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Abstract

We present a method to obtain the average and the typical value of the number of critical points
of the empirical risk landscape for generalized linear estimation problems and variants. This rep-
resents a substantial extension of previous applications of the Kac-Rice method since it allows to
analyze the critical points of high dimensional non-Gaussian random functions. We obtain a rigor-
ous explicit variational formula for the annealed complexity, which is the logarithm of the average
number of critical points at fixed value of the empirical risk. This result is simplified, and extended,
using the non-rigorous Kac-Rice replicated method from theoretical physics. In this way we find
an explicit variational formula for the quenched complexity, which is generally different from its
annealed counterpart, and allows to obtain the number of critical points for typical instances up to
exponential accuracy.

Keywords: Landscape complexity, Empirical risk landscape, Generalized linear models, Kac-Rice

1. Introduction and main results

1.1. Introduction

Characterizing the landscape of the empirical risk is a key issue in several contexts. Many current
machine learning problems are both non-convex and high-dimensional. In these cases, the analysis
of optimization algorithms, such as gradient descent and its stochastic variants, represents a very
hard challenge. In recent years, there has been a series of works that developed a landscape-based
approach to tackle this challenge. The key idea is to study the statistical properties of the empirical
risk landscape, and to use these findings to obtain results on the performance of algorithms. Without
the aim of being exhaustive this research avenue includes analysis of the landscape of neural net-
works, matrix completion, tensor factorization and tensor principal component analysis(Fyodorov,
2004; Fyodorov and Nadal, 2012; Kawaguchi, 2016; Soudry and Carmon, 2016; Ge et al., 2016;
Freeman and Bruna, 2016; Bhojanapalli et al., 2016; Park et al., 2017; Du et al., 2018; Ge and
Ma, 2017; Ge et al., 2017; Lu and Kawaguchi, 2017; Ling et al., 2019; Ben Arous et al., 2019;
Ros et al., 2019; Mannelli et al., 2019; Sarao Mannelli et al., 2019; Ben Arous et al., 2018; Biroli
et al., 2019). The majority of these works identifies the region of parameters where the landscape
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is “easy”, i.e. it focuses on the regime where there shouldn’t be any bad local minima and it proves
that indeed there are none. However, gradient descent and other landscape-based algorithms are
often observed to work even very far from the region described above where the landscape can be
proved mathematically to be “easy”. A possible reason is that the bounds obtained rigorously are
not tight enough. Another, more interesting, is that the landscape is “hard”, i.e. spurious minima
are present, but their basins of attraction are small and the dynamics is able to avoid them (Mannelli
et al., 2019; Sarao Mannelli et al., 2019).

Here we develop a general method that allows to study and focus directly on the “hard” regime,
where the empirical risk displays a huge number of bad minima. Our aim is to obtain explicit for-
mulas for the number of critical points of the empirical risk landscape, to characterize their indices,
and the Hessian associated to them. For a given problem, this will allow to identify the topological
transition where the landscape becomes “easy”, and to analyze very precisely the “hard” regime.
In recent years, there has been remarkable progress on this subject in the field of spin-glasses and
probability theory through the Kac-Rice method (Fyodorov and Williams, 2007; Bray and Dean,
2007; Auffinger and Ben Arous, 2013; Auffinger et al., 2013; Subag, 2017; Ben Arous et al., 2019;
Ros et al., 2019). This line of research has allowed to put on a firm ground results previously
obtained in the physics literature (Bray and Moore, 1980; Kurchan, 1991; Crisanti and Sommers,
1995; Cavagna et al., 1999), and it has unveiled important relationships with random matrix theory.
Its main domain of application has been the study of the landscapes associated to Gaussian random
functions. Its extension to tackle the case of non-Gaussian high-dimensional random functions is
an open problem—one that is crucial to address in order to characterize the critical points of the
empirical risk.

Here we present an important step forward: an extension of the Kac-Rice method to compute the
number of critical points of the empirical risk arising in generalized linear estimation problems
(Nelder and Wedderburn, 1972; McCullagh, 1984; Barbier et al., 2019). Our approach contains
both mathematically rigorous analysis and exact results obtained by theoretical physics methods.
We work out a rigorous formula for the logarithm of the average of the number of the critical points,
called henceforth annealed complexity. This quantity already provides interesting information in
itself. A more refined quantity, but much more challenging to be analyzed rigorously, is the average
of the logarithm of the number of critical points. This so-called quenched complexity is truly repre-
sentative of the typical properties of the landscape for a given instance of the empirical risk and is
generically different from its annealed counterpart which is instead dominated by rare instances, see
for example the case of tensor PCA (Ros et al., 2019). In order to obtain the quenched complexity,
we develop a non-rigorous but exact approach that combines the Kac-Rice method with the replica
theory used by physicists (Ros et al., 2019).

Our main results are two explicit formulas for the quenched and annealed complexities. They open
the way towards a full fledged characterization of the landscape of generalized estimation problems
and variants, and the analysis of landscape-based algorithms, such as gradient descent. Note that
these models can also be viewed as the simplest neural network (single-node) in a teacher-student
setting (Engel and Van den Broeck, 2001).

1.2. Main results

We consider two classes of high-dimensional random functions. The first one is a kind of energy
that arises in a simple model of neural networks (the perceptron, cf. Engel and Van den Broeck
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(2001)) and in mean-field glass models (Franz and Parisi, 2016):

m

Li(x) = % > (& x), 8]

p=1

where ¢ : R — R is a smooth activation function (the hypotheses on ¢ are precised later), x € S* !,
the unit sphere in n dimensions, and £, are i.i.d. random variables generated from the standard
Gaussian distribution in R™. The second class of functions we will consider are related to the
loss functions of generalized linear models (GLMs) Nelder and Wedderburn (1972); McCullagh
(1984). In generalized linear estimation an observer has to infer a hidden vector x* € S"~! from
the observation of the m-dimensional output vector Y = {$(,, - x*)}/;. In this sense, the GLMs
generalize the usual linear regression by allowing the output function to be non-linear!. We consider
here random GLMs, meaning that the data (or measurement) matrix & is taken random, with an i.i.d.
standard Gaussian distribution, and we assume that the function ¢ and the data matrix £ are given
to the observer. This naturally leads to the mean square loss Lo:
1 « 2
Lo(x) = 5— Z (CICITED SRR ICIED 9] 2

GLMs (and their random versions) arise in many different areas of statistics, such as e.g. compressed
sensing, phase retrieval, logistic regression, or in random artificial neural networks; we refer to Bar-
bier et al. (2019) for a review of its numerous applications.

Here, we are interested in the statistics of the number of critical points, or more precisely the com-
plexity of the associated empirical risk (2). For any open intervals B C Ry and @ C (—1,1), we
consider the (random) number Crit,, 1, (B, Q) of critical points of the function Lo with loss value
in B and overlap with the signal ¢ = x - x* in Q:

Crit, 1,(B,Q)= Y 1{Ly(x) € B, x-x* € Q}. (3)

x:grad L2 (x)=0

Here grad is the Riemannian gradient on S"~!. For L; we define the similar quantity Crit,, 1, (B),
dropping the notion of overlap. The average E Crit,, 1.,(B, Q) is the quantity that can be ana-
lyzed rigorously. Its logarithm divided by n is called the annealed complexity. However, since
the random variable Crit,, 1, (B, @) is in general strongly fluctuating and scales exponentially with
n, its typical value is different from the mean and can be obtained by taking the exponential of
E In Crit,, 1, (B, Q). This last quantity (divided by n) is called the quenched complexity. It is in
general different from the annealed one, with very few exceptions (Subag, 2017; Crisanti and Som-
mers, 1995).

Our main results consist in explicit formulas for the annealed and quenched complexities for L; and
L. The formula for the annealed case is obtained by a rigorous Kac-Rice method, whereas the one
for the quenched complexity is obtained by theoretical physics methods combining the Kac-Rice
method with replica theory. We consider the limit n, m — oo with m/n — « > 1, a setting called
in the statistical physics literature the thermodynamic limit. The condition o > 1 is essential, as
can be seen for instance in eq. (1) : if m < n, for each realization of {£,}, the function L; has an

'One can also consider GLMs in which the output function is stochastic. Here, we restrict to deterministic outputs.
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infinite number of critical points in the set of unit-norm x orthogonal to all the {£,,}, and counting
the critical points in this case is meaningless (or one has to quotient the space to take care of the
degeneracy). Our results hold for many classical activation functions ¢, such as e.g. the hyperbolic
tangent, the arctangent, the sigmoid, or a smoothed and leaky version of the ReLU activation func-
tion!. Henceforth we shall denote C . the strict upper-half complex plane, and M (R¥) the set of
probability measures on R*. For two probability measures ;. and v we define the relative entropy
H(plv) = [In(dp/dv)dp if pis absolutely continuous with respect to v, and +oc otherwise. Fi-
nally, ;i¢; is a generic notation for the standard Gaussian measure on any R”.

We can now present our main results.

Theorem 1 (The annealed complexity of L.;) Let B C R a non-empty open interval and denote
M (B) the set of probability measures v on R such that [ v(dt)$(t) € B. Given:

e &(v)=1In U V(dx)gb'(x)z],
o ty(v) = [v(dz)zd/ (),

o Let z € R™™ an i.id. standard Gaussian matrix, andy € R"™ a vector with components
taken i.i.d. from a probability measure v. Let D\") the diagonal matrix of size m with elements
D,(f) = ¢"(yu). We define 1o, 4[v] as the asymptotic spectral measure of zDWZT /m.

o ko o(1,C) = [ pagv)(dz)njz —C

’

one has*:
1 1+1 1
lim —InE Crit,, ,(B) = Lthna + sup | —=&(V) + Kag(V, te(v)) — aH (V|pa)
n=o0 N 2 vemy(B) L 2

A note on free probability Interestingly, the measure 1, (V] can be interpreted as the free mul-
tiplicative convolution of the Marchenko-Pastur law (at ratio «) and the asymptotic spectral dis-
tribution of the matrix D), cf. e.g. Voiculescu (1987); Anderson et al. (2010)>. We describe in
Section 3 how to explicitly compute the density of 1, [v], or its linear spectral statistics (as e.g.
Ka,s(V, C')), via the computation of its Stieljtes transform.

We turn to our second annealed result:

Theorem 2 (The annealed complexity of ;) Let B C Ry and Q C (—1,1) two non-empty open
intervals. For q € (—1,1) we denote M (B, q) the set of probability measures v on R? such that

Jv(da,dy)y ¢/ (z) [¢ (q:v + /1 - q2y) - <15(w)} =0,

Jv(dz,dy) [¢> (qm +4/1— q2y) _ 4)(33)]2 cB. 4

Given:

IThe precise hypotheses on the activation function ¢ are precised in Section 2.

2A fully rigorous statement would imply a lower and an upper bound given by a supremum over the adherence and
the interior of M 4 (B). For reasons of lightness and clarity of the presentation we write it in the simpler presented form.

3Free multiplication is usually defined for positively-supported measures, however one can generalize it here by
explicitly separating the positive and negative parts of ¢’ (we can show freeness of the resulting two random matrices).
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o Eula) =tn | [vldeay) o0 6 (4o + VI= )~ oto)] |
o tolav) = [ vldr,dy) 2 ¢/(2) [6(2) — 6 (ax + VI = y) |,
e f, is a function from R? to R defined by:
folwy) = ¢ (@) = ¢" (@) [6 (0 + VI 2y) - 6 ()], 5)

o Letz € R™™ ani.i.d. standard Gaussian matrix, and Y € R™*2 with components taken i.i.d.
from a probability measure v on R2. Let D\"9) the diagonal matrix of size m with elements

D,(f/’q) = fq(Yy). We define jiq [q, V] as the asymptotic spectral measure of zDW97T .

bl

® rag(q,V) = [ taglg, v](dz) In |z —t4(q,v)
then one has:

lim L InE Crity 1, (B, Q) = 2% ©)

n—oo N 2

1 1
+sup  sup —In(1 —¢*) — §5¢(q, V) + Ka,g(q,v) — aH(v|pg) | -
qeEQ V€M¢(B,q)

The proof of Theorem 1 is presented in Section 2. The proof of Theorem 2 is a straightforward
generalization, and sketched in Appendix C.1. The variational problems in Theorems 1 and 2 are
challenging, as they imply an optimization on a set of measures, and they involve transforms of this
measure that are very hard to access numerically. In Section 3 we present a drastic simplification:
a heuristic calculation that allows one to reduce the supremum over the probability measure v to a
much more straightforward optimization over a small number of parameters.

As we have already stressed, the annealed complexity, although interesting in itself, is generically
not representative of the landscape corresponding to a given typical instance of the empirical risk. In
order to obtain the value of the quenched complexity we use the replicated Kac-Rice method, which
is an extension to non-Gaussian functions of the one developed in Ros et al. (2019). Although
the replica method is non-rigorous, it is considered an exact method in theoretical physics and it
has been proven to give correct results for spin-glasses and inference problems (Talagrand, 2006;
Barbier et al., 2019). We have obtained an explicit formula' for the quenched complexity of L; and
L» at fixed values of the empirical risk, and overlap with the solution (in the L9 case).

For L1, using the notations of Theorem 1 we have:

Result 1 (Quenched complexity of L) Let B C R an open interval.

_lna—aln27r l1—«

1
lim —ElnCrit, 1, (B) = + sup extr {/ﬁ}a,qﬁ(y, C)+
B)

In(1-gq)

n—oco n 2 vEMy(
q€(0,1)

1—aq
e /u(d)\)g(A)

_A/Alfad

+O(qé—é)—11n[A—a]— +a Dglnf(g)}.
2 2 R4

2(A—a)

"Here we used a replica symmetric structure, which is correct in many cases, and a very good approximation in others
were replica symmetry has to be broken (Mézard et al., 1987).
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Here, & = (&4,%a,%c,€)) and DE is the standard Gaussian probability measure on R4 The extr
denotes extremization with respect to all variables (A, A, a,a,C,C,¢,{g(\)}). We denoted

I(E)E/d/\e—zﬁq)+gg”+i;%’<x)2+ ML e 260t )/ 2518/ () (i) A Ee—il)]
R

In this formula, the notation extr denotes that one should set the partial derivatives with respect
to the involved variables to zero. This notation arises from the replica calculation, which mixes
saddle-point computations with Lagrange multipliers associated to certain constraints, and the pre-
cise meaning of this extremization (as a supremum or infimum) would have to be clarified by a more
rigorous method. On a numerical point of view, one would have to solve the associated saddle-point
equations, so that this precise meaning is not crucial for applications. We can state a very similar
result for Lo:

Result 2 (Quenched complexity of o) Let B C R, Q C (—1,1) two open intervals and:
e Form € (—1,1), My(B,m) is the space of probability measures v on R? that satisfy:
3 J (@, dN)[6(N) — o(\0)]?
J @\, dN)¢' (N)[B(A) — d(A)](A° — mA) = 0.

o Let f(x,y) = ¢"(y)[d(y)—o(x)]+ & ()2 Letz € R"*™ an i.i.d. standard Gaussian matrix,
and Y € R™*2 with components taken i.i.d. from a probability measure v on R%. Let D) the

(N

diagonal matrix of size m with elements D(V) f(Yy). We define 1o 4[v] as the asymptotic
spectral measure of zZD™)zT /m.

® Xa,o(v,C) = [ paev](dz) Injz — C|.

One has:
Ina — aln 27w
lim Eln Crity, 1,(B,Q) = sup sup  extr | —————— + Xa,6(¥, C)
n—oon meQ veMy(B,m) 2
q<(0,1)

l—ag—m? 1-a 1 a AA  aa

Inl-—¢q)—=n(A—a) - ——— — — + —

da—g Tz hl-e-ghid-a-gams -5t

—CyCo — CC + cé — /u(d)\o, dA)g(A%, ) + a/ DEDN In (N0, €)
R4 xR

The extremum is made over all the variables (A, a, Cy, C, c, A,a,C,¢,C, {g(\°, \)}). D denotes
the standard Gaussian measure, and the variables Cy, c, C are related by the additional constraint

—m(1—q)Co — (g —m*)C + (1 —m?)c = 0.
I(X\°, &) is defined as, with &€ = (£, &4, &0, EL):
100, ¢) = / D AN g 2 6 3 800 1 €0 g1 () [6() b (W) A0+ EEN (VDN —6(A°)]

B2 BN -2+ 2Ead (NN~ SO/ 2 [# VSO~ O (EeHil)+AEc—i€L)]

The derivation of Result 1 is given in Section 4. Result 2 can be derived by a straightforward
generalization of this computation, see Appendix C.1.
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1.3. Conclusion, outcomes and perspectives

We have obtained analytical results for the annealed and quenched complexities of statistical mod-
els with non-Gaussian loss functions arising in generalized linear estimation and simple models of
glasses and neural networks. Our method is versatile and can be easily extended to other cases. We
describe in Appendix C.2 three other inference models to which it applies: binary linear classifica-
tion, a mixture of two Gaussians, and a simple model of unsupervised learning.

As a sanity check of our results, we have analytically verified by explicit solution that for a linear
activation function, the annealed complexities of L; is null. It is again a tedious but straightforward
computation to check that the annealed complexity of L; with a quadratic activation ¢(z) = 2 is
also null, as the number of critical points in this case is linear with n. Note that for Lo, even the
case of a linear activation is non trivial, as shown in the very recent analysis of Fyodorov and Tublin
(2019).

Our results allow for a complete characterization of the empirical loss landscapes of generalized lin-
ear models. The main issue ahead is determining for which class of functions ¢ and in which regimes
(e.g. values of «), the annealed and quenched complexities become positive, i.e. when the associ-
ated landscape is rough. This will allow to study the connection between landscape properties and
dynamics induced by local algorithms. In particular, it will shed light on the relationship between
the roughness of the empirical loss landscape and the existence of “hard” phases in the learning of
generalized linear models (Barbier et al., 2019). It will also provide an interesting benchmark for
obtaining the algorithmic thresholds of gradient descent (and variants) only through the knowledge
of the landscape properties (Sarao Mannelli et al., 2019; Mannelli et al., 2018). Based on ongoing
works, we can for instance conjecture the existence of a rough landscape for small enough « in
phase retrieval (Lucibello et al., 2019) and retarded learning (Engel and Van den Broeck, 2001).
Addressing these questions requires additional work, which is beyond the scope of this paper. We
have explained in Section 3 how to make tractable the variational problem associated to the annealed
and quenched complexity. Its analysis for specific models is an ongoing direction of research and
will be presented elsewhere.

Another important extension of our results consists in counting the critical points of a fixed index
(i.e. with a fixed number of negative directions in the spectrum of the Hessian). This would provide
additional interesting information, in particular it would allow to differentiate local minima from the
other critical points of the landscape, as was done for spin glass models in Auffinger et al. (2013).
Such a counting would require to understand the large deviations properties of the eigenvalues of
the Hessian arising for generalized linear models, a random matrix problem that is hard but hope-
fully tractable by building on recent developments (Maida, 2007; Ben Arous et al., 2019). This is
an ongoing work that we are pursuing, with already promising results.

As final note, it is an open problem to generalize our methods to neural network models with many
nodes and hidden layers; the random matrix analysis of the Hessian in this case is a particularly
exciting challenge.

2. Proof of Theorem 1 for the annealed complexity

In this section we prove Theorem 1. The technique leverages the Kac-Rice formula and Sanov’s
theorem on the large deviations of the empirical measure of i.i.d. variables. First we precise our
hypotheses on ¢, that we will take in the following set of “well-behaved” activation functions:
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Definition 1 ¢ : R — R is “well-behaved” if it is of class C® and if, for y ~ N(0, 1), the random
variable a = ¢'(y) admits a continuous probability density in a neighborhood of a = 0.

2.1. The Kac-Rice formula

The first step is to apply the Kac-Rice formula to the random function L;:

Lemma 1 (Kac-Rice formula) For any x € S"~!, denote gradL,(x) and HessL;(x) the (Rie-
mannian) gradient and Hessian of Ly at the point x. Then grad L1 (x) has a well defined density (on
the tangent space T,S" ™' ~ R"~1) in a neighborhood of zero, that we denote Pgrad L, (x)- Denote
us the usual surface measure on S*~'. One has:

E Crit,, 1, (B) = /S  Purad 14 (OE []lLl(x)GB|detHessL1(x)\ grad Ly (x) :o} s (dx) .

The proof of this lemma uses necessary conditions for a random function to be a.s. Morse!, that are
stated in Azais and Wschebor (2009). The details are given in Appendix A.1.

2.2. The complexity at finite n
In this section we state the result of the Kac-Rice method. Fory € R™, let A(y) € R™*™:

AT 5 §)0 )T
Aly) =(1,, — D L, — ———— ],
) ( 6P > (”< |r¢f<y>||2> ®

in which we (abusively) denote ¢'(y) = (¢'(yu))j21, and D(y) € R™*™ the diagonal matrix with
elements D(y), = D(y,) = 7=¢"(y,). The main result of this section is:

Lemma 2 (Complexity at finite n)

14+ln o

E Critle (B) — CnenTEy ﬂizu S(yu)EB e T ( Z &' (yu) ) [| det HA(y)H:| ’
in which C,, is exponentially trivial, meaning lim,_,~(1/n)InC, = 0. The variabley € R™

Jollows N'(0,1,,), and z € RM=D>M has ii.d. standard Gaussian matrix elements, independent of
y. HMy) is a square matrix of size (n — 1) with the following distribution :

H y) £ fA<y Zym yu) | In-1- )

The rest of the section is devoted to the proof of Lemma 2. We start from the result of Lemma 1.
The following proposition specifies the joint distribution of (L1 (x), gradL; (x), HessL;(x)):

'A Morse function is a function whose critical points are all non-degenerate.
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Proposition 3 (Distribution of the gradient and Hessian) Letx € S*=1. Then
(L1(x), grad Ly (x), Hess Ly (x)) follows the following joint distribution:

1 m
Li(x) £ 3 6(y). (10a)
pn=1
1 m
grad Ly (x) < Equ’(yu)zu, (10b)
=1
1 m
Hess L (x) iEZqﬁ (Yp)z,2], — Zym ) | Tn-1, (10c)
\ pn=1
i.4.d

inwhichy = (yu)j=y ~ N(0,Ly), (zu)jey ~" N(0,1n-1), and all {y,,,z, } are independent. We
identified in these equations the tangent spaces Ty S"~' with R 1,

Proof Denote P the orthogonal projection on {x}*. For a smooth function f : S*~! — R, V f
and V2f are its Euclidean gradient and Hessian. The Riemannian structure on S"~! induces the
gradient and Hessian of f as grad f(x) = PV f and Hess f(x) = PLV2fPL — (x- Vf(x)) Pt
Applying these formulas yields:

(P& e (& - x), (11)

3=
NE

grad L (x) =

ki
L

Hess L1 (x) =

3|~
NE

¢>N(fu " X) (PXLE,U‘) (PXLSLL)T - f: (& -x)9 5# X) PxL- (12)

1

w

Lettingy, = §, -xand z, = P,}E 1 (identified to an element of R™~1) yields the result. |

The joint distribution of eq. (10) is invariant with respect to X, thus we can chose x to be the North
polex = e, = (d;n)l . Withw, = 27r”/2/F(n/2) the volume of S”1, we obtain from Lemma 1:

E Crity, 1, (B) = WngradLs (er) (O)E [[det HessLi(en)| 11, (e,)c | erad Ly (e,) = 0} . (13)

Removing the e,, indication and conditioning on the distribution of y in eq. (10), we reach:

ECrit,. 1, (B) = waly []1% 5 stupen Partaly(0) Ex [[det Hess L1 | ’ grad Ly = 0, y” .

Once conditioned on y, eq. (10b) describes a Gaussian density so we can directly compute:

2n/2 2T —
Wn‘PgradLﬂy(O) = W eXp | — 72 Z s
C n+n1 m n—ll 1§:¢,( )2 (14)
=Cpexp | = n|—
n P Ty T T m 2 Yl
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in which InC,, = 0,,(n) (using Stirling’s formula). The conditioning of the Hessian by grad L; = 0
at fixed y reduces to a linear conditioning on z. One thus obtains by classical Gaussian conditioning:

E, [|det HessLq|

grad Ly = 0,y| = E, [|det H(y)]] (15)
in which H2(y) is defined by eq. (9). This ends the proof of Lemma 2.

2.3. Large deviations

This section is devoted to the end of the proof of Theorem 1. Denote vy* = % Z:;l dy,, the
empirical distribution of y. We take the notations of Theorem 1 and Lemma 2. We first state an

important lemma on the concentration of E, [| det H\y) ]

Lemma 4 There exists 7 > 0 such that for all t > 0:

) 1 1
nh—>Holo e InP Hn InE, Hdet H,/l\(y)H — Ka,p (V;n,t(ﬁ(u;n))’ > t] = —00. (16)
The proof of Lemma 4 is detailed in Appendix A.2. Note that we expect this result to actually be
valid up to = 1, as the large deviations of the spectral distribution of random matrices is typically
on the n? scale (Ben Arous and Guionnet, 1997; Hiai and Petz, 1998). The following moment
condition, proven in Appendix A.3, will be important:

Lemma 5 For every vy € (1, ) we have:

lim sup L E, [ewn[—% (>, ¢’<yu>2)+na,¢(v;”,tqa(uym))]} < too, (17a)
n—oo N

limsupllnIEy [evﬂ—%ln(% 2 ¢’(yu)2)+%lnEszetHﬁ(V)H]] < +o00. (17b)
n—oo N

Then we can conclude using Sanov’s large deviation principle (Sanov, 1958; Dembo and Zeitouni,
1998), and Varadhan’s lemma. Using our previous lemmas, we obtain the statement of Theorem 1:

I+lna &v)
2

1
lim —InE Crit,, 1, (B) = sup [ 5

T g (v to(v)) — aH(umG>] L as)
n—oo M veEMy(B)

The proof of eq. (18) is detailed in Appendix A.4.

3. Towards a numerical solution to the variational problem

3.1. The logarithmic potential of 1, 4[V/]

Let v € M(R). The Stieltjes transform g(z) = [ p(dt)(t — z) 7! of pia4[v] is given by the unique
solution in C. to the implicit equation (as shown for instance in Silverstein and Bai (1995)):

_ ¢"(t) o
VzeCq, g(z)=— {z - a/Oé—FQW(t)g(Z)V(dt) . (19)

'In the proofs of this section we assume that 2¢’(z) and ¢” () are bounded. As one can always smoothly truncate
the largest values of ¢ without affecting the complexity, this does not remove any generality to our results.
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For any € M(R) and ¢ € R we define the logarithmic potential as U pu|(t) = [ p(dz) In |z — .
It is well defined with values in R U {£o00}, see Faraut (2014) for a review on this subject. Our
goal is to numerically compute U [1](t) for it = pq ¢[v] and an arbitrary ¢ € R, see Theorem 1. For
clarity, we will write y for juq ¢[v] for the remainder of this section. Let us define for any z € Cy.,
G(z) = [p(dz)In(z — z). G(z) is well defined and holomorphic on C. Moreover, from the
Chapter II of Faraut (2014), we know that U [u](t) = lim._,q+ Re G(t + i€).

From this it is clear that in order to get the logarithmic potential in the bulk, we need to be able
to evaluate G(z) for z € C... Define, for z,g € C '

F(z,9) = —In(g) — zg + a/l/(d)\) In(a+¢"(N\)g) — 1 —alna. (20)

At any fixed z, F'(z, g) is an holomorphic function of g on C . Its Wirtinger derivative is:

oF, 1 #'(N)
a—g(z,g) = z+a/u(d/\)a+¢”(>\)g. 201

Thus g(z) (the Stieltjes transform of u, cf. eq. (19)) is the only g € C such that %—i(z, g) = 0.
Moreover, by definition g(z) is an holomorphic function on C, with values in C. We can thus
apply the usual composition of derivatives and obtain:

dF
E(%Q(z)) = —g(2). (22)
Furthermore we know % = —g(z). Computing the remaining constant by investigating the limit

Re[z] — oo, we reach that G(z) = F'(z, g(z)) for every z € C,. We thus have the crucial relation:

Vte R, Ulpl(t) = lim Re F(t + i€, g(t + ic)). (23)

e—0t

This allows for an efficient numerical derivation of the logarithmic potential of 1, [v], as we will
see in more details below.

3.2. Heuristic derivation of the simplified fixed point equations corresponding to Theorem 1

We present here an heuristic derivation of scalar fixed point equations for the numerical resolution
of Theorem 1. This technique could be easily extended to Theorem 2 as well as the quenched
calculations presented afterwards, but we restrict to this simpler case for the sake of the presentation.

3.2.1. EXPRESSING fq,¢(V, )
From eq. (23) we know that for every ¢t € R:

Ka,p(v,t) = lim Re { —In(g(t +i€)) — (t +i€)g(t + ie) + « / v(dN) In [o 4 ¢ (\)g(t + ie)]

e—0t

—1—041n04}.

'g € C4, and (since @ > 1) a+¢"(\)g € C\(—o0, 1], thus we can use the principal determination of the logarithm.
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Forevery t € R, g(t+ie) is the only solution in C to the partial derivative of the previous equation:

9" (N)
a+¢"(Ng

So heuristically, we can write that for a small enough e:

_; C(t+id)+ a/u(d/\) 0. (24)

Ka,p (Vs t) = exér [— In|g| — tg, + €gi + a/y(d/\) In ‘a + qﬁ”(/\)g‘ —1—aln a} , (25
g€l
with g = g, + 4g; (in practice one iterates over g, and g; successively).

3.2.2. HEURISTIC SOLUTION TO THEOREM 1

We start from the result of Theorem 1. For a function f, we write E[f(X)] = [v(d¢)f(t). We in-
troduce Lagrange multipliers to fix the conditions E[¢(X )] € B, and we fix the values of E[¢/(X)?]
and E[X ¢'(X)]. We obtain:

1 l+ha 1
lim —InE Crit,, ,(B) = t ——InA+ Ml + XA+ Aot
Ji B Critn, (B) = sup oxte, sup |5 — gl o+ A+
ve M(R)
+ Raw(v,t) = ol (v|ue) — ME[6(X)] = ME[¢'(X)?] - REX¢'(X)]|.  (26)

Note that now the supremum over v is unconstrained over the set M (IR) of probability distributions.
We now make use of eq. (25) to write, with 2K (o) = —1 + Ina — 2aln v and a small € > 0:

1 1
nh_)nrolo - InE Crity, 1, (B) = ?élg {fffﬁ,t [K(a) ~3 In A+ Aol + XA+ Aot
vEM(R) geCt

—In|g| — tRe[g] + elm[g] + « / v(dA) In o+ ¢"(N)g| — aH(V|pa) — MoE[p(X)]
~ ME[H (X)) - AzE[qu’(X)}] @7

For any scalar function F', the maximum sup,, [E[F'(X)] — aH (v|ug)] is attained in v* with density
proportional to e~@*/2+F(2)/a \which is called the Gibbs measure in statistical physics. This gives
(D is the standard Gaussian measure on R):

sup [E[F(X)] — aH(v|ug)] = aln [/ Dz em)/a} . (28)
re M(R) R

Plugging this into our previous equation for the annealed complexity yields:

1
lim —InE Crit,, 1, (B) = sup extr sup {K(oz) + Aol + M A+ Aot

n—oo N leB {\i} At
geCy
— % In A — In |g| — tRe|g] + €lm][g] (29)
/ 2 /
omn U S {_>\0¢(9€) FNG @+ dard' (@) "5//(”9'}} }
R (6
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This can be further simplified, as the extrema over A,t are trivially solved and give the value of
A2 = Re[g] and \; = (24)~L. Thus we obtain:

1
lim —InE Crit,, 1, (B) = (30)
n—oo N
1+n2 1
sup extr < K(a)+ Aol + i + —InA; — In|g| + elm][g]
leB {o,A1} 2
geCy
A A / 2 R /
o [ / Drexp {_ 06le) + M@ + Rellod &) 1 “5"(””)9'}} }
R

Let us now denote
B fR Dx(---)exp {—of1 [)\qu(x) + M\ (x)? + Re[g]x¢’(m)] +In|a + (Z>"(x)g|}

U Pens = T D exp {—a T Pad(@) + Mo/ (@) + Relglad/ ()] + Infa + 97 (z)gl}
then the fixed point equations of eq. (30) can be written as:
(1= <¢(x)>A0,A1,ga (31a)
1 /
o = @ Mo (31b)
Relg] _/ ad” (x)(a + ¢ (x)Re[g])
B A B v v W G1o
~Imfg] _ /a¢"(x)’Img]
ot = ot PP hons G

These equations are to be iterated over \g, A1, g, and [ (while enforcing the constraint [ € B). From
experience, the best procedure is to start from the solution of the unconstrained problem (without
any constraint on the loss value), before smoothly following the solution while adding the constraint.
In the case of La(x), one would follow a similar procedure.

4. The quenched complexity and the replica method

In this section we detail the principle of the quenched calculation that gives rise to Results 1-2. For
the sake of the presentation we restrict to Result 1, while Result 2 will be discussed in Appendix C.1.
We therefore focus on the function L; of eq. (1). As the very basis of this calculation is non-rigorous
we present this calculation in a fashion closer to theoretical physics standards, differently from
Section 2 in which we present rigorous results on the annealed complexity. Some technicalities will
be postponed to Appendix B.

4.1. The replica trick and the p-th moment

The replica method is a heuristic tool of theoretical physics that allows to compute the quenched
values of observables in the thermodynamic (i.e. n — oo) limit from the knowledge of their integer
moments, under some assumptions. It is based on the non-rigorous identity (note that it involves an
inversion of limits), for a strictly positive function f of a n-dimensional random vector x:

lim Eln f(x) = lim lim }ln [Ef(x)?]. (32)

n—00 p—0+ n—00 p
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Mézard et al. (1987) gives a comprehensive introduction to the replica method and its (many) phys-
ical insights and consequences. Let B C R an open interval. The Kac-Rice formula can be stated
for the p-th moment of the complexity (Aziis and Wschebor, 2008; Adler and Taylor, 2009):

E Critle (B)p =

H /Sn_1 :U’S(dxa>] 1 [{Ll (Xa) € B}Z):l} P{grad L1 (x*)}F_, (O)

p
x E [H |det Hess Ly (x%)]

a=1

{grad L1 (x")}Y_, = O] . (33)

Here, ©(g10d L(xe)}?_, (0) represents the joint density of the p gradients, taken at 0. Note that the non-
linearity L (x) only depends on the parameters y;; = §,, - x*, so we will often write L1 (y) = L1 (x).
Proceeding as in the annealed case, we can rewrite the expectations by conditioning over {y®}?_:

Egyay |L[{L1(y") € BYoq] ¢

0
{grad Ly (x*)}*_, ( )

p
E Crit,, 1, (B)? = [H / ps(dx?)
a=1 {y*}

p
H |det Hess L1 (x%)|

a=1

E

{grad L1 (x*) = 0,y" 2:1” ) (34)

The gradient and Hessian at x° live in the tangent plane to the sphere at x*, identified with R" 1.
Note that the {yy,} are Gaussian variables with zero mean and covariance E[yﬁyﬁ] = 6, ab, With
qap = X - x” the “overlap” between replicas a and b. We introduce the variables {q,;} via delta
functions in eq. (34):

E Crit,, 1, (B)? = [H / MS(dxa)] [
a=1

p
H |det Hess L1 (x?)|

a=1

11 /dqabé(qab —x*-x")

a<b

E{ya}{n (L) € BY.)]

(0)E

P ,
{grad L (x*)}g_; [{y*}

{grad L;(x*) = O,y“}zll } 35)

Since we fixed the {q,s}, the distribution of the {y”} is fixed, as well as the joint distribution of
the loss, gradients and Hessians, as we will explicit in the following. As the number of overlap
variables is p(p — 1)/2 = O, (1), we will perform a saddle-point over the variables {¢,5} in the
thermodynamic limit. The replica-symmetric assumption (see Mézard et al. (1987)) is a crucial
hypothesis that can be made in the framework of the replica method. It amounts to assume that, once
the saddle-point is performed, the extremizing {qq} are “symmetric” over the different replicas of
the system. Concretely, we assume that the variables {qq;} satisfy quq = 1, gup = ¢ for a # b.
Assuming this structure of the overlap matrix allows to extend the expression of the moments to
arbitrary non-integer p, and then to take the p — 0% limit as needed in eq. (32). We used a replica
symmetric structure, which is correct in many cases, and a very good approximation in others were
replica symmetry has to be broken.
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4.1.1. THE PHASE VOLUME FACTOR

Let us first compute the phase space factor in eq. (35). More precisely, the term:

- x? —x*- x| =n ey X NGqp — NX* - X ,
Ll;[l/us(d )] [Hémab >] H/ ax* T] 6 (naa ")

a<b a<b

in which we denoted ¢, = 1. As we detail in Appendix B.1 we reach, when p — 0 and n — oo:

—ln H/ dx® H5 nQap — NX xb) 10g27r+;[1iq+10g(1—q)]. (36)

a<b

4.1.2. THE JOINT DENSITY OF THE GRADIENTS

We will now compute the joint density of the gradients at {x®}, conditioned on the values of {y”}.
The calculation is an extension of Sections V.C and V.E of Ros et al. (2019). We consider two vectors
x? and x® of overlap o, = ¢. It is easy to see that E[grad L(x%)|{y’}’_,] = 0 from eq. (10b), so we
will focus on the covariance matrix E[grad L(x%)grad L(x®)T|{y¢}’_,]. After some calculations
detailed in Appendix B.2 we get the gradient density at leading exponential order:

@ grad 1 x)y_ v (0) = [ 0 Z o' () Oyl + 1@yl + fola) Y o
a#b c(#a,b)
np m n 1 &
/ooa\ /(b
xexpq - log o — D ndet | | — ¢/ ()¢/ (1)) . (37)
=1 1<ab<p

in which the auxiliary functions (z,(q), f,(q), fp(q)) are defined in eq. (87).

4.1.3. FACTORIZATION OF THE MEAN PRODUCT OF DETERMINANTS

The argument of this section is very close to Section V.F of Ros et al. (2019). We consider the term:

P
H |det Hess L1 (x%)|
a=1

{grad Li(x*) = 0,y*}0_, | . (38)

We make two important remarks, which are straightforward transpositions of the arguments of Ros
et al. (2019) to our problem, and we refer to this work for more extensive physical justifications.

e The conditioning over the gradients being zero, as in the annealed calculation, only gives a
finite-rank change to the Hessians Hess L; (x*) and thus does not modify the limit at the scale
9. At this scale, the statistics of the p matrices {Hess L (x*)}?_, are identical.

e The spectral measure of Hess L;(x®) concentrates at a rate at least n' ¢ for a small enough
€ > 0 (we expect that the actual rate is n?), so that at the order ¢®(") the expectation value
factorizes and we can assume all the Hessians to be independent.

Before stating the consequences of such remarks, we give some definitions:
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® /i q is the Gaussian probability measure on R? with zero mean and covariance E[X,X;| =
(1 —q)dap + q. Note that {y, }}L, are i.i.d. variables distributed according to uc q-

e We define vy as the empirical measure of (yy,--- ,y,,), thatis vy = % > u (5yu. For every
a, we denote vy its marginal distribution: vy(d\?) = [ Hb( £a) vy(dA). Then vy is also the
empirical distribution of (y;)/iL; .

Our remarks show that we can use the results of the annealed calculation, and we have here by
factorization of the expectation of the determinants, at leading exponential order:

p
T Idet Hess Ly (x?)] | {grad Ly (x*)Yo_; = 0, {y"}| = e"Zimrrao(§:408)) - (39)

a=1

E

4.2. Decoupling the replicas and the p — 0 limit

We can then apply Sanov’s theorem to the empirical measure vy, € M(RP). Recall that we have
constraints on this measure by the density of the gradient and the fixation of the energy level. More
precisely, we denote ./\/lg)p ) (g, B) the set of probability measures on R? that satisfy the following:

Vi <a<p, / V(dX) B(AY) € B, (40a)

Vi<azb<p [VA)GO) [2@X + N+ fla) 3 x| =0, @ob)
e(Fab)

Recall that the functions (z,(q), f5(q), fp(¢)) are defined in eq. (87). Leveraging from the results
of egs. (36), (37) and (39), we obtain from Sanov’s theorem and Varadhan’s lemma:

b <1q FIn(l— q)> 1)

1
lim —InE [Crit,, 1, (B)?] = glna + sup sup 5\ 1

n—,oo N, qE(O,l) VEM;P) (q,B)

e [( [ransonson)

+ Z Ra,¢ (Va> t(]ﬁ(ya)) - OZH(V“LG,!])] .

1<a,b<p a=1

Recall that ©* is the marginal distribution of v for the variable A®. We can then decouple the replicas
under an assumption on the measure v that amounts for replica symmetry. We stress that this
replica symmetric assumption in the Kac-Rice calculation actually corresponds to a 1-step replica
symmetry breaking (1RSB) structure of the zero-temperature Gibbs measure, that is an exponential
number of single-point metastable states that all have the same two-point overlap. While possibly
not exact, this assumption should already yield a good approximation to the landscape, and could
be analytically checked by studying the stability of the replica-symmetric ansatz within replica
theory. This allows to take subsequently the p — 0T limit, and after some simplifications, we reach
from eq. (41) the expression of Result 1. These steps are fairly technical, and are postponed to
Appendix B.3.
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Appendix A. Technical steps of the proof of Theorem 1

A.l. Proof of Lemma 1

We will apply the Kac-Rice machinery in the form of the remark made in Paragraph 6.1.4 of Aziis
and Wschebor (2008). We recall it as a theorem:

Theorem 6 (Azais-Wschebor) Let k,d € N*. Let Z : U — R? be a random field, in which U is
an open subset of R%. Assume that for every t € U, we can write Z(t) = H [Y (t)], such that:

(i) {Y(t),t € U} is a Gaussian random field with values in R*, C* paths, and such that for every
t € U, the distribution of Y (t) is non-degenerate.

(ii) H :RF — R is a C' function.
(iii) Forallt € U, Z(t) has a density p z(y)(x), which is a continuous function of (t,x) € U x R

(iv) P[3t € Us.t. Z(t) = 0 and det [VZ(t)] = 0] = 0.
Define, for every compact set B C U, N(Z, B) to be the (finite) number of zeros of Z in B. Then:
BNz ) - |

E [\det VZ(t)| ‘Z(t) - 0} 20 (0)dt. 42)

We wish to apply this theorem to the gradient gradL;(x). Verifying its hypotheses will end the
proof of Lemma 1. We denote £ € R™*™ the matrix {{;,} = {(§,):}, VL1 the Euclidean gradient
of Ly, and P;- the orthogonal projection on T,S™ 1. Since grad L (x) = P;-VL;(x) we have:

grad Ly (x) = %Z (P,}gu) ¢ (€, X) . 43)

pn=1
We will apply Theorem 6 with d = n—1 and k = m x n. The Gaussian random field Y (x) € R™*™

L L
is defined as Y (x) = (];X 5; ]g X 57;
1 &

of R™ whose first vector is X, its distributions is non-degenerate. H : R"*™ — R"~! is defined as:

). Since Y (x) is just & written in an orthonormal basis

1 m
VI<i<n, H(Y)i=—3 Yiud(Yau), (¥ €R™™). (44)
pn=1

Since ¢ is C2, H is C!. This verifies (i) and (i7). We turn our attention to verifying (4ii). One can
write the distribution of the gradient of eq. (43) as grad L;(x) 4 (L/m)> 201 ¢ (yu) 2y, in which
Yy LR N(0,1), z, b N(0,I,—1), and all {y,,z,} are independent. Since the distribution of
grad Li(x) does not depend on x, it is enough to check that its density exists and is a continuous

function. To do so, we will show that its characteristic function Pgraqr,, (x) € LY(R™1). We denote
4 the characteristic function of the random variable a = ¢/(y), and one obtains:

5 s (t2\[" ALY
H‘pgradLl(x)Hl = / dt IEZN./\/’(O,In,l) Pa <’I’)’l>‘ = /Rnl dt EzNN(O,l) Pa < )

Rnfl m
QW%mn—l e )
= F("l)/g dgq"™ ‘Ez Pa (qz)‘m
2
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Since a > 1, if [¢E ¢4 (¢2)] = Og—00(1) we can conclude that H@gradLl(x) Hl < 0o. And:

d _ d _22 1 202
qE; Pq (qZ) :/ < e 242 @a(z) :/ < E |:€ 242 ezaz:| - F |:€2:| 7
R q

R V2T 2

by Fubini’s theorem. Therefore ¢ E. ¢, (¢2) —¢—00 ¢a(0) by continuity of ¢, around a = 0
(Definition 1), so H([)grad L1(x) Hl < 00. Thus, grad L (x) admits the following probability density:

1 : . t m

which is a continuous function of w, since Pgraar, (x) € LY(R™~1). This shows (i7). In order to
show (iv), we will use Proposition 6.5 of Aziis and Wschebor (2008), that we recall here:

Lemma 7 (Azais-Wschebor) Ler d € N*, and U a compact subset of R%. Consider Z : U — R?
a random field, such that (a): The paths of Z are of class C?, and (b): There exists C > 0 such that
Jorallt € U and all w in a neighborhood of 0, the density @z ;) of Z verifies © 7y (u) < C. Then
P[3t € U s.t. Z(t) = 0and det Z'(t) = 0] = 0.

Since ¢ is assumed to be of class C3, hypothesis (a) is verified for Z = grad L. Notice then that
we can fix C' > 0 such that }EZNN(OJ) Da (qz)‘ < l%_q for all ¢ > 0. Starting from eq. (45):

n—2

PP
rad Ly (x <Cn dg ——- <
o @] < Cu [ do i

ns

with C¢, D,, constants depending only on n, using that m > n (o > 1). This shows (b), so by
Lemma 7, hypothesis (iv) of Theorem 6 follows. This ends the proof of Lemma 1.

A.2. Proof of Lemma 4

The proof is done in several parts, of which some are inspired by arguments of Silverstein (1995);
Silverstein and Bai (1995); Silverstein and Choi (1995); Bai and Silverstein (2010).

A.2.1. TECHNICALITIES ON THE HESSIAN

We begin by a quick lemma on A(y), defined in eq. (8).

Lemma 8 (Low-rank perturbation) Since the distributions of z and y are independent, by rota-

tion invariance we can assume that A(y) is a diagonal matrix with elements A, (y). There exists a
constant, denoted ||D||so, such that for all n,y, |D(y)| < ||D||co. Then we have:

(1) supyerm SUP1<y<m [Au ()] < 4[| Do
(n)

(i) LetZ € RM=1X™ be j.i.d. variables with zero mean and unit variance. We denote pp’ and

ug\n) the empirical eigenvalue distributions of LZD(y)ZT and 2ZA(y)ZT respectively. Then

forallnm € (0,1), {n’?Ez [ug) — MXL)} } —n—oo 0 weakly and uniformly iny € R™.

We have some control of the boundedness of the Hessian:

309



LANDSCAPE COMPLEXITY FOR THE EMPIRICAL RISK OF GENERALIZED LINEAR MODELS

Lemma 9 Denote p,(y) the spectral radius of H(y). There exists C > 0 such that:
(i) With probability 1, lim sup,,_, ., Supyegm pn(y) < C.
(43) The support of jia,4[vy"] is included in (—C, C) uniformly over y and n.
(iii) Forally € R™, pq (1)) has a well-defined and continuous density outside x = 0.

Points (i7) and (7i7) of Lemma 9 are consequences of Theorem 1.1 of Silverstein and Choi (1995),
while item (7) follows from the boundedness of A(y) by Lemma 8, and the one of 2:¢/(x). We now
prove Lemma 8.
Proof Recall that [D(y)| = (n/m)|¢”(y)|. Since m/n — « > 1 and ¢” is bounded, |D(y)| is
bounded (uniformly over n, y) by a constant that we denote || D|[o. Note that sup; <<, [AL(Y)| =
SUP||y/|=1 T A(y)u. Using eq. (8) and denoting v(y) = ¢'(y)/|[¢'(y)l|, we reach

sup uTA(y)u < ||D||sc + sup [|VTDV](uTV)2 +2(u™v)|vT Dul] ,

[luf]=1 [luf]=1

< 2[[Dlloc +2 sup [(uTv)|vT Dul] < 4|Dl|c,

|luf[=1

in which we used the uniform boundedness of |D(y,)|, and the Cauchy-Schwarz inequality. This
proves (7). We note that 2zA(y)zT and 2zD(y)zT differ by a rank-2 matrix. (i7) is thus an immedi-
ate application of the following lemma (from a course of C. Bordenave):

Lemma 10 Lern > 1, and A, B two symmetric matrices of size n, such that the rank of A — B is
r. Denote F's (resp. F'g) the c.d.f. of the empirical spectral distribution of A (resp. B). Then

r
sup [Fa(t) — Fp()] <~ .
teR n

This ends the proof of Lemma 8. |

Proof [Lemma 10] We note A\;(A) > --- > \,(A) the eigenvalues of A (and similarly for B).
Recall weak Weyl’s interlacing inequalities (Weyl, 1912): forevery 1 < i < n, Aj4,(A) < \(B) <
Ai—r(A) (we use the convention \;_; = +oc and A\, ; = —oo fori > 1). Lett € R, and i, j be the
smallest indices such that A\;(A4) < ¢t and \;(B) < t. By the interlacing inequalities, |i — j| < r.
And n|Fa(t) — Fp(t)| = |(n+1—i) — (n+1— )| <r. n

A.2.2. THE CUT-OFF AND THE LOGARITHMIC POTENTIAL

For any € > 0, define In, : # € RY ~— In (max(z,€)), then x — In. |z| is a ¢~ !-Lipschitz function
onR. Let § € (0,1). In this section, we show that a cut-off ¢, = n~ on the smallest eigenvalues
does not perturb the logarithmic potential at the thermodynamical scale. We rely on the following
result, proven in an ongoing work of Ben Arous, Bourgade and McKenna. For any § € (0, 1), there
exists 7 > 0 such that for all £ > 0:

1 1 >
T}LH;OWIHP - Z In [A|1 {|>\| <n } >t = —oo, (462)
AESP(HA ()
1
lim ——InP aolv(dx) 1 —ta(VM)| < —t| = —00. (46b
noo I _/act<¢>(uym)|§n“"u sblide) n‘m oy )‘ a ] e (oD
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Physically, this makes explicit that, with large probability, there should not be enough eigenvalues
of H2(y) around zero so that they contribute macroscopically to the logarithmic potential. This is
a consequence the natural fluctuations and repulsion of the eigenvalues of H,Y (y). Denote {)\;}7=}!
the (sorted) eigenvalues of H2 (y). We can now state:

Lemma 11 There exists n > 0 such that for all K > 0:

1 1 n—
lim InP H InE|det HX(y)| — = InE eZi=t e A
n n

n—o00 nl""

> K] = —00. (A7)

Proof Since this lemma is not used in the proofs of the following Lemma 15 and Proposition 16,

we will refer to them. We consider 7 given by eq. (46a). Let ¢ > 0. We denote A§”>

A _{| Zln])\]]l{\)\\<n }Zt}. (48)

We have forall y and ¢ > 0 (Aﬁ") being the complementary event to Agn)):

the event

n— —(n 1 n— . 1(n
lnIE XIS Nl > = - L uE, [e i nlAilg [Ai )H > —t+ - InE, [ezz:f Iney [l [A§ )H .
So that (using In,, () > In(x) for all z > 0):

E, [t v Pulg [4()]]
E, [eZ?’;ﬁ In, w}

1
0<71nEeZ e Al _ lnE‘detHﬁ(y)‘gt——ln 1—
n

We know In,,, |z| > —dIn(n) and moreover, by Lemma 15 and Proposition 16, for every v > 0:

limsup sup —lnE [e“’zz 1 nep [ q = lim sup sup IE Zlne |Ai] < 400,
n—oo yeRm 1 n—oo yeRm 1

in which the last inequality is a consequence of (i) of Lemma 9. Fixing v > 1 and using Holder’s
inequality, there exists therefore C' > 0 such that forall X' > O and ¢ € (0, K):
.

< lim sup ln]P’ []P’ [A,En)] " > (0 In(n)+C) [1 - e"(tK)H )

n—oo

1
— InE, |det Hj)(y) |—f1nu~z X7 e [l

lim Sup ln Py [

n—oo

@, L (A" ®
= HSIP T ) emrn(@In(m)+0) [1—ent-F]7 [~ —o%,
in which we used the Markov inequality in (a) and eq. (46a) in (b). [ |

In the following, for simplicity we will often abusively denote In, | det H (y)| = eXim Inen [Nl
and In,, E|det HA(y)| = InE eXoi=1 nen [Mil,
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A.2.3. TRUNCATION AND RENORMALIZATION OF THE VARIABLES {z;,}

Truncation of the distribution of the matrix elements of z will be needed in the following sec-
tion A.2.4, to circumvent some difficulties arising in the concentration. The idea is to truncate
the variables {z;,}, and to show that this does not perturb the result. Let v € (0,1/2) such that
v + 2 < 1 and define a truncated and normalized version of the z variables:

Ziy = (zw]l [|Ziu| < n%D / (E {Z?H]l Uzm] < n%} })1/2. (49)

Note that {Z;,,} are still i.i.d. variables, with zero mean and unit variance. We denote the corre-
sponding version of the Hessian:

. 1., . 1 & ,
H(y) = ~ZAWE = | = 90 (y) | Tnr. (50)
p=1

The following shows that truncation does not impact the logarithmic potential at exponential scale:

Proposition 12 There exists C1,Co > 0 such that for all Lipschitz function f : R — R with
Lipschitz constant || f|| ., and uniformly over y:

E,

Tef(HAW)) = Tef (A2 ()| < Crllfllon?2e .

Pr0~0f Denote A} < --- < \,_1 the (sorted) eigenvalues of Hfl\(y) and 5\1 <... < :\n_l the ones
of H(y). One has:

E, i — Ai

)

n—1 L 1/2
ZZ} <)\i *)\i) ] :

(©) - -
< Ifllzn™"?E |lzA(y)2" — ZA(Y)Z" ]|, ,

~ (a) n—1
Tef(HA () = Tef ()| < 171D E
=1

(b)
< [Ifll,n*/?E

in which (a) uses the Lipschizity of f, (b) Cauchy-Schwarz inequality and (c) uses Hoffman-
Wielandt inequality (Hoffman and Wielandt, 2003) that we recall here:

Lemma 13 (Hoffman-Wielandt inequality for L, norm) Ler k € N*, and A, B € R¥** be two
symmetric matrices with respective eigenvalues \1(A) < --- < \g(A) and \(B) < -+ < M\ (B).
Then 375 (i(4) = Xi(B))* < || A = B3

Coming back to our original problem:
o-1/2

E, | Tef(H2 () — Tef (FA ()| < 'jL'{E S [ M) Gz — 2z | |
1<ij<n \p=1
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1/2
m /

(a) my 1/2 o
Sl IPle (5) B Y Y Gz — Fndin)|
1<ij<n p=1
1/2

(b) m2 1/2 ~ o~ 2
LUl () B S Gasa- s

1<i,5<n
(C) 1/2 o ~ 2 1/2
< 4|fllz D]l (m*n) / [NE (211221 — Z11221)° + nE (27 — 23) } : (51

in which we used Cauchy-Schwarz in (), the concavity of z — x/2 in (b), along with the fact that
all the variables z;,, are independent and identically distributed in (c). We can now bound each one
of the two remaining terms. To do so, we use a simple technical lemma that we will use for each of
these terms, its proof is deferred to Section A.6.

Lemma 14 Let 211 ~ N(0,1). There exists strictly positive constants (K;)%_, such that:
4
E [E <2%11‘311|§n7/2> B ]l\znlén’v/?} < Kle_KQTﬂ?

1/2 8 B
E |:(]E (Z%I]l|z11|§n"f/2)> — ]l|211|<n7/2:| < ng K4n“’.

Let us bound the two terms of eq. (51). We start with the second one:

o2 2 2
E (2'%1 - Z%l) =E [2%1 (E (Zfl]l\zmgmm) - ]1\Z11|§m/2> ] / <Ezflﬂ\zll|gm/2>
This last equation, combined with Cauchy-Schwarz inequality, the first part of Lemma 14, and the
fact that E {2%1]1|211|§m /2} > 1/2 for large enough n yields constants C, Co > 0 such that
E (23 — 2)° < Cre @ (53)
Similarly, one can show:

E (211221 — Z11501)°
2

2 2 2 2
< AE | 21129 \/E [211]1|zu|2m/2} \/E [zlz]llzlzlzmﬂ} - ﬂ\zulzmﬂ )

|z12|>n7/2

4 1/2

4 471/2
<4 [Ezllel] E \/E [Z%1]1|211‘27ﬂ/2:| \/E [Z%2]1|212‘2n7/2:| - ]1|211|2n7/2

|z12|>n7/2

For all positive z,y, ', 1/, one has (zy — 2'y')? < 2y?(x — 2')? + 22"%(y — y/')%. Combined with
Cauchy-Schwarz inequality, and since all {z;,} are identically distributed, this gives a constant
K > 0 such that :

o 1/2 8
E(leZQl — Z11z21)2 S KE I:(E (Zfl]l|zll‘§7ﬂ/2>) — ]1|z11§n7/2:| .
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The second part of Lemma 14 finally yields C'5, C4 > 0 such that:
E (211221 — Z11221)° < C3e” 9" (54)
Recall that lim 7* = a > 1. Combining egs. (51),(53),(54) finishes the proof of Proposition 12. W

Recall that ¢, = n~% with § € (0,1). We can apply Proposition 12 to f(x) = In,,, |x|, which
has a Lipschitz constant || ||z = n’. In particular, this implies the following lemma:

Lemma 15 (Truncation and renormalization)

1 N 1
. In,, ‘det H, (y)} - In,,

lim { sup E, det FIS(y)”} =0.
n—r00 yER™

A.2.4. CONCENTRATION OF THE LOGARITHMIC POTENTIAL WITH A CUT-OFF

We show here that discarding the eigenvalues of the Hessian! that are close to 0 using a cutoff
én = n % (recall that v € (0,1/2) and v + 2§ < 1), we have concentration of the logarithmic
potential. Let us thus fix a couple (v, d) verifying the above conditions. Once we are in this setting,
it is actually an easy consequence of the classical Lipschitz concentration for random variables:

Proposition 16 (Concentration of the logarithmic potential) There exists constants K1, Ko > 0
(independent of y) such that almost surely overy and for all n:

det (y)‘ _E,In.,

1 )
vt > 0, P, [ In, det Hﬁ@)‘
n

> t] < Kjexp {—KQnQ*V*Q‘StQ} .

Proof Using traditional Lipschitz concentration bound (cf for instance Anderson et al. (2010)), we
will end the proof if we can show that, y being fixed, the function G(z) = (1/n) In,, | det H2 (y)|
is a Lipschitz function of z € R("~1*"™_ with Lipschitz norm bounded as ||G||, < C’n%%, for a

constant C' > 0. We will do it by bounding ||V,G|| . Let f,(z) = In,, || for z € R. We have:

uil< 3@) 4§i[ﬂ{fn (ZA() >A }r (55)

i=1 p=1

n—1

=1

in which A;,, € R(=Dx(n=1) with (Aip)jk = Au(y) (0i52kp + dikzju). So one shows easily:

Zi (%) = S| (12 (Loawr) ) (izA(szT)] . 6o

By Lemma 13, if A and B are positive matrices with sorted eigenvalues {\;(A), A;(B)}, one has
Tr [AB] < 32, \i(A)\i(B). Using this identity in eq. (56) and the n°-Lipschitzity of f,, yields:

n—1 m 2 28 3 9§ m n—1
4n 4°n ||D|]
3 () < e s PSS

i=1 u=1 p=1i=1

™

'With truncated {z;,,}, see section A.2.3.
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in which we used Lemma 8. Recall (cf section A.2.3) that we truncated the z variables so that we
impose |z;,| < n?, which yields:

1 m 2 37428 2
3 (20" L £ DI -
0z, n

i=1 p=1

n—

Recall the Lipschitz concentration of independent variables with laws satisfying the logarithmic
Sobolev inequality with a uniform constant c (see for instance Anderson et al. (2010)):

Lemma 17 (Herbst) Let n € N* and P be a probability distribution on R™ satisfying the Loga-
rithmic Sobolev Inequality with constant ¢ > 0. Let G be a Lipschitz function on R™ with Lipschitz

constant || G| ;. Then forall t > 0, P[|G — EG| > ] < 2exp [—tQ/(Qc ||G|y§)]

It is easy to check that the truncated law of the {z;,} satisfies the Logarithmic Sobolev Inequality
with constant ¢ = 1. Applying Lemma 17 alongside eq. (57) finishes the proof. |

A.2.5. THE LOGARITHMIC POTENTIAL OF THE ASYMPTOTIC MEASURE

In this part, we relate the expected logarithmic potential to the logarithmic potential of the measure
Ha,p|Vy"]s cf Theorem 1.

Proposition 18 (Concentration on x. 4) There exists ) > 0 such that for all t > 0:

1
nh_)rgo n1+77 InP [ EZE In,

QU] ~ s O 00§7) | 2 ] = —oc. 59

Proof The proof goes in two parts. First, we show that there exists 7; > 0 such that':

1 -
lim [nm sup |E,— In, ‘det Hfl\(y)‘ — / Ine, @ — to(y")] pa,g[vy"](dz) ] =0. (59
n— o0 yERm n R
We will then conclude by showing that there exists 2 > 0 such that for all ¢ > 0:
i || [ o = ) i 1000) = s (4760470 | 2 ] = o 60
We begin by eq. (60). We take 75 given by eq. (46b). We have
[ 1o = a0 1) = s (7 t6(047)
typ+en
= S hnn) ") (o 0F") — enstolg) ) = [ = £5057) "))
ty—€n

"Note that this result is uniform over y, and thus stronger than what is needed to show Proposition 18.
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Since In.(z) > In(x) , we reach from this:

3 1 m m m m
lim sup =P H/Rlnen |2 = to (1)) oo [ (d2) — K (15" te(vy ))‘ > t} :

n—oo

. 1 t¢+€n
< 111151_}8;13 WP [/%_en In |z — tg(vy")| pra,s[vy")(de) < —t] )
and using eq. (46b), we reach eq. (60). Let us show eq. (59). Its proof is based on the following
lemma, a consequence of the analysis of Silverstein and Bai (1995); Bai and Silverstein (2010):

Lemma 19 Denote g, (=) the Stieltjes transform of 1ZA(y)zT, and Ja,01y"](2) the one of pa o [1"],
for z € Cy. Then there exists ) € (0, 1) such that for all z € C.:

n—oo yeRm

lim {sup 0" |Ex(gn(2) —ga,Avym](z)!} —0. ©1)

The proof of this lemma is postponed to Appendix A.5. Let us fix n given by this lemma. As stated
for instance in Theorem 2.4.4 of Anderson et al. (2010), a consequence of the Stieltjes inversion
theorem is that for every Borel set E C R: supyegm [0 |Epin(E) — pia,o[vy"](E)|] — 0, in which
4, 18 the empirical spectral distribution of %iA (y)z'. Fix 1 < 1. We have, uniformly over y:

1
n™ |E,~ In,,
n

et 20| = [ e o = t6(0§") ")
< [ In |2 — 5 (") [Ettn — pa.sl3"] (da) (62)
lz—tg(vm)|>1
+ dIn(n)n™ / [Epin — pa,sly"]] (dz).
lz—te(1ry)[<1

Let us fix C' > 0 given by item (i) of Lemma 9. Moreover, we can also bound ¢4 (y") by [[2¢'[|cc-
This gives that for n large enough the quantity of eq. (62) is bounded (uniformly over y) by:

n™ [In (C + [|z¢/||co) + 6 In(n)] { [Epn — pa,e[vy’]] (=C,C)} .

Using the remark below Lemma 19 and since n; < 7, this shows eq. (59). |

A.2.6. CONCLUSION OF THE PROOF

Let us conclude from the rest of Section A.2. We fix §,v > 0 such that y + 25 < 1 and v < 1/2.
First, note that Lemma 15 and Proposition 16, as they are uniform results on y, are much stronger
than what we required. In particular, they imply that there exists 77 > 0 such that for all ¢ > 0:

lim 1
n—oo niTN

1 1
InP Hmen E, |det H) (y)| — = In., E,
n n

det ﬁg(y>” > t] — 0, (63a)

lim L InP

1
—1In, E
n—oo nltn [ n €n 2

. 1
det Hﬁ(y)‘ - ~E,In,

det 2 (y)|

> t] = —o00. (63b)
From this and Lemma 11 and Proposition 18, we reach the conclusion of Lemma 4.
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A.3. Proof of Lemma 5
Proof Let~ € (1,«). We fix C' > 0 given by Lemma 9. Then for all y € R"™:

o (F7516077)) £ [ paog12) I (14 1al) 410 (14 116087,
<In(1+ [|z¢'(x)| ) + In(1 + O).

Furthermore, using In, () > In(z)', along with Lemma 15 and Proposition 16, we have:

1
limsup sup [ InE|det H,[Z\(y)]] < limsup sup E,In p,(y),
n

n—oo yeR™ n—oo yeR™

in which p,(y) is the spectral radius of H2(y) (see Section A.2.3 for the definition of H2(y))
Using item (i) of Lemma 9, this implies that lim sup,,_,,, Supycgm [% InE|det Hé‘(y)” <
Therefore, in order to prove Lemma 5, it only remains to show that

o]

1 n ’

lim sup — In Ey {e*%ln(% S ¢ WZ)} < oo. (64)
n—oo TN

Let us now prove eq. (64). We denote mm = E,_r0,1)[¢'(y)?] and A = |¢/[|, . Since A < oo, we

can apply Cramer’s theorem to S = % > u ¢ yu)Q, so that we have:

1 n /
lim sup — InEy [6_% (7 X, @ (y”)Z)} < sup {—l InS —aA*(5)], (65)
n—oo N SG(O,A)

in which A*(S) is defined as the Legendre transform of the moment generating function of ¢’ (y)?:

suPy>q 1 05 — InEy n0,1) [e%l(y)Q” if §>m,

A (S) = ,
(%) Supg>g ¢ —0S —InE, 0,1 [e*% (y)Q]} it S <m.

By continuity of the involved functions, in order to conclude from eq. (65) we just need to be able
to show that (i) : limsupg_, 4 (—A*(S)) < oo and (i) : limsupg_,q [—3 InS — aA*(S)] < .
Point (7) is trivial since A*(S) > 0 forall S € (0, A) (it is a rate function). To show (i7), we use the
fact that for all S € (0,m) and 6 > 0 we have A*(S) > —0S — InE[e~%'®)*]. In particular, for
0 = S~! we have A*(S) > —1 —InE[e~5 ¢ ®”]. Since a = ¢/(y) has by Definition 1 a density
©q continuous around 0, we fix ag > 0 such that ¢, is continuous in [—ag, ag]. For every 6 > 0:

—0¢' (y)? < —0a? —0a? < ﬁ —0a?2
InEle ] <In {IE (e ]l|a‘§a0> +e 0} <In [(:&EO ‘f(@’) o +e ol

and thus In E[e~%¢')*] < C' — (1/2) In 6 with a constant C' > 0. Using this bound and the remark
before we reach

—%lnS—A*(S) < a;71n5+a(1+0).

Since o — 7 > 0, we have limg_,0 [—% In.S — aA*(S)] = —oo, which obviously implies point
(i), which in turn shows eq. (64). [ |

'Recall that e, =n "% and § € (0,1).
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A.4. Proof of eq. (18)

Lett > 0, and fix > O given by Lemma 4. We define EY, A,,, By:

EW = {‘i InE, [|det H,ﬁx(y)H — Ka,é (V;l,td,(z/;,”))‘ > t} , (66a)

A, = %mE [n[Ll(y) e Ble 5 (5 Ty ') | det Hs(y)@ : (66b)

Bp=~InE [11 [L1(y) € Ble™ 3 (X0 @' (0)%) tnma0 04716 04" ”} : (66¢)
n

A, is related to the complexity by Lemma 2, and by Varadhan’s lemma (and Lemma 5), we have:

1
lim B, = sup [—5¢(y) + Ka,0 (Vs te (V) — aH(u\,ug)] € [—o0, +00). (67)
n—00 veMy(B) L 2

The factor « in front of the relative entropy arises as we consider the empirical distribution of
m = an i.i.d. variables. For all ¢ > 0, we have by definition of A,,, By,:

_nin(L / 2 K um ym
[1 _ £ []lLl(y)eB;Eff)e I 2 8 ) ) e 047 0 ))}

E {]lLl(y)eB e~ 35 ¢’<yu>2)+nna,¢<uym»t¢<uym>>}

A,—B,>—t+—1In
n

] , (68a)

1
A,—B,<t+—In
n

[ E[1, g eppwe G 00 det 2 (y)]
1+e™ =

. / . (68b)
E 1z, mepe # (5 Ze? 0B det HA(y)| }

Using Holder’s inequality and Lemma 5, there exists v > 1 and a constant C' > 0 such that:

1 1

1 PED]Y 1 PED]
Assume that lim B,, = —oo and limsup 4,, > —oo. Let us fix a lower-bounded sub-sequence
Agp(ny of Ap, so that im[A,,y — Byn)] = +0o. However, by eq. (69) and Lemma 4, we have
limsup[A, ) — Bym)l < ¢, as (1/n) lnIP’[E,(f)] — —o0. So we showed that lim B,, = —oc0 =
lim A, = —o0o, which shows eq. (18) in this case. Let us now assume that lim B,, > —oo. Using

the left inequality of eq. (69) and Lemma 4, we reach in the same way that lim inf[A,, — B, ] > —t,
which implies that lim inf A,, > —oo. Thus we can use the right inequality of eq. (69) to show
similarly that lim sup[A,, — B,,] < t. Taking the ¢ — 0 limit finishes the proof of eq. (18).

A.5. Proof of Lemma 19

Proof This proof is a generalization of the arguments of Silverstein and Bai (1995). To fix the
notations here, (i, gn(2)) are the ESD! and Stieltjes transform of 2zA(y)z", (), g2 (2)) the
ones of 2zD(y)z", and 9a,[1y"](2) is the Stieltjes transform of 14, ¢[1y"]. We show:

(¢) There exists 71 € (0, 1) such that for all z € C,:

n—oo yGRm

lim {n’“ sup [Eugn(2) — Eagy) (2)\} =0.

"Empirical Spectral Distribution.
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(73) There exists 72 € (0,1) and K > 0 such that for all z € C,.:

n—o00 yeR™

hmsup{n"2 sup ’Ezgn( ) — 9a7¢[V;n](z)’} < K.

Points (i) — (4¢) obviously imply Lemma 19, so we now prove them.

Proof of (i) This is a direct consequence of the second part of Lemma 8, which implies that we
can fix 71 € (0,1) such that uniformly iny, {nm]Ez [NE - un] } —n—oo 0 weakly. By a classical
characterization of the Stieltjes transform (cf for instance Theorem 2.4.4 of Anderson et al. (2010)),
this implies ().

Proof of (ii) This part is more involved. Let us give some definitions and conventions. We define

M, = 12D(y)z". If z,, is the column of Z indexed by 11, we denote MW = 1 D v D(y,)z,2z},
its Stieltjes transform!. Finally, we define 2 and 2(*) as:

(H)( )

which is independent of z,,, and g

m " /"
(e} (0% v
PR B 1 (1 Ry 70)
m = @+ ¢ (yu)gn(2) m ot ¢ (y)gn(2)
We fix z = 21 + iz € C and we start from the trivial identity:
— I, = (M, —=zL,)" " — (M, — x1,)(M,, — z1,,)"". (71)
z—z z—

For every invertible matrix B, vector ¢, and 7 € R, we have by the Sherman—Morrison formula:
q"(B+71qq") " =

Plugging it into the last equation and taking the averaged trace yields

( > ¢ (yu)zuz], — al ) (M, — zIn)_ll :

_ i Z ad’”(yu) d,, (72)
u

1 1 1

Z—l'_gn(Z):_Z—x’)’L

a+ ¢"(Yu)gn(2)

in which we defined

gn(z 1 a+¢" z 1
f=2E) 1 Snld) L g
z X z xa—kgb”(y ) L(M — 21 ) lzun

z,. (73

// _1
Let us denote L,(z,9) = —g — [z — et #y;))g . We know by Silverstein and Bai

(1995) that g, 4[1y"](2) is defined as the only solution in C to Ly(z,g) = 0. Let us first show,
using eq. (72), that there exists 7 € (0, 1) such that:
lim n" sup |L,(z,Egn(2))| = 0. (74)

n—o0 yERm

'To lighten the results, we state the results as if these matrices were of size n, even though they are of size (n — 1),
as it does not change anything to the argument.
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Proof of eq. (74). We use Lemma 3.1 of Silverstein and Bai (1995), which gives a K > 0 (inde-
pendent of y and z) such that uniformly over y:

6
11 9 (2)

LI e V(O -1, _
z — q:(ﬂ) nz‘u(Mn Zln) Zy z — x(ﬂ)

< Kzp 2p573, (75)

Z

Moreover, let us denote A = 5 in which C' is the constant of Lemma 9. Thanks to this

lemma, we have that (uniformly in y and a.s.) liminf, o Im[g,(2)] > A. In particular, using
this bound, we can easily show (cf Part 4 of Silverstein and Bai (1995) for a completely similar

argument) that, uniformly in y and almost surely:

a¢” (yu) a
2 [0 T g (2)| = A oy
@+ ¢"(yu)gn(2)

lim | max max ™ |z — m(“)| =0. (76b)
e (1505 | o g7 (y) L (M) — 21,) T,

Since v < 1/2, combining egs. (75),(76) into eqs. (72),(73) yields that there exists n € (0, 1) such
that eq. (74) is satisfied. |
By eq. (74) there exists K > 0 and a function K (y) € C, such that for all y: |K(y)| < K, and

-1

_ |,y ¢ (y) K(y)
Bone) = |2 L S B | T an

We write o ¢[vy"](2) = m1(2) + ima(z) and Egy,(2) = my,1(2) + imp 2(2). Note that all imagi-
nary parts are strictly positive. Taking the imaginary part of eq. (77):

¢''( (yu) 2, 2(2)

CIm(K(y) | 2T m 2 e (e )P
mn’Q(Z) - n + 7"

n ‘ o« Z " (yu)

. (78)

=1 a+¢" (yu)Egn(2)

Using eq. (77) and its counterpart for gow[z/;”} (z) (which does not have a second term), we reach

K(y)

9asl3")(2) —~ Egn() = = 2+ g0 al71(2) — Egn(2)] An(2), 9
with
a Z ¢//(yu)2
An(z) = z:rz” )y“)Eg"( ))(a+¢”(y“)9a’¢["y’”}(Z;?l(y ) (80)
[z — i et W} [2 = 2=t a+¢~<yu>g:¢[um<z>}
By the Cauchy-Schwarz inequality, | A, (z)| < \/A1(z)A2(z), with
-2
Yu)® a ¢"(yu)
z— — , (81a)
Z 7 Jo+ ¢ ( yu JEgn(2)]* " m ,; a+¢"(yu)Egn(2)
-2
" (yu)? @ - ¢"(Yy)
A @ (81b)
Z <Ja+ ¢ (Yu)ga s I |7 m ; a + ¢ (Yu) a0 [15"](2)

320



LANDSCAPE COMPLEXITY FOR THE EMPIRICAL RISK OF GENERALIZED LINEAR MODELS

In particular, using the counterpart of eq. (78) for ma(z), we have:

1
Z o+ ¢" ) Ezg(yx)zn 2+ 2 Y Ll (82)
H=1Ja+¢" (y,)Egn(2)]?
Using items (¢) and (i7) of Lemma 9, we have the inequalities: 2(025% < ma(z) < % and
W < mp2(2) < —-. This implies from eq. (82):

A(2) < 2 L (83)

1(2) = .

2(02 +Zl2) +Z% Z9 + m

In particular, there exists a constant I' € (0, 1) such that A;(z) < I uniformly in n,y. Similarly,
we find that As(z) < I'( szw) uniformly in y. So we have from eq. (79):

K
lim sup {n” sup !ng(z) - ga7¢[l/;”](z)‘} < —— < 00, (84)
n—oo yeR™ 1-T
which proves item (7). [ |

A.6. Proof of Lemma 14

For simplicity, we denote here z1; by z. Since Ez2 = 1, one has:
2 1 2 1
E |:E (Z ]l‘z|§n'Y/2) — ]l\z|§n7/2} ED |:E (Z ]1|z\>n7/2> - ]l‘zl>n»y/2i| s
4
S 8 |:E <Z2]l‘zl>n'y/2> +]P)|Z|>n"//2:| S 80]P)|Z|>n7/2'
This immediately yields the first part of Lemma. 14. We now tackle with the second part:
2 1/2 ® 7 2 4 8

E <E <Z ]l|z\§n7/2>> - ]].IZ‘Sn'y/Q S 2 (]E (Z ]llzlgn»y/2>> +]P)|Z‘>TL'Y/2 S 2 5]P)‘z|>n7/2’
which finishes the proof.

Appendix B. Technical aspects of the quenched calculation

B.1. The phase volume factor

Introducing the Fourier transform of the delta functions, we reach at leading exponential order in n:

p, 27 1 . N
ln H/ dx? H5 nGqp — NX* X) 271n—+§{squbp} anbqab—lndetq
a<b a a,b
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The replica symmetric assumption can be made on the variables q that achieve this supremum :
Gaa = Go and Gup = —q for a # b. This leads to det q = (Go + §)?"'(go — (p — 1)§), and after
taking the p — 0T limit, we reach:

1. 27 1
*ln [H/ dx® H5 Nap — nX* Xb)] *log*+*sup do + qq — log(do + )

a<b 2 2 Go,q do+4q

The diverging term —3 L 1og n will be canceled out by the joint density of the gradients as we will
see later. The solution of the supremum is easy to carry out, and we finally reach eq. (36).

B.2. The joint density of the gradients

We denote S = Span ({x*}¥'_,). Following Ros et al. (2019), for every 1 < a < p we can
construct an orthonormal basis of S, denoted (ef);<p<;, for which x* is the first vector, that is
e2 = x“. This basis is convenient, since {x*} NS = Span ({€} };(q)). We can also chose an
arbitrary orthonormal basis (e,1, - ,e,) of S L. With this choice of basis, we can see that the
gradient grad L(x?) is identified with the vector in R"~! with components:

grad L(x") = ({VL(x") - e/ }{={ , {VL(x") - /}]_o 11, {VL(x") -ei}lpyy) . (89)
Recall that VL(x*) = L 3" & @' (y5,)- Let us make a few remarks:

e For every a, the basis (ef);_, is only a function of the values of the overlaps {¢q}

e We consider the joint density of the gradients conditioned by the value of {y*}. In particular,
this means that for every a # b, VL(x®)-e{ is fixed by the values of {y“}?_, and the overlaps
qab- In particular, the first (p — 1) components of eq. (85) are deterministic, thus their density
will yield delta functions that are constraints on {y*} and {qup}.

e The last n—p components of eq. (85) are (at fixed {y®}) zero mean Gaussian random variables
with covariance given by E [gradL(x?); gradL(x");] = % >, ' (yg) & (yh). Their joint
density taken at O is thus at leading exponential order in the n — oo limit:

np m n 1 & 1N s b
exp § 5-log 5 — 5 log det m;¢(yu>¢<yu> : (86)

1<a,b<p

Given these remarks and eq. (86), in order to complete the calculation of the joint gradient density
we need to compute the quantities (V L(x?) - ef) for every a # b as a function of {y}} and {qas}-
In order to simplify the calculation, we will already make use of the replica-symmetric assumption
on ¢, that is we assume g, = 1 and ¢, = ¢q for a # b. Let us now describe a possible construction
for the basis (ef');_,. We introduce three auxiliary quantities that are functions of ¢ and p:

(o 1 —2 1 .
1 1 1
W= |~ = — W] , (87b)
_ q
W) = e s (87¢)
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With these definitions, we can consider:

ed = x¢
a ) (88)
{% = 2 (0)x" + [(@X" + fo(@) Coizapy X (bFa).

It is straightforward to check from eq. (88) that we have for all a, b, c that ef] - e} = d;.. We can now
see that the delta term of the joint density of the gradients taken at O is:

[IovLix")-eg] =] Z¢ v | 2@y + f)@vh + fol) D v | |- 89
ab ab c(#a.b)

The product of eq. (86) and eq. (89) gives eq. (37).

B.3. Decoupling the replicas and taking the p — 0" limit
B.3.1. REPLICA SYMMETRY AND DECOUPLING

In order to apply the replica method, we need to be able to take the p — 0 limit, by analytically
extending eq. (41) to all p > 0. The main idea is that we expect replica symmetry to influence the
measure v that appears in eq. (41). More precisely, we expect that for all permutation 7 € S, we
have v(dA!, - -, dN\?) = v(dA™D) ... d\"(P)). We make in eq. (41) the substitution:

sup — sup sup (90)
veM(p,g)  {pa}l_EM(R) veM(p,q)
st {vi=pa}

In this last expression, the replica symmetric assumption leads us in particular to assume that p, = p
for all a. In order to make the remaining calculation tractable we will also need to fix some linear
statistics of v via Lagrange multipliers:

e For every a < b, we will fix the linear statistics [ v(d\) ¢'(A?)¢(A®) = Agp, with Lagrange
multipliers Agp. Note that by replica symmetry, we actually assume that A, = a fora # b
and A,, = A (and samely for the Lagrange multipliers).

e Forall a, b we will fix the linear statistics [ v(d\) ¢'(A*)A® = By, with Lagrange multipliers
B, By replica symmetry, we assume that B,, = B and B, = b.

Combining these remarks, we reach that the v-dependent term of eq. (41) is equal to:
1 1 . .
sup supextr  sup | prias [, to(1)] — 5 M det [{AwH = 3 | 5 AwAa + BasBay

HEMy(B) Aa Aa ve M(R™) ab
Bb B st {vo=u} ’

+3 o [ AaNS OO + B [ AN O] @l o

Note that here we did not always explicit the replica-symmetry assumption on all the variables
to obtain more compact expressions. The supremum over B,b is moreover constrained by the
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following condition of eq. (40b): Va # b, 2,(q) Baa + f3(0) Bab + fp(@) (0 ) Bac = 0. Under
the replica symmetric assumption, this becomes:

2(@)B + ()b + fp(q)(p — 2)b = 0. (92)

Again, we introduce Lagrange multipliers Cy;, to fix these conditions, that reduce to Cy, = C
because of replica symmetry. Finally, in order to fix the marginal distributions of v, we will have to
introduce *functional’ Lagrange multipliers g*(\*). Again, by replica symmetry, we expect all of
them to be equal to g(A?). In the end, we reach the simplification of eq. (91):

1 1. :
sup  sup eXAtr PRa,¢ [lua t¢(/ﬁ)} - 5 Indet [{Aab}] - Z |:2AabAab + BabBab:| (93)
peMy(B) Ao CAa ab

ve M(R™) Bb B b {g(N\)} 7

— p/u(d/\)g(k) +p(p = 1)C [Bzp(q) + b (fy (@) + (p — 2)fp(0)) ] — aH (v|pc.q)

+¥*% +Z/wwww}

2
We can now solve exactly the supremum over v. By a classical Gibbs measure calculation that we
already detailed in section 2, we obtain (recall that () € RP*? is the overlap matrix):

/V(dA)¢’(A“)¢’(Ab) +Bab/y(d>\)¢’()\“))\b

Aa a » a a
sup /ww>22(2%%wdu%+waAMﬂ+§jmx>—anmm>
ve M(Rm™) ab a
D (@ N A 00 00+ B () 4, 207
=aln / ————C . 9%
RP V2T / det Q
To completely decouple the replicas, we will make use of two classical identities, for any z, y:
% = / Deckt oo / DEDE! ¢33 EHE I+ JEiE)
Thanks to replica symmetry, we can compute Q' and det Q as:
det Q= (1—q)"'[L+ (p — 1), (95a)
- 1+(p—1)q q
Qup = ab — . (95b)
Pl (1-@(1+(p—1))
We define
1+ (p—1)g
dop(q) = ; (96a)
W) = T - 20— - D
q
dy,(q) = . (96b)
N [
Using all the above, we can now simplify eq. (94):
A SN A () 00+ Bk () ), 20
aln — e
Re V27 +/det Q
-1
= -5 2r - ‘)‘(’)2) In(1—q) = S [l + (p— 1)g] + aln [/ DéIp(é)p] SNCH)
R4
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in which we defined & = (&;, &4, &, &) and

/dMFEﬁ) 202 (0% 4 A 41 (0)2 4 B2 ()M /A (@) M v/ E €t ()4 8/ (0 (€0-+i)) A6 —i€))]

While the involved expressions are very cumbersome, we have successfully decoupled the replicas.

B.3.2. THE p — 0 LIMIT AND FINAL RESULT

We begin by a remark on eq. (97). Note that lim,,o(1/p)In [ [ DEL,(€)P] = [ DE In[l(€)].
Thus, after multiplication by (1/p), the p — 0T limit of eq. (97) will yield:

o o aq

——In2r— —-In(1 —¢) — — DEInl 98

S n2r = Shn1 =) = 5o [ DEm (). 08)
in which I(£) is defined in Result 1. We can wrap up the calculation. We make two remarks. Firstly
the condition eq. (92) reduces, in the p — 0 limit, to b = ¢B, so that we will be able to simplify the
terms involving the Lagrange multiplier C. Secondly, the variable B is equal to ¢4 (1), defined in
Theorem 1. We combine now eqs. (40a),(41),(93) and (98) with the two remarks above. Changing
notations from p to v and B to C, we obtain finally the conclusion of Result 1.

Appendix C. Generalization to more involved models

C.1. Annealed and quenched calculations for L,

We give here a sketch of the generalization of our annealed and quenched calculations to Lo, thus
yielding Theorem 2 and Result 2. A more detailed derivation of these results will be included in a
future extended version of this work. We restrict here to the annealed calculation (the generalization
of the quenched calculation is completely similar). The majority of the arguments being identical to

the L case, we will only highlight the main differences and give the important intermediary results.

In the Kac-Rice formula, one has now to integrate over the overlap ¢ = x-x* as well. Moreover,
we condition over the joint values of a,, = &,-xand b, = (1—¢?)~Y/2[(€,, - X*) — qa,], rather than
just &, - x (as we did for Ly). Note that (a,, b,,) follows a joint standard Gaussian distribution.Using
these definitions, we can obtain the counterpart of Lemma 2 for Lo:

. . n(1+ln atln(1—¢?)) 5 —nén(ab)
E Crity, 1,(B,Q) =C, | dge 2 Eap [0(Pn(a,b))11,@pene E, |det H,(a,b)|| ,
Q

in which C, is exponentially trivial, and we defined:

P,(a,b) = % Zb#(b (ay) { (qa# +4/1 - q2b#) — qS(a#)] , (99a)

p=1

Sn(a,b)zéln{i¢(au [ (qaﬂ—&-\/l—q b) ]2} (99b)

H,(a,b) = ;i {qb’(a#) —0"(ay) { (\/1 —q¢%b, +qau> — ¢(a )” 2,7], (99¢)

- [jﬂ > a4, (0,) [6lan) — & (qa, + /= q%,t)ﬂ -
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Here z € R(™~2)*" ig an i.i.d. standard Gaussian matrix. T The condition P,(a,b) = 0 arises from
the conditioning on the nullity of the gradient in the linear subspace spanned by x*, and &, (a,b)
from the density of the gradient in the subspace orthogonal to {x,x*}. A crucial feature of this
equation is that the joint distribution of (L2a(x), grad Lo (x), HessL2(x)) only depends on x via the
overlap ¢ = x - x* with the “true” solution. Once conditioned over the values of ¢, it thus becomes
clear why the calculations made for L, will generalize here.

As in Section 2.3, one can then show the concentration of the empirical logarithmic potential on
the functional £ 4(q, v}}), in which 17} € M(R?) is now the empirical measure of {a,,, b, } 7
We obtain the counterpart of Lemma 4: there exists 7 > 0 such that for all £ > 0:

1 1
lim InP H InE, |det Hy(a,b)| — ka,6(q, V)
n )

n—00 nl

> t] = —00. (100)

Thanks to this result, we perform then a saddle point on the overlap ¢ and the empirical measure
v € M(R?), using Sanov’s theorem and Varadhan’s lemma. This yields the result of Theorem 2.

As a final note, there exists similar results to the one presented in Section 3 that allow to com-
pute the density (and the logarithmic potential) of 11, 4[g, V], via the computation of its Stieltjes
transform.

C.2. Generalizations to other models

Our calculations, both annealed and quenched, can be generalized straightforwardly to many other
loss functions and models. As is clear for instance in the annealed computation of Section 2, the key
features that must be present are a Gaussian distribution for the data, and a loss function L(x) that
only depends on the data samples £, via their projection over a few vectors (as x for L1 (x) and x, x*
for Lo(x)). We give thereafter three examples of models, that can be found in Engel and Van den
Broeck (2001); Mei et al. (2018), and for which the calculations can be performed.

Model 1 (Binary linear classification) Consider n,m > 1 such that m/n — « > 1. Let o :
R — [0, 1] @ smooth threshold function. We are given m samples (y,,x,.),—y withy,, € {0,1} and
x,, € R™ The elements of (y,.),, are generated according to P (Y}, = 1|X,, = x) = 0(6¢ - x), and
the x,, are i.i.d. standard Gaussian random variables in R". We want to learn the vector 6y € S
by minimizing the loss function:

1 « 2 -1
> =0 (0-x,)%, 0 cS . (101)
2m s

Model 2 (Mixture of two Gaussians) Consider n,m > 1 such that m/n — « > 1. We are given

iid. .
m samples y, € R", generated asy, " 22:1 paN(09,1,,). The proportions p, p2 are known,
and we wish to recover 03 and 63 by minimizing the maximum-likelihood estimator:

1 1
L(01,62)=~—% In | Z p{—2HyH—9aH2} : (102)
pn=1

a12

Model 3 (Simple unsupervised learning model) Consider n,m > 1 such that m/n — « > 1.
Let ¢ : R — R a smooth activation function, V : R — R a “potential”, and x° € S*~ ! a fixed
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vector. We assume that we are given i.i.d. data samples {S#}/Tzl € R" distributed such that their

projection on x° has a probability density P(§,, - x = h) emah* =V

of &, are i.i.d. standard Gaussian variables. We wish to recover the vector x° by minimizing:

(h), and the other coordinates

m

> o (& x), xes (103)

p=1

L(x) =

1
m

For each of these three models one can replicate the annealed and quenched calculations of Sec-
tions 2 and 4, under suitable technical hypotheses.

A note on non-spherical priors Finally, it is clear from the calculation of Appendix B (par-
ticularly Section B.1) that we can also generalize these techniques (at least heuristically) to non-
spherical prior distributions on the vectors x. The most natural hypothesis that allows the computa-
tion to be generalized is that the prior distribution takes the decoupled form P(dx) = [ [, P(dx;).
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