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Abstract

Gaussian processes are ubiquitous in nature and engineering. A case in point is a class of neu-
ral networks in the infinite-width limit, whose priors correspond to Gaussian processes. Here we
perturbatively extend this correspondence to finite-width neural networks, yielding non-Gaussian
processes as priors. The methodology developed herein allows us to track the flow of preactiva-
tion distributions by progressively integrating out random variables from lower to higher layers,
reminiscent of renormalization-group flow. We further develop a perturbative procedure to perform
Bayesian inference with weakly non-Gaussian priors.

1. Inception

Gaussian processes model many phenomena in the physical world. A prime example is Brownian
motion (Brown, 1828), modeled as the integral of Gaussian-distributed bumps exerted on a point-
like solute (Einstein, 1905). The theory of elementary particles (Weinberg, 1995) also becomes a
Gaussian process in the free limit where interactions between particles are turned off, and many-
body systems as complex as glasses come to be Gaussian in the infinite-dimensional, mean-field,
limit (Parisi and Zamponi, 2010). In the context of machine learning, Neal (1996) pointed out that
a class of neural networks give rise to Gaussian processes in the infinite-width limit, which can
perform exact Bayesian inference from training to test data (Williams, 1997). They occupy a corner
of theoretical playground wherein the karakuri of neural networks is scrutinized (Lee et al., 2018;
Matthews et al., 2018; Jacot et al., 2018; Chizat et al., 2018; Lee et al., 2019; Geiger et al., 2019).

In reality, Gaussian processes are but mere idealizations. Brownian particles have finite-size
structure, elementary particles interact, and many-body systems respond nonlinearly. In order to
understand rich phenomena exhibited by these real systems, Gaussian processes rather serve as
starting points to be perturbed around. Indeed many edifices in theoretical physics are built upon
the successful treatment of non-Gaussianity, with a notable example being renormalization-group
flow (Kadanoff, 1966; Wilson, 1971; Weinberg, 1996; Goldenfeld, 2018). In the quest to elucidate
behaviors of real neural networks away from the infinite-width limit, it is thus natural to wonder if
the similar treatment of non-Gaussianity yields equally elegant and powerful machinery.

Here we set out on this program, perturbatively treating finite-width corrections to neural net-
works. Prior distributions of outputs are obtained through progressively integrating out preactivation
of neurons layer by layer, yielding non-Gaussian priors. The whole procedure closely resembles
renormalization-group flow (Goldenfeld, 2018; Mehta and Schwab, 2014): it bridges probability
distributions at different scales through coarse-graining of random variables at microscopic scales;
the flow of distributions is traced through running couplings, which in particular capture the de-
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gree of non-Gaussianity in these distributions; resulting recursive equations (R1,R2,R3) govern the
evolution of these running couplings from lower to higher layers, just as renormalization-group
equations do from microscopic to macroscopic scales. Such a recursive approach enables us to treat
finite-width corrections to various observables, for networks with arbitrary activation functions.

The rest of the paper is structured as follows. In Section 2 we review and set up basic con-
cepts. Our master recursive formulae (R1,R2,R3) are derived in Section 3, which control the flow
of preactivation distributions. After an interlude with concrete examples in Section 4, we extend
the Gaussian-process Bayesian inference to non-Gaussian priors in Section 5 and study inference of
neural networks at finite widths. We conclude in Section 6 with dreams.

2. To infinity and beyond

In this paper we study real finite-width neural networks in the regime where the number of neurons
in hidden layers is asymptotically large whereas input and output dimensions are kept constant.

2.1. Gaussian processes and neural networks at infinite widths

Let us focus on a class of neural networks termed multilayer perceptrons, with model parameters,
[ = {by), Wi(f) }, and an activation function, o. For each input, £ € R™°, a neural network outputs

a vector, z(x; 0) = 2(L) € Rz, recursively defined as sequences of preactivations through

no

zz-(l)(a:) = bgl) + ZWi(J.l)mj for i=1,...,n1, (1)
j=1
Ne—1

@) = 10+ w [z](.é_l)(az)} for i=1,....np; £=2,....L. (2
j=1

Following Neal (1996), we assume priors for biases and weights given by independent and identi-

cally distributed Gaussian distributions with zero means, £ [bl(.z)} =E [Wi(f)] = 0, and variances

0), (¢ l
E[BS| = 6uGy 3)
©) 1170 cy
E |:Wi1j1 vvizjz} = 5i1i25j1j2 o1 . “4)

Higher moments are then obtained by Wick’s contractions (Wick, 1950; Zee, 2010). For instance,

2
E bz(f)bz('f)bg)bz(f)} = {Clge)} x (5i1i25i3i4 + 5i1i35i2i4 + 5i1i45i2i3) . &)
For those unfamiliar with Wick’s contractions and connected correlation functions (a.k.a. cumu-
lants), a pedagogical review is provided in Appendix A as our formalism heavily relies on them.
In the infinite-width limit where ny,n2,...,n_1 — oo (but finite ng and ny), it has been
argued — with varying degrees of rigor (Neal, 1996; Lee et al., 2018; Matthews et al., 2018) — that
the prior distribution of outputs is governed by the Gaussian process with a kernel

Kilig;alag =K Zz(lL) (moq)zig )(mOéQ) (6)
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and all the higher moments given by Wick’s contractions. Here, the sample index « labels different
inputs in a dataset. There exists a recursive formula that lets us evaluate this kernel for any pair of
inputs (Lee et al., 2018) [c.f. Equation (R1)]. Importantly, once the values of the kernel are evaluated
for all the pairs of Np = Ng + Ng input data, {z,} a=1,... N> consisting of N training inputs with
target outputs and N test inputs with unknown targets, we can perform exact Bayesian inference to
yield mean outputs as predictions for Ng test data (Williams, 1997; Williams and Rasmussen, 2006)
[c.f. Equation (GPM)]. This should be contrasted with stochastic gradient descent (SGD) optimiza-
tion (Robbins and Monro, 1951), through which typically a single estimate for the optimal model
parameters of the posterior, 0, is obtained and used to predict outputs for test inputs; Bayesian
inference instead marginalizes over all model parameters, performing an ensemble average over the
posterior distribution (MacKay, 1995).

2.2. Beyond infinity

We shall now study real finite-width neural networks in the regime ny,...,np_1 ~ n > 1.1 At
finite widths, there are corrections to Gaussian-process priors. In other words, a whole tower of
nontrivial preactivation correlation functions beyond the kernel,

G s = B [ @ar) -+ 2 (@a,)] ™

collectively dictate the distribution of preactivations. Our aim is to trace the flow of these distribu-
tions progressively and cumulatively all the way up to the last layer whereat Bayesian inference is
executed. More specifically, we shall inductively and self-consistently show that two-point preacti-
vation correlation functions take the form?

(0) T 17 1
G tanay = Oini [Kéﬂm + ES&I’QZ +0 ( )} (KS)

and connected four-point preactivation correlation functions

)

» V)
11121314;01 Q23014 connected
© © o e aoe G
i1i2i3i4;a1a2a3a4 - Gi1i2;a1a2Gi3i4;a3a4 Gulg,alasGi?“?aQa“ ; Gilu;almGiQig;aQas

©) =(0) 0! 1
[5“’25”’4‘/(01012)(04376!4) T 5’”35’2“‘/@1043)(&2&4) + 511’4&2’3‘/(&1&4)((12‘13)} +0 <n2> ’

ng_

and higher cumulants are all suppressed by O (,7]‘2) 3 Here the Gaussian-process core kernel [?&?OQ

and the self-energy correction §§f}a2 are symmetric under the exchange of sample indices o <+ o

and the four-point vertex V( is symmetric under a; <> 2, a3 <> ag, and (o) <>

(naz)(azaq)
1. Note that input and output dimensions, no and nr, are arbitrary. To be precise, defining ni,...,nr—1 =
rn,...,r—1in, we send n > 1 while keeping {C(e) 0(15)} L2 T L1, No, and ny, constants, and

,,,,,

compute the leading 1/n corrections. In particular it is crucial to keep the number of outputs n, constant in order to
consistently perform Bayesian inference within our approach.

2. In the main text we place tildes on objects that depend only on sample indices s in order to distinguish them from
those that depend both on sample indices o’s and neuron indices 4’s.

3. Given that the means of biases and weights are zero, G; (Z) a,, = 0forall odd m.

cm O
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(azarg). At the first layer the preactivation distribution is exactly Gaussian for any finite widths and
hence Equations (KS) and (V) are trivially satisfied, with

(1) _ ~1) (1) [ Ty " La S _ v _
KM =0+ 0y - < 1n0 2) ., SW =0, and Vi) (asay) =0+ (RO)
Obtained in Section 3 are the recursive formulae that link these core kernel, self-energy, and four-
point vertex at the /-th layer to those at the (¢ + 1)-th layer while in Section 5 these tensors at the
last layer £ = L are used to yield the leading 1/n correction for Bayesian inference at finite widths.

2.3. Related work

Our Schwinger operator approach is orthogonal to the replica approach by Cohen et al. (2019) and,
unlike the planar diagrammatic approach by Dyer and Gur-Ari (2019), applies to general activation
functions, made possible by accumulating corrections layer by layer rather than dealing with them
all at once. See also Antognini (2019). More substantially, in contrast to these previous approaches,
we here study finite-width effects on Bayesian inference and find that the renormalization-group
picture naturally emerges, with layers playing the role of scales.

3. Distributional flow

As auxiliary objects in recursive steps, let us introduce activation correlation functions

HY i aran B0 |28 @a)] -0 |2 (@a,)] - ®)
Our basic strategy is to establish relations
{G(1>} = {H(1>} = {G(Q)} SRR {H(L—l)} - {G(L)} , (ZIGZAG)

zigzagging between sets of preactivation correlation functions and sets of activation correlation
functions, keeping track of leading finite-width corrections. Below, relations G() — H ) are ob-
tained by integrating out preactivations while relations H® — G“+1) are obtained by integrating
out biases and weights. At first glance the algebra in this paper may look horrifying but repeated
applications of Wick’s contractions are all there is to it. The results are summarized in Section 3.2.

3.1. Zigzag relations for preactivation and activation correlation functions

Integrating over the Gaussian biases and weights at £’s connections yield the relations that link
activation correlations H ) to preactivation correlations G+ at the next layer. Recalling Equa-
tions (KS) and (V), trivial Wick’s contractions yield

K¢ED + n—sgl;? = ey | =Y B, | +0 <2> and 9)
{4 ny = n
2
C'(Hl)} e
S (e+1) _ [ w © 0 (®) 1
V(ala2)(043044) - T Z [Hjjkk;a1a2a3a4 o Hjj;awzszk:;oagaJ +0 (n> (10)

Jvkzl
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The remaining task is to relate preactivation correlations G9) to activation correlations H (©) within
the same layer, which will complete the zigzag relation (ZIGZAG) for these correlation functions.*

With the mastery of Wick’s contractions and connected correlation functions, it is simple to
derive the following combinatorial hack (Appendix A.4): viewing prior preactivations

Z = K7;- EZ»(K) T
(=000}

i=1,...,ng;a=1,...,Np

at the (-th layer as a random (n,/Np )-dimensional vector and defining the Gaussian integral with the

0] _ (0
kernel (zi;a,Zigi00) g0 = Kjiy.0100 = OirizKaias, the prior average

B{Fal) = (Pl + - (FalOslal + Flalovla ol +0 () (HACK)

for any function F. Here the operators Og[z] and Oy [z] capture 1/n corrections due to self-energy
and four-point vertex, respectively, and are defined as

Ny
=3 Z Salm Zzi;alzi;az - WKC(H)&Q and (0S)
1,02 =1
_1 rr(a1az)(azoa)
Ovlel=5 >, Vi (OV)
al,02,03,04
g ne N
" [ o Fia sz;agzj;a“ —2m Zzi%alzi;cm K((x?m
J=1 i=1

(o2 Y71 ajagtraszay ajaztragay

e
4> ziayZiay | KD, + 0 KU K, + 20K KO, |

where the sample indices are raised by using the inverse core kernel as a metric, meaning

S = X (Ra)" (RG) " S, an
Qap,0g

Vig ot = /Z/(k&)l)alal"‘(k&;>a4a4‘7<fiag><agag>' (12)
af,..al

Using the above hack, we can evaluate the activation correlations by straightforward algebra with
Wick’s contractions. In particular, as the Gaussian integral is diagonal in the neuron index ¢, we
just need to disentangle cases with repeated and unrepeated neuron indices. The solution for this
exercise is in Appendix B: it is arguably the most cumbersome algebra in this paper.

4. The nontrivial parts of the inductive proof for Equations (KS) and (V) are to show (i) that the right-hand side of
Equation (10) is finite as n — oo, (ii) that the leading contribution of Equation (9) is the Gaussian-process kernel,
and (iii) that higher-point connected preactivation correlation functions are all suppressed by O (%), all of which
are verified in obtaining the recursive equations. See Appendix B for a full proof.
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3.2. Master recursive flow equations

Denoting the Gaussian integral with the core kernel (Za,Za,) () = I?(gﬁ)w for a single-neuron
random vecjtor z = {Zo} a=1,..,Np* and plu.gging in results of Appendix B into Equations (9) and
(10), we arrive at our master recursion relations

EED = Y + O (0(20,)0(200)) 70 - (R1)
l Y4 ~ ~ - -
VD o = (O] | (00700 () (2 o (R2)

= {0(201)9(2a2)) o) (0(Za5) 0 (Zas)) o

1 ~(a}ab)(aka, ~ 5 5 .5 e
+t1 (> D Ve <U(Za1)0(la2)(zagza’2 _Kc(z’l)oaé)>f<<z>

Ny_q
! / / !
af,an,a5,00

= ~ ~ o~ >
% (0(Za0)0 (21 (Bay 2, = KL, ) m] . and

S+ < T > oiany
Q10

Ng—1

ool ~ ~ o~ ~(¢
Z S 2 < (Zoy)o (Zaz)(za’lza’z - K‘iﬁ)‘xlz)>[?(f) (R3)

al,a2

1 (o ab)(akal) ~
+§ Z V(é)1 v < (Zay )0 (Zas)

o ,ah,0,a
5 5 = = 5 = 70 = = (0
X (Zo/1 ZO/2ZO/3Z04L — 2Z0/l Za’2 Kagaﬁl — 4Za’1 ZaéKaéaﬁl
() =0 () =)
R Kl 2K Kl ) ~<e>] '
For
1, the terms proportional to that ratio are 1dentlca11y Zero due to the complete Gaussianity (RO).

The preactivation distribution in the first layer (RO) sets the initial condition for the flow from
lower to higher layers dictated by these recursive equations. Evolving through these recursive equa-

tions, the running couplings — I?C(fl)aw 17(%3&2 )(aezaea)? and §((,éél)a2 then trace changes in the distri-
butions of preactivations as the layer scale ¢ shifts, just as running couplings for physical systems
track changes in effective Boltzmann distributions as the probing scale shifts. Once recursed up to
the last layer £ = L, the resulting distribution of outputs z = z(%) can be succinctly encoded by the

probability distribution

eiH[z}

plz] = W (DO)
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with the potential H[z] = Ho[z] + ¢H1[z] + O(e?) where e = —

[e% e "L
Holz] :% 3 (f((—;)) e (Zzi;alzi;o@) , and (D1)

1,09 =1
=— - Z Joras (Z Zi:on Zi: a2> (D2)
c%17042

1 [e% e} a3 = .
8 > V(( ) ey (Z Zi;an Zi; az) > ZiasZiay | With
j=1

a1,002,03,004

Toras _ dalo ylaas)(azas) | 1L (araz)(asas)
Faras S”_QS%K%M[ & + 278 } (13)

Again, this can be derived through Wick’s contractions. It is important to note that ny, is constant
and thus € [z] can consistently be treated perturbatively.’

4. Interlude: examples

The recursive relations obtained above can be evaluated numerically (Lee et al., 2018) [or some-
times analytically for rectified linear unit (ReLU) activation (Cho and Saul, 2009)], which is a
perfectly adequate approach: at the leading order it involves four-dimensional Gaussian integrals at
most. Here, continuing the theme of wearing out Wick’s contractions, we develop an alternative an-
alytic method that works for any polynomial activations (Liao and Poggio, 2017), providing another
perfectly cromulent approach.

For a general polynomial activation of degree p, o(z) = ﬁ:o az*, the nontrivial term in
Equation (R1) can be expanded as

p

(0(201)0 (70 i = aklak2<(za1)k1 (za2>’“2>f((z)- (14)

k1,k2=0

Each term can then be evaluated by Wick’s contractions and the same goes for all the terms in
Equations (R2) and (R3).° Below and in Appendix C, we illustrate this procedure with simple
examples.

4.1. Deep linear networks

When the activation function is linear, o(z) = z, multilayer perceptrons are called deep linear

networks (Saxe et al., 2013). Setting C’ISE) =0and C"(,f,) = 1 for simplicity, our recursion relations

reduce to Kc(flty? =K, (gtl)OQ’

VAR = KO KO KO g0 e )7
V(a1a2)(a3a4) - KalasK . T Ka1a4Ka2a3 + (n€1> V(a1a2)(oz3a4)] )

5. If nr, were of order n >> 1, the potential H would become a large-n vector model, for which we would have to sum
the infinite series of bubble diagrams (Moshe and Zinn-Justin, 2003).

6. The same approach could be adopted for an analytic function but it would in general be difficult to sum the resulting
infinite series in a closed form. It could nonetheless be useful in, for example, proving convergence properties.
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and 555;12) = (%) §£y?a2. Solving them yields the layer-independent core kernel and zero self-
energy
RO g0 _Ta Tay 4 50O _ (15)

no ajan

and the linearly layer-dependent four-point vertex

/-1
G - (> LYo 20 o 20 70
ny_1 ‘/(04102)(&3&4) B (6,_1 W'> [Kalaame + Koo Kasas | - (16)

It succinctly reproduces the result that can be obtained through planar diagrams in this special
setup (Dyer and Gur-Ari, 2019). Quadratic activation (Li et al., 2018) is worked out in Appendix C.1.

4.2. ReLU with single input

The recursion relations simplify drastically for the case of a single input, Np = 1, as worked out in

detail in Appendix C.2. For instance, for ReLLU activation with C’ISZ) = 0and C’éf,) = 2, we obtain
the layer-independent core kernel, zero self-energy, and the four-point vertex

Lgo s <§ ! ) (f(<1>>2 (17)
ne (aa)(aa) ne oo :

-1 =1

Interestingly, as for deep linear networks, the factor  , (1/n,) appears again. This factor has also
been found by Hanin and Rolnick (2018), which provides guidance for network architectural design
through its minimization. We generalize this factor for monomial activations in Appendix C.2.1

4.3. Experimental verification: output distributions for a single input

Here we put our theory to the test. For concreteness, take a single black-white image of hand-
written digits with 28-by-28 pixels (i.e. ng = 784) from the MNIST dataset (LeCun et al., 1998)
without preprocessing, set depth L = 3, bias variance CISZ) = 0, weight variance Cl(f/) = Cyw, and
widths (ng, n1, n2,n3) = (784,n,2n, 1), and use activations o(z) = z (linear) with Cyy = 1 and
max (0, z) (ReLU) with Cyy = 2. In Figure 1, for each width-parameter n of the hidden layers
we record the prior distribution of outputs over 10° instances of Gaussian weights and compare
it with the theoretical prediction — obtained by cranking the knob from the initial condition (RO)
through the recursion relations (R1-R3) to the distribution (D0-D2). The prior distribution becomes
increasingly non-Gaussian as networks narrow and the deviation from the Gaussian-process prior
is correctly captured by our theory. Higher-order perturbative calculations are expected to system-
atically improve the quality — and extend the range — of the agreement. Additional experiments are
performed in Appendix C.3, which further corroborates our theory.

5. Bayesian inference

Let us take off from the terminal point of Section 3: we have obtained the recursive equations (RO-
R3) for the Gaussian-process kernel and the leading finite-width corrections and codified them in
the weakly non-Gaussian prior distributions p|z] (D0O-D2) of outputs

zZ = {Zi;a = zZ(L) (a:a)} ;

i=1,...,np;a=1,....Np
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s linear (784,n,2n,1) s ReLU (784,n,2n,1)
. T T _n: '10- ] . A N . .
—n =30 |
1 L —n = 100{]
- r —n =00 |1
~ | ]
= [
051 5
o= .. .. L
-1 0 1
z z

Figure 1: Comparison between theory and experiments for prior distributions of outputs for a single
input. The agreement between our theoretical predictions (smooth thick lines) and exper-
imental data (rugged thin lines) is superb, correctly capturing the initial deviations from
Gaussian processes at n = oo (black), all the way down to n ~ 10 for linear activation
and to n ~ 30 for ReLLU activation.

dictated by the potential H[z] = Holz] + eHi[z] + O(e?) with € = ﬁ < 1. Examples in

Section 4 illustrate that finite-width corrections stay perturbative typically when Sﬁggﬁ < 1. Let us

now divide Np inputs into Ng training and Ng test inputs as

{Zatoct, np = {(@R)g} a1, v UL(@E) s bo=t, v (18)

and the training inputs come with target outputs

{(yR)B}le,...,NR = {(yR)z’;B}le,...,NR;izl,.A.,nL . (19)

We shall develop a procedure to infer outputs for test inputs a 14 Bayes, perturbatively extend-
ing the textbook by Williams and Rasmussen (2006). For field theorists, our calculation is just a
background-field calculation (Weinberg, 1996) in disguise.

Taking the liberty of notations, we let the number of input-data arguments dictate the summation
over sample indices « inside the potential A, and denote the joint probabilities

e_H[ZR] d e—H[ZR,ZE]
—— — an ZR,ZE| = .
fdzﬁe*H[ZR] Plzr, 2] fdz{adzge*mzwzﬁ}

plzr] = (20)

Given the training targets yr, the posterior distribution of test outputs are given by Bayes’ rule:

PlYR, Z] _ fdzize_mzi‘/] | e~ (Hlyrozel—Hlwr))
plyr] [ Az, dzpe~Hlzro2E]

p[zElyR] = (Bayes)

The leading Gaussian-process contributions can be segregated out through the textbook manipula-
tion (Williams and Rasmussen, 2006) [c.f. Appendix D]: denoting the full Gaussian-process kernel

in the last layer as
(), (),
B1B2 B12

Ki1i2;a1a2 = 5i1i2 ~ ~
( ER) _ (KEE>
Y182

2D

Y12
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and the Gaussian-process posterior mean prediction as

4B
08 = 2 [Kerkg ], ()i - (GPM)
B
and defining a fluctuation (zg), ; = (ygF )w + (02g);,; and a matrix Kx = Kgg — I?ERI?ERII?RE,
~ 1\ "2
Ho [yr, 28] — Ho [y] Z 3 (628),, <KA ) (628) 1, - (GPA)
ToY1,2

For any function F, its expectation over the Bayesian posterior (Bayes) then turns into

[ cmeFlalplaly) = A7 (=P o E 0 F g ) @2)
A
where the deviation kernel ( (6zg). ... (0zg)._ .. = 0ii K A and the normalization fac-
i15%1 i25%2 / g 142 o
tor A 1 Y172
W= [<e—m1[ymygp+m]> } =1+0(). (23)
Ka
In particular the mean posterior output is given by
— o _ GP
(Ve)is = / dz (z8); p[2elyr] = (¥8' ), +N <(5ZE),-;16 Haluryi *‘SZE]>KA 24)
= (ygp)m — € <(5ZE)Z,’Y 7_[1 [va ygp + 5ZE] >K + 0(62) .
A

Stringing together ¢, = [(yr);.5, (Y§" )Z ], recalling Equation (D2) for H;, and using Wick’s
contractions for one last time, the mean predlctlon becomes

(ygp) - (NGPM)
b (Ra), B | T = X PRy 3 ) (R
‘ A — Y273
a1 9,03 72,73
nr, = (a4 (oA =~ 17 (Fra1)(aza _nL =
—l-? Z 7 (@11)(29s) (KA>A{2FY3 + Z Vv (ar)(azaz) 5 — Keapas + = Z¢J 0Py ] .
2,93 2,03

With additional manipulations, this expression can be simplified into the actionable form that
is amenable to use in practice [c.f. Equations (NGPM’) and (NGPM”) in Appendix D]. It turns out
that for deep linear networks the leading finite-width correction vanishes, and the first correction is
likely to show up at higher order in 1/n asymptotic expansion, which is not carried out in this pa-

per. Here we instead use the I, = 2 multilayer perceptron with the quadratic activation o(2) = 22,

zero bias variance CIEZ) = 0, and weight variance CI(;;) = 1/3 for illustration, plugging Equa-
tions (S30,531,S32) into Equations (NGPM’) and (NGPM”) and varying € = T = n% Results
in Figure 2 indicate the regularization effects of finite widths when the number of training samples,
NRg, is small, resulting in peak performance at finite widths. This is in line with expectations that
finite widths ameliorate overfitting and that non-Gaussian priors increase the expressivity of neural

functions, but additional large-scale extensive experiments would be desirable in the future.
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Figure 2: Test accuracy for Ng = 10000 MNIST test data as a function of the inverse width € =
1/n,—; of the hidden layer with quadratic activation. For each number Ny of subsampled
training data, the result is averaged over 10 distinct choices of such subsamplings. For
small numbers of training data, finite widths result in regularization effects, improving
the test accuracy.

6. Dreams

In this paper, we have developed the perturbative formalism that captures the flow of preactivation
distributions from lower to higher layers. The resemblance between our recursive equations and
renormalization-group flow equations in high-energy and statistical physics is highly appealing.
It would be exciting to investigate the structure of fixed points away from the Gaussian asymp-
topia (Schoenholz et al., 2016) and fully realize the dream articulated by Mehta and Schwab (2014)
— the audacious hypothesis that neural networks wash away microscopic irrelevancies and extract
relevant features — beyond their limited example of a mapping between two antiquated techniques.

In addition we have developed the perturbative Bayesian inference scheme universally applica-
ble whenever prior distributions are weakly non-Gaussian, and have applied it to the specific cases
of neural networks at finite widths. In light of possible finite-width regularization effects, it would
be prudent to revisit the empirical comparison between SGD optimization and Bayesian inference
at finite widths (Lee et al., 2018; Novak et al., 2019), especially for convolutional neural networks.

Finally, given surging interests in SGD dynamics within the large-width regime (Jacot et al.,
2018; Chizat et al., 2018; Lee et al., 2019; Cohen et al., 2019; Dyer and Gur-Ari, 2019), it would
be natural to adapt our formalism for investigating corrections to neural tangent kernels, and even
aspire to capture a transition from lazy-learning to feature-learning regimes.
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Appendix A. Wick’s tricks

Here is all you need to know in order to follow the calculations in the paper. In the main text,
Wick’s contractions are used both for trivially integrating out biases and weights as straightforward
applications of Appendix A.l and for nontrivially integrating out preactivations, with concepts of
cumulants reviewed in Appendix A.2 and A.3, culminating in the hack derived in Appendix A.4.
The random variables are generically indexed by 4 = 1,..., N throughout this Appendix: when
applying formulae for biases, . = 4; for weights . = (i, j); for full preactivations p = (i, a); for
single-neuron preactivations p = .

A.1. Wick’s contractions

For Gaussian-distributed variables z = {Z“}u=1,--.,  With a kernel K/, moments
S dze‘HO[Z]ZM Zuy Ty, . 1 & Y
Ty Ty ) ¢ = fdze—;"o[i] with Holz] = 3 Z 2, (K™ 2.
pop/ =1

(S1)

For any odd m such moments identically vanish. For even m, Isserlis-Wick’s theorem states that
(ZinZps 2 ) ¢ = Z Ko pmny = By, i, (S2)

all pairing

where the sum is over all the possible pairings of m variables, (ki, k2), . .., (km—1, km). In general,

there are (m —1)!! = (m—1)-(m—3) - - - 1 such pairings. For a proof, see for example Zee (2010).
In order to understand and use the theorem, it is instructive to look at a few examples:

<ZH1ZM2>K = Ky (S3)
T ZpoZpsZps) o = Ko Kpispa + Ky s Kpopus + Ky pa Kpopis 5 (S4)
and
<Zu1 ZpoZpzZpgZpsZyg >K (S5)
= Kppo Ky pa Kps g + K pn s K popa K ps s + Ky pua K pio s K ps

v B s s K s + K pis K pio s K ppaps + Ky s K piopis K ppaa
IH/QKM5M4KH/3M6 + KMIMS KH]Q/MLKMZ&MS + KNIM4KM2M5 K,UBN/(S
K INSKU3M4KM2,U'6 + KN1M3KM5/J'4KN2N6 + KM1N4KM5H3K,U2M6
Ky o K ppia Ky ps + Kps i K popa Ky s + B s s Ko K -

+ + + +
ttktw

A.2. Connected correlations

Given general (not necessarily Gaussian) random variables, connected correlation functions are
defined inductively through

E [Zmzm T Z/Jm} (S6)

= E [Zﬂl Zyy - Z#m} ‘connected

+ Z E[Z#km”'zﬂkm]
1 vy

all subdivisions

connected connected

.--]E Z ..-Z
|: /»‘k[ls] ﬂk[s]:|

Vs

179



NON-GAUSSIAN PROCESSES AND NEURAL NETWORKS AT FINITE WIDTHS

where the sum is over all the possible subdivisions of m variables into s > 1 clusters of sizes
(v1,...,Vs) as (lcgl], e ,k,[}l]), e (kgs], e kl[,i]) In order to understand the definition, it is again
instructive to look at a few examples. Assuming that all the odd moments vanish,

Elzuzu,) = Elzu,zu,) ‘Connected and (S7)
E [Zul ZpoZyg Z#4] = E [Z#I ZpoZyg Zu4] ‘ connected (S8)
+E [Z/“ Z'“?] |connected 2“3 Z'u4 ’connected

+E [z, 2,1, |
+E [Zmzm] |

connected ZM?Z/M ‘connected

connected 2“2 ZFL3 ’connected :

Rearranging them in particular yields

E 2y 25 215214 ‘ connected 59
= Elzu20,2u,74,]

—E [Zmzuz] E [Zuszm] —E [Zmzus] E [Zuzzm] —E [ZMZLM] E [Zuzzus] .

If these examples do not suffice, here is yet another example to chew on:

E (2 20203204 Zps 6] = B 240 2000205 2110 Zpis 2] } connected (510)

+IE [Z/“ Z/‘Q] |connectedIE [2“3 Z:LL4] ’connectedE [2“5 Z/‘G] ‘connected
+ [14 other (2, 2, 2) subdivisions]

+E [ZMI ZusZyg ZN4] ‘connectedE [Z“5 ZMG] ‘connected

+ [14 other (4, 2) subdivisions]

and hence

E 211 2117115714 2105 216 | comnectea (S11)
= E [Zm ZpoZpsZpgZys Zue]

—AE 2, 2,237, ) E (24152, ] + [14 other (4, 2) subdivisions]}

+2{E [z, 2, E (2413240, E (2,45 2,5] + [14 other (2, 2,2) subdivisions|} .

We emphasize that these are just renderings of the definition (S6). The power of this definition will
be illustrated in the next two subsections.

A.3. Hierarchical clustering

We often encounter situations with the hierarchy

E [z, - =0(e"T) (S12)

Zjim, ] ’ connected

where € < 1 is a small perturbative parameter and here again odd moments are assumed to vanish.
Often comes with the hierarchical structure is the asymptotic limit e — 0 where

E [Z,U1ZM2] = Kyypy + €Spips + O<€2) (S13)
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with the Gaussian kernel K, ,,, at zero € and the leading self-energy correction Sy, ,,,. Let us also
denote the leading four-point vertex

E (2, 205211524 ‘Connected = Vi popspua + 0(62) : (S14)

For instance this hierarchy holds for weakly-coupled field theories — from which we are importing
names such as self-energy, vertex, and metric — and, in this paper, such hierarchical structure is

inductively shown to hold for prior preactivations z(©) with ¢ = ﬁ in the regime ny,...,np_1 ~

n > 1. Note that, by definition, K, ,,, and S}, ,, are symmetric under p11 <+ p12 and Vy,, 0,04 18
symmetric under permutations of (p1, o, 13, f4).”

A.4. Combinatorial hack

So far we have reviewed the standard technology of Wick’s contractions, connected correlation

functions, and all that. Our objective now is to develop a method to evaluate E [z, - - -z, | for ran-

dom variables obeying the hierarchical-clustering property (S12),® which is the inductive hypothesis

made in the main text; by extension, the resulting method (HACK") lets us perturbatively evaluate

E {F|z]} for any function F that can be obtained as a limit of a sequence of analytic functions.
With the review of connected correlation functions passed us, first note that

E 2, - 2p,,] (CLUSTER)
=E[z,,2,,] - E [z“m_lz“m] + {[(m — 1)!! — 1] other pairings}
+ E (21 24221574 ‘connectedE [Zs52p6] - E [Z#m—lzﬂm]
+ { [(T) x (m —5)Il — 1] other (4,2,2,...,2) clusterings} + O(€)
=Ko Ky 1 + {[(m — 1)1 — 1] other pairings}
+ ESmuzKMSM o 'Kum—lum
+ { (T;) X (m —3)!! = 1| other such clusterings}
+ Vipopspna Kpspe ** Kpim—10m

i { (Z‘) x (m —5)! — 1| other (4,2,2,...,2) Clustefings} +0()

=(Zuy T ) i (CLUSTER”)

+ €S (Zus * Zy ) e + { [<T;> — 1} other self-energy contractions}

+ Vi popspa (Zus = Zpm ) e + { KZL) - 1] other vertex contractions} + O(€%).

where in the last equality Wick’s theorem was used backward.

7. In the main text the connected four-point preactivation correlation functions are symmetric under the permutations of
four (sample, neuron) indices, { (i1, 1), (i2, a2), (i3, a3), (i4, a)}.

8. More precisely, we shall inductively use only the weaker proposition that E z,,, - - - z,, ]
along with Equations (S13) and (S14).

= O(e*) form > 6

connected

181



NON-GAUSSIAN PROCESSES AND NEURAL NETWORKS AT FINITE WIDTHS

Below, let us use the inverse kernel (K *1)“ M2 a5 a metric to raise indices:

s = 30 (K1) (1) Sy, and (S15)
G
yumss = 3T (R (Y (S16)

’ /
5oty

Then, in order to simplify the second set of terms in Equation (CLUSTER’) involving self-energy,

note that
TS
Zyy Zyy, E Stz 2,
TS K

- E ( ey
— SH1H2 [<ZM’1ZM’2>K <ZM1 Zum>K

5

+2 <ZM1ZM’1>K <ZM2ZM’2>K <ZM3 e

! i
— e
= E St QK,U‘Il/J‘IQ <ZM1 ZMm>K

JANTA

2 ) + { [(?) — 1} other (,UflvHZ)}]

1280115 (Zps T ) e + { K’;) - 1} other (m,uz)}

where the symmetry ji1 <+ po of S, was used. Hence, defining

1 i
Oslz] = 5 > s (Zu’lzué - Ku’lu’z) ’

AN

we obtain

€Sprps Zps 2 ) e + { KT;) - 1} other (m,m}

= e(zy -2, 05(2)) -

(OS’)

(S17)
(S18)

The similar algebraic exercise renders the other term in Equation (CLUSTER”) to be

m
EVM1M2H3M4 <ZM5 T Zum>K + { |:(4> - 1:| other (Hla /‘1’27”37/‘L4)}

= €(Zu, 24, 0v[z]) i

with

]. T
= My Hg gy
OV [Z] =9 E V (Z‘u/1 ZH’QZNQZHQ

/ /
Ky seesfby

182

— 6Z/‘/1Z#/2K/1§“21 +3KH/1H,2KM§M21> .

(S19)
(S20)

OV’)



NON-GAUSSIAN PROCESSES AND NEURAL NETWORKS AT FINITE WIDTHS

In summary, for any function F[z] of random variables z,,
E{Flzl} = (Flzl) + € (F2]Oslal) i + ¢ (F[2]Ov[a]) c + O(). (HACK?)

In order to get the expressions used in the main text at the /-th layer, we need only to replace
w— (i, «), identify € = ﬁ, and use the inductive hypotheses (KS)

E [Zi1:01Zig:an] = Oivio [IN(&?OQ + %gc(fl)m +0 <nl2>}
and (V)
E 21101 Zigian ZizsasZisica] | comected
1 %0 7

= 7n€_1 |:6i1i26i37;4‘/(a10£2)(043a4) + 5i1’i35i2i4 (011013)(012014)

s 0 5
+6le451213‘/(a1a4)(a2a3):| T 0 (ng) ’

The operators in Equations (OS’) and (OV’) then become

1 ~ o -~
Oslz] = 2 Z S(CBOQ (Zzi%alzi;w) _nZKéﬁ)@Q] and
1,0 =1
1 rrlar1az)(asa
Ovle] = ¢ > V((e)1 2J(eans)

o1 ,02,03,004
i) ng ng
X [ <Z Zi;mzi;ag) sz;aazj;tm — 2ng (Z Zi?o‘lzi9o‘2> k&?‘l‘l
i=1 j=1 i=1
ng
L (z ) RO, + 2RO, RO, + 2 RO, f%g@m] |

i=1

i.e., the operators in Equations (OS) and (OV) in the main text.
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Appendix B. Full condensed proof

In this Appendix, we provide a full inductive proof for one of the main claims in the paper, stream-
lined in the main text. Namely, we assume at the /-th layer that Equations (KS) and (V) hold and
that all the higher-point connected preactivation correlation functions are of order O (#) — which
are trivially true at £ = 1 — and prove the same for the (¢ + 1)-th layer. We assume the full mastery
of Appendix A or, conversely, this section can be used to test the mastery of Wick’s tricks.
First, trivial Wick’s contractions yield
g (S21)

i1.ei2m ;0 e O2m
Givia O i i [Cézﬂ)}m—k [C%H)}k

e

1 () m
X TT’; Z Hjljl~~-jkjk§ala2~--a2k7102k + [(k) -1 Others}

J1yeenfie=1
+[(2m — 1)!! — 1 other pairings] .
Studiously disentangling cases with different numbers of repetitions in neuron indices (ji, . . . , jk),
we notice that at order O (%) , terms without repetition or with only one repetition contribute, finding

e

iIf Z H](Si-~-jkjk2a1a2~--a2k—1a2k (522)
K JiyenJk=1

= [< (ZOq) (Za2)>[?(1’.) T <U(za2k—1>a(ia2k)>f{(l)]
+;€{ [(0(Za1)0(2a5)0(Zas )0 (2a4)) g0 = (0(Zar )0 (Zas)) o) (0(Zas)0(Zau)) 0]

X [ Za5 Zaﬁ >K(g) T <U(Za2k—1)o-(2a2k)>[~((£)]

NN

+m <[ Z1:01)0(Z1505) * - U(Zk;a%ﬂ)a(zk;azk)] {Os[z] + Ov [Z]}>K(e)

1
0]
(i)
where we used the inductive hierarchical assumption at the ¢-th layer, i.e., its consequence (HACK)

and denoted a single-neuron random vector z = {Za},_; N, and the Gaussian integral with the

core kernel (Za, Zay) fp o) = K &?QQ. Plugging in expressions (OS,0V) for operators Og v z],

<[‘7(Z1,a1)‘7(21,a2) T U(Zkyan—l)U(Zk7a2k)] OS[ZDK(Z) (823)
- 3 30 8 (ot (s K0

X <U(za3)a<io¢4)>l}(2) T <U(20¢2k—1)0<20¢2k)>f((4) + [(k - 1) others] }
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and

[U(Zl,a1)0<zl az) U(Zk a2k71)0—(zk7a2k)j| OV[ZDK(L’) (S24)

Z V'((C)“ o) (agad)

o) ;005,000

m"d/\

- - . A~ B e 04 DO e (4
X { <a(za1)o(za2) (Za’l ZoyZotZoy, — 2204 2, K(Ezg)ag — 4z, 2, Ké )a,
+K9 KO 42k KO ) > _
199 30y 193 20y K(®©)
X (0’(2&3)0(2&4))%(@) <U(zazk—1)0(za2k)>f{(8) + [(k - 1) Others] }
1 > (afap)(agal)
+1 Z V(z)

0 ,00,003,0
N A Y. N e
X{ <U(Za1)0(za2) (Zaﬁzaé - Ka’l)a’z) >f<(m <U(Z°‘3)U(Za4) (Z%Z“Z B Kc(v’) ’>>K(e>
. - N - k
X (0(Za5)0 (Zag ) o) (0 (Za )0 (Za) ) oy + || o | — 1 others

As special cases, we obtain expressions advertised in the main text to be contained in this Appendix:

_ 1 &
N ©)
Agzl)az = TTg ZHjj;alw (522
j=1
= <0(ia1)0(ia2)>f((2>
o a2 5 7,7 KO
ne 1 Z S(E) < (Zay)o (Za2)(zo/1z : Ka a2)>K<€)
17 2

~ ~ ~ ~ ~ ~ ~(¢ ~ ~ =
X (ZO/1 Za’2 Zaézaﬁl — 2Z0/1 Za’2 K(ié) , — 4z, ZagK(é A
=) 70 =) 70 >> 1
B gy Koor 2K Ko W)] +0 <n2
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and
=0 L <~ [0 (0 (0
B(a1a2)(a3a4) = 77% Z |:H]1]1]2]270410420¢3044 - H]1]1y011(X2H]2]270430¢4:| (S26)
J1,j2=1

= 1{ <U(2a1)U(iaz)a(zas)a(za4)>k(l) - <U(za1)0(2a2)>f{(4) <U(2a3)0(2a4)>f{(8)

ny
1/ ne Sohag)abal) /o s K
+ () Y Ve <U(Za1)0(zaz)(z 1 2oy, — Ky a2>>K<Z>

Ny—1
/ ! ! ’
Cl{l ,a2 ’O‘S ,a4

) _ 1
(9200 o) oo, = KL )) } w0 ()

Assembling everything,

G+ (S27)

11.--22m ;1 ... 02m

A . mmH[ (e+1)+ce+1>A(>

Q2f— 1a2k:|
+[2m -1 -1 other pairings]

+6i1i2 o .5i2m71i2m§(€) H [Cl(i“_l) + CI(/IZ;H)K(E) }

(alag)(a3a4) Q2f 102k
k=3

2
+ { [3 X ( T) X (2m — 5)! — 1} other (4,2,2,...,2) clusterings}

+0()-

In particular,

0+1 0+1 0+1 1
Gl ) = B[O+ ClIAD,] +0<2> . (528)
(e+1) _ s . s . O , )
Gi1i2i3i4;a1a2a3a4 connected - 51122513143(0‘1042)(@3044) + 51”3512@43(011013)(042014)

' () !
+6211462215B(a1044)(a2a3) +0 <n2) o

(¢+1) _ 1
Gili2~~-7;2m71i2m§a102-~~a2m71a2m comnected o (712) , for 2m >6. (829
completing our inductive proof. Note that B((i)lag)(asm) =0 (3).

Nowhere in our derivation had we assumed anything about the form of activation functions. The
only potential exceptions to our formalism are exponentially growing activation functions — which
we never see in practice — that would make the Gaussian integrals unintegrable.
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Appendix C. Bestiary of concrete examples

C.1. Quadratic activation

Let us take multilayer perceptrons with quadratic activation, o(z) = 22, and study the distributions
of preactivations in the second layer as another illustration of our technology. From the master
recursion relations (R1-R3) with the initial condition (R0O), Wick’s contractions yield

7> 2
KB, =C7 + O | K K, + 2K 0, K, | (830)
v _ N2
S | RO, Rith, (RE,)"+ R RLL, (REL) (s31)
o)
~ 2 ~ ~ 2
# R, (RE.) + BLED, (RL.)]
A(ZO V(RO Vo (RO V(RO )
| (REas) (RE) + (RE) (R
0 R RO R+ R R R D,
R R K8 R+ RO R R, R
16 RO, R, R, RO, + KA, R, R, R,
+1680, KO KO KDY, and
S?,, =0. (S32)

where IN(SI)OQ = C’él) + C"(,ll,) . (%) These expressions are used in the main text for the
experimental study of finite-width corrections on Bayesian inference.
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C.2. Details for single-input cases

The recursive relations simplify drastically for the case of a single input, Np = 1. Setting C’éz) =0
for simplicity and dropping « index, our recursive equations reduce to

R+ :CI(AZ/+1) <[0(i)]2>f((f> : (S33)
2
= — - - - —————, an
<]~((Z+1)>2 <[U(Z)]2>j~<(e> 4 \ng—1 <[a(2)]2>f((z) K® ([Z’(f))Q

(S34)

st _1< ne ) (@125, ). 8@ ($35)
K+ 2 \ny_y <[0(i)]2>~( ) K© K(©)

K

+1< - ) <[0(2)}224>f(“> <[J(Z)]222>f<<é) +3]- v
{

) (o), (ko) (o@r) g, 50 ) (o)

C.2.1. MONOMIALS WITH SINGLE INPUT

For monomial activations, o(z) = zP, such as in deep linear networks (Saxe et al., 2013) and
quadratic activations (Li et al., 2018),

K0 = [@p—1ne] (KO)” (836)
T (0+1) AT 7
Vv i :{ (4p 1)”2—1}—4—]?2( ng ) 14 _, and (S37)
( fq(éﬂ)) [(2p — 1)!] -1 ( f(m)
S+ 3 NIRRT 0)
S _ < ng > 2 +P(p ) . (S38)
K (+1) ng_1 K®© 2 (ﬁ(z))
In particular the four-point vertex solution is given by
1 v 4p — D! = 1
S :{ Up = DU _1} S — - (539)
ng_1p (K(£)> [(2p — )] o= P

The factor <Z y %})Qe,) generalizes the factor (Z v n%/) for linear and ReLU activations. Fol-
24

lowing Hanin and Rolnick (2018), this factor guides us to narrow hidden layers as we pass through
nonlinear activations for p > 1.
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C.2.2. RELU WITH SINGLE INPUT

ReLU activation, o(z) = max(0, ), can also be worked out for a single input through Wick’s
contractions, noting that the Gaussian integral is halved, yielding

N cDT
KD = | 2| g0 (S40)
1/ (¢+1) £)
ff2:5+(w) Vo and (S41)
()™ A/ (ko)
Q(e+1) [0
ST < e ) S (S42)
K (6+1) ne—1) K©

Setting Céf,) = 2 for simplicity, these equations can be solved, leading to

2
70 _ go _ =zl (543)
ng
/-1
2
V@—5< 1)( ),am (S44)
Ny_1 Togr
=1
SO =9. (S45)

C.3. More experiments on output distributions

Here is an extended version of experiments in Section 4.3. As in the main text, take a single
black-white image of hand-written digits from the MNIST dataset as an ng = 784-dimensional
input, without preprocessing. Set bias variance CIEE) = 0, weight variance Céf/) = Cw, and use
activations o(z) = z (linear) with Cyy = 1, 0(2) = 2? (quadratic) with Cyy = %, and 0(2) =
max (0, z) (ReLU) with Cyy = 2. For all three cases, we consider both depth . = 2 with widths
(no,n1,mn2) = (784,n,1) and depth L = 3 with widths (ng,n1,n92,n3) = (784,n,2n,1). As
in Figure 1, in Figure S1, for each width-parameter n of the hidden layers we record the prior
distribution of outputs over 10% instances of Gaussian weights and compare it with the theoretical

prediction. Results again corroborate our theory.
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linear (784,n,1)
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Figure S1: Comparison between theory and experiments for prior distributions of outputs for a
single input. Our theoretical predictions (smooth thick lines) and experimental data
(rugged thin lines) agree, correctly capturing the initial deviations from the Gaussian
processes (black, n = o0), at least down to n = n, with n, ~ 10 for linear cases,
n, ~ 30 for ReLU cases and depth L = 2 quadratic case, and n, ~ 100 for depth
L = 3 quadratic case. This also illustrates that nonlinear activations quickly amplify

non-Gaussianity.
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Appendix D. Finite-width corrections on Bayesian inference

In order to massage Equatlon (IN¢ GPM) mto an actionable form, first playing with the metric inver-

sions and defining ¢,” = 3",/ (K 1)yoo d)z,a’ the mean prediction becomes
GP _p)ee
()i +e D (K )m 6" (K1) (S46)
1,771,080
gL (L) L (L)
X {Sa(]al Z [‘/(aoaz)(alag,) + Vv(aoa1)(oc2a3)i|
2,03

L )
T3 Z aoal (a2a3) Z ¢ a2¢] } :

042 ;3
This expression simplifies drastically through the identity

(S47)

_ o\ -1 -
Kgrr  KRrg _ KRR +KR KREK KERKRR1 —KQI%NKREKE
Ker  Keg ~Kx IKERKl{R Ki! ’

which can be checked explicitly, recalling K A= I?EE — I?ERI?IQRI I?RE. Incidentally, this iilentity
can also be used to prove Equation (GPA). Now equipped with this identity, recalling ¢;., =

Y-l

5 |\ _ N
[(YR);.5 + (ygp)m], we notice that q&f =35 (KRRI) (yr);;5 and ¢;" = 0. Similarly

(F) - () ), () )™

V2,73

and other components [i.e. with one or both of training components (32, 33) replaced by test com-
ponents ] vanish. Equation (S46) thus simplifies to

— B Y1 ~ B .
(ygp)i;‘y Te B Z ( >’Y’Yl ¢; . ( ) o [ ((NLB1 3 Z 06051)(/32/33 Z gbj/BQ(bst
J

B171,20 B2,83
(548)
_ (D) L (L) ~_1)P2Ps
,Z <‘/(06032)(5133) + V(aoﬁl)(/32ﬂs)) (KRR) ]
B2,83
Finally, denoting the matrix inside the parenthesis to be
) 1 (L) — Ba— B3 s
Aaoﬂl _Sa031 T 2 Z - ‘/(0051)(5253) Z 37 (NGPM")
B2,83,85,5% J
_ NLo(L) ) <~_1)5253
Z ( (a0 B2)(B1B3) T 2 V(aoﬂl)(/ﬁzﬁs) Krg ’
B2.Ba
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and noticing Z% (kA)’y’yl <I~{_1>ﬁ1ﬁo _ (kERklgR‘l)’;{ Bo and th (kA)Wl (k_l)ﬁwo _

Yo
(5,-y s

o B 7% o= BO 29
(&), +e 3387 A5 -3 <KER KRl%)ﬁ Az s (NGPM”)
B Bo

—B ~_\BF
is the mean prediction. Equations (NGPM’) and (NGPM”) with (Z)i'B => 5 (KR_Rl) (Yr);. 5 are
actionable, i.e., easy to program.
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