R). For more background on linear control
and derivation of the relations above, see Bertsekas (1995).

The following lemma, proved in Mania et al. (2019), relates
the error in estimating a system’s parameters to the deviation
of the corresponding estimated controller from the optimal
one. This relation is given in terms of cost as well as in
terms of distance in operator norm.
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Lemma 4. There are explicit constants Cy, £y = poly(aal,
ar, %, v, 1y, d, k) such that, for any 0 < ¢ < ey and matrices
A, B such that ||A —A,|| < € and ||B - B,|| < ¢, the policy
K = K(A, B, Q, R) satisfies

J(K)—J, < Coe*, and ||K-K,| < Coe.

Importantly, the lemma shows that the performance scales
quadratically in the estimation error. This served Mania
et al. (2019) as a key feature in showing that an e-greedy
algorithm obtains 0(\/7 ) regret. Here, we use this lemma to
show that considerably improved regret bounds are achiev-
able in certain scenarios.

Next, we recall the notion of strong stability (Cohen et al.,
2018). This is essentially a quantitative version of classic
stability notions in linear control.

Definition 5 (strong stability). A matrix M is (x, y)-strongly
stable (for K > 1 and 0 < v < 1) if there exists matrices
H = 0 and L such that M = HLH™" with ||L|| < 1 -~ and
|H||||H"|| < k. A controller K for the system (A, B) is
(K, y)-strongly stable if ||[K|| < x and the matrix A + BK is
(k, 7y)-strongly stable.

We remark that Cohen et al. (2018) also introduced the
notion of sequential strong stability that is an analogous
definition for an adaptive strategy that changes its linear
policy over time. Here, we avoid this notion by ensuring
that each linear policy is played in our algorithms for a
sufficiently long duration.

2.2. Confidence bounds for least-squares estimation

Our algorithms use regularized least squares methods in
order to estimate the system parameters. An analysis of this
method for a general, possibly-correlated sample, was intro-
duced in the context of linear bandit optimization (Abbasi-
Yadkori et al., 2011), and was first used in the context of
LQRs by Abbasi-Yadkori and Szepesvari (2011). We state
the results in terms of a general sequence, since the estima-
tion procedures differ between our two algorithms.

Let O, € R™™, {yu}s € R {z} 2 € R™, {wm} €

R? such that y1 = O,z + wy, and {w,} -, are i.i.d. with
distribution A/(0, o2I). Denote by

-1
0, € argmin{ZHym—@z,||2+)\|@|12p}, (3)

OcRdxm =1

the regularized least squares estimate of ©, with regulariza-
tion parameter \.

Lemma 6 (Abbasi-Yadkori and Szepesvari, 2011). Let V, =
M+ Zt;:ll 7zl and A, = O, — ©,. With probability at least
1 -9, we have forall t > 1

d det(V,)
4 det(V))

TH(aTvA) < dodiog(§ 502 ) 206

3. Proofs and Algorithms

In this section we present our algorithms and illustrate the
main ideas of our upper and lower bounds. The complete
versions of the proofs are deferred to Appendices A to C.

3.1. Upper Bound for Unknown A ,

We start with the setting where A, is unknown, and show an
efficient algorithm that achieves regret at most 0(log2 T).
To that end, we propose Algorithm 1. The algorithm begins
by playing the stable controller K, for a 7p-long warm-up
period. It subsequently operates in phases whose length
grows exponentially (quadrupling). Each phase begins by
estimating the system parameters using Eq. (3) and com-
puting the greedy controller with respect to said parameters
using Eq. (1). It then proceeds to play greedily as long as a
fail condition is not reached.

Algorithm 1

1: input: parameters 7, Xxp, K, A, a strongly stable con-
troller Ky, and the action-state transition matrix B,.

2: initialize: ny = [log,(T/70) |, Tup+1 =T + 1

3: set: 7; + Tpd! forall 0 < i < ny.

4: fort=1,...,79-1do

5: play u; = Kox;.

6

7

8

9

> warm-up

: for phasei=0,...,nr do > main 1005)
; 7-1 2
A‘f‘i = argmlnA Zs:l ||(‘x3+1 _B*MS)_A'XS” +)‘||A||F
KT,‘ = ’C(ATin*’ Q7 R)'

fort=7;...,741—1do
10: if | x> > x, or |K,, || > x then b fail, abort
11: abort and play K| forever.
12: play u, = K, x,.

We now give a quantified restatement of Theorem 1.

Theorem (Theorem 1 restated). Suppose Algorithm 1 is run
with parameters

Yo
Ko=4]—>%, K=
[e%s1e

A = xp = 135dK%0” max{ k§, 4x° } log(37).

2.2

v +23C 80dA (1 + 1)
—_— 0= | ———— |,
0 o’e;

ao?

Then for T > poly (aa' ,a, 9, v, 0, d, k) we have E[R7] <
poly (ag', ar, 9, v, 10, d, k) log? T.

We start by quantifying a high probability event on which
the regret of the algorithm is small. The event holds when
the error of the algorithm’s estimate of A, scales as 12, the
states are bounded, and all control policies generated by the
algorithm are strongly-stable. This is formally given by the
following lemma.

Lemma 7. Let v = 1/2/<;2. With probability at least 1 — T2,
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(i) K, is (k,y)-strongly stable, for all 0 < i < ny;
(i) |lx||* < xp foralll <t <T;
(iii) || Aa, || < €027, forall 0 <i < ny.

Here we give a sketch of the proof of Lemma 7, deferring
technical details to the supplementary material.

Proof (sketch). Consider Lemma 6 with z, = x;, ;11 = X1 —
Bou, V,= M + Z;ll xxI and Ay, = A, — A, then we have
with probability at least 1 — 172

det(V))
det(Vy)

Tr(AL V;A,,) < 4odlog <3dT2 ) +2Md9?, (4)

for all # > 1. Transforming Eq. (4) into the desired bound
requires that we bound V, from above and below. In what
follows we show ||V;|| < At on one hand, and V; > ‘Z—Z’I on
the other hand. Using the upper bound and choice of param-
eters, one can show that simplifying the right hand side of
Eq. (4) yields Tr(Agr V,AA,) < 02e379/40. Complementing
this with the lower bound gets us

40 2
A4 |7 < Tr(Af Ay) < ETT<A£,VtAA,) < 070,

and taking the square root, we obtain the desired estimation
error bound that indeed scales as > (up to logarithmic
factors).

For a lower bound on V;, notice that the system noise w;,
ensures that we have a sufficient exploration of the state
space. Formally, we have

-1
E[V] = M+ E[xx!] = to?1,

s=1

where we used E [xSxST] - E[wswﬂ = o?land A > o2. Ap-
plying a measure concentration argument yields the sought-
after high-probability lower bound on V.

Now, for an upper bound on V;, notice that

-1
2
Vil < A+l

s=1

thus it suffices to show that ||x,||* < x, = A. The proof of
the lemma now follows inductively by the following argu-
ment. If the parameter estimation at time 7; holds then K,
is strongly-stable. This implies that the states throughout
phase i satisfy ||x,||2 < x;, which in turn implies the upper
bound on V., ,. Thus we can bound the parameter estimation
error at time ;1. We note that the initial parameter esti-
mation, i.e., at time 7y, follows from the strong-stability of
K, and by taking the warm-up duration 7y to be sufficiently
long. ]

Proof of Theorem 1. Let £, be the event where Lemma 7
hold, and notice that the algorithm does not abort on &j,.
Defining J; = :;*T':l x! (Q +KTRK,)x;, we have the fol-
lowing decomposition of the regret:

E[RT] =R| +R2 +R3—T'J*,
where

R1 =E 1{5A}§T:J[‘|;

i=0

r T
Ry =E 11{5;,‘}Zc,];
L =79
[1o—1
R3 =E Z Cy
L =1
are the costs due to success, failure, and warm-up respec-

tively. We now bound each of R}, R,, R3 to conclude the
proof.

>

Starting with R;, the following lemma uses the strong-
stability of K., (whenever £4 holds) to show that J; is closely
related to the steady-state cost of K.

Lemma 8. Fix some i such that 0 < i < nr, and define the
event E; = {||AAT[ | <eo27}. We have

E[1{€:}i] < (rin1 = E[L{E} (K,)] + 401 £0xs.

We further relate the lemma’s bound to the cost of the opti-
mal policy using Lemma 4. This gets us

(Tiet = E[I{E} (K-, )| < (71 =) (Js + Coed™)
S (Ti+1 _Ti)-]* + 3CQE(2)T0,

Next, summing over i, noticing that Z;ZO Tiy1—7; < T, and
simplifying the arguments yields

R <T-J,+nr (6C0€37'0 + 8y Ii6xb).

Moving to R;, let Tahox be the time when the algorithm
decides to abort, formally,

Tavort = min{z > 7o | [|x||> > x, or ||K/|| > K},

where we treat min ) = T + 1. Then we have the following
bound on R».

Tabort—1

]l{é’j{} Z ¢

=79

R, <E

T
+E l Z cr] .
I=Tabort
Now, the state and control policy before 7,0 are bounded
by x, and k respectively hence ¢; < 20 k2x,. Further
recalling that P(£5) < 72 bounds the first term. After
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Tabort the stable controller K is played for the remaining
period. This ensures that the state will not keep growing
however some care is required as the state at Toport, X1y, » 1S
not bounded. The above is made formal in the following
lemma.

Lemma 9. R, < J(Kp) + 21 £2xp, + o(1).

Last, for Rj3, the strongly stable controller K, is played
throughout warm-up. Unlike R;, here the initial state x; = 0
is clearly bounded and thus it is not difficult to show that
R; scales linearly with the warm-up duration 7. Since the
latter behaves as O(log T), the desired result is obtained.
This is made formal in the following lemma.

Lemma 10. R; < 79J(K)) .

The final bound now follows by combining the bounds of
R1, Ry, and R; and from nr, xp, 79 being O(log T). |

For a full proof of Lemmas 8 to 10, see the supplementary
material.

3.2. Upper Bound for Unknown B,

We move to a setting where A, is known, B, is unknown,
but K*KI > psI for some unknown constant i, > 0. We
show an efficient algorithm that achieves regret at most
0(,u;2 log? T). We propose Algorithm 2 to that end. The
algorithm operates in a similar fashion to Algorithm 1 with
warm-up with Kj and then greedy with fail-safe, but with
two main differences:

1. It adds artificial noise to the action during warm-up;
2. The warm-up length is not predetermined and implic-
itly depends on fuy.

The first change ensures that the action space is explored
uniformly during warm-up, and the second ensures that
exploration continues at the same rate during the main loop
where noise is not added. The specifics of these are made
clear in what follows.

We now give a quantified restatement of Theorem 2.

Theorem (Theorem 2 restated). Suppose Algorithm 2 is run
with parameters

Yo
Ro = 72’ R =
(6712

xp = 135d20> max{ (1 + )76, 45° | log4T),

oyo? o2e}

v +e3Co T_’780k)\(1+192)—‘
— T0= | /S5 —|>

A= K',be, Mo = 4/£C0€0.

Then for T > poly(aal,al,ﬁ, v, Vo,d,k,,u;l) we have
E[Rr] < poly (o, aur, 9, v, v0,d, k, 1i5") log” T.

Algorithm 2
1: input: parameters 7, xp, K, A, Ly, a strongly stable con-
troller K, and the state transition matrix A,.

2: initialize: ny = |log,(T/70) |, ns =nr+1, Ty = T+ 1.
3: set: 7; + To&, p; <+ o2 forall 0 < i < ny

4: forr=1,...,79-1do > initial warm-up
5: play u, ~ N (Kox,, o*I)

6. for phasei=0,...,nr do > adaptive warm-ug
E B‘Fi =arg minB E;—’:_ll ||(xs+l _A*xs) - Bu5||2+/\||B||F
8: K. =K(A..B.,Q.R).

9:  if K KT = (3u;/2)I then
10: save n, = i and break.

11: fort=71,...,741—1do
12: play u; ~ N'(Kox;, 0*I)
13: for phase i =ny,...,nr do > main loog

14 B, =argming Y7 || (e — Ax) — Bug||+A|| B
15: K, =K(A.B.,O.R).

16: fort=71,...,741—1do

17: if |x||> > x, or ||K,, || >  then b fail, abort
18: abort and play K| forever.

19: play u; = K. x;.

We provide the main ideas required to prove Theorem 2. As
in Algorithm 1, we first quantify the high probability event
under which the regret of the algorithm is small. Let us first
consider the parameter estimation error during warm-up,
which is bounded by the following lemma.

Lemma 11. With probability at least 1 — T2, it holds that
[Ap, || <027 forall 0 <i < ny

Here we only give a sketch of the proof; for the full technical
details, see the supplementary material.

Proof (sketch). Consider Lemma 6 with z; = u;, y41 =
X1 — A, Vi = M + Z;ll uu! and A = B, - B,, then
with probability at least 1 — iT’z

det(V))
det(Vy)

Tr(A} V,Ag,) < 4odlog (4de > + 20k,

for all + > 1. Hence, bounding V, from above and below as
in Lemma 7 yields the desired parameter estimation error
bound.

Now, during warm-up u, ~ N (Kox,, 0*I) which is equiv-
alent to having u, = Kox, + 1, where n, ~ N(0, o) are
i.i.d. random variables. Note that just as w, provided explo-
ration for x,, here 7, provides exploration for «,. Indeed, for
the lower bound, we have

-1 -1

E[Vi] = M+ Eluul] = XN +> E[na| = 10’1,

s=1 s=1
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and thus a measure concentration argument yields the de-
sired high probability lower bound. For the upper bound,
notice that

-1 -1
2 2 2 2
IVl < A+ lugl® < X+ 2 (1Kol [lxl1 + [lmslP).

s=1 s=1

and so the strong-stability of K, together with a high prob-
ability bound on the system and artificial noises yields the
desired upper bound on V,. Combining both upper and lower
bounds concludes the proof. |

While the estimation rate during warm-up is desirable,
adding constant magnitude noise to the action incurs re-
gret that is linear in the warm-up length, even if Ky = K,
and as such we avoid this strategy during the main loop.
Nonetheless, the following lemma shows that the estima-
tion rate continues into the main loop albeit with slightly
different constants.

Lemma 12. Let v = 1/2/@2. With probability at least 1 -T2,

(i) K, is (k,7y)-strongly stable, ¥ n; <i < ny;
(i) |x ) <xp V1<t <T;
(iii) || Ag, || < gomin{27™,24;?27}, Vg <i < ny.

We proceed with a proof sketch and defer details to the
supplementary material.

Proof (sketch). The proof follows inductively by similar
arguments to those of Lemma 7, yet with the caveat that the
lower bound on V, may not hold when the controller is rank
deficient.

To see this, recall that the algorithm plays u; = K;.x; during
the main loop as long as the abort state is not triggered, so
we have

E[uu! | K] = K. E[xx] | K]KL = o*K, KL

TithTt

This means that transforming the exploration of states x;,
provided for by the system noise w;, into exploration of
actions u, depends on the controller K, being strictly non-
degenerate. We show that with high probability, KT,.KTTl_ >
(u4/2)I thus ensuring the exploration and the parameter
estimation rate.

First, suppose that the learner had knowledge of p, and
recall that po = 4kCoep. Taking n; > max{0, logz(uo/,u*)}
Lemma 11 implies that [|Ag, || < min{eo, 4%} and ap-
plying Lemma 4 we get that ||KT —K, || < ps / 4. Further
assuming that ||K, | < &, which is ensured by strong-
stability, simple algebra yields that K, KT = (us/2)I.

Now, when p, is unknown, we show that the break condition

of the warm-up loop ensures that with high probability

max{O log, — Ko } <n, < 2+max{0 log, — Ko }, (5)
Hox K

*

a proof of which may be found in the supplementary ma-
terial. The lower bound on n; ensures the desired non-
degeneracy of K, , and proceeding by induction, the same
follows for subsequent controllers. We note that the purpose
of the upper bound on 7, is to ensure that the warm-up is
not so long as to incur more than O(,u;2 log2 T) regret. W

Proceeding from Lemma 12, we obtain a regret decomposi-
tion similar to that of Algorithm 1 with an added dependence
on the random number of warm-up phases ;. While this ran-
domness introduces some additional technical challenges,
the proof ideas remain largely the same. For the full proof
of Theorem 2, see the supplementary material.

3.3. Lower Bound for Degenerate K,

In this section we prove an Q(VT) lower bound for Sys-
tems with a (nearly) degenerate optimal policy, stated in
Theorem 3. By Yao’s principle, to establish the theorem it
is enough to demonstrate a randomized construction of an
LQR system such that the expected regret of any determin-
istic learning algorithm is large.

Fix d = k = 1 and consider the system

Xey1 = ax; + bu; +w;

(6)

¢ =xt2+u,2.

Here, w; ~ N (0, ¢?) are i.i.d. Gaussian random variables,
a = 1/v/5 and b = y+/€ where y is a Rademacher random
variable (drawn initially) and ¢ > O is a parameter whose
value will be chosen later. For simplicity, we assume that
x1 = 0. Notice that for this system, we have the bounds
ar; = ap = 1,79 =1 and, as we will see below, the optimal
cost of the system is bounded by v = 20, Further, note that
the system is controllable and &y = O is a stabilizing policy.
Our goal is to lower bound the regret, given by

T

Rr=> (x +u; —J(ky)).

t=1

Theorem 3 follows directly from the following:

Theorem 13. Assume that T > 12000 and set € = T’1/2/4.
Then the expected regret of any deterministic learning algo-
rithm on on the system in Eq. (6) satisfies

)
ElRr] 2 3100” VT - 407,

Here, the expectation is taken with respect to both the

stochastic noise terms as well as the random variable x.

For the proof, we use the following notation. We use k, to
denote the optimal policy for the system, which (recalling
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Egs. (1) and (2)) is given by

abp,
1+b%p,°

k, =

where p, > 0 is a positive solution to the Riccati equation

ao’p;
1+0b%p,

a’ps
1+b%p,’

P*=1+02P*—

Observe that for our choice of ¢ < 1/400 we have that
|b] < 1/20, and so

1 <p, < U(1-d* =5/4,
0.99Vel5 < |ky| < Vel3.
In particular, this means that the cost of the optimal policy

is at most o%p, < 20?. Further, the sign of k, is solely
determined by the sign of x.

)

Now, fix any deterministic learning algorithm. Let x =
(x1, . ..,x,) denote the trajectory generated by the learning
algorithm up to and including time step ¢. Denote by P,
and IP_ the probability laws with respect to the trajectory
generated conditioned on x = 1 and x = —1 respectively.

First, we lower bound the expected regret in terms of the
cumulative magnitude of the algorithm’s actions u,. The
proof first relates the regret to the overall deviation of u,
from the actions of the optimal policy k, by using the fact
that the action played by k, at any state minimizes the Q-
function of the system. Since the actions of k, are small in
expectation, the latter quantity can be in turn related to the
total magnitude of the u,.

Lemma 14. Suppose ¢ < 1/400. The expected regret is
lower bounded as

T
E[Rr] > 0.99E {Z(u, _ k*x,)z] 402,

=1
and consequently,

T
1 2 5 272 2
E[Ry] > SE[Z u,] -2k T ~ 407,

t=1

Note that for the last bound to be meaningful, k, indeed
has to be very small so that the additive term that scales
with k2T does not dominate the right hand side. The proofs
of this as well as subsequent lemmas are deferred to the
supplementary material.

Next, by standard information theoretic arguments, we ob-
tain an upper bound on the statistical distance between the
probability laws of ") under P, and PP_, that scales with
the total magnitude of the actions u,.

Lemma 15. For the trajectory XD it holds that

TV(P, [xP],P_[x ")) < Ve
g

Our final lemma shows that most of the states visited by the
algorithm have a non-trivial (constant) magnitude. This is a
straightforward consequence of the added Gaussian noise at
each time step.

Lemma 16. Assume that T > 12000. With probability > 1,
at least %T of the states xi, . . ., xr satisfy |x;| > 20/5.

We are now ready to prove the main result of this section.

Proof of Theorem 13. Notice that if I[-E[ZtT:1 u?] > 102V/T,
then the desired lower bound is directly implied by the
second inequality in Lemma 14, as k2 < /3 = T-2/12,
so E[Rr] > 450°VT — 40> We henceforth assume that
IE[X:ZT=1 u?] < %ozﬁ. Plugging this into the bound of
Lemma 15 for the total variation distance between [P, and
IP_, and using our choice ¢ = 7-"2/4, we obtain that

2
0 0 € o 1
TV, [x], P_[x ])<m_4.

Now, let Ny denote the number of time steps in which
uk,x; < 0, i.e., the number of times in which the learner
has guessed the sign of y incorrectly. We claim that
P[Nr > T/2] > 3/8. To see this, denote by N} the number
of time steps # in which u,x, < 0. Using the fact that N} is
a deterministic function of the trajectory x(” together with
the bound on the total variation gives

P, [N} > T/2] - P_[N} > T/2]|

< TV XD P_[x"]) < %

Now, recall that the sign of k, is determined by that of x.
Thus, P_[Ny > T/2] = P_[N} < T/2] and P,[Ny > T/2] =
P,.[N} > T/2] from which

PNy > T/2] = 3P.[Ny > T/2] + SP_[Ny > T/2]
= 20+ P,[N} > T/2]1-P_[N} > T/2])
> 3/8. ()

On the other hand, Lemma 16 implies that with probability
at least 7/8, no less than 277/3 of the states xy, . . ., xr satisfy
|x;| > 20/5. Then by a union bound, with probability at least
1/4, at least T/6 instances of xy, ..., xy satisfy |x;| > 20/5
and u;k,x, < 0. For these instances, we have

4
(uy — kx> > k222 > 0.9926602,
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where we have bounded k, as in Eq. (7). Hence, we
can lower bound the regret using the first inequality in
Lemma 14 as follows:

T
E[R;] > 099 - E [Z(uz - k*x,)z] 402
t=1

1 T 4
>099%. .2 . % 2 4,2
> 0.99 16 135 €0 o
L, 2
> T-4
> 3197 VT —4"
where the last transition used our choice of e. |
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