Model-Based Reinforcement Learning with Value-Targeted Regression

A. Proof of Theorem 1

In this section, we provide the regret analysis of the UCRL-VTR Algorithm (Algorithm 1). We will explain the motivation
for our construction of confidence sets for general nonlinear squared estimation, and establish the regret bound for a general
class of transition models, P.

A.1. Preliminaries

Recall that a finite horizon MDP is M = (S, A, P,r, H, s,) where S is the state space, A is the action space, P = (P,)qca
is a collection of P, : S — M;(S) Markov kernels, 7 : S x A — [0, 1] is the reward function, H > 0 is the horizon and
So € & is the initial state. For a state s € S and an action a € A, P,(s) gives the distribution of the next state that is
obtained when action « is executed in state s. For a bounded (measurable) function V : S — R, we will use (P,(s), V) as
the shorthand for the expected value of V' at a random next state s’ whose distribution is P, (s).

Given any policy 7 (which may or may not use the history), its value function is

H
V™(s) =Er s, lz T(Shai)] )

i=1

where E 5. is the expectation operator underlying the probability measure Py 5, induced over sequences of state-action
pairs of length H by executing policy 7 starting at state s in the MDP M and sy, is the state visited in stage h and action ap,

is the action taken in that stage after visiting s;. For a nonstationary Markov policy m = (71, ..., 7 ), we also let
H—h+1
V}Zr(s) = ETF}L;H#SS [ Z T(5i7ai)]
i=1
be the value function of 7 from stage h to H. Here, 7.y denotes the policy (7, ..., 7y ). The optimal value function

V* = (V}f, ..., V) is defined via V" (s) = max, V)7 (s), s € S.

For simplicity assume that r is known. To indicate the dependence of V* on the transition model P, we will write
Vi =(Vp1,...,Vp ). For convenience, we define V5 1, = 0.

Algorithm 1 is an instance of the following general model-based optimistic algorithm:

Algorithm 2 Generic Algorithm 1-Schema for finite horizon problems
1: Input: P — a set of transition models, K — number of episodes, s¢ — initial state
2: SetBy =P
3: fork=1,..., K do

4. Pk = argmax{V3(so) : P € B}

5: Vi = ;k

6: s’f = Sp

7. forh=1,...,Hdo

8: Choose af = argmax, . 47(s5,a) + (P¥(s§), Vi1 k)
9: Observe transition to st 11

10:  end for

11:  Construct By1 based on (sF,ak, ... sk, a%)

12: end for

Specific instances of Algorithm 2 differ in terms of how By 1 is constructed. In particular, UCRL-VTR uses the construction
described in Section 3.2.

Recall that Vi, = (Vi ..., Vi g, Virga,k) (With Vigyq . = 0) in Algorithm 2. Let 7, be the nonstationary Markov policy
chosen in episode k by Algorithm 2. Let
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be the pseudo-regret of Algorithm 1 for K episodes. The following standard lemma bounds the kth term of the expression
on the right-hand side.

Lemma 5. Assuming that P € By, we have

H-1 H-1
Vi(st) = V™ () < sup (P () = Pur(s5), Vi) + Y Entik s
PeBr p=1 h=1
where
Eht1k = <Paﬁ(5§)’ Vitrk = Vi) — (Va1 (sh41) — Vfﬁl(slfwl)) ‘
Note that (€2.1,&3,1,---,&m,1,82.2,€3,2, - - -, &m.2, 82,3, - - . ) is a sequence of martingale differences.

Proof. Because P € By, Vi*(s¥) < Vi x(s¥) by the definition of the algorithm. Hence,

Vl*(slf) -V (31) <" k(51) V”(sl)

(
Vii(sh) = 7(sh,ah) + (P (s), Vag1.) and
h) + (Pax (s1), Virty) -
Hence,

Vik(sy) — Vi (sk)

I
~
Q?ra-
=

st )y Vie k) — (Pag (s1), Viity)
= <Pf;c( n — P k(sh) Vis1e) + (P, ’“(Sh) Vitk — Vi) -

Therefore, by induction, noting that Vg1, = 0, we get that

H—-1 H—-1
Vi (st) = VT (s1) < D (PB(sh) = Pag (55), Vi) + D €nrie
h=1 ' h=1
H-1 H-1
< sup Y (P (sh) = Pt (sh), Varr ) + D Enyrn
PeBL p=1 h=1
O
A.2. The confidence sets for Algorithm 1
The previous lemma suggests that at the end of the kth episode, the model could be estimated using
k H-1 ) 5
Py = argmingep » Y ( ak’ (), Vi) = Vi pe (SZH)) ©)
k'=1 h=1

For a confidence set construction, we get inspiration from Proposition 5 in the paper of Osband & Van Roy (2014). The set
is centered at Py:

By ={P€P: Ly(P, P) < B}, (10)
where

H-1

k
P, P) = Z Z ( ak' (s) Pa;i/(sﬁl),Vh+1,k'>)2 :
k=1 h=1

Note that this is the same confidence set as described in Section 3.2. To obtain the value of 5;, we now consider the nonlinear
least-squares confidence set construction from Russo & Van Roy (2014). The next section is devoted to this construction.
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A.3. Confidence sets for general nonlinear least-squares

Let (Xp,Y,)p=1,2,... be a sequence of random elements, X, € X for some measurable set X’ and Y, € R. Let F be
a subset of the set of real-valued measurable functions with domain X'. Let F = (F,),=0,1,... be a filtration such that
forallp > 1, (X1, Y1,...,Xp-1,Y,-1,X,) is F,_1 measurable and such that there exists some function f, € F such
that E[Y, | F,_1] = f«(X,) holds for all p > 1. The (nonlinear) least-squares predictor given (X1,Y7,...,X;,Y:) is
fi = argmin feF Z;Zl (f(X,) —Y,)? We say that Z is conditionally p-subgaussian given the o-algebra F if for all A € R,
log E[exp(AZ)|F] < £A%p?. For a > 0, let N, be the || - [|oo-covering number of F at scale a. That is, N, is the smallest
integer for which there exist G C F with N, elements such that for any f € F, mingeg || f — gl|oo < . For 8 > 0, define

Fe(B)={feF: Z(f(Xp) - ft(Xp))Q < B}.

We have the following theorem, the proof of which is given in Section A.6.

Theorem 6. Let F be the filtration defined above and assume that the functions in F are bounded by the positive constant
C > 0. Assume that for each s > 1, (Y, — f.(X}))p is conditionally o-subgaussian given F,,_1. Then, for any o > 0, with
probability 1 — 0, forallt > 1, f. € F(B:(0, ), where

B:(6, ) = 802 log(2N, /8) + 4ta (C’ + /o2 log(4t(t + 1)/5)) .

The proof follows that of Proposition 6, Russo & Van Roy (2014), with minor improvements, which lead to a slightly better
bound. In particular, with our notation, Russo & Van Roy stated their result with

FR(6,0) = 807 10g(2Na /6) + 2tar (8C + /307 1og(87/) ) .

While 3;(8, a) < BRYR(4, ), the improvement is only in terms of smaller constants.

A.4. The choice of 3, in Algorithm 1

To use this result in our RL problem recall that P is the set of transition probabilities parameterized by § € ©. We
index time ¢ = 1,2, ... in a continuous fashion. Episode k = 1,2,... and stage h = 1,..., H — 1 corresponds to time
t=(k—1)(H—-1)+h:

episode (k) 1(1]... 1 2 2 2
stage (h) 112... | H-1] 1 2 ... | H=-1 1
timestep(¢) || 1|2 |... | H-1|H | H+1|... |2H-2 | 2H -1

Note that the transitions at stage h = H are skipped and the time index at the end of episode k¥ > 1is k(H — 1).

Let V{4) be the value function used by Algorithm 1 at time ¢ (V{4 is constant in periods of length H — 1), while let (s, a))
be the state-action pair visited at time .

Let V be the set of optimal value functions under some model in P: V = {V3, : P’ € P}. Note that V C B(S, H), where
B(S, H) denotes the set of real-valued measurable functions with domain S that are bounded by H. Note also that for all ¢,
Vit) € V. Define X = S x Ax V. Wealsolet X; = (s¢1), a@), Vir)), Ye = Vg (S(t41)) whent+1 ¢ {H +1,2H +1,...}
and Y; = V(y)(s%, 1), and choose

F= {f X >R :3PePst f(s,a,v) = /Pa(ds’s)v(s’)} . (11)

Note that F C Boo (X, H).

Let ¢ : P — F be the natural surjection to F: ¢(P) = f where f(s,a,v) = [ P,(ds'|s)v(s') for (s,a,v) € X. We
know show that ¢ is in fact a bijection. If P # P’, this means that for some (s,a) € & X Aand U C S measurable,
P,(U|s) # P.(U|s). Choosing v to be the indicator of U, note that (s, a,v) € X. Hence, ¢(P)(s,a,v) = Py(U|s) #
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P!(Ul|s) = ¢(P’)(s,a,v), and hence ¢(P) # ¢(P’): ¢ is indeed a bijection. For convenience and to reduce clutter, we
will write fp = ¢(P).

Choose F' = (F;);>0 so that F;_; is generated by (s, aq), V(1),---,80),a@), Vit)). Then E[Yi|F,1] =
J Pa,(ds'|s))Viey(s') = fp(X:) and by definition fp € F. Now, Y; € [0, H], hence, Z; = Y; — fp(X;) is con-
ditionally H /2-subgaussian given F;_.

Lett = k(H — 1) for some k£ > 1. Thus, this time step corresponds to finishing episode k and thus V{;y = V},. Furthermore,
letting f, = argmin feF Z;Zl( f(X,) —Y,)?, since ¢ is an injection, we see that fe=f p, Where Py, is defined using (9).
For P, P" € P, we have L(P', P") = Y, (fp/(X,) — fpr(X,))? and thus

By={PeP: Li(PP)< B} ={PeP: th — [5(Xp)* < Bi}

p=1

={¢7(f) : feFand Y (fi(Xp) = F(Xp)* < B} = ¢~ (Fe(Br)) -
p=1

Corollary 7. Fora > 0and k > 1 let

B, = 2H?log (W) Y 2H(KH — 1)a {2 + \/bg (‘““H(kf—l))} .

Then, with probability 1 — 9§, for any k > 1, P € By, where By, is defined by (10).

A.5. Regret of Algorithm 1

Recall that ¥ = S x A x V where V C B (S, H) is the set of value functions that are optimal under some model in
P. We will abbreviate (1, ...,2;) € X" as x1.;. Further, we let F|,,., = {(f(z1),..., f(x1)) : f € F}(C R") and for
S C R, let diam(S) = sup,, ,cs ||u — v||2 be the diameter of S. We will need the following lemma, extracted from Russo
& Van Roy (2014):

Lemma 8 (Lemma 5 of Russo & Van Roy (2014) ). Let F C Boo (X, C) be a set of functions bounded by C > 0, (Fi)¢>1
and (x¢)1>1 be sequences such that F; C F and xy € X hold for t > 1. Then, for any T' > 1 and o > 0 it holds that

T
> diam(Filr,) < a+ C(dAT) + 20pVdT
t=1

where dp = maxy<;<p diam(Fy|s,,,) and d = dimg (F, «).

Let

From Lemma 5, we get

K K H-
<Y Wit Z ht1k - (12)
k=1 k=1 h=1

Lemma 9. Let o > 0 and d = dimg (F, o) where F is given by (11). Then, for any nondecreasing sequence (82)%_,, on
the event when P € Nye(x) Bk,

K

> Wi<a+ H(dANKH—1))+4/dBxK(H — 1)

k=1
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Proof. Let P € Nyc[x) By holds. Using the notation of the previous section, letting Fi=Fi(Bp) for (k—1)(H—-1)+1<
t <k(H —1), we have

K K H-1
> Wi <> sup (f5(sk,ak, Varrk) — fr(sh.ar, Vasir))
k=1 k=1P€Br h=1
K(H-1)
< Z diam(Fy|x, ) (because P € Nie(x1Br)
t=1

<a+HdAKH 1))+ 205 -1)/dK(H — 1),

where X is defined in Section A.4 and where the last inequality is by Lemma 8, which is applicable because 7 C Boo (X', H)
holds by choice, and dx(fr—1) = max;<;<x(r—1) diam(F¢|x,,,). Thanks to the definition of F, 0x(r—1) < 2v/fk-.
Plugging this into the previous display finishes the proof. O

A.5.1. PROOF OF THEOREM 1

Proof. Note that for any k¥ € [K] and h € [H — 1], &1,k € [—H,H]. As noted beforehand,
£.1,81, - €H1,82.2,632,...,€H,2,823,... is a martingale difference sequence. Thus, with probability 1 — 9,
Z,If:l ZhH;f Eni1,k < H\/2K(H — 1)log(1/6). Consider the event when this inequality holds and when P € Nye (k1 By
By using Corollary 7 and a union bound, this event holds with probability at least 1 — 24. On this event, by (12) and Lemma
9, we obtain

Rix <a+H(dANK(H —1))+4\dBxK(H — 1)+ H\/2K(H — 1) log(1/4) .
Using o < 1, which holds by assumption, finishes the proof. O
A.5.2. PROOF OF COROLLARY 2
Proof. Note that

I fpr = frrllee = sup | [ (Py(ds'ls) — Py/(ds'|s))o(s")] < Hsup/ | Pa(ds'|s) — Py/(ds'ls)]

s,a,v s,a

= Hsup || Py(s) = Py/(s)[lx = H|IP' = P"]loc.1 -

For a > 0let N (P, i, || - ||o0,1) denote the (v, || - ||oo,1)-covering number of P. Then we have
N(F, o, || - llse) S NP,/ H, || - [loo1)-
Then, by Corollary 7,
B = 20 log 2N (F, || - [l) /8) + C < 2H?log(2N (P, a/H, || - [lsc,1)/6) + C

with some universal constant C' > 0. Let f : (©,] - ||) = (P,|| - |lco,1) be defined by 8 — > .6;P;. Note that
1F0) — F(O) oo < b 3, 165 — 0)Psa(5)l = 55,165 — 021 = 10 — 0/ Hence, any (¢, - 1) covering of
© induces an (¢, || - ||c0,1)-covering of P and so N (P, a/H, | - ||co,1) < N(©,a/H, | - |l1) < C'(RH/a)? with some
universal constant C’ > 0.

Now, choose 1/ = K+/log(K H/J). Hence,
Br < 2H?(log(2C" /8) + dlog(RH/a)) + C..

Suppressing log factors (e.g., log( RH)), log log terms and constants, we have 8x = H?(d + log(1/6)).
Let F be given by (11). We now bound dimg (F, a). Let ¥ = S x A x B(S) as before. Define z : S x A x B(S) — R?

(
using z(s,a,v); = (Pj.4(s),v) and note that if z € X is (e, F)-independent of z1,...,7; € X then z(z) € R? is
(¢,0)-independent of z(z1), ..., z(x)) € R This holds because if P = >_;0;Pj € P then fp(s,a,v) = (0, 2(s,a,v))
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for any (s,a,v) € X. Hence, dimg (F, o) < dimg (Lin(Z, ©), ), where Lin(Z, ©) is the set of linear maps with domain
Z ={z(x) : € X} C R? and parameter from ©: Lin(Z,0) = {h : h: Z - Rs.t. 30 € O : h(z) = (0,2),2 € Z}.
Now, by Proposition 11 of Russo & Van Roy (2014), dimg (Lin(Z, ©), a) = O(dlog(1 + (Sv/a)?) where S is the || - ||2
diameter of © and y = sup,¢ = ||z[|2. We have

1213 = > ((Pals),0))* < H?d,
J
hence vy < H V. By the relation between the 1 and 2 norms, the 2-norm diameter of © is at most VdR. Dropping log
terms, dimg (F, o) = O(d).

Plugging into Theorem 1 gives the desired result. O

A.6. Proof of Theorem 6

Recall the following:
Definition 3. A random variable X is o-subgaussian if for all X € R, it holds that E[exp(AX )] < exp (A\20?/2).

The proof of the next couple of statements is standard and is included only for completeness.
Theorem 10. [f X is o-subgaussian, then for any X > 0, with probability at least 1 — 6,

1 1 o?

Proof. Let A > 0. We have, {X > ¢} = {exp(A(X —¢€)) > 0}. Hence, Markov’s inequality gives P(X > €) <
exp(—Ae)Elexp(AX)] < exp(—Ae + 1A%02). Equating the right-hand side with & and solving for €, we get that log(8) =

—Ae + 32202, Solving for € gives € = log(1/8) /A + "72)\, finishing the proof. O

Choosing the A that minimizes the right-hand side of the bound gives the usual form:

P(X > +/20210g(1/5)) < 4. (14)

Lemma 11 (Lemma 5.4 of Lattimore & Szepesvari (2020)). Suppose that X is o-subgaussian and X, and X, are
independent and o1 and oo-subgaussian, respectively, then:

1. E[X] = 0.
2. ¢X is |c|o-subgaussian for all ¢ € R.
3. X1+ Xsis \/0? + o3-subgaussian.
Let (Z,), be an F = (F,,),-adapted process. Recall that (Z,,),, is conditionally o-subgaussian given I if for all p > 1,

1
log E[exp(AZ,)|Fp-1] < §A2a2, forall A € R.

A standard calculation gives that Sy = Z;Zl Z, is \V/to-subgaussian (essentially, a refinement of the calculation that is
need to show Part (3) of Lemma 11) and thus, in particular, for any ¢ > 1 and A > 0, with probability 1 — 4,

1 1 to?

In fact, by slightly strengthening the argument, one can show that the above inequality holds simultaneously for all £ > 1:

Theorem 12 (E.g., Lemma 7 of Russo & Van Roy (2014)). Let F be a filtration and let (Z,),, be an F-adapted, conditionally
o-subgaussian process. Then for any A > 0, with probability at least 1 — 6, forall t > 1,

1 1 to?

where Sy = Z;Zl Zy,.
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Proof of Theorem 6 Let us introduce the following helpful notation: For vectors z,y € R, let (z,y); = Z;Zl TpYps
l|lz||? = (x,2);, and for f : X — R, ||f]|? = 22:1 f?(X,). More generally, we will overload addition and subtraction
such that for z € RY, z + f € R* is the vector whose pth coordinate is z, + f(X,) (x, and X, both appear on purpose
here). We also overload (-, -); such that (z, f); = (f,x); = Z;Zl zp f(Xp).

Define Z,, using V), = f.(X,) + Z, and collect (Y})}_; and (Z),),_, into the vectors Y and Z. As in the statement of the

theorem, let F = (F},),—0,1,... be such that for any s > 1, (X1,Y1,...,X,1,Y,_1, X}) is F,_1-measurable. Note that for
any p > 1, Z, =Y, — f.(X,) is Fp-measurable, hence (Z,),>1 is F-adapted.

With this, elementary calculation gives

1Y = FIE = 1Y = fullf = 1fc = FIF +2(Z, £ = e

Splitting || f« — f||? and rearranging gives

Sf = FI =Y = fI2 = 1Y = 2,13 + () 16

where

B(f) = ~3llfe = fIF+2(2,5 - £

Recall that f, = argmin g,z [|Y — fl|?. Plugging f; into 16 in place of f and using that thanks to f, € F, Iy — ft||f <
1Y — fill7, we get

1 A A
sllf = filld < E(fo). (17)

Thus, it remains to bound E(f; ). For this fix some o > 0 to be chosen later and let G(a) C F be an a-cover of F in | - ||sc.
Let g € G(«) be a random function, also to be chosen later. We have

E(f:) = E(f;) — E(9) + E(g) < E(f) — E(g) + max B(g) (18)

We start by bounding the last term above. A simple calculation gives that for any fixed f € F, w.p. 1 — 6, 2(Z, f — fu)¢ is
20||f — f«||t-subgaussian. Hence, with probability 1 — 4, simultaneously for all ¢ > 1,

i 11N 40— L I
< —Zfe = FfI?P+ = - i | P | Ry Z
E(f) < 2||f>k f|t+/\log(5>—|—/\ 5 40° log 5]

where the equality follows by choosing A = 1/(402) (which makes the first and last terms cancel). (Note how splitting
| f — f«||? into two halves allowed us to bound the “error term” E( f) independently of ¢.) Now, by a union bound, it follows
that with probability at least 1 — §, the second term is bounded by 402 log(|G(c)|/6).

Let us now turn to bounding the first term. We calculate

2 1 1 . R
B(f) = Blo) = 3llg = 1.1} = 31lF — £ + 202, — ).
<2 (o fog+di+280:) + 22001~ ol

1
§4Cat+2||Z||taﬁ,

IN

where for the last inequality we chose g = argmingegq) || ft = Glloo so that || f; — gl < a/f and used Cauchy-Schwartz,

together with that ||g|¢, || fe||¢, || f ]l < Cv/Z, which follows from g, f;, f. € F and that by assumption all functions in F
are bounded by C.
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It remains to bound || Z||;. For this, we observe that with probability 1 — J, simultaneously for all ¢ > 1,

1Z]le < o/2H 108 (2t + 1)/0)

Indeed, this follows because with probability 1 — 4, simultaneously for any s > 1, | Z,|? < 202log(2s(s + 1)/4) holds
because of a union bound and Eq. (14). Therefore, for the above choice g, with probability 1 — §, simultaneously for all
t > 1, it holds that

E(fi) — E(g) < 2Cat + 2tay/o%log(2t(t + 1)/6) .

Merging this with Egs. (17) and (18) and with another union bound, we get that with probability 1 — §, for any ¢t > 1,

1 fx = fell? < 802log(2N, /0) + 4tar (C’ + /o2 log(4t(t + 1)/5)) ,

where N, is the («, || - || o )-covering number of F. O

B. Proof of Theorem 3

In this section we establish a regret lower bound by reduction to a known result for tabular MDP.

Proof. We assume without loss of generality that d is a multiple of 4 and d > 8. We set S = 2and A = d/4 > 2. According
to (Azar et al., 2017), (Osband & Van Roy, 2016), there exists an MDP M(S, A, P,r, H) with S states, A actions and
horizon H such that any algorithm has regret at least (v HSAT). In this case, we have |S x A x S| = d. We use
o(s,a,s") to denote the index of (s,a,s’)in S x A x S. Letting

1 ifo(s,a,s') =1,

-Pz'(s/|8a a) = .
0 otherwise,

and 0° = P(s'|s,a)if 0(s,a,s’) = i, we will have P(s'|s,a) = Zle 0" P;(s'|s, a). Therefore P can be parametrized using

(19). Therefore, the known lower bound Q(v/ HSAT) implies a worst-case lower bound of Q(\/H -d/2-T) = Q(vVHdT)

for our model. 0

C. The Special Case of Linear Transition Models

We derive a modification of UCRL-VTR when P is a linear model of the form Py = Z?Zl 0; P;, which is captured in the
following assumption:

Assumption 3 (Linear Parameterized Transition Model). There exists a vector 0, € R® such that ||0.||2 < Cy (Cp > 1)
and

d
P(s'|s,a) =) (0.);P;(s'|s,a) = P.(s'|s,a) "0, (19)
j=1
where P;’s are known basis models such that sup;ciq) (s.a)esx.A [P;(|s;a)lli < 1, and P.(s'|s,a) denotes the d-
dimensional vector P.(s'|s,a) = [Pi(s']s,a),..., Pa(s'|s,a)]"®. Note that we do not require each basis model P;
to be a probability transition model.

(s,a

By modifying the algorithm and using optimistic Q-update, we obtain an algorithm that can be implemented using efficient
recursive update. See Algorithm 3 for full details of implementation.

Estimating . by recursive regression. We let X, 0 := E.[Vi,11.x(s)[sy, af] "0 = (Py(:|s, a), Vai1,k) be the predicted
expected value of next state. In this case, each new observation adds the following loss to regression:

2
(XhT,k‘g - yh,k) :

2
= (E-[Vhﬂ,k(s)\sivalﬁﬂe - Vh+17k(slﬁ+1))

3We also use P.(-|s, a) to denote a d x S matrix.
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Algorithm 3 UCRL-VTR with linear transition model

1: Input: MDP,d,H,T = KH;
. Imitialize: M, < H2dI, wiy < 0€ R, 6y« M fwy, for1 <h < H;
: Initialize: § < 1/K,andfor1 <k < K,

W N

B < 16CZH?dlog(1 + HE)log*((k + 1)2H/4);

4: Compute Q-function (), ; using 6, ; according to (3);
5. fork=1:Kdo
6:  Obtain initial state 3’f for episode k;
7. forh=1:Hdo
8: Choose action greedily by
k k
ap = argmax Shy G
h g ) Qn,k(sy, a)
and observe the next state sZ 11
9: Compute the predicted value vector: > Evaluate the expected value of next state
E _k
Xh7k' < E. [Vh+17k(8)|5h’ ah]
= Viyrk(s) - P(s|sf, ap).
seS
10: Yhk < Vh+1’k(s’,§+1) > Update regression parameters
11 Mg = My g + Xn 1 X,
12: Wha1,k < Whk + Yok - Xhk
13:  end for
14:  Update at the end of episode: > Update Model Parameters
My jy1 < My 41k,
W1,k+1 < WH+1,k;
Ory1 < M;;i+1wl,k+l;
15:  Compute Qp k+1,h = H,...,1, using 0,41 according to (20) > Computing Q functions

16: end for
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By aggregating the value prediction losses constructed from all past experiences, we formulate a ridge regression problem to
estimate 6, by

Ok+1
. 2
= arg min 0" M, 10 + Z (X,LT/vk,O — ) |
© (' k)< (H k)
where M7 1 = H?dI acts as a regularization term.

To solve the above regression problem, we can first calculate X}, ;. and recursively compute estimates of 6, by letting

.
My g1 = Mg+ E Xnr ke Xpyr s

(W k') <(H,k)
Wi k41 = w11+ E Yk Xns ks
(' k") <(H k)

with My 1 = H?%d - I and wy,1 = 0. Then we obtain the estimated 6}, easily by

-1
0k+1 = M17k+1wk+1.

Confidence ball. We construct By, as follows:
By ={0/(0 — 0) " My (0 — 61) < B}
where [y, is preselected (see the algorithm).

Our model parameter update, ), and M}, can be via a recursive update in an incremental fashion. In this way, one does not
need to re-train the model parameter from scratch every episode. A similarly simple recursion was used in (Jin et al., 2019)
for model-free Q learning. Our method differs in that our Q functions cannot be parameterized by d parameters and our
updates are made on the transition model rather than Q functions.

Optimistic Q-update. Instead of solving the optimistic planning problem 6, = argmax,{V;*(s1)|6 € By} as in Algorithm
1, we incorporate optimism into iterative Q-update:

Quy1,k(s8,a) =0,
V =
bk () max Qn.k(s,a),

d
Qni(s,a) =r(s,a) + Jax Z;(G)ij(~|s, a)Vi1k-
J:

Since the confidence sets are ellipsoids, the preceding () update has a closed-forms solution

Qh,k(sa a)

= T(S’ a) + 5161352<P9(‘87 a), Vh+1,k>

=r(s,a) JFXhT,kak + vV 5k\/X;IkMk_1Xh,k~

The last term in the above is the “bonus” term that quantifies uncertainty and encourages exploration. This optimistic Q
value allows us to greedily pick actions while sufficiently exploring the state space.

(20)

Algorithm 3 is a modification of UCRL-VTR and uses a different construction of confidence set. we provide an independent
regret analysis using techniques from linear bandit theory. The next theorem gives a egret upper bound for Algorithm 3.

Theorem 13. Let Assumption 3 hold. If we choose

2

B, = (H\/dlog (W) + (JQH\/&) ,
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then T'-time-step regret of Algorithm 1 satisfies
E[R(T)] = O (09 : d\/H3T) ,

where T' = H K is the total number of steps in K episodes, Cy (Cy > 1) is a known constant such that ||0..|| < Cy and 1)
hides polylog factors of H,T.

Let us outline the proof ideas. In the first part of the proof, we show that if 6, € B}, i, then the estimated Q-functions are
optimistic estimates of the true Q-value functions. That is, Qp, 1 (s) is greater than the true Q-value Qp,(s) for every s € S.
Using this fact, we can bound the regret by the sum of Q1 x(s¥) — QT*(sT*), which can be decomposed into the sum of
state-action confidence bounds on the sample path. In the second part, we construct martingale difference sequences and
apply a concentration argument to show that 6, € By, i, for all (h, k) with high probability. The full proof is deferred to the
Appendix E.

D. Proof of Theorem 4

In this section, we will present the full proof of Theorem 4. To handle the mispecification error, we will modify the bonus
term by replacing it with

Br = 8H?log (W) +4H(EH — 1) {2 + \/1og <ZMU€6H> } + 8H3ke?.

The last term in the above choice of 5 can be viewed as an “error tolerance.”

Next we show that P* € Bj, with high probability.

We first present a theorem which is nearly identical to Theorem 6 but tolerates misspecification. We use the same notations
as in the proof of Theorem 6.

Theorem 14. Let IF be the filtration defined above and assume that the functions in F and also f. are all bounded by the
positive constant C > 0 at values Xy for all t. Assume that there exists | € F such that |f(X) — f(X)| < ¢ for all
X = (s,a,v) with ||v||cc < H, and also for each s > 1, (Y, — f.(X,))p is conditionally c-subgaussian given F,,_,. We

define
t

fi = arg ljjfgg;(f(Xp) -Y,)?

and
Fu(B) = {f X%Rstz — £(X,))? ﬁ}-

Then, for any o > 0, with probability 1 — 0, forall t > 1, f. € F(8:(0, «)), where

B84(8,a) = 1602 1og(4N, /6) + 4ta (c + /o2 log(8i(t + 1) /5)) + 312,
Note that here the last term is due to the misspecification error.

Proof. The proof of this theorem is also nearly identical to Theorem 6, except for the modifications below.

Due to model misspecification, we no longer have f, € F, and hence we may not have ||Y — fi||; < ||Y — f.||; (Here
notation || - ||¢ is defined to be the same as the notations in Theorem 6). To handle the misspecification error, we will
use the function f as a bridge to bound the error between f; and f,. Hence since f; = arg min rer |Y — fllZ, we have

|fe = Y||? <||f — Y||2, which indicates that || f; — f. — Z||? < ||f — f« — Z||?. (Recall the notations Z, = Y, — f.(X),)
and Z = (Z,--- , Zp).) Therefore, we have

I fe = full? = 20fs = fir 200 < F = fell? = 20f — fur Z)e
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We then obtain

S = £0E < o= FIE 20— £ 2+ 1 — 17 24~ £ 20

.3 21
= B+ B() + S1F 12
where we define
B(f) =~ I ~ fl + 22, ~ 1., @)
B(f) = —5|f = F2IF ~ 22, f)e e3)

In the next, we will bound E(f;) and also E(f). Similar to the proof of Theorem 6, we can show that

E(f;) < 462 10g(|N4|/6) + 2Cat + 2ta/o? log(2t(t 4 1)/5),

holds with probability at least 1 — &, where NV, is the a-covering number of F.

Now we analyze E( f) where f € F. Similarly, a simple calculation gives that for any fixed f € F, 2—Z, f — fu)eis
20||f — f«||t-subgaussian. Hence, with probability 1 — §, simultaneously for all ¢ > 1,

1 ANt VA 1
< _Z — 12 2 - I | CA'S | L J -
E(f) < 2||f* fII + 40 log <5) + 102 B) 40 log (5) )

which indicates that with probability at least 1 — §, we have
~ - 1
E(f) < 40?%log <5> .

Finally, as for the last term || f — f,||? in (21), we have the following estimation due to the bound of the misspecification

€rror:
t

IF = 2012 = S (F ) - FX)? < t- ¢
p=1
where we use the fact that X, = (Sp, ap, vp) satisfies that ||Up||oo <H.

‘We combine those bounds on the three terms in (21) above, and obtain that with probability at least 1 — 24, the following
inequality holds:

%Ilf — full? < 2tCa + 2tan/o2 log(2t(t + 1)/5) + 802 log(2N4/5) + ;t(z.

Finally, we switch § into §/2 and multiply the above inequality by 2 on both sides. And the proof of Theorem 14 is
completed. O

Next we apply this theorem to prove the following lemma:
Lemma 15. For any transition model P, we define its corresponding function f, : X — R:

fp(s,a,v) Z/P(ds’\s,a)v.

Then with probability at least 1 — 6, we have P, € By, where
. t
By = {P EP: Y (fp(Xe) = fp,(X1))? < ﬁk} . t=k(H—1).
p=1

Here P, is defined in (9) and we choose

B, = 8H? log <M> +4H(EH — 1)a {2 + \/log (SkH(kH_l)> } + 8H3ke?,

] 4]
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Proof. In the following proof, the notation of X, Y;, F are the same as the proof of Corollary 7. We notice that Y; —
fp(X:) € [-H, H] for every X; = (s, a, V), and

EYi[F,] = E[Vi(s041)[Fy] = / P(ds/ |51, an)Vi(s') = f (st ae,v0) = fr(X0).

Hence Z; = Y; — fp(X,) is & -subgaussian given F,.

For every f € F, there exists some P € P such that f(s,a,v) = [ P(ds'|s,a)v(s’), which indicates that | f(X;)| < H.
Moreover, we also have |fp(X;)| < H.

We next apply Theorem 14 with C' = H and 0 = % and f, = fpand ¢ = Heand f = fp+. According to Assumption 2,
we notice that, for all X = (s, a,v) with ||v]|e < H, we have

|f(X) = f(X)| = ‘/(P(S'I&a) — P*(']s,a))v(s)ds'| < [[P(s']s,a) = P*(s']s, a)[1]|v]lec < He = (.

Hence we have verified all the assumptions in Theorem 14. Hence we obtain that: for any o > 0, with probability at least
1—6,forallt > 1, we have

S () — f5,(X)) <4H21g<4AW|'Hoo>>

p=1 6

+2H(kH — 1)a {2 + \/10g (SkH(k(SH_”> } + 3H3ke?.

Moreover, noticing that

(Fr(X0) = i (X))? = ( [astisian - P*(ds’|st,at>>v;) < (HeP,

we have
t t
> (fpe(Xp) = fp5,(Xp))? < Z 2(f — foe (X)) +2(fp(X,) — fp,(X))?
p=1 =1
0o kH(kH —1
< 8H? log( (F.a, ” | >+4H EH —1)a {2+\/Iog (8(6))}—#6Hgk52+2H252t
H(kH -1
§8H2log( Fcol- ) )+4H e {H\/log (Sk(ka))}”“
which indicates that P* € By, . This finishes the proof of this corollary. O

We next provide a lemma similar to Lemma 5, only adding the misspecification analysis.

Lemma 16. Assuming that P* € By, we have

H-1 H-1
Vi'(s) = V(1) < sup Y (P(lsh, ) = P(lsh, af), Vi) + Y Enr + He,
PeBy =1 h=1

where
Enr1e = (PCIskag), Vg — Vi) = (Visrk(sia1) — Vit (siq)) -

Note that (§2,1,€3.1,---,&H.1,82,2,83,2, - - -, Em2, 62,3, .. ) is a sequence of martingale differences.
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Proof. We first prove by induction that
Vik(sF) > Vi (sh) —(H+1—h)e, VI<h<H+1

by induction on h according to the fact that P* € By, (but not P € By). When h = H + 1, this inequality holds since both
sides equal to 0. We assume it holds for & + 1 and we consider the case of k. Actually we have

Qnr(sk) = r(sk,ai) + (P*(Isy, a), Vo) > (st ag) + (P*(|sh, af), Visre)
= (s, af) + (P(-Isk, ap), Vagrx) — (P(lsh, af) — P*(-|sf;, af), Vh+1k>>
> r(sy,af) + (P(|sk,ap), Vi, — (H — h)el) — || P(-|sy, af) — P*(-|sy, aj;
> r(sy, af) + (P(Isk,ap), Vi) — (H + 1= h)§ = Qp(sf, af) — (H+1 — )£,

where in the third line we use the induction and in the last line we use the fact that ||V}, 41 x||cc < H. This indicates that
Vi (sF) > V¥ (sF) — (H + 1 — h)e, which completes the induction at h. Hence we know that V;, 1 (sF) > V;*(sF) — (H +
— h)eholds forall 1 < h < H + 1.

Therefore,
VI'(s) = V™ (sY) < Vaw(sY) — Vi™ (1) + He.
Fix h € [H]. In what follows we bound V}, (s§) — V;7*(s¥). By the definition of 7, P* and af, we have

Vik(si) = r(sy,ar) + (P*(-|sy, ay), Vas1,k) and

Vit (sh) = r(sh, ah) + (P(lsh, a), Viity)

Hence,

Vige(s) = Vi (s) = (P Clsh, ai), Vi) — (Pag (s5), Viity)
<Pk('|slf€ma’2) - P(|S£€u a]}i)a ‘/h-‘rl,k‘> + <P(|S;€u aﬁ)a Vvh-‘rl,k' - Vhwi1> .

Therefore, by induction, noting that Vg1, = 0, we get that

H-1 H-1
VI (sT) — V™ (sT) < Z (P*(-|sk, ak) = P(Isk, af), Vierk) + Y Enyrp + He
A1 h=1
H-1 ~ H-1
< sup Y (P(|sp,ap) = P(Isk, af), Virr k) + Y Ensan + He.
PeBr ph=1 h=1

Finally noticing that

(P(|sh,ak) = P(|sk,ah), Varrw) = (P(Ish,ap) — P*(lsh, af), Vierw) + (P*Clsh, ai) — P(lsg, ah), Vi)

< <F~’(|SZ,GZ) - P*('lsﬁ’aﬁ)’vh+1,k> + He,

we have

H—-1 H-1
* . X HH-1
Vi (Slf) -V k(slf) < (P ( |Shvah) Pr(: |Shaah) Vht1,6) + Z Ent1.k + %5 + He
h=1 h=1
H-1 H-1
<Y (P(lsf,ap) = P*(lsf,ap), Viprw) + D Enrp + He,

h=1 h=1

which completes the proof of this lemma. O

Equipped with these two lemmas, we are ready to prove Theorem 4.
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Proof of Theorem 4. According to Lemma 15, we learn that P* € By, holds with probability at least 1 — §. We next assume
P* € By and bound the error V;*(sF) — V™ (s¥).

According to Lemma 16, we have

H-1 H-1
Vi(sh) = Vi (sh) < sup D (P(lsk,af) = P*(Isk, af), Vik) + D &nyrn + He, (24)
PeBr p—1 h=1
where
Enr1e = (PCIsk ag), Vg — Vi) = (Visr k(1) — Vit (siq)) -
We let

Wi, = sup Z Clsf,af) — P*(-|sF,af), Vig),
PeBy p—1

and summing A from 1 to H in (24) we obtain the following bound on the regret up to horizon K:

K K H-1
Ry = YV (sh) = V(s ZWHZZMHH Ke
k=1 k=1 h=1
We next bound Zszl Wi. Actually we have
K H-1
ZWk —Z up y (P([sh, ai) — P*(lsh,ak), Vi)

7

up (P([sh, a) — P*(-Is};, ap), Vik)

and each term inside satisfies

sup (P(|sh, ay) — P*([sh, i), Vi) < diam(Fx,)

where

{f fr PePZ — fp,(Xp))? sm}

p=1

We notice that F; C F C B (X, H). Hence we apply Lemma 9 and obtain that

K

> diam(F|x,) < a+ H(dAK(H = 1)) + 2055 -1)V/dK (H = 1),

k=1
where 0x (7—1) = MaxX;<;< g (H-1) diam(]}t\xt). Thanks to the definition of 7, dr(H—1) < 2v/BK. Plugging this into
the previous display finishes the proof.

Moreover, we also have 22{21 Zf;ll €hi1x < H\/2K(H — 1)log(1/5) holds with probability at least 1 — 6. Hence
combine these two inequality together, we obtain that with probability at least 1 — 26, the following bound holds

RK—Zvl sh) — V™ (sh)
k=1

K H-1 K H-1
< ) sup Z(P (s1) = P (sh), Vi) +Z Z§h+1,k+H2K€
k=1PE€Bk h=1 k=1 h=1

h
<a+H(dAK(H—=1))+4\dpxK(H — 1) + H\/2K(H — 1)1og(1/6) + H*Ke,

where we use o« < 1. O
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E. Proof of Theorem 13

Here we will provide the formal regret analysis for Algorithm 3, which differs from Algorithm 1. By leveraging the linear
structures, we provide an independent proof of Theorem 13 using an analysis adapted from linear bandits.

The full proof is divided into five parts in the following five subsections respectively. In the first subsection, we decompose
the regret into the sum of bonuses assuming the Q-functions indeed are optimistic estimates. In the second subsection,
we discover some important properties of our algorithm. We provide an upper bound to the sum of bonuses in the third
subsection. In the fourth subsection, we will prove that the optimism holds with high probability by constructing a particular
martingale and showing that it concentrates, and in the final subsection, we will put together all the analysis to finish the
proof of upper bound of expected regret.

We say (h, k) < (W, k") if k < k' ork = k', h < h'. Thus, < stands for the lexicographic order with k being the variable
that takes priority. We say (h, k) < (h/, k') if k < k" or k = k', h < I/ Let F, ;, be the filtration generated by the random

sample path {(s’,ﬁi,alﬁi,rﬁ:)}(h/,k,)g(h,m.

E.1. Regret Analysis

The proof in this section is similar to Lemma 5. Throughout E.1 to E.3, we assume that 6, € By forall 1 < k£ < K. And in
subsection E.4 we will prove that this event holds with high probability.

E.1.1. OPTIMISM

We will show by induction that Q7 (s,a) < Qp k(s,a) for all (s,a), h and k. For h = H + 1, this inequality obviously
holds, since both sides equal to 0. Next suppose that this inequality holds for some h + 1 < H. As a result, we have

Vi (s) = H[O,H] {?3}@%1(5761)] < H[O,H] [f;leaj( Qn+1.k(8,0)| = Viy1,x(5),

which indicates that
Qi (s,a) =r(s,a) + P(|s, a)TV;H <r(s,a)+ P(~|s7a)TVh+1A;C

d d
+Z 5 (+]s,a) Viprx < 7(s,a) + Iax Z (-5, @) T Vi k
k
1

j=1

Jj=
= Qh,k(sv (l).

This completes the induction.

E.1.2. REGRET DECOMPOSITION

Let us denote 7, to be the stationary policy used in the k episode, and let

d
oy, k(s,a) = arg max Z i ()8, a) Vi1 k-

Using the fact that 7 (s) = ay and 6, € By, and letting & | be

§h+1 = P(- ‘Shvah) (Vh+1 E— fo+1) - [Vh+1,k(52+1) - V}fﬂ(siﬂ)] )
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we have
Vik(sh) = Vi (sk) = Qui(sh, af) — Qr* (sh, af)
= r(sﬁ, aﬁ) + §h7k(sh, ah)TP.(-|s§, aZ)VhH,k — r(sﬁ, aﬁ) — GIP.(-\sﬁ,afb)V}ffl
) T Tk
= [0* + o}hk(sfw a”;L) — 0k + 0 — 0*] P~('|5]f€u ag)Vh+1J€ - GIP-("Slfuai)Vhil
< 07 P.(|sh, o) (Via — Virty) + 2 max (0 — 0) P2 lsh, af) Vi
k

< PClshyab)T (Vi = Vitky) + 2 a6 — 00)T Mi(0 — 04

k

\/[f%(ﬂsﬁ,aﬁ)vg+1k]7-AL;I[l?(ﬂsﬁ,aﬁ)vz+1¢]

k k k
S Virik(shgr) = Vik (sha1) + 8

+2/By - \/ (I8, af) Vi, k] Mt [P.(Isk, af) Vi),

where the first inequality uses the fact that 9*,%7 k € By, the second inequality uses the Cauchy-Schwarz inequality and the
third inequality uses the definition of By.

Recall that Vy, 1,1 (s) = Vi, 1(s) = 0 for any s € S. We apply the preceding inequality recursively and obtain

Vi (sF) — Vi (sh) < V1 K(sh) — Vf’“(sl) (by optimism of value estimates)

< Z£h+1 + 22 \/57 \/ |5h’ah Vht1 k]T Mk_l [P-('|5’;§va’;§)vh+1,k]»

therefore the expected regret can be bounded by if we bound the expectation of

:Z Vi'( 31 Vfrk(slf)]

k=1

(25)

H
thﬂ + 22 Z \F \/ (Isk, a5)Vhia k]T Mk_l [P-(‘|52va]ﬁ)vh+l,k]'

1 h=1 k=1h=1

] =

ES
Il

Moreover, it is easy to observe that
k
E [&5 1 |Fhi] =0,

therefore & ]}j 41 1s a martingale difference sequence w.r.t. Fj, x. Since
0 < Vi (sh), Vir(sh) < H and P(|sF,af) is a probability distribution over the state space,

we have |£F| < H with probability 1. By the Azuma-Hoeffding inequality, with probability at least 1 — &, the following
inequality holds

K H
ZZ ko < V2H3K log(1/6). (26)
k=1 h=1

It remains to analyze the second term of (25), ie., the sum of bonus given by

K H
23 N V- \/ sk, B WViga k] T Mg [P(ClsE, k) Vii ).
h? h +1,k k . hr%h)Vh+1k

k=1h=1

E.2. Some Properties of Algorithm 3

In this subsection we establish several useful properties of our algorithm, assuming that optimism holds throughout.
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E.2.1.
Note that
KK KK T
Mh,k = Ml,l + Z |:P.("Sh/7 ah/)Vh/+1,k/:| |:R('|Sh/, a}l/)Vh/+17k/:| .
(W', k") <(h,k)
Denote

T _
M, [P.(lsk, af ) Vigan]-

Ly

lhe = \/[P~('|5§’a;i)vh+1,k]
Denote by (h, k) + 1 the double index of the next time step after (h, k), thatis (h+ 1, k) if h < H and (h, k + 1) otherwise.
We can see { M}, . } satisfies M7 , = My 41 ,—1 and also a recursive formula
M(Z’lk)ﬂ = (Mh,k + [P.(lsy, ak) Vg ] [P.(lsh, aZ)Vthl,k]T)_l
Myt [P.Clsho b Vi ] [P.CIsk, af)Vins] - Myt
L+ [P(fsk, ) Vi) T Mk [P.ClsE, af)Vieia]

71 o
hk

It implies that

Bl _ B
1+l,§,,€ 1+l§7k

T
[P.(lshs ai)Varrk] Mgy ir [PClsk, ) Viern] = Bg —

E.2.2.

Next, we derive an upper bound to the quantity

Since
.
M ky+1 = Mp o + [R('|3§7a2)vh+1,k} [P-('\Sﬁ,aﬁ)vhﬂ,k] ;

we have

_ T _
det M(p )41 = det Mp, 1. det (I + My 2 [PClsh, af)Vierk] [PClsk af) Vi ] Mh,im)
= det My, 1, (1 + li,k) .

This indicates that
> log (1417 4) = logdet M, )41 — logdet My ;.
(h',k")<(h,k)
Furthermore, since

I
1+12,

<min{1,13,} <2log (1+12,).

we have

U o .
Z W S Z mln{l,li/7k/}
(h' k)< (h.k) hORS (h k)< (h k)

< > 2log(l+ 14 ) = 2logdet M, jy1 — 2log det My ;.

(h',k")<(h,k)
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E.2.3.

Given the initial value M; ; = H 2dI, we have

(M) =te(Mia)+ > [PClsk ap) Vigaw |
(W k)< (h, k)

= H*d* + Z Z ( (85, ak ) Vi g, k/>2

(W k)< (hk) =1
< H?*d?* + KdH?,
where the last inequality uses Assumption 3 and the fact that
Py(1sk), ab ) Vivsra < B Clst, ab) Vi loo < .

Using the inequalities of arithmetic and geometric means, we get the following upper bound for the determinant of My, y41:

tr( M d
det My 11 < (((ka)) < (s K.

which indicates that

log det M xy+1 — logdet My 1 < log ((H?d + KH*)%) —log ((H?d)?) < dlog(1 + HK). 27
Hence we have 2
K k! .
> g < > min{1,i} ,} < 2dlog(1 + HK). (28)
(h' k") < (h,k) RLRT (0 k) <(hok)

E.3. Sum-of-Bonus Analysis

In this section, under the assumption that 6, € By, for every k, we establish an upper bound for the following sum-of-bonus

term
22 Z VB - \/ (-[sk, af) Vit k]T MV [P.(| sk, af ) Vi k]

k=1h=1
where we denote Mj, = M ;, for simplicity. We let

=
Upk = \/ (s, ak)Vis1,n]
Since By < Bk forany 1 < k < K and by letting

M [Pk, af ) Vigk]-

T, -
up = [P.Clshy ) Virk] - M [P.Clsh, ap) Vi ]
T, -
< [P<~|sﬁ,aﬁ)vh+1 W] MRS, ak) Vi)
2 1
sz § : (s, ap)Vasr ]~ < R H?d =1,

we have

K H
22 Z \/ﬁik \/[P.('|SZ,GZ)Vh+1,k]T Mk_1 [P.(~|SZ,GZ)Vh+1,k]
k=1 h=1
K H K H
2Bk > Z ung < 2¢/Brc - Y > min{1, up .} (29)
k—1

k=1h=1

I /\

K H K H
< 2\/HKfk -\JZZmin{l,u%’k} <AVHEBg - | Y log(1+ud ;)

k=1h=1 k=1 h=1
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where the third inequality uses the Cauchy-Schwarz inequality. Next we notice that

T
M1 = My + Z I8k, ak)Vasie]  [P.Clsk. a)Vagin] -
Hence we have

H

— T —

det(Mj,11) = det(My) - det (1 + 3 M PCsE ) V] [P.ClsE ab) Vi) M, 1”) :
h=1

‘We further notice that every eigenvalue of the matrix

H

—1/2 : T —1/2

I+ M [Pl af)Vaenx] | [PClsk, af) Vi) M Y
h=1

is at least 1, and we have the following bound of its trace:

_ T _
(ZM VEIP.CLsE ) Vi) [P.Clsk, af) Vi) M, 1/2>

H
T,

Z |5h’ah Vi, k] M;, ' [ (¢ |5haah Vh+1 k Zuhk

h=1 h=1

This indicates that

H

_ T _

det (I + ZMk 2 [P.(-Isy, af)Vasr k] [P.(lsk, af)Vayik] My 1/2>
h=1

H

_ T _

> 14t (I + 3 M [PCIsE af) Vi) [PClsE, af)Vaeia] M, 1/2>
h=1

H
2
=1 —+ Z’U;th
h=1

where the first inequality follows from the following fact: [[,(1 4 w;) > 14 )", w; provided w; > 0. Combining the above
inequality with the following inequality

H

H H H
1+ Hu?
1+Zuhk_2h 1 ( hk > 1+Hu 1/H H1+u 1/H7

h=1 h=1 he1

we obtain that

H H
Zlog(l +uj, ;) < Hlog (1 + Z ui,k> < Hdet(Mpy1) — H det(My,).
h=1 h=1

Therefore, we have

K H
ZZZ VB - \/ (s, af) Vi, k}T M! [P.(:|sk, ab) Vi1 k]

k=1h=1

K
AVHEBk - | >

M=

log(1 Jruh )

=
—
>
Il

1

K
< 4/HK B - \ > Hdet(My41) — H det(My,)

<4/ HKPk - \/Hdet(M(H)k)Jrl) — Hdet(MLl)

< 4\/H2dK B log(1 + HK),
where the last inequality uses (27).
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E.4. Confidence Set of Value Target Regression
We adopt the result in (Abbasi-Yadkori et al., 2011). For t = H(k — 1) + h, we choose

\ = H%d,
V= My,
S = Cy,
R=H,

L = VH?2d.

Then we have R
O = (X1 Xp4 + M) ' X1 Y1 =0;, and ||0.]2 < Cp = S.

Moreover, if we since |n;| = |Y; — (Xy, 0.)| = [Yar — P(-|sF¥,af)T Vii1,k| < H, n; is H-subgaussian. We can also verify

that
d

2
1Xu03 = D7 (PCIshs a) Vi) < Hd = L2,
i=1
Hence according to Theorem 2 in (Abbasi-Yadkori et al., 2011), we obtain that with probability at least 1 — &, for any
(h,k) < (H, K), the following inequality holds:

1+ Hk-H?%d
||‘9* - 9h7kHMh,k < H\/dIOg <+(S> + CQH\/g

Therefore, if we choose
2

B = (H\/dlog <1+HkHZd> + CHH\/&> ,

]

then we will have
0, € Bh,k

for all (h, k) < (H, K) with probability at least 1 — 4.

E.5. Expected Regret Analysis

According to Section E.4, we have with probability at least 1 — ¢ that 6, € By, forall 1 < k < K. When this event happens,
we enable the analysis of Sections E.1-E.3. We combine the error bounds (26) and (29) and apply them into the regret bound
(25). It follows that, it ' = KN,

R(T) < 2V H3K log(1/5) + 4\/H2dK B log(1 + HK)
3
=2V H3K log <(15) +4H?d\/Klog(1 + HK) - <\/Iog (1+H5Kd> + C’g)
3
< 6H2dVK (C@\/log(l + HK) + log (1+H6Kd>)

with probability at least 1 — 2. Note the trivial upper bound R(K) < H K. Therefore, by letting 6 = 1/K and noticing
T =HK, we get

E[R(T)] < (1 —20)-6H?*dVEK <Cg\/1og(1 + HK) +log (M;Kd» +20-HK

3
< 6H2VE - (Cm/log(l T HK) + log <1+H5Kd)>

= O(Cy - H*dVK) = O(Cy - dVH3T).

Thus we have completed the proof of Theorem 13.
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F. Implementation
F.1. Analysis of Implemented Confidence Bounds

In the implementation of UCRL-VTR used in Section 6, we used different confidence intervals then the ones stated in the
paper. The confidence intervals used in our implementation are the ones introduced in (Abbasi-Yadkori et al., 2011). These
confidence intervals are much tighter in the linear setting than the ones introduced in Section 3 and thus have better practical
performance. The purpose of this section is to formally introduce the confidence intervals used in our implementation of
UCRL-VTR as well as show how these confidence intervals were adapted from the linear bandit setting to the linear MDP
setting.

F.1.1. LINEAR MDP ASSUMPTIONS

For our implementation of UCRL-VTR we used different confidence then was introduced in the paper. These are the tighter
confidence bounds from the seminal work done by (Abbasi-Yadkori et al., 2011) and further expanded upon in Chapter 20 of
(Lattimore & Szepesvari, 2020). Now we will state some assumptions in the MDP setting, then we will state the equivalent
assumptions from the linear bandit setting, and lastly we will make the connections between the two that allow us to use the
confidence bounds from the linear bandit setting in the RL setting.

1. P*(s' | s,a) = 320, (BMPP); Pi(s' | 5,0)
2. sp .y~ P*(-| sy, af)
3. CéWDP _ {OMDP c R - ||9MDP _ éz]tlePHMk < Bt}

where t is defined in the table of A.4. Also note that in this section (-), denotes the true parameter or model, (-)MP? denotes
something derived or used in the linear MDP setting, and (-)“/V denotes something derived or used in the linear bandit
setting. Now, under 1-3 of F.1.1 we hope to construct a confidence set C¥P* such that

[ee)
MDP MDP
0" < (¢t

t=1

with high probability. Now the choice of how to choose both CPF and 3; comes from the linear bandit literature. We will
introduce the necessary theorems and assumptions to derive both C-V and 3, in the linear bandit setting and then adapt the
results from the linear bandit setting to the linear MDP setting.

F.1.2. TIGHTER CONFIDENCE BOUNDS FOR LINEAR BANDITS

The following results are introduced in the paper by (Abbasi-Yadkori et al., 2011) and are further explained in Chapter 20 of
the book by (Lattimore & Szepesvari, 2020). In this section, we will introduce the theorems and lemmas that allows us
to derive tighter confidence intervals for the linear bandit setting. Then we will carefully adapt the confidence intervals
to the linear bandit setting. Now supposed a bandit algorithm has chosen actions Ay, ..., A; € R? and received rewards
XEN - XHN with XUN = (A, 0LN) 4 5, where 7, is some zero mean noise. The least squares estimator of 0XV is the
minimizer of the following loss function
t
La(0) = ST (XHN = (4;,6"))% + A[[64Y)3
s=1

where A > 0 is the regularizer. This loss function is minimized by

t t
0N =Wt T XEVA, with W, = AT+ > AA]
s=1 s=1
notice how this linear bandit problem is very similar to the linear MDP problem introduced in section 3 of our paper. In our
linear MDP setting, it is convenient to think of M and W as serving equivalent purposes (storing rank one updates) thus
it is also convenient to think of A; and X#P? as serving equivalent purposes (the features by which we use to make our
predictions), where XMP7 is defined in section 3 of our paper with some added notation to distinguish it from the XN used
here in the linear bandit setting. We will now build up some intuition by making some simplifying assumptions.
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1. No regularization: A = 0 and W, is invertible.
2. Independent subgaussian noise: (7)s)s are independent and o-subgaussian
3. Fixed Design: Aj, ..., A; are deterministically chosen without the knowledge of XN ... XN
finally it is also convenient to think of X“V and V; 1 (s;41) as serving equivalent purposes (the target of our predictions).

Thus the statements we prove in the linear bandit setting can be easily adapted to the linear MDP setting. While none of the
assumptions stated above is plausible in the bandit setting, the simplifications eases the analysis and provides insight.

Comparing 02V and AN in the direction 2 € R%, we have

t t
(B4 — 00 ) = < WY A 95'N> - < WS A(ATO ) 05'N>

s=1 s=1
t

t
= <x, W[l ZAS7]S> = Z(m,W;lASMS
s=1

s=1

Since (7)), are independent and o-subgaussian, by Lemma 5.4 and Theorem 5.3 (need to be stated),

t
~ 1

P | (LN _ gLiN > 902 ﬂf—lAs 2] - <é
(04 L HT) > 4 E (z, Wy )? log 5 <

s=1

A little linear algebra shows that S°%_ (z, W, 1 A,)? = [[[|?, -+ and so,

P <<é§’N— oL 3y > \/202”%1 log (;)) <5 (30)

We now remove the limiting assumptions we stated above and use the newly stated assumptions for the rest of this section

1. There exists a 0N € R such that X'V = (LN A,) + n, forall t > 1.

2. The noise is conditionally o-subgaussian:
ao?
foralla € Rand ¢t > 1, Elexp(an:) | Fi—1] < exp - a.s.

where F;_1 is such that Ay, XUV ... Ay 1, XHN are F;_;-measurable.

3. In addition, we now assume A\ > 0.

The inclusion of A; in the definition of F;_; allows the noise to depend on past choices, including the most recent action.
Since we want exponentially decaying tail probabilities, one is tempted to try the Cramer-Chernoff method:

P(IFY — 0, > u?) < inf E [exp (a9 — 043, — au?)].

Sadly, we do not know how to bound this expectation. Can we still somehow use the Cramer—Chernoff method? We take
inspiration from looking at the special case of A = 0 one last time, assuming that W, = 22:1 A A] is invertible. Let

t
St = ZT]SAS
s=1
Recall that §XN = W, 1 St XUV A = LN + W,71S,. Hence,
e — gz = Dy, = max (2,80 — 2ol
It = Uil = Slistlly- = e | o = 5Tl -

The next lemma shows that the exponential of the term inside the maximum is a supermartingale even when A > 0.
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Lemma 17. For all x € R? the process D;(x) = exp({(z, S;) — %”zHWE) is an F-adapted non-negative supermartingale
with Dy(z) < 1.

The proof for this Lemma can be found in Chapter 20 of the book by (Lattimore & Szepesvdri, 2020). For simplicity, consider
now again the case when A = 0. Combining the lemma and the linearisation idea almost works. The Cramer—Chernoff
method leads to

1 4 1
P (2”9%11\/ _ eilNH%Vt > 1og(1/6)) =P (exp (Hé%é ((az, Sy) — 2|x||%,vt)> > 1og(1/5)> 31
L2
< OE [eXp (;ne%g (<fc, St) — 2IIHUIIWt)H =0k [gg@g Dt(w)] (32)
Now Lemma 17 shows that E[D;(z)] < 1. Now using Laplace’s approximation we write

max Dy () =~ Dy(x)dh(z),
x Rd

where h is some measure on R? chosen so that the integral can be calculated in closed form. This is not a requirement of
the method, but it does make the argument shorter. The main benefit of replacing the maximum with an integral is that we
obtain the following lemma

Lemma 18. Let h be a probability measure on R?; then; D, = fRd Dy(x)dh(x) is an F-adapted non-negative supermartin-
gale with Dy = 1.

The proof of Lemma 18 can, again, be found in Chapter 20 of the book by (Lattimore & Szepesvari, 2020). Now the
following theorem is the key result from which the confidence set will be derived.

Theorem 19. Forall A > 0, and ¢ € (0,1)

. 1 det Wy
P <e:mstst eN: HSt”?/Vfl > 20% log <5) + log < \ *>> <46

Furthermore, if ||0XN||5 < may, then P(exists t € NT : 9LIN ¢ CLIN) < § with

e — {e ERY O — Oy, < oA+ ¢ 20ttog (3) +1os (25 } -

The proof of Theorem 19 can be found in Chapter 20 of the book by (Lattimore & Szepesvari, 2020).

F.1.3. ADAPTATION OF THE CONFIDENCE BOUNDS TO OUR LINEAR MDP SETTING

Now with the Lemmas and Theorems introduced in the previous section we are ready to derive the confidence bounds used
in our implementation of UCRL-VTR. Now using the notation from the linear bandit setting we set

1. The target XMPP = f Vi(s")P;(ds’ | st,ar)

2. Y, = Vi(se41)

3. Fi—1 =0(s1,a1, ..., St—1,a¢—1), which just means the filtration is set to be the sigma-algebra generated by all past
states and actions observed.

4. ny =Y, — (XMPP GMPPY — V), (s411) f Vi(s')P¥(ds' | s¢,ay), since 1P is the true model of the MDP.

5. M, in the linear MDP setting is defined equlvalently to W, in the linear bandit setting, i.e. they are both the sums of a
regularizer term and a bunch of rank one updates.

it can be seen that our the noise in our system 7); has zero mean E[n; | F;_1] = 0 finally the noise in our system has variance
H /2 thus our system in H /2-subgaussian.
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Lemma 20. (Hoeffding’s lemma) Let Z = Z — E[Z] be a real centered random variable such that Z € |a, b] almost surely.

Then Elexp(aZ)] < exp(aQ%) for any a € R or Z is subgaussian with variance o* = %.

Proof Define ¢)(«) = log E[exp(«Z)] we can then compute

¥ (a) = E|Z exp(aZ)] W(a) = E[Z2 exp(aZ)] ~ (E[Zexp(aZ)] 2
~ Elexp(a2)]’ ~ Elexp (aZ)] Elexp (aZ)]
Thus ¢ («) can be interpreted as the variance of the random variable Z under the probability measure dQ = %d?’,
but since Z € [a, b] almost surely, we have, under any probability
b b\ b—a\”
var(2) =var(Z - “22) < E (Z‘ a; ) = < 4a>
The fundamental theorem of calculus yields
i s2(b—a)?
Y(a) = / / Y(p)dpdp = sl-a
o Jo 8

using 1(0) = log1 = 0 and ¢/(0) = E[Z] = 0. O
Now using Lemma 20 and the fact that Y; is bounded in the range of [0, H], E[Y;] = (XMPP gMDP) " and

m = Yy — (XMPP 9MPPy = Y, — E[Y}], the noise 7; in our linear MDP setting is H/2-subgaussian. This result
is also stated in a proof from A.4.

Putting this all together we can derive the tighter confidence set for UCRL-VTR in the linear setting,

chor — {9 cRY - ||éé|/113i4’ —0Olar,_, < maV + 12{\/2log ((15) + log (A/‘g‘:dl) } .

where here in the linear MDP setting M; replaces W; from the linear bandit setting and ||§PF||5 < ma. The justification of
using these bounds in the linear MDP setting follow exactly from the justification given above for using these bounds in the
linear bandit setting.

F.2. UCRL-VTR

In the proceeding subsections we discuss the implementation of the algorithms studied in Section 6 of the paper. The first
algorithm we present is the algorithm used to generate the results for UCRL-VTR.
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Algorithm 4 UCRL-VTR with Tighter Confidence Bounds
1: Input: MDP, d, H,T = KH,

2: Initialize: Ml,lgl’ wlyl(*OERdXH 01(‘M1_711w171 forlgth,d1:\8| X ‘A,
3: Initialize: ¢ < 1/K,andforl1 <k < K,
4: Compute Q-function @)y, ; using 6 ; according to (3);
5:fork=1:Kdo
6:  Obtain initial state s’f for episode k;
7. forh=1:Hdo
8: Choose action greedily by
k_ k
ay = arg I;leajc Qni(sy,a)
and observe the next state s;‘; Y1
9: Compute the predicted value vector: > Evaluate the expected value of next state
X BV p()lsh 0] = 3 Viena(s) - Pslsh af)
sES
10: Yk Vh+1’k(8fb+1) > Update regression parameters
11: M1k < Mg+ Xnp X))
12: Whilk < Whk + Ynk Xnk
13:  end for
14:  Update at the end of episode: > Update Model Parameters

My g1 < My,
W1,k+1 < WH+1,k;

—1
9k+1 — Ml,k+1w1,k+1;

15:  Compute Qp 41 for h = H, ..., 1, using 05 according to (33) using

H-h+1 1
\/m —\di + 2\/210g <6) + log det (M g41);

> Computing Q functions
16: end for

The iterative Q-update for Algorithm 4 is
Vh+1, k(s) =0

Qni(s,a) =r(s,a) + X} 10k + v/ Buir/ X)L e My sy Xk (33)

Vii(s) = max Qnk(s,a)

The choice of the confidence bounds used in Algorithm 4 comes from the tight bounds derived in (Abbasi-Yadkori et al.,
2011) for linear bandits and further expanded upon in Chapter 20 of (Lattimore & Szepesvari, 2020). The details of which
are shown and stated in F.1. We slightly tighten the values for the noise at each stage by using the fact that for each stage in
the horizon, h € [H], the value V,f() is capped as to never be greater than H — h + 1. The appearance of the \/d; comes
from the fact that ||, || < v/d; for all §, € R? in the tabular setting since 6, in the tabular setting is equal to the true model
of the environment.

F.3. EGRL-VTR

In this section we discuss the algorithm EGRL-VTR. This algorithm is very similar to UCRL-VTR expect it performs
e-greedy value iteration instead of optimistic value iteration and acts e-greedy with respect to Q.
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Algorithm 5 EGRL-VTR
1: Input: MDP,d, H, T = KH,e > 0;
2: Initialize: M, < I, wi;+0¢ RX1 9 M;fwl,l forl < h < H,;
3: Compute Q-function @)y, 1 using 6 ; according to (34);
4: fork=1: K do
5. Obtain initial state s¥ for episode k;

6: forh=1:Hdo
7: With probability 1 — ¢ do
k k
ap = argmax Shy @
n = argmax Qn .k (s, a)
else pick a uniform random action a} € A. Observe the next state s} ;.
8: Compute the predicted value vector: > Evaluate the expected value of next state
X E[Vigrx(s)lsh,af] = Virak(s) - Poslsh, ap).
seS
9: Yne < Vir1u(sh 1) > Update regression parameters
10: Mh+1,k — My + thkX}Ik
11: Wha1k < Whk + Ynk - Xhk
12:  end for
13:  Update at the end of episode: > Update Model Parameters
My jv1 <~ Mp41k,
W1,k+1 < WHA1,k;
Op+1 +— Ml_,;i+1w1,k+1;
14:  Compute Qp, 41 for h = H, ..., 1, using 05; according to (34) > Computing Q functions
15: end for

The iterative value update for EGRL-VTR is

Vh+17k(8) =0
Qri(s,a) =7r(s,a) + X,;erk (34)
Vik(s) = (1 =)l maXQh |A| Z Qn.k(s,a)
acA

F.4. EG-Frequency

In this section we discuss the algorithm EG-Frequency. This algorithm is the e-greedy version of UC-MatrixRL (Yang &
Wang, 2019a).
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Algorithm 6 EG-Frequency

1: Input: MDP, Features ¢ : S x A — RISIAI and PSS — RISI) & > 0, and the total number of episodes K;

2: Initialize: Ay « I € RISIAXISIAI Afy « 0 € RISIMIXISE and Ky, + 3 cg(s)v(s) T

3: fork=1: Kdo

4:  Let Qp,; be given in (35) using My;

forh=1:Hdo
Let the current state be sF;
With probability (1—¢) play action af = arg max,e 4 Qn x(sF, a) else pick a uniform random action af € A.
Record the next state sﬁ 41

9: end for

10: Aggr < Ag + EhSH (b(SZ, a2)¢(527 aﬁ)T

1 Mgy = My + Ay Y ey O(sk, af)o(sy ) TK?
12: end for

The iterative Q-update for EG-Frequency is
Qthl,k(Su a) = 0and
Qni(s,a) =r(s,a) + ¢( )TMk'I’TVh+1 k

Vi = (1= &)ljo sy max Qi |A\ Z Qnx(s,a)
acA

(35)

Note that W is a |S| X |S| whose rows are the features 1(s’) and @ is a |S||.A| x |S||.A| whose rows are the features ¢(s, a).
In the tabular RL setting both ¥ and ® are the identity matrix which is what we used in our numerical experiments. In
the tabular RL setting, EG-Frequency stores the counts of the number of times it transitioned to next state s’ from the
state-action pair (s, a) and fits the estimated model M, accordingly.

F.5. Futher Implementation Notes

In this section, we include some further details on how we implemented Algorithms 4, 5, and 6. All code was written in
Python 3 and used the Numpy and Scipy libraries. All plots were generated using MatPlotLib. In Algorithm 4, Numpy’s
logdet function was used to calculate the determinate in step 15 for numerical stability purposes. No matrix inversion was
performed in our code, instead a Sherman-Morrison update was performed for each matrix in which a matrix inversion is
performed at each (k, ) in order to save on computation. To read more about the Sherman Morrison update in the context
of RL, we refer to the reader to Eqn (9.22) of (Sutton & Barto, 2018). When computing the weighted L1-norm, we added a
small constant to each summation in the denominator to avoid dividing by zero. Finally, when computing UC-MatrixRL we
also used the self-normalize bounds introduced in the beginning of this section. Some pseudocode for using self-normalized
bounds with UC-MatrixRL can be found in step 5 of Alg 7.
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G. Mixture Model

In this section, we introduce, analyze, and evaluate a Linear model-based RL algorithm that used both the canonical model
and the VTR model for planning. We call this algorithm UCRL-MIX.

G.1. UCRL-MIX
Below a meta-algorithm for UCRL-MIX

Algorithm 7 UCRL-MIX

1: Compute Algorithm 4 and UC-MatrixRL (Yang & Wang, 2019a) simultaneously.
2: Atend of episode k, perform value iteration and set Vi1 (s) = 0.

3: forh=H:1do

4: fors e |S|anda € |A| do

5: Compute the confidence set bonuses as follows

H—-h+1 2
BI‘L/,ER —dy + 2\/2 log (5) + log det (M g41);

H—-h+1 2
BYAT « /[STAT + +\/ 2log (5) T logdet(Axs1);

2
6: if BKER, /X}Ika’;HXh,k < B%fT\/qST(s, a)Ant¢(s,a) then
7: Perform one step of value iteration using the VIR model as follows: Qp x(s,a) = r(s,a) + X hT WOk +
V. ﬂh,k\/XthMfé+1Xh,k
8: else
9: Update @y, x(s, a) according to Equation 8 (Yang & Wang, 2019a) using the UC-MatrixRL model A;. Note

that in (Yang & Wang, 2019a) they use n to denote the current episode, in our paper we use & to denote the
current episode.

10: end if

11: Vi k(s) = max, Qp (s, a)
12:  end for

13: end for

We are now using multiple models instead of a single model, we must adjust our confidence sets accordingly. By using
a union bound we replace ¢ with §/2 for our confidence parameter. This updated confidence parameter changes the term
inside the logarithm. We now have log(2/4) where as before we had log(1/46).

G.2. Numerical Results

We will include the cumulative regret and the weighted L1 norm of UCRL-MIX on the RiverSwim environment as in Section
6. We also include a bar graph of the relative frequency with which the algorithm used the VTR-model for planning and the
canonical model for planning.
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Figure 5. In the plots for the model error we include model error for both the VTR-model and the canonical model. Even though only one
is used during planning both are updated at the end of each episode.

If we compare the results of Figure 5 with the results of Figure 2 from Section 6.2 we see that the cumulative regret of
UCRL-MIX is almost identical to the cumulative regret of UCRL-VTR. The model errors of both the VTR and the canonical
models are almost identical to the model errors of UCRL-VTR and UC-MatrixRL respectively.
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Figure 6. UCRL-MIX rarely, if ever, chooses the canonical model for planning on the RiverSwim environments.

From Figure 6, we see that on the RiverSwim environment, UCRL-MIX almost always uses the VTR-model for planning.
We calculate this frequency by counting the number of times Step 7 of Alg 7 was observed up until episode k and by
counting the number of times Step 9 of Alg 7 was observed up until episode k. We then divide these counts by the sum of
the counts to get a percentage. We believe the reason the algorithm overwhelming chose the VTR-model was due to the fact
that the confidence intervals for the VTR-model shrink much faster than the confidence intervals for the canonical model.
The canonical model is forced to explore much longer than the VTR-model as its objective is to learn a globally optimal
model rather than a model that yields high reward. Thus, the canonical model is forced to explore all state-action-next state
tuples, even ones that do not yield high reward, in order to meet its objective of learning a globally optimal model while the
VTR-model is only forced to explore state-action-next state tuples that fall in-line with its objective of accumulating high
reward. The set of all state-action-next state tuples is much larger then the set of state-action-next state tuples that yield
high reward which means the confidence intervals for the canonical model shrink slower than the confidence sets of the
VTR-model on the RiverSwim environment.



