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Abstract 
We present various heu r i s t i c techniques fo r use in 

proving the correctness of computer programs. The 
techniques are designed to obta in automat ical ly the 
" induc t i ve asser t ions" attached to the loops of the 
program which previously required human "understanding" 
of the program's performance. We d i s t i ngu ish between 
two general approaches: one in which we obta in the 
induct ive asser t ion by analyzing predicates which are 
known to be t rue at the entrances and ex i t s of the loop 
(top-down approach), and another in which we generate 
the induct ive asser t ion d i r e c t l y from the statements 
of the loop (bottom-up approach). 

I . In t roduc t ion 

The d e s i r a b i l i t y of proving that a given program 

is correct has been noted repeatedly in the computer 

l i t e r a t u r e , Floyd [1967] has provided a proof method 

for showing p a r t i a l correctness of i t e r a t i v e ( f l ow­

chart ) programs, that i s , i t shows that i f the program 

terminates, a given input -output r e l a t i o n is s a t i s f i e d . 

The method involves cu t t i ng each loop of the program, 

at taching to each cutpoint an " induc t i ve asser t ion" 

(which Is a predicate in f i r s t - o r d e r predicate c a l c u l ­

us ) , and construct ing v e r i f i c a t i o n condit ions for each 

path from one asser t ion to another (or back to i t s e l f ) . 

The program is p a r t i a l l y correct i f a l l the v e r i f i c a ­

t i o n condit ions are v a l i d . Elements of these tech­

niques have been shown amenable to mechanization. 

King [1969], fo r example, has ac tua l l y w r i t t e n a ' v e r i ­

f i e r ' program which, given the proper induct ive asser­

t ions fo r programs w r i t t e n in a s i m p l i f i e d A l g o l - l i k e 

language, can prove p a r t i a l correctness. Thus, i t is 

f a i r l y c lear that the parts of t h i s method which in-

volve generating v e r i f i c a t i o n condit ions from induct ive 

assert ions and then proving or d isproving t h e i r v a l i ­

d i t y is a d i f f i c u l t but programmable problem. However, 

as King puts i t , f i nd ing a set of assert ions to ' c u t ' 

each loop of the program "depends on our deep under­

standing of the program's performance and requires some 

sophist icated i n t e l l e c t u a l endeavor". 

In th i s paper we show some general h e u r i s t i c tech­

niques fo r automat ical ly f i nd ing a set of induct ive 

assert ions which w i l l al low proving p a r t i a l co r rec t ­

ness of a given program. More p rec i se l y , we are given 

a f lowchart program w i th input var iab les x (which are 

not changed during execut ion) , program var iab les y 

(used as temporary storage during the execution of the 

program), and output var iab les z (which are assigned 

values only at the end of the execut ion). In add i t i on , 

we are given " input pred icate" $ ( x ) , which puts r e ­

s t r i c t i o n s on the input va r iab les , and "output p r e d i ­

cate" <Kx,z) , which ind icates the desired r e l a t i o n be­

tween the input and output va r iab les . Given a set of 

cutpoints which cut a l l the loops, our task is to a t ­

tach an appropriate induct ive asser t ion Q i to each 

cutpoint i . 

We d i s t i ngu i sh between two general approaches: 

(a) top-down approach in which we obta in the Induct ­

ive asser t ion ins ide a loop by analyzing the predicates 

which are known to be true at the entrances and ex i t s 

of the loop, and 

(b) bottom-up approach in which we generate the i n ­

duct ive asser t ion of a loop d i r e c t l y from the s t a t e ­

ments of the loop. 

For " toy " examples, having only a s ing le loop, i t 

is general ly c lear that the top-down approach is the 

na tura l method to use. However, t h i s is d e f i n i t e l y not 

the case fo r rea l ( n o n - t r i v i a l ) programs wi th more com­

plex loop s t ruc tu re . In t h i s case some bottom-up tech­

niques were found ind ispens ib le . Most commonly we have 

found it necessary to combine the two techniques, w i t h 

the bottom-up methods dominant. 

Prel iminary attempts to a t tack the problem of f i n d ­

ing assert ions have been made by Floyd [p r i va te commun­

i c a t i o n ] , and Cooper [1971]. Heur is t i c ru les bas i ca l l y 

s im i l a r to some of our top-down ru les have been discov­

ered Independently by Wegbreit [1973]. Elspas, et a l . 

[1972], used "d i f fe rence equations" derived from the 

program's statements which i s , in essence, a bottom-up 

approach. 

We handle programs w i th arrays separate ly, since 

generating assert ions invo lv ing q u a n t i f i c a t i o n over 

the indices of arrays requires spec ia l treatment. Thus 

in Section I I we discuss heu r i s t i c techniques for f low­

chart programs wi thout a r rays , whi le in Section I I I we 

extend the treatment to programs w i t h ar rays . In Sec­

t i o n IV (conclusion) we discuss open problems and pos­

s i b l e impl ica t ions of our techniques. Related problems 

where these approaches seem appl icable include proving 

terminat ion of programs, and discover ing the input and 
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where t. is the e x i t t e s t , p, is some conjunct of a 

predicate known to be t rue when the ex i t tes t f i r s t 

holds, 1 is the cutpoint on the arc leading in to the 

e x i t t e s t , and Q1 is the asser t ion which we wish to 

discover. We attempt to ext ract in format ion from p. 

If a predicate is expressed as a conjunct ion 

A1AA2^........AN , then each A is a conjunct, of the 

predicate. 
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output assert ions of a program. 

Our emphasis in t h i s paper is on the exposi t ion of 

the ru les themselves and we are purposely somewhat 

vague on other problems, such as cor rec t l y locat ing 

the cutpoints or order ing the app l i ca t ion 

of the ru les . Though we do not enter in to d e t a i l s , we 

assume that whenever possible we conduct immediate 

tests on the consistency (wi th known information) of a 

new component for an asser t ion as soon as it is gene­

ra ted , and that algebraic s imp l i f i ca t i ons and manipu­

la t ions are done whenever necessary. 

II Heur is t ics fo r Programs without Arrays 

A. Top-down approach. 

We begin by l i s t i n g the top-down ru les , which may 

be div ided into two classes: entry rules and ex i t 

ru les . 

1. Entry ru les . These ru les are i n t u i t i v e l y ob­

v ious , but provide valuable informat ion in a su rp r i s ­

ing number of cases. 

ru le En`1. Any conjunct* in the input predicate $(x) 

may be added to any Q, It need not be proven since 

the input var iables are not changed ins ide the program, 

rule En2. Any predicate known to be true upon f i r s t 

reaching a cutpoint i should be t r i e d in Q i. 

2. Ex i t ru les . For s imp l i c i t y in the statement 

of these ru les , we assume that a cutpoint is attached 

to the arc immediately before an e x i t test of the loop. 

Thus we may consider an e x i t from a loop to be of the 

form 



I t Is possible to continue to design ru les fo r 

obtain ing R for spec i f i c forms of p. , but since our 

aim is to explain the general tone of these techniques, 

we w i l l not go i n to fu r the r de ta i l s in t h i s d i r e c t i o n . 

B. Bottom-up Approach. 

A l l of the rules given above have in common that 

they expect to be provided w i th some informat ion on 

e i ther what condit ions were true upon enter ing the 

loop or what condit ions were expected to hold upon 

completing the loop (or bo th ) . However., i t is possible 

to produce conjuncts of the asser t ion Q without con­

s ider ing predicates already establ ished elsewhere in 

the program. In order to accomplish t h i s goal we 

sha l l look fo r a predicate which is an invar ian t of 

the loop L , i . e . , it remains t rue upon repeated exe­

cutions of the loop. 

C lear ly , any conjunct in the induct ive asser t ion 

of a loop must be an invar ian t of the loop. However, 

in the top-down ru les th i s is usual ly the l as t fac t 

which is establ ished about a prospective asser t ion . 

In the pure bottom-up approach, assert ions which ar ise 

" n a t u r a l l y " from the computations in the loop are d i ­

r e c t l y generated — and only afterward checked for 

relevance to the ove ra l l proof . 

Most invar iants may be traced back to the fac t 

that at any stage of the computation, those assignment 

statements which are on the same paths through the 

loop have been executed an i d e n t i c a l number of t imes, 

and t h i s is a 'constant ' which may be used to re la te 

the var iab les i t e r a t e d . 

For an assignment statement y. ■*■ f ( x , y ) we l e t 

y1 denote the value of y . a f t e r n executions of the 
(01 statement, whi le y; ' ind icates the " i n i t i a l " value of 

y1 upon f i r s t reaching a given cutpolnt of the loop. 

Our technique for f i nd ing invar ian ts involves 

construct ing an "operator t ab le " in which we record 

usefu l in format ion for each operator. Among the e i t r ies 

fo r an operator are i t s d e f i n i t i o n (using "weaker" ope­

ra tors ) , a descr ip t ion of a general computation a f t e r 

n i t e r a t i o n s , and other common i d e n t i t i e s which f a c i ­

l i t a t e s i m p l i f i c a t i o n s . For example, fo r + our table 

w i l l include the fac t that f o r an assignment statement 

of the form y1 + y1+k, in general y1
(n)=y (0)+ T k ^ " 1 5 

where kVJ is the value of k before the j - t h i t e r a ­

t i o n of the assignment statement. Important i d e n t i ­

t i e s are also noted inc lud ing that f o r a constant c , 
n n , . . 
I c » c n , and that £ i» ' -i—*- . Rules fo r producing 

i - 1 i - 1 2 
i nvar ian ts l i n k i n g var iab les which receive assignments 

on d i f f e r e n t paths through the loop are present ly 

being developed. Here we present ru les only f o r the 

502 



Our heu r i s t i c ru les are a l l re levant to programs 

having an a r b i t r a r y number of loops, and an a rb i t r a r y 

complex ' t opo logy ' , a l though, of course, they w i l l 

y i e l d v a l i d induct ive assert ions more of ten and more 

immediately in a simple program. 

One of the problems in applying the ru les is dec i ­

ding what order is p re ferab le . In p a r t i c u l a r , i t has 

been found that many terms of the assert ion may be ob­

tained both by the bottom-up ru les and by repeated use 

of the top-down ru les . However, usual ly one method 

w i l l y i e l d the resu l t immediately, whi le considerable 

e f f o r t is expended i f the other method is applied 

f i r s t . Experience shows that there is a need for i n ­

te rac t ion between the top-down and bottom-up ap­

proaches. For example, we may use established invar­

iants to deduce the r e l a t i o n R in the top-down ru le 

Ex2, and on the other hand, we may d i rec t the search 

for pa r t i cu l a r invar iants based on var iables or opera­

tors which appear in p. . 
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i . e . , the claim which can be made about the e f f ec t on 

the arrays of one c i r c u i t through the loop. This claim 

i s o f ten not d i f f i c u l t t o es tab l i sh , i n pa r t i cu l a r f o r 

loops which do not contain other loops since then the 

c i r c u i t through the loop is a simple sequence of s t a t e ­

ments. The asser t ion can be most eas i l y establ ished by 

the known technique of "backward s u b s t i t u t i o n " , moving 

backwards around the loop past each assignment s t a t e ­

ment. 
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assert ions w i l l show the program p a r t i a l l y cor rec t . 

We c lea r l y could have used the t r a n s i t i v i t y ru le here, 

but f o r t h i s example, the amount of work required is 

about the same. 

IV. Conclusion 

C lear ly , the ru les and examples given in th i s paper 

are fa r from being a general system for f ind ing induc­

t i v e asser t ions. More and bet ter ru les are needed, 

p a r t i c u l a r l y f o r array asser t ions, which tend to be 

complex and unwieldy. 

In a d d i t i o n , before the ru les can be incorporated 

i n to a p r a c t i c a l framework, we must order the i r a p p l i ­

ca t i on . That i s , at each step we must provide more 

exact c r i t e r i a f o r deciding which ru le to apply and on 

which cutpoint of the program. The order in which the 

ru les are presented in each subclass does i m p l i c i t l y 

provide a p a r t i a l spec i f i ca t i on . Thus we present ly 

would t r y to apply Ex1, and only i f i t f a i l ed t r y Ex2, 

e tc . Moreover, we general ly would t r y to gather i n ­

formation on simple var iab les using the rules of Sec­

t i o n I I before attempting to t rea t array asser t ions. 

The more basic (and open) questions are (a) whether 

to attempt top-down or bottom-up techniques f i r s t for 

a given loop, and (b) which loop of a program should 

be t reated f i r s t . Although we experimented w i th 

various orderings in the examples In th i s paper, we 

have t e n t a t i v e l y formulated a more f ixed approach. 

Our present I n c l i n a t i o n is to f i r s t use top-down ru les 

from the (physical ) beginning of the program. (Since 

in general there is more than one outer loop, usual ly 

only entrance ru les are appl icab le . ) Then we use 

bottom-up ru les fo r the same loop, to create a p true 

a f te r e x i t from the f i r s t loop containing as much i n ­

formation as poss ib le . We continue wi th the next 

outer loop In a s im i la r manner. I f , however, we are 

stymied and unable to find a loop asser t ion , we start 
wi th top-down ru les from the end of the program, and 

t r y to work backwards towards the beginning. 

A more sophis t icated approach would require a 

weighted evaluat ion func t ion capable of making a very 

cursory scan of the program. This funct ion would 

i d e n t i f y loops which seemed 'promis ing 1 , i . e . l i k e l y 

to y i e l d valuable in format ion r ap i d l y , and apply selec­

ted ru les f i r s t to these loops. 

Since some of the ru les could continue searching 

fo r a possib ly non-existent form of assert ion almost 

I n d e f i n i t e l y ( the t r a n s i t i v i t y r u l e , f o r example), 

such ru les would have a "weak" vers ion and a "s t rong" 

ve rs ion . The "weak" vers ion would be used in the 

i n i t i a l attempt to f i nd an asser t ion , and would "g ive-

up" rap id l y i f i t d id not provide an almost immediate 

so lu t i on . Then other, possibly more appropr ia te , ru les 

may be t r i e d on the cutpo in t . Only if a l l ru les f a i l e d 

to add relevant in format ion, would the "s t rong" vers ion 

be appl ied. This d i v i s i on is p a r a l l e l to the human 

attempt to f i r s t f i nd what Is "obviously" t rue In the 

loop, and only afterwards br ing out the f i ne po in ts . 

The overa l l strategy we have adopted in t h i s paper 

has been to f i nd assertions strong enough to prove the 

p a r t i a l correctness in as few steps as poss ib le . Thus, 

in general , we attempt to d i r e c t l y produce a near-exact 

descr ip t ion of the operation of a loop, without going 

through numerous intermediate stages where we are un­

able to shorn e i ther v a l i d i t y or u n s a t l s f i a b i l i t y . I f 

our heur i s t i c is wrong, t h i s fac t w i l l be revealed 

r e l a t i v e l y rap id ly by generating an unsa t i s f iab le v e r i ­

f i c a t i o n cond i t ion . We then may t r y a weaker a l t e r ­

nat ive c la im. We f e e l that t h i s is the approach which 

should be taken in order to construct a p r a c t i c a l 

system which could be added to a program v e r i f i e r . 

We bel ieve that the bottom-up approach may also be 

used to solve other problems. For example, in the 

p a r t i t i o n program (Example 5 ) , the induct ive assert ion 

was ac tua l ly found without using the w given by the 

programmer. In one s ing le step 1)1 may be generated 

from Q , and thus we have 'd iscovered' what the program 

does without the use of add i t iona l in format ion. This 

feature of the bottom-up approach can probably be most 

useful fo r strengthening a too-weak asser t ion , i . e . , 

reveal ing that the program does more than is claimed 

in w . 

Another apparent app l i ca t ion is fo r proving te rm i ­

nat ion using well-founded se ts . For terminat ion, 

predicates Qi and funct ions ui are requ i red, where ui 

(a mapping to the well-founded set ) has i t s domain 

bounded by Qi and descends each time the loop Is exe­

cuted. Here again the bottom-up approach is useful 

since no w Is provided. We have already begun inves-

t i g a t i n g bottom-up methods for generating both the 

Q i 's and the u i 's which w i l l ensure terminat ion. 

The u l t imate goal of automatic asser t ion generation 

is almost ce r ta in l y unat ta inab le ; thus the optimal 

system would involve man-machine i n t e r a c t i o n . Whenever 

it was unable to generate the proper asser t ion , the 

machine would supply deta i led questions on problematic 

re la t ions among var iables and possible f a i l u r e points 

( incorrect loops) of the program. C lear ly , a p a r t i a l 

spec i f i ca t i on of the asser t ions, provided by the 

programmer, could shorten th i s en t i re process. 
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ITERATED L IMIT ING RECURSION AND THE PROGRAM 
MINIMIZATION PROBLEM. 

L .K . S c h u b e r t 

D e p a r t m e n t o f Compu t ing S c i e n c e , U n i v e r s i t y 
o f A l b e r t a , Edmonton , A l b e r t a , Canada. 

ABSTRACT: The g e n e r a l p r o b l e m o f f i n d i n g 

m i n i m a l p rog rams r e a l i z i n g g i v e n " p r o g r a m 

d e s c r i p t i o n s " i s c o n s i d e r e d , where p rog ram 

d e s c r i p t i o n s may s p e c i f y a r b i t r a r y p rog ram 

p r o p e r t i e s . The p r o b l e m o f f i n d i n g m i n i m a l 

p rog rams c o n s i s t e n t w i t h f i n i t e o r i n f i n i t e 

i n p u t - o u t p u t l i s t s i s a s p e c i a l case ( f o r 

i n f i n i t e i n p u t - o u t p u t l i s t s , t h i s i s a v a r i a n t 

o f E.M. G o l d ' s f u n c t i o n i d e n t i f i c a t i o n 

p r o b l e m ; a n o t h e r c l o s e l y r e l a t e d p r o b l e m i s 

t ne g r a m m a t i c a l i n f e r e n c e p r o b l e m ) . A l t h o u g h 

most p r o g r a m m i n i m i z a t i o n p rob lems a re n o t 

r e c u r s i v e l y s o l v a b l e , t h e y a re f o u n d t o b e n o 

more d i f f i c u l t t h a n t h e p r o b l e m o f d e c i d i n g 

w h e t h e r any g i v e n p r o g r a m r e a l i z e s any g i v e n 

d e s c r i p t i o n , o r t h e p r o b l e m o f e n u m e r a t i n g 

p rog rams i n o r d e r o f n o n d e c r e a s i n g l e n g t h 

( w h i c h e v e r i s h a r d e r ) . T h i s r e s u l t i s 

f o r m u l a t e d i n t e rms o f k - l i m i t i n g r e c u r s i v e 

p r e d i c a t e s and f u n c t i o n a l s , d e f i n e d b y 

r e p e a t e d a p p l i c a t i o n o f G o l d ' s l i m i t o p e r a t o r . 

A s i m p l e consequence i s t h a t t h e p rog ram 

m i n i m i z a t i o n p r o b l e m i s l i m i t i n g r e c u r s i v e l y 

s o l v a b l e f o r f i n i t e i n p u t - o u t p u t l i s t s and 2 -

l i m i t i n g r e c u r s i v e l y s o l v a b l e f o r i n f i n i t e 

i n p u t - o u t p u t l i s t s , w i t h weak a s s u m p t i o n s 

abou t t h e measure o f p r o g r a m s i z e . Go ld 

r e g a r d e d l i m i t i n g f u n c t i o n i d e n t i f i c a t i o n 

(more g e n e r a l l y , " b l a c k box " i d e n t i f i c a t i o n ) 

a s a mode l o f i n d u c t i v e t h o u g h t . I n t u i t i v e l y , 

i t e r a t e d l i m i t i n g i d e n t i f i c a t i o n m i g h t b e 

r e g a r d e d a s h i g h e r - o r d e r i n d u c t i v e i n f e r e n c e 

p e r f o r m e d c o l l e c t i v e l y b y a n e v e r g r o w i n g 

communi ty o f l o w e r - o r d e r i n d u c t i v e i n f e r e n c e 
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m a c h i n e s . 

KEY WORDS AND PHRASES: f u n c t i o n i d e n t i f i c a t i o n , 

m i n i m a l p r o g r a m s , l i m i t i n g r e c u r s i o n , i n d u c t i v e 

i n f e r e n c e , p r o g r a m l e n g t h m e a s u r e s , p r o g r a m 

p r o p e r t i e s , deg ree o f u n s o l v a b i l i t y . 

1 . INTRODUCTION 

A q u e s t i o n c o n s i d e r e d by Go ld [1 ] was f o r 

wha t c l a s s e s o f compu tab le f u n c t i o n s t h e r e 

e x i s t machines w h i c h succeed i n " i d e n t i f y i n g 

i n t h e l i m i t " any member o f t h e c l a s s . 

I d e n t i f y i n g a compu tab le f u n c t i o n i n t h e l i m i t 

c o n s i s t s o f g e n e r a t i n g a sequence o f " guesses " 

( i n t e g e r s ) c o n v e r g e n t t o a n i n d e x f o r t h e 

f u n c t i o n , s u c c e s s i v e guesses b e i n g based o n 

s u c c e s s i v e l y l a r g e r p o r t i o n s o f a n i n f o r m a t i o n 

sequence w h i c h l i s t s a l l e l e m e n t s o f t h e 

f u n c t i o n . An example o f a p r a c t i c a l p r o b l e m 

t o w h i c h t h e s e c o n c e p t s a re r e l e v a n t i s t h e 

l e a r n i n g p r o b l e m i n p a t t e r n r e c o g n i t i o n . 

T y p i c a l l y a n a d a p t i v e p a t t e r n r e c o g n i t i o n 

sys tem i s caused t o " l e a r n " a mapping f r om 

p a t t e r n s t o r esponses b y p r e s e n t i n g t o i t a 

sequence o f l a b e l l e d p a t t e r n s , i . e . , p a t t e r n s 

w i t h t h e i r a p p r o p r i a t e r e s p o n s e s . A l l o f t he 

m a c h i n e ' s responses w i l l c o n f o r m w i t h t h e 

d e s i r e d mapping once i t has i d e n t i f i e d t h a t 

mapp ing , i n t h e sense t h a t i t has f o u n d a n 

a l g o r i t h m ( e q u i v a l e n t l y , a n i n d e x ) f o r i t . 

Two o f G o l d ' s main r e s u l t s were t h a t any r . e . 

c l a s s o f t o t a l r e c u r s i v e f u n c t i o n s i s 

i d e n t i f i a b l e i n t h e l i m i t , and t h a t t h e c l a s s 

o f t o t a l r e c u r s i v e f u n c t i o n s i s n o t i d e n t i ­

f i a b l e i n t h e l i m i t (hence a l s o t h e c l a s s o f 

p a r t i a l r e c u r s i v e f u n c t i o n s i s n o t i d e n t i ­

f i a b l e i n t h e l i m i t ) . 

Here a m o d i f i e d v e r s i o n o f G o l d ' s p r o b l e m 

i s c o n s i d e r e d . The f i r s t m o d i f i c a t i o n i s t h e 

r e p l a c e m e n t o f i n f o r m a t i o n sequences b y 



( f i n i t e o r i n f i n i t e ) "program d e s c r i p t i o n s " i s a l so suggested by the work o f Kolmogorov 

which may spec i f y a r b i t r a r y program p r o p e r t i e s . [ 6 ] , M a r t i n - L o f [7] and o t h e r s , showing t h a t 

Desc r ip t i ons which l i s t i n p u t - o u t p u t p a i r s are the number o f symbols in the s h o r t e s t program 

then regarded as a s p e c i a l case. The second f o r genera t ing a f i n i t e sequence can be taken 

m o d i f i c a t i o n is t ha t i t e r a t e d l i m i t procedures as a measure o f the i n f o r m a t i o n content o f the 

( I t - l i m i t i n g recu rs i ve f u n c t i o n a l s ) are sequence, and t h i s measure prov ides a l o g i c a l 

admi t ted f o r p r o g r a m - f i n d i n g , s ince f i n d i n g bas is f o r i n f o r m a t i o n theory and p r o b a b i l i t y 

s u i t a b l e programs i n the n o n - i t e r a t e d l i m i t t heo ry . 

is imposs ib le f o r many c lasses o f program In the f o l l o w i n g the u n s o l v a b i l i t y o f most 

d e s c r i p t i o n s . For t h i s purpose k - l i m i t i n g n o n t r i v i a l program m in im iza t i on problems i s 

recurs iveness i s de f i ned by s t r a i g h t - f o r w a r d f i r s t no ted . A f t e r es tab l i shment o f some 

g e n e r a l i z a t i o n o f Go ld 's concept o f l i m i t i n g bas ic p r o p e r t i e s o f k - l i m i t i n g recu rs i ve 

recurs iveness . The t h i r d m o d i f i c a t i o n i s the p red i ca tes and f u n c t i o n a l s , i t i s shown t h a t 

added requirement t h a t programs found in the any program m i n i m i z a t i o n problem is k - l i m i t i n g 

( i t e r a t e d ) l i m i t be min imal accord ing to some r e c u r s i v e l y so lvab le i f the problem of determ-

p resc r i bed measure of program s i z e . i n i n g whether any g iven program s a t i s f i e s any 

Accord ing ly problems o f t h i s mod i f i ed type are g iven d e s c r i p t i o n i s k - l i m i t i n g r e c u r s i v e l y 

c a l l e d program m in im iza t i on problems. so lvab le and programs are k - l i m i t i n g r . e . in 

There are va r ious reasons f o r an i n t e r e s t o rder of nondecreasing s i z e . Simple conse-

in f i n d i n g m in ima l - l eng th programs. In work quences are t h a t the problem o f f i n d i n g 

on grammatical i n fe rence c l o s e l y r e l a t e d to min imal programs f o r f i n i t e f unc t i ons i s 

Go ld 's i d e n t i f i c a t i o n problem, Feldman [2] l i m i t i n g r e c u r s i v e l y s o l v a b l e , and t h a t the 

cons iders i n fe rence schemes which t r y to f i n d problem of f i n d i n g minimal programs f o r 

"good" grammars c o n s i s t e n t w i t h a v a i l a b l e a r b i t r a r y computable f unc t i ons (g iven an 

i n f o r m a t i o n about a language. One measure e x p l i c i t l i s t i n g ) is 2 - l i m i t i n g r e c u r s i v e l y 

o f goodness is the i n t r i n s i c comp lex i t y , or s o l v a b l e , w i t h weak assumptions about the 

s i z e , of a grammar. In terms of the f u n c t i o n measure of program s i z e . Lower bounds on the 

i d e n t i f i c a t i o n problem, t h i s corresponds to d i f f i c u l t y o f these problems are a l ready known 

f i n d i n g programs which are smal l accord ing from the work of Pager [8] and Gold [ 1 ] . 

to some measure of program s i z e . Indeed, the F i n a l l y , the p o i n t is emphasized in the 

use o f smal l programs f o r i n d u c t i v e i n fe rence conc lud ing remarks t h a t l i m i t i n g r e c u r s i v e l y 

i s a r e c u r r i n g theme in the l i t e r a t u r e (see so l vab le i n d u c t i o n problems, though s t r i c t l y 

f o r example Refs . 3 - 5 ) ; a l l u s i o n i s u s u a l l y "unso lvab le " i n g e n e r a l , are nonetheless w i t h -

made to the s c i e n t i f i c maxim knows as in the reach of mechanical procedures in the 

"Occam's Razor", accord ing to which " i t is impor tan t sense descr ibed by Go ld , and t h a t 

va in to do w i t h more what can be done w i t h even problems unso lvab le in the l i m i t may be 

fewer" in account ing f o r known phenomena. regarded as so lvab le in a weakened sense by an 

The s p e c i a l importance of minimal programs expanding community of mechanisms per fo rming 
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l i m i t computat ions. assumed to be e f f e c t i v e l y enumerable in order 

2. PROGRAM MINIMIZATION PROBLEMS of n°ndecreasing l eng th . For example, the 

To f i x i deas , any programmable machine M number of elementary symbols in a program 

may be thought of as a 2-tape Tur ing machine, provides such a length measure, 

w i t h one tape regarded as i npu t -ou tpu t (I /O) In the f o l l o w i n g , obv ious ly machine and 

tape and the other as program tape. One or length-measure dependent concepts w i l l some-

both tapes a lso serve as working tape. A times be used w i thou t e x p l i c i t reference to a 

computation begins w i t h the f i n i t e - s t a t e p a r t i c u l a r machine or length measure. This 

c o n t r o l of the machine i n a unique s t a r t s ta te should be kept i n mind f o r a co r rec t i n t e r -

and w i t h a program on the program tape and an p r e t a t i o n of the r e s u l t s . 

inpu t on the I/O tape . I f and when the machine a minimal Program fo r a f u n c t i o n O i s one 

h a l t s , the I/O tape expression gives the ou t - Whose length does not exeed the length any 

p u t . I t i s assumed t h a t there i s an e f f e c t i v e otherr Program fo r 4,. The problem of f i n d i n g a 

1-1 coding from tape expressions (same syntax minimal program (or a l l minimal programs) fo r 

fo r both tapes) onto the in tegers N. The a f unc t i on O given a (poss ib ly i n f i n i t e ) l i s t 

program (or I/O tape expression) corresponding of the e lements of ♦, is an example of a code number (index) X be written as ■i.i. ~ program min imizat ion problem. More genera l l y , 

to code number ( index) x w i l l be w r i t t e n as x . Program problem generally 

TC ,. . . , , . . . . . . - , ,u_„ a program min imizat ion problem is the problem 
If M even tua l l y h a l t s w i t h ou tpu t z when r ■» c e 

. - , . .. - , . . - „ . , „ of f i n d i n g a minimal program (or a l l minimal 
suppl ied w i t h program x and inpu t y, one may 3 

,M, . T. ,„ , . , . . J.M/,,\ programs) meeting the cond i t ions l i s t e d in any 
w r i t e 4> (y) = z. If M does not h a l t , <t> (Y) x x 

- ^. -, m. ., i. • i "program d e s c r i p t i o n " belonging to some class 
is undef ined. Thus M computes a p a r t i a l v •» 

,M . , - . . ■ , i of such d e s c r i p t i o n s . Program desc r i p t i ons 
f unc t i on $ x w i t h program x . However, i t w i l l 

,_ - . are loose ly def ined as f o l l o w s . Suppose tha t 
be convenient to t h i n k of x not merely as a 

M a (possib ly i n f i n i t a r y ) l o g i c a l system is 
program f o r tj> , but as a program fo r any 

M - . q iven along w i t h an i n t e r p r e t a t i o n based on a 
subset of $ . In o ther words, x is a program y 

. , , ,,_ _ ,M, . f i x e d M such t h a t every wf f in tne system 
fo r a f u n c t i o n $ prov ided only t h a t cp lyJ = 

, , = M, . expresses some program proper ty ( i . e . , every 
<My) f o r a l l y in the domain of <j>; * x (y> 

,. . wf f is a unary p red ica te over programs). Then 
need not be undef ined f o r y outs ide tha t 

, the w f i s comprising the system w i l l be ca l l ed 
domain. If such an x e x i s t s f o r a g iven q>, <p 

. , , , , , , „ . , * program d e s c r i p t i o n s . T y p i c a l l y a program 
w i l l be sa id to be programmable (on M) . A c—*- -* 

d e s c r i p t i o n might spec i fy r e l a t i o n s h i p s between 
machine on which a l l p a r t i a l recurs i ve 

, inputs and outputs ( e . g . , p a r t i c u l a r i n p u t - o u t -
func t ions are programmable is u n i v e r s a l . 

put p a i r s ) , s t r u c t u r a l p rope r t i es ( e . g . , the 
A program leng th measure assigns a non-

. number of occurrences of a p a r t i c u l a r symbol 
negat ive i n t e g r a l l eng th to each program such 

- in the program), ope ra t i ona l p rope r t i es ( e . g . , 
t h a t on ly a f i n i t e number of programs are o£ 

computat ional comp lex i t y ) , or combinations of 
any p a r t i c u l a r l e n g t h . A length measure need 

, such p r o p e r t i e s . I f 6 is a program d e s c r i p t i o n , 
not be r e c u r s i v e , though t h i s is a f requent 

a program x w i l l be sa id to r e a l i z e 6 if x 
assumption; f u r the rmore , programs are o f t en ^ ^ p r o p e r f c y e x p r e s s e d b y J . 



expressed as a t o t a l f u n c t i o n t h i s is 

Thus a mapping whose domain con ta ins coded 

rep resen ta t i ons o f i n f i n i t e d e s c r i p t i o n s i s a 

f u n c t i o n a l . 

The coded ve r s i on of a d e s c r i p t i o n o, 

whether i t i s f i n i t e o r i n f i n i t e , w i l l b e 

w r i t t e n as 6. Since no con fus ion can r e s u l t , 

coded rep resen ta t i ons o f d e s c r i p t i o n s w i l l a lso 

s imply be c a l l e d d e s c r i p t i o n s . A se t of 

d e s c r i p t i o n s w i l l b e c a l l e d i n f i n i t e l y 

d i ve rse i f no set o f programs r e a l i z i n a the 

d e s c r i p t i o n s i s f i n i t e . 

Theorem 1 is concerned w i t h I/O d e s c r i p t i o n s 

o n l y , w h i l e Theorems 3 and 4 w i l l apply to 

a r b i t r a r y program d e s c r i p t i o n s . 

Theorem 1. Let M be a u n i v e r s a l 

programmable machine and l e t a r e c u r s i v e 

l eng th measure be g i v e n . Then the program 

m i n i m i z a t i o n problem is not r e c u r s i v e l y 

so l vab le f o r any e f f e c t i v e l y enumerable, 

i n f i n i t e l y d i ve rse set o f I/O d e s c r i p t i o n s . 

Proo f : Pager [8 ] p r e v i o u s l y noted t h i s 

f a c t f o r the case when I/O d e s c r i p t i o n s 

spec i f y f i n i t e f u n c t i o n s , and remarked t h a t 

the p roo f i nvo l ves the Recursion Theorem. I 

fo rmu la ted Theorem 1 independent ly and proved 

i t , i n o u t l i n e , as f o l l o w s . The negat ion o f 

the theorem a l lows the c o n s t r u c t i o n of a 

program which enumerates d e s c r i p t i o n s and 

corresponding min imal programs u n t i l i t f i n d s 

a min imal program longer than i t s e l f ; i t then 

s imula tes t h a t program, and c o n t r a d i c t i o n 

r e s u l t s . The p o s s i b i l i t y of a program 

measuring i t s own leng th and then per fo rming 

o ther a r b i t r a r y c a l c u l a t i o n s f o l l o w s from the 

ex is tence of a r e c u r s i v e f u n c t i o n g such t h a t 
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be proved from the S-m-n Theorem and the 

Recursion Theorem. 

To demonstrate the u n s o l v a b i l i t y of a 

program m in im iza t i on problem ( fo r a un i ve rsa l 

machine), i t i s t h e r e f o r e s u f f i c i e n t t o show 

t h a t the d e s c r i p t i o n s concerned inc lude an 

e f f e c t i v e l y enumerable, i n f i n i t e l y d iverse 

se t o f I/O d e s c r i p t i o n s . This i m p l i e s , f o r 

example, t h a t the program min im iza t i on 

problem f o r the s i n g l e t o n f u n c t i o n s , f o r the 

f i n i t e dec i s i on f u n c t i o n s , and even f o r the 

dec i s i on f unc t i ons o f c a r d i n a l i t y 2 i s 
2 

unsolvab le , whenever the leng th measure is 

r e c u r s i v e . 

Pager [9] has shown t h a t the las t -ment ioned 

problem is unsolvable even when the leng th 

measure is not r e c u r s i v e . Fu r the r , he 

es tab l i shed the s u r p r i s i n g f a c t t ha t the 

m in im iza t i on problem is unsolvable f o r a 

c e r t a i n f i n i t e l y d i ve rse set o f dec i s i on 

f u n c t i o n s , regard less of the leng th measure 

employed [ 8 ] . 

In view of Pager 's r e s u l t s i t may be 

asked whether the requirement t h a t the length 

measure be recu rs i ve is super f luous in 

Theorem 1. The answer is no (al though the 

requirement can be weakened somewhat). To 

prove t h i s , i t i s on ly necessary t o spec i f y 

some sequence of f i n i t e dec i s ion func t i ons 

such t h a t any program is a program f o r at 

most one of these f u n c t i o n s , p lus an 

a r b i t r a r y procedure f o r o b t a i n i n g a 

p a r t i c u l a r program f o r each f u n c t i o n in the 

sequence; then the l eng th measure can r e a d i l y 

be de f ined to guarantee the m i n i m a l i t y of 

these p a r t i c u l a r programs. 

I t i s i n t e r e s t i n g to note t h a t Theorem 1 

s t i l l ho lds f o r c e r t a i n non-1/0 d e s c r i p t i o n s . 

For example, suppose the minimal programs are 

requ i red to operate w i t h i n a c e r t a i n bound on 

the computat ional complex i ty , apar t from an 

a r b i t r a r y a d d i t i v e cons tan t . Then i t i s c l ea r 

t h a t the proof of Theorem 1 is app l i cab le 

w i t hou t change. 

These u n s o l v a b i l i t y r e s u l t s do not mean 

tha t a l l i n t e r e s t i n g program min im iza t ion 

problems are e n t i r e l y beyond the reach of 

mechanical procedures, as Theorem 3 w i l l show. 

The f o l l o w i n g d e f i n i t i o n s genera l i ze the 

concept o f l i m i t i n g recu rs ion in t roduced bv 

Gold [ 1 ] . 

understood) i f there is a p red ica te P k - l i m i t i n q 

decidable on AxN such t h a t f o r Sea, P(6,x) 

holds i f f A set o f i n tegers i s k - l i m i t i n g 

r . e . i f i t i s empty or the range o f a f u n c t i o n 
5 

k - l i m i t i n g recu rs i ve on N. O - l i m i t i n g 

recu rs i ve is the same as r e c u r s i v e , and 1-

l i m i t i n g recu rs i ve i s abbrev ia ted as l i m i t i n g 

r e c u r s i v e . 

Gold (a lso Putnam [10 J) has shown t h a t 
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so t h a t g is ( k + 1 ) - l i m i t i n g r e c u r s i v e . 

Roughly speaking, Theorem 3 s ta tes t h a t 

f i n d i n g min imal programs is no more d i f f i c u l t 

than enumerating programs in order of non-

decreasing l eng th or dec id ing whether a g iven 

program r e a l i z e s a g iven d e s c r i p t i o n 

(whichever i s h a r d e r ) , where the " d i f f i c u l t y " 

o f a k - l i m i t i n g r e c u r s i v e f u n c t i o n a l i s k . 

Theorem 3. Given: a programmable machine 

M, a l eng th measure such t h a t programs are k-

l i m i t i n g r . e . i n order o f nondecreasing 

l e n g t h , and a se t A of r e a l i z a b l e , u n i f o r m l y 

k - l i m i t i n g dec idab le program d e s c r i p t i o n s . 

Then the program m i n i m i z a t i o n problem f o r 

A i s k - l i m i t i n g r e c u r s i v e l y s o l v a b l e . 

Proof : Since programs are k - l i m i t i n g r . e . 

in order o f nondecreasing l e n g t h , the re is a 

k - l i m i t i n g r e c u r s i v e f u n c t i o n f which maps N 

Theorem 4. Given: a k - l i m i t i n g r e c u r s i v e 

l eng th measure such t h a t programs are k-

l i m i t i n g r . e . i n order o f non-decreasing 

l eng th and a se t A of r e a l i z a b l e , u n i f o r m l y 

k - l i m i t i n g dec idab le program d e s c r i p t i o n s . 

Then the problem o f f i n d i n g a l l minimal 

programs r e a l i z i n g any 6eA is k - l i m i t i n g 

r e c u r s i v e l y s o l v a b l e . 

Now i f the se t o f i nd i ces of the min imal 

programs r e a l i z i n g 6 is expressed by i t s 

canon ica l index 

where Cp is the c h a r a c t e r i s t i c f u n c t i o n of P, 

w i t h P de f ined as in Theorem 3, then 

a p p l i c a t i o n of Lemma 2 shows i . to be k-

l i m i t i n g r e c u r s i v e on 

Note t h a t because of the assumption in 

Theorem 4 t h a t the leng th measure is k-

l i m i t i n g r e c u r s i v e . Theorem 3 cannot be 

regarded as a consequence of Theorem 4. 

Note a lso t h a t any ( k - 1 ) - l i m i t i n g recu rs i ve 

l eng th measure s a t i s f i e s the cond i t i ons o f 

Theorem 4 (by Theorem 2 ) . 

Theorems 3 and 4 are the main r e s u l t s of 

t h i s paper. The remain ing theorems i l l u s t r a t e 

t h e i r a p p l i c a t i o n . 

Theorem 5. For any r e c u r s i v e l eng th 

measure, the problem o f f i n d i n g a l l min imal 

programs f o r f i n i t e programmable f unc t i ons 

i s l i m i t i n g r e c u r s i v e (each f i n i t e f u n c t i o n 

is assumed to be s p e c i f i e d by a program 

d e s c r i p t i o n which l i s t s the argument-value 

p a i r s o f the f u n c t i o n i n any o r d e r ) . 



C l e a r l y Q is dec idab le and 

f i n d i n g a l l minimal programs f o r any f i n i t e 

f u n c t i o n i s l i m i t i n g r e c u r s i v e . 

Theorem 6. Given a recu rs i ve leng th 

measure and a machine M which computes t o t a l 

f unc t i ons o n l y , the problem o f f i n d i n g 

min imal programs f o r f unc t i ons programmable 

on M is l i m i t i n g r e c u r s i v e (each programmable 

f u n c t i o n is assumed to be s p e c i f i e d by a 

program d e s c r i p t i o n which l i s t s the argument-

value p a i r s o f the f u n c t i o n in any o r d e r ) . 

Gold had a l ready shown t h a t the problem 

of f i n d i n g any programs {not necessar i l y 

minimal) f o r members of a r . e , c lass of t o t a l 

f unc t i ons is l i m i t i n g r e c u r s i v e , and Feldman 

[2] remarked t h a t t h i s can be extended in an 
e 

obvious way to f i n d i n g minimal programs 

when programs are r . e . in order of non-

decreasing l e n g t h . Theorem 6 strengthens 

t h i s r e s u l t s l i g h t l y , as there are recu rs i ve 

l eng th measures f o r which programs are not 

r . e . i n order o f nondecreasing leng th ( e . g . , 

d e f i n e so t h a t the sequence 

enumerates a r . e . , nonrecurs ive set w i thou t 

r e p e t i t i o n ) . 

Theorem 7. For any M and any l i m i t i n g 

recu rs i ve leng th measure, the problem of 

f i n d i n g minimal programs f o r func t ions 

programmable on M is 2 - l i m i t i n g recu rs i ve (as 

in Theorem 6, the problem is i n t e r p r e t e d in 

terms of program d e s c r i p t i o n s , where any 

d e s c r i p t i o n l i s t s the argument-value p a i r s o f 

a programmable f u n c t i o n in any o r d e r ) . 

Note t h a t i t is known from the work of Gold 

t ha t the problem i s not i n genera l l i m i t i n g 

r e c u r s i v e . 

The theorem is r e a d i l y genera l i zed to 

desc r i p t i ons which p resc r ibe d ive rgen t 

computations f o r some i n p u t s . The 

min im iza t ion problem remains 2 - l i m i t i n g 

r e c u r s i v e . 

4. Remarks on Induc t i on and I t e r a t e d L i m i t i n g 

Recursion 

Deduction i s concerned w i t h the d e r i v a t i o n 

of p a r t i c u l a r conseauences from oenera l 
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premises, w h i l e i n d u c t i o n 

proceeds in the oppos i te d i r e c t i o n . The 

problem of f i n d i n g an a l g o r i t h m {minimal or 

o therwise) f o r a f u n c t i o n , a f t e r i n s p e c t i o n 

o f some but not a l l va lues o f the f u n c t i o n , i s 

c l e a r l y o f the i n d u c t i v e t y p e : the complete 

a l g o r i t h m proposed on the bas is of incomplete 

i n f o r m a t i o n expresses a g e n e r a l i z a t i o n about 

the f u n c t i o n sampled. N o n - t r i v i a l i n d u c t i v e 

problems are i n h e r e n t l y "unso lvab le " i n the 

sense t h a t no t e r m i n a t i n g procedure e x i s t s 

f o r genera t i ng " c o r r e c t " g e n e r a l i z a t i o n s ; any 

u n v e r i f i e d consequence of a proposed 

g e n e r a l i z a t i o n may t u r n ou t to be in e r r o r . 

This mot i va ted Go ld 's d e f i n i t i o n o f l i m i t i n g 

r e c u r s i v e p red i ca tes and f u n c t i o n a l s , which 

are more power fu l than t h e i r n o n - l i m i t i n g 

c o u n t e r p a r t s . He noted t h a t a " t h i n k e r " 

employing a procedure f o r f u n c t i o n (or " b l a c k -

box") i d e n t i f i c a t i o n i n the l i m i t and us ing 

the c u r r e n t guess of a f u n c t i o n ' s i d e n t i t y as 

a bas is f o r g o a l - d i r e c t e d a c t i v i t y would be 

a c t i n g on c o r r e c t i n f o r m a t i o n e v e n t u a l l y . 

In t h i s sense, t h e r e f o r e , some unso lvab le 

problems are w i t h i n the reach of mechanical 

procedures, The most genera l f u n c t i o n 

i d e n t i f i c a t i o n problem, however, i s 2 - l i m i t i n g 

r e c u r s i v e . Can any mechanical system be 

conceived which in some sense "so l ves " a 2-

l i m i t i n g r e c u r s i v e problem? Not i f a t t e n t i o n 

i s r e s t r i c t e d to a s i n g l e " t h i n k e r " genera t i ng 

a s i n g l e sequence of guesses; however, suppose 

t h a t i ns tead of a s i n g l e t h i n k e r , each of an 

ever growing number of such t h i n k e r s T D , T . , . . . 

w i t h u n i v e r s a l computat iona l power observes 

the non - te rm ina t i ng sequence 

<Y0'Z0>,<Y1Z1>,......Which enumerates some 

p a r t i a l r e c u r s i v e f u n c t i o n O. At any t ime 

the i ' t h t h i n k e r T . regards as h i s bes t 

guess the s h o r t e s t program ( i f any) he has 

been able to f i n d wh ich , i n the t ime 

a v a i l a b l e , has g i ven c o r r e c t ou tpu ts f o r 

i npu t s YO ,Y1
 a n (* e i t h e r no ou tpu t or 

a c o r r e c t ou tpu t f o r any o ther argument 

t e s t e d . I t i s c l e a r t h a t each t h i n k e r w i l l 

e v e n t u a l l y be guessing a program f o r a subset 

o f $ ; f u r t he rmore , a l l but a f i n i t e number o f 

the t h i n k e r s w i l l be guessing programs f o r <j> 

e v e n t u a l l y . I n t h i s i t e r a t e d l i m i t i n g sense 

the expanding community s u c c e s s f u l l y 

i d e n t i f i e s * . Of course the re is no s t r a tegy 

e f f e c t i v e i n the l i m i t f o r dec id ing i n genera l 

which t h i n k e r s are guessing programs f o r $ at 

any t i m e . To i n t e r p r e t t h i r d - o r d e r l i m i t 

processes, one might envisage a growing 

number of expanding communities of the above 

t y p e , each committed to a d i s t i n c t va lue of a 

c e r t a i n parameter. At most f i n i t e l y many of 

the unbounded communities would in,, genera l 

b e "unsuccess fu l " . S i m i l a r l y s t i l l h i g h e r -

order processes could be i n t e r p r e t e d . 
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Footnotes 
i 
A code i n t o t o t a l f u n c t i o n s would a l so be 

used f o r a m ix tu re o f f i n i t e and i n f i n i t e 

d e s c r i p t i o n s ; one d i g i t , say 0, would be 

reserved as t e r m i n a t o r and a l l f u n c t i o n va lues 



corresponding tp p o i n t s beyond the end of a 

f i n i t e d e s c r i p t i o n would be se t to 0 . 
2 

For the f i n i t e d e c i s i o n f u n c t i o n s , note t h a t 

the f u n c t i o n s computed w i t h any f i n i t e set o f 

programs can be d iagona l i zed to y i e l d a f i n i t e 

dec i s i on f u n c t i o n which requ i res a program 

not in the g i ven s e t . To prove i n f i n i t e 

d i v e r s i t y f o r the 2-element dec i s ion f u n c t i o n s , 

i t i s s u f f i c i e n t to show t h a t no se t o f n 

programs can i nc lude a program f o r each 2-

element d e c i s i o n f u n c t i o n whose arguments are 

in a f i x e d se t o f 2 i n t e g e r s ; but f o r t h i s 

many arguments at l e a s t 2 of the programs 

must g i v e i d e n t i c a l r e s u l t s { i f any ) , so t h a t 

two unsymmetric d e c i s i o n func t i ons are missed. 
3 

Funct ions are regarded as a spec ia l case of 

f u n c t i o n a l s . 

The equivalence f o l l o w s from the f a c t t h a t 

F(6) i s independent o f n . , . . . , n , , so t h a t the 

i t e r a t e d l i m i t o f G must e x i s t . 
5 

This d i f f e r s from Go ld ' s d e f i n i t i o n , which 

expresses l i m i t i n g r e c u r s i v e enumerab i l i t y 

i n terms o f l i m i t i n g s e m i - d e c i d a b i l i t y . 

However, the d e f i n i t i o n s can be shown to be 

equ iva len t ( f o r k = l ) . 

A c t u a l l y , Feldman was concerned w i t h "occams 

enumerat ions" of fo rmal grammars, but the 

problem of f i n d i n g minimal grammars f o r 

languages is e s s e n t i a l l y the same as t h a t of 

f i n d i n g min imal programs f o r dec i s ion 

f u n c t i o n s . 
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